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Abstract: In a linear model, consider the class of estimators that are
equivariant with respect to linear transformations of the predictor basis.
Each of these estimators determines an equivariant linear prediction rule.
Equivariant prediction rules may be appropriate in settings where spar-
sity assumptions (like those common in high-dimensional data analysis)
are untenable or little is known about the relevance of the given predic-
tor basis, insofar as it relates to the outcome. In this paper, we study
the out-of-sample prediction error associated with equivariant estimators
in high-dimensional linear models with Gaussian predictors and errors.
We show that non-trivial equivariant prediction is impossible when the
number of predictors d is greater than the number of observations n. For
d/n — p € [0,1), we show that a James-Stein estimator (a scalar multi-
ple of the ordinary least squares estimator) is asymptotically optimal for
equivariant out-of-sample prediction, and derive a closed-form expression
for its asymptotic predictive risk. Finally, we undertake a detailed com-
parative analysis involving the proposed James-Stein estimator and other
well-known estimators for non-sparse settings, including the ordinary least
squares estimator, ridge regression, and other James-Stein estimators for
the linear model. Among other things, this comparative analysis sheds light
on the role of the population-level predictor covariance matrix and reveals
that other previously studied James-Stein estimators for the linear model
are sub-optimal in terms of out-of-sample prediction error.

AMS 2000 subject classifications: Primary 62J07; secondary 62C99,
62J05.

Keywords and phrases: Adaptive estimation, James-Stein estimator,
out-of-sample prediction, oracle estimator, ridge regression.

Received January 2013.

1. Introduction

Consider a linear model with observed outcomes 1, ..., y, € R and correspond-
ing d-dimensional predictors x1, ...,x, € R? The outcomes and predictors are
related via
yi=x'B+e, i=1,...,n, (1)
*Supported by NSF Grant DMS-1208785.
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where B = (B1,...,84) € R? is an unknown parameter and ¢q,...,¢, € R
are unobserved errors. To simplify notation, let y = (y1,...,yn) € R?, X =
(x1,...,%x,)7, and € = (e1,...,€,) € R™. Then (1) may be rewritten as y =
XpB+e

High-dimensional linear models, where d is large, have been extensively stud-
ied in recent research. In this challenging setting, additional conditions on 3,
such as sparsity, are often required in order to ensure consistent estimation or
prediction. Two of the more widely studied types of sparsity are £°- and £'-
sparsity: 3 is sparse if its £°- or £!-norm is “small.” While sparsity conditions
may be required for consistency in high-dimensional linear models, these con-
ditions may be untenable in some instances. Moreover, it remains important to
identify optimal methods for practical objectives like out-of-sample prediction,
even in non-sparse (or “dense”) high-dimensional settings.

In this paper, we study high-dimensional out-of-sample prediction problems
and a class of estimators that are equivariant with respect to linear transfor-
mations of the predictors x;, under the assumption that the data are multivari-
ate normal. We argue that equivariant estimators are appropriate in problems
where there is little prior knowledge about the relevance of the given predic-
tor basis vis-a-vis the outcome y;. In particular, equivariant estimators may be
appropriate in settings where sparsity assumptions on 3 are not desirable or
realistic, as sparsity is highly dependent on the predictor basis. Our analysis
provides new insight into the capabilities and limitations of dense methods for
high-dimensional linear models.

Most of the results in this paper fall into one of three categories: (i) impossi-
bility results, (ii) optimality results, and (iii) comparative results. Our primary
impossibility result (Theorem 1 (c) in Section 3) implies that if d > n, then the
only equivariant estimator is ﬁnu” = 0; thus, non-trivial equivariant prediction
is impossible when d > n. While it is widely understood that high-dimensional
“dense problems” are very difficult, our impossibility results help to make this
idea more precise. It is worth pointing out that these results are derived under
the assumption that Cov(x;) = X is an arbitrary, unknown positive definite
matrix (this is a random predictor analysis). If X' is known or estimable, then
results from (Dicker, 2013) imply that non-trivial equivariant prediction may be
possible even when d > n; this is discussed in more detail in Section 5.2.

The optimality results in this paper primarily focus on a class of James-
Stein estimators for B, which are scalar multiples of the ordinary least squares
(OLS) estimator 3,;, = (XTX)"'XTy. Stein shrinkage and the James-Stein
estimator (James and Stein, 1961; Stein, 1955) are of fundamental importance
in modern statistics. Most research on Stein shrinkage has focused on the Gaus-
sian sequence model and the normal means problem; however, variants of the
James-Stein estimator for linear models have also been studied (Baranchik, 1973;
Copas, 1983; Huber and Leeb, 2012; Stein, 1960). The James-Stein estimators
proposed in this paper are, to our knowledge, new. In Theorems 2-3 of Section
4, we prove that the proposed James-Stein estimators are asymptotically op-
timal among equivariant estimators when d/n — p € [0,1) and d — oo. Our
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analysis of the James-Stein estimator shares similarities with (Marchand, 1993)
and (Beran, 1996), who considered Stein estimation and equivariance in the
normal means problem. However, the present analysis reveals unique features
of linear models; for instance, our results demonstrate that adjusting for the
degrees of freedom lost to a high-dimensional predictor has a non-trivial effect
on out-of-sample prediction error.

Finally, we undertake a comparative analysis involving the proposed James-
Stein estimator and other well-known dense estimators, including the ordinary
least squares (OLS) estimator 3,,, = (X7X) 'XTy, ridge regression (Hoerl
and Kennard, 1970; Tikhonov, 1943), and other previously studied James-Stein
estimators for 3. In Theorem 4 of Section 5.1, we show that if 0 < infd/n <
supd/n < 1 and d,n are sufficiently large, then the proposed James-Stein es-
timator has uniformly smaller predictive risk than the OLS estimator; hence,
under the specified conditions, the James-Stein estimator is minimax. Our dis-
cussion of ridge regression helps clarify the role of the predictor covariance
matrix Cov(x;) = X in dense out-of-sample prediction problems. In particu-
lar, we show that if X' is known, then a certain equivariant ridge estimator has
smaller predictive risk than the James-Stein estimator; furthermore, results from
(Dicker, 2013) imply that this ridge estimator is asymptotically optimal among
equivariant estimators that may depend on X. More standard ridge estimators
(which do not require knowledge of X') are also discussed. After discussing ridge
regression, we consider another previously studied James-Stein estimator for 3
(Baranchik, 1973) and show that — perhaps surprisingly — it is sub-optimal, in
terms of out-of-sample prediction error.

The rest of the paper is organized as follows. In Section 2, we introduce
notation and definitions, and describe the statistical setting for what follows.
Equivariance is discussed in Section 3. The James-Stein estimator is defined
in Section 4; some of its optimality properties are also discussed in Section 4.
Section 5 contains a comparative analysis of the proposed James-Stein estimator
and other dense estimators for 3. A concluding discussion is contained in Section
6, where we consider practical implications of the results contained in this paper
and possible extensions. Proofs may be found in the Appendices.

2. Notation, definitions, and the statistical setting

Let PD(d) denote the collection of d x d positive definite matrices. In addition
to assuming the linear model (1), we assume that

X1,..., X, ~ N(0,%) and €1,..., e, ~ N(0,02), (2)
are independent, where X' € PD(d) and o > 0. Linear models with similar dis-
tributional assumptions have been previously studied by Stein (1960), Baranchik
(1973), Breiman and Freedman (1983), Brown (1990), and Leeb (2009), among
others; Dicker (2013) considered the model (1)-(2) under the additional assump-
tions X = I and o2 = 1. The significance of the normality assumption (2) — and
the possibility of relaxing it — is further discussed in Section 6.1.
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Each estimator 3 for 8 determines a linear prediction rule, g(x) = xT 3. The
unconditional out-of-sample prediction error (predictive risk) of 3 is given by

E{Ynew — ?j(xnew)}z = E(Ynew — XZewIB)2 = E(B - /B)TE(B -B)+ UQ, (3)

Jow) is independent of (y, X) and has the same distribution as
(yi, x1). We emphasize that the expectation in (3) is taken over (¥new, Xnew ) and
(v, X). Broadly speaking, the goal of the unconditional out-of-sample prediction
problem considered in this paper is to minimize (3) over estimators B

In order to introduce more convenient notation for studying out-of-sample

prediction error, let w; = (y;,x7) € R4t1. Then the assumption (2) is equivalent
iid

where (Ynew, X2,

to assuming wq,...,w, ~ N(0,V), where
2 T T
V= < 4 +Eﬁﬁ 2B ﬁxz > € PD(d+1). (4)

In this way, we establish a correspondence between the parameters X' € PD(d),
B € R? and 02 > 0 in the linear model (1), and positive definite matrices
V € PD(d + 1). After standardizing by o2, the predictive risk (3) is equivalent
to

Ry(B) =o~*Bv {(B-B)" (B -B)}.

where the subscript V' in the expectation on the right-hand side above indicates

that the expectation is taken over wi,...,w, ~ N(0,V). In fact, Ry (8) is
the primary object of study in the sequel and we will typically refer to Ry (B)
itself as the predictive risk (or out-of-sample prediction error) of 3. Note that
the predictive risk Ry (ﬁ) is completely determined by the estimator ﬁ and the
positive definite matrix V' € PD(d + 1). We will often write Ex(+) in place of
Ey () when the expectation only involves the random predictors X. Similarly,
we write Py (-) or Px(-) when computing probabilities involving w1, ..., w, or
X, respectively.

3. Equivariance

Consider the following definition.

Definition 1. A measurable estimator 3 = B(y, X) is linearly equivariant if

AB(y, X) =By, XA™) (5)

for all d x d invertible matrices A € GL(d). It is scale invariant if

Bly, X) = B(ty, tX) (6)

for all positive scalars t > 0. If an estimator is both linearly equivariant and
scale invariant, we say that it is LiSc.
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As an initial example, notice that the OLS estimator is LiSc. Linearly equiv-
ariant estimators are compatible with linear transformations of the predictors
X;. Intuitively, this type of compatibility implies that the data are treated “the
same” (for the purposes of prediction), regardless of the given predictor basis.
Hence, linearly equivariant estimators may be preferred in situations where there
is little prior knowledge about the relevance of the given predictor basis, insofar
as it relates to the outcome. By contrast, sparsity assumptions convey specific
information about the designated predictor basis, and linear equivariance is less
appropriate for sparse problems. Indeed, most sparse estimators, such as lasso
(Tibshirani, 1996), are not linearly equivariant. Scale invariance is less specific
to non-sparse problems; however, in our view, it is a reasonable property to
require of estimators for 3, including sparse estimators (see, for instance, the
scaled lasso (Sun and Zhang, 2012)).

In this paper, we primarily focus on LiSc estimators. Our main objectives
include (i) finding LiSc estimators with small predictive risk and (ii) under-
standing the magnitude of these estimators’ predictive risk in high-dimensional
linear models.

A nice feature of LiSc estimators is that their predictive risk is completely de-
termined by the signal-to-noise ratio (in addition to d,n). In particular, in order
to evaluate the predictive risk of an LiSc estimator, it suffices to consider the
case where Y = [; this greatly simplifies calculations involving LiSc estimators.
Define

0% (n*) ={V e PD(d+1); BT 28/ =1’}, n>0,

where the relationship between V and 3, X, o2 is given by (4). Then ©%(n?)
is the class of linear models with signal-to-noise ratio 8% ¥8/0? = n?. The
following proposition is proved in Appendix A.

Proposition 1. Suppose that V € ©%(n?).
(a) If B is linearly equivariant, then Ry (B) = Ry, (8), where

2 T T 512
Vo = ( 7 ;1?25216 p f ) € 9d(772)-

(b) If B is LiSc, then Ry (8) = Ry, (B), where

_( 1+n* gt 4/ 2
Vu—( oo 1 ) €O°0)

and u € R? is any fized unit vector.

Proposition 1 indicates that the signal-to-noise ratio ﬁTZ B/c? plays an im-
portant role in the analysis of LiSc estimators. The signal-to-noise ratio’s signifi-
cance is further highlighted in our subsequent analysis of LiSc estimators, where
we first focus on “oracle” estimators, which are derived under the assumption
that the signal-to-noise ratio is known, and then study “adaptive” estimators,
which rely on an estimate of the signal-to-noise ratio.



Optimal equivariant prediction for high-dimensional linear models 1811

Define the collection of LiSc estimators,
& ={B;8 = B(y, X) is a LiSc estimator for 3},

and the optimal LiSc risk for V € ©%(n?),

r(n*) = ,;Ieﬁ; Ry (B).

By Proposition 1, 7(n?) is well-defined.

LiSc estimators have a great deal of structure. By taking advantage of this
structure, we are able to identify optimal LiSc estimators in settings where
d <n,d=n, and d > n, separately, assuming that n?> = 37 £3/0? is known.

Theorem 1. Let V € ©%(n?).
(a) Suppose that d < n. Define

EV(IBTEBOIS|772)
EV(BZSZ/éol5|ﬁ2)

o lIyIP

1 and Bopt (7?) =

(7)

where 62 = (n—d) |y =X B,1s||2. Then hop(7?) is completely determined
by n? and ©? (along with d,n), and

RV(IBOpt) = T(T]Q)a

where Bopt = hopt (ﬁz)BoAls'
(b) Suppose that d = n. If B is LiSc, then there exists a constant ¢ € R and
an LiSc estimator B, = ¢X 'y such that Ry (8,.) < Ry (B). Furthermore,
5y J oo dife#0
RV(Bc) - { 772 ifCZ 0

and (1) = Ry (Byu) = 1%, where Bnu}z = ﬁo =0.
(¢) Suppose that d > n. If B is LiSc, then 8 = 3,,,; = 0.

Theorem 1 is proved in Appendix A. Theorem 1 (b)-(c) implies that when
d > n, the optimal LiSc estimator is 3,,,; = 0. Theorem 1 (c) implies further
that if d > n, then (3,,, is the only LiSc estimator. Thus, we have a fairly
definitive characterization of LiSc estimators for out-of-sample prediction when
d > n. This characterization is quite negative, which may raise questions about
the appropriateness of LiSc estimators for high-dimensional data analysis. We
defer such questions to Section 6.2, which contains a broader discussion of LiSc
estimators and high-dimensional data analysis.

If d < n, then the optimal LiSc estimator is nontrivial and is given by
Bopt = hopt(ﬁ2),éols in Theorem 1 (a). Theorem 1 (a) should be compared
with Section 2.1 of (Marchand, 1993), where a best equivariant estimator for
the normal means problem is derived. Observe that evaluating hop:(7?) seems
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challenging and . (7)?) depends on the signal-to-noise ratio, which is typically
unknown; thus, implementing ﬁopt in practice is generally infeasible. Further-
more, Theorem 1 (a) does not provide any information about the magnitude
of r(n?), which is important for understanding the performance limits of LiSc
estimators. All of these issues are addressed in the next section.

4. James-Stein estimators

In this section we study James-Stein shrinkage estimators for 8 and show that
their predictive risk is asymptotically equivalent to the optimal LiSc risk r(n?) in
high-dimensional linear models with d/n — p € [0,1) and d — oo. In Section 4.1,
we identify an oracle James-Stein estimator that utilizes a non-random shrinkage
parameter, which depends on the signal-to-noise ratio. We show that the oracle
James-Stein estimator is asymptotically equivalent to the optimal LiSc estimator
ﬁopt, which was derived in Theorem 1 (a). We also obtain an explicit formula
for the predictive risk of the oracle James-Stein estimator; combined with our
optimality results for the oracle James-Stein estimator, this easily yields an
exact asymptotic expression for the minimal LiSc risk r(n?). In Section 4.2
we propose an adaptive James-Stein estimator that depends on a data-driven
shrinkage parameter; this estimator more closely resembles the original James-
Stein estimator (James and Stein, 1961), which also relies on a data-driven
shrinkage parameter. We show that if d/n — p € (0,1), then the adaptive
James-Stein estimator is asymptotically equivalent to the oracle estimator and,
hence, the optimal LiSc estimator.

4.1. The oracle estimator

For d < n—1 and a shrinkage parameter ¢ > 0, define the James-Stein estimator

B t

i) = T —a=1) (X707

Notice that for fixed ¢ > 0, Bjs(t) is LiSc. Additionally, Bjs(()) = Bou = 0

and Bjs(oo) = B3,,.. A closed-form expression for the predictive risk of Bjs(t)
follows easily from properties of the inverse-Wishart distribution; it is then
straightforward to optimize over ¢ > 0 and find the James-Stein estimator with
minimal predictive risk. Details are given in the following proposition, which is
proved in Appendix A.

Proposition 2. Suppose that d < n —1 and that V € ©%(n?). If t > 0, then

o ¢ 2 g d/(n-d-1) \’
Rv{ﬁjs(t)}—{t+d/(n_d_1)} n—d—1+{t+d/(n—d—1)} o

and

n?d/(n —d—1)
n2+d/(n—d-1)

RV{Bjs(n2)} = tei[g,io] RV{Bjs (t)} =
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Proposition 2 implies that the predictive risk of Bjs(t) is minimized when
t =n? = 87 £ 3/0? is the signal-to-noise ratio. Since n*> = 87 £ 3/0? is typically
unknown, we refer to 3;,(n?) as the “oracle James-Stein estimator.” The next

theorem relates the risk of the oracle James-Stein estimator to the minimal LiSc
risk 7(n?).

Theorem 2. Suppose that n? > 0 and that 0 < d/n < py < 1 for some fived
constant p+ € R. Then

2
n’d/n —1/2
sup  |Ru{B,.( ’— (7d . 9
Veod(n?) V{ J 772+d/n ( )

Theorem 2 is proved in Appendix A. By Proposition 1, | Ry {ﬁjs(n2)} —r(n?)|
is in fact constant over V € ©%(n?). Theorem 2 implies that if n — oo and
supd/n < 1, then the predictive risk of 3;,(n?) is close to r(1%); in other words,
the oracle James-Stein estimator is asymptotically optimal among LiSc esti-
mators. This is made more precise in the following corollary, which also gives
explicit asymptotic formulas for 7(n?). The corollary follows immediately from
Proposition 2 and Theorem 2.

Corollary 1. For p € [0,1) and n > 0, define the asymptotic risk functions

2 2
np 2 np
Ro(n?,p) = and Ro(n°,p) = 57—~ 10
00 = s >0070) = S 1 (10
If0 < p <1, then
lim sup‘R>0 n*,d/n)—r(n*)|= lim sup sup s ()} —r(n )‘ =0
d/n—pny d/n—p >0 Veod(n?)
Additionally,
r(n?) } r(n?)
lim sup|—=———=— —1/= lim sup sup Ai—lz().
40720 Ro(n?,d/n) d/n—0n=0veod () | Rv{B;,(n*)}

Taken together, Theorem 1 and Corollary 1 provide exact formulas for the
asymptotic behavior of 7(n?) in any setting where d — oo. This is summarized
in Table 1. We emphasize that if p,n > 0 are fixed, then the limiting LiSc risk
limg,,—, 7(n*) > 0 is non-zero; on the other hand, limgy,,—,0 sup,>q 7(7*) = 0.

TABLE 1
Asymptotics for the minimal LiSc risk
Asymptotic
dfn —p approximation for r(n?)
=0 ol d]n)
IS (071) R>0(7727d/n)
p>1 7’
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The asymptotic risk formula Ry (n?, p) ~ 7(n?) in Corollary 1, which is valid
when d/n — 0, appears frequently in minimax analyses involving the Gaus-
sian sequence model (Nussbaum, 1999; Pinsker, 1980). On the other hand, if
d/n — p € (0,1), then r(n?) ~ Rso(n? d/n) > Ro(n* d/n). This reflects the
increased difficulty in prediction problems where d/n is substantially larger than
0 and may be attributed to a degrees of freedom correction that accounts for
the number of predictors in the linear model; in particular, the effect of this
correction is non-vanishing when d/n — p € (0,1).

4.2. Adaptive James-Stein estimators

The oracle James-Stein estimator ﬁjs(n2) depends on the signal-to-noise ratio
n? = BT XB/0?, which is typically unknown. If d/n — p < 1, then the signal-
to-noise ratio may be effectively estimated and it is reasonable to replace n? in
ﬁjs(n2) with an estimate. For d < n, define the estimator

-2 .92 ||Y||2
= max 0} = max —1,0 11
i ax{n",0} a { ~ ,0 5, (11)

where 7? = ||y||?/(n6?) — 1 was introduced in Theorem 1 (a). Note that if
V € ©4(n?) and n,n — d are large, then n='|y||? = 87 28 + 02 and 62 =~ o2,
which suggests that ﬁi ~ n?. Now define the adaptive James-Stein estimator

Observe that Bjs adapts to the unknown signal-to-noise ratio n?. Furthermore,

B, is an LiSc estimator. The next result implies that if n is large and d/n is
bounded below 1, then the predictive risk of the adaptive James-Stein estimator
is almost as small as that of the oracle James-Stein estimator.

Theorem 3. Suppose that 0 < d/n < p1 < 1, where p4 € R is a fized constant.
Then

sup |Rv(B;) ~ Rv{B,, (")} = O { <d/7n) ”_1/2} '

Veod(n?) n?+d/n

Theorem 3 is proved in Appendix A. It follows from Theorem 3 that if
d/n — p € ]0,1), then the predictive risk of the adaptive James-Stein estima-
tor converges uniformly to that of the oracle James-Stein estimator. Note that
Theorem 3 is less informative when the signal-to-noise ratio is very small. In-
deed, if n? = O(n='/?) and d/n — p € [0, 1), then SUPy cgd(y2) Rv{ﬁjs(nQ)} =
O(n~'/?) has the same magnitude as the upper bound in Theorem 3. A more
refined analysis of the adaptive James-Stein estimator when the signal-to-noise
ratio is small may be of interest, but is not pursued further here.

The following corollary is an immediate consequence of Theorems 2-3.
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Corollary 2. Suppose that p € (0,1). Then

lim sup sup ’RV(BJ»S) - T(’I]Q)’ =0.
d/n—=p >0 v eod(n?2)

Corollary 2 implies that if d/n — p € (0,1), then the adaptive James-Stein

estimator is asymptotically optimal for predictive risk among LiSc estimators.

5. Comparative analysis
5.1. OLS estimator

The predictive risk of the OLS estimator follows immediately from Proposition
2:if d <mn—1, then
. d
Ry (Bots) = ————7-

Proposition 2 also implies that if V € ©4(n?) for somen > 0, then Ry {BJ—S (")} <

Ry (B,,s). On the other hand, as discussed in detail above, the oracle James-
Stein estimator 3,(n?) is generally not implementable, because the signal-to-

(12)

noise ratio ﬁTZﬁ/ o0? = 0? is typically unknown. The adaptive James-Stein
estimator 3 does not depend on the signal-to-noise ratio and in Section 4.2 we
argued that it is asymptotically equivalent to the oracle James-Stein estimator.
The next result is valid in finite samples, for d,n sufficiently large, and relates
the risk of the adaptive James-Stein estimator to that of the OLS estimator.

Theorem 4. Suppose that 0 < p_ < d/n < py < 1 for some fized constants
p—,p+ € R. If d,n are sufficiently large, then

Rv(ﬁjs) < Rv(ﬁols) (13)
for allV e PD(d+1).

Theorem 4 follows directly from Theorem 2, Theorem 3, and (12). Theorem
4 implies that Bjs is minimax over the entire parameter space PD(d+ 1), when
d,n are sufficiently large. We refer to Theorem 4 as a “semi-finite sample”
result, because it addresses finite sample properties of Bjs, but we are unable
to specify precisely how large d,n must be in order for (13) to hold. Theorem
4 may be contrasted with more classical finite sample results on James-Stein
estimators for the normal means problem (James and Stein, 1961) and linear
models (Baranchik, 1973), which imply that certain James-Stein estimators are
minimax under explicit conditions on the dimension; for instance, Baranchik
(1973) shows that a different James-Stein estimator for 3 (which is discussed in
more detail in Section 5.3) is minimax whenever d > 2 and n — d > 1. Similar
results may be available for the adaptive James-Stein estimator Bjs; however,
this paper is more focused on high-dimensional optimality properties of Bjs, like
those discussed in Section 4, and alternative techniques are likely required to
obtain more detailed finite sample results.



1816 L.H. Dicker
5.2. Ridge regression

Ridge regression (Hoerl and Kennard, 1970; Tikhonov, 1943) is another widely
studied non-sparse estimator. For a positive definite matrix A € PD(d), define
the generalized ridge estimator

B, (A) = (XTX 4+ nA) 1 XTy.

Note that 3, (A) is defined for all d,n. While generalized ridge estimators have
been studied for many classes of A, by far the most common is A = A\I, where
A > 0 is a scalar shrinkage factor subject to further specification. Note, however,
that for fixed A > 0, 3, (M) is not LiSc. Furthermore, the following result
suggests that B3, (\) has significant drawbacks (in a minimax sense) when its
performance is evaluated over linear models with fixed signal-to-noise ratio.

Proposition 3. Suppose that n > 0. Then

inf sup RV{BT()\I)} > sup RV (ﬁnull) = ,,72'
A>0ycod(n?) Veod(n?)

Proposition 3 is proved in Appendix A. It implies that the ridge estimator
ﬁT()\I )’s worst-case out-of-sample prediction error is at least as bad as that of
the trivial estimator Bnu” = 0, over linear models with fixed signal-to-noise
ratio.

As an alternative to ﬁT()\I ), we consider a generalized ridge estimator that
depends on the predictor covariance matrix Cov(x;) = X. For V € ©%(n?) given

by (4), define the oracle ridge estimator
B.Ad/ () S} = (XX +d/n*2)"' X y. (14)

To motivate this estimator, we note that in (Dicker, 2013), the author considered
ridge regression in high dimensional linear models where Cov(x;) = I and 02 =
1; the oracle ridge estimator (14) corresponds to oracle estimators derived in
(Dicker, 2013), after transforming the data via (y, X) — (y, X £2~1/2). Tt follows
that 8,{d/(nn?) X} shares many optimality properties with the ridge estimators
studied in (Dicker, 2013). Adaptive ridge estimators may be derived by replacing
n? and ¥ in (14) with estimates, 7% and by : if H? is consistent for n? and Y s
operator norm-consistent for X, then the associated adaptive ridge estimator is
typically asymptotically equivalent to the oracle ridge estimator.

The oracle ridge estimator (14) satisfies an equivariance property for esti-
mators depending on Cov(x;) = X that extends the LiSc property given in
Definition 1. Let ﬁ = ﬁ(y,X7 X') be an estimator for B that may depend on
Cov(x;) = X. Then 3 is LiSc if

AT By, X, 2) = Bty tX A, ? AT £ A) (15)

for all d x d invertible matrices A € GL(d) and all ¢ > 0. Thus, an LiSc esti-
mator’s dependence on X must respect linear transformations of the predictors
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x; ~ N(0,%;). Clearly, if 3 does not depend on Cov(x;) = £, then (15) reduces
to the LiSc property given in Definition 1. Furthermore, the oracle ridge estima-
tor (14) is LiSc. We emphasize that the oracle ridge estimator is LiSc, even for
d > n; by contrast, Theorem 1 (¢) implies that if d > n, then the null estimator
is the only LiSc estimator that does not depend on Y.

Some of the basic risk properties of 8,{d/(nn?)%} are given in the following
proposition.

Proposition 4. Suppose that n > 0 is fized.
(a) [Finite sample predictive risk] If V € ©%(n?), then

Ry B, {d/(m)Z}| = Er [t {(XTX +d/?1) "}

(b) [Asymptotic predictive risk] Suppose that p € (0,00) and define

R.(n?,p) = 2% [n% -1 —-p+ \/{n2(p —1)—p}? +4n2p2} - (16)

Then .
lim sup Ry {,BT {d/(nnz)E}} = R.(n% p).
d/n—p Veod(n?)

Proposition 4 follows immediately from Proposition 1 and Corollary 1 in
(Dicker, 2013). Proposition 4 (a) gives a simplified expression for the predictive
risk of the oracle ridge estimator; in particular, it implies that Ry [3,{d/(nn?)X}]
is completely determined by the signal-to-noise ratio ﬁTZ' B/c? = n?. Proposi-
tion 4 (b) gives a closed-form expression for the asymptotic predictive risk of
the oracle ridge estimator that is valid when d/n — p € (0, 00).

It is evident from Proposition 4 that the oracle ridge estimator has smaller
risk than 3,,,;; = 0, even when d > n; that is, if V € ©%(5?), then

RV |:Br {d/(m?Q)E}} < RV(Bnull)

with equality if and only if n? = 0. Since the oracle ridge estimator is LiSc,
it follows that if Cov(x;) = X is known, then non-trivial equivariant out-of-
sample prediction may be possible when d > n; on the other hand, Theorem 1
(c) implies that this is impossible if Cov(x;) = X is unknown.

Proposition 4 also yields detailed information about the asymptotic predictive
risk of the oracle ridge estimator (14), which is useful for comparing its perfor-
mance to that of the oracle James-Stein estimator. Corollary 1 and Proposition
4 (a) imply that if d/n — 0, then

sup Ry |B, /)Y~ sup Ry (B (")} ~ Roln?,d/n).
VE@d(’f]2) Veed(n2)

where Ro(n?,d/n) is given in Corollary 1. Thus, if d/n — 0, then the oracle
ridge and James-Stein estimators are asymptotically equivalent. On the other



1818 L.H. Dicker

2 2 2
(@n°=1 (b)n"=5 (e)n“=10
~ . ~ x — James-Stein |+
2 2 @, |l - - Ridge
B © 7 - oLs
2 2 R (]
= = =
Q Q2 o 2
5 - =] T o
9] 9] o °
4 4 I
o o o o
L - Qo 7 Q
= = =
2 2 2 .
IS a | =Y
€ ° £ S
> > >
2] (2] 0
< . < _ | < .
H

FIG 1. Asymptotic predictive risk versus p for the oracle James-Stein estimator (R=o(n?, p),
defined in Corollary 2), the oracle ridge estimator (Ryr(n?,p), defined in Proposition 6), the
OLS estimator (Rois(n?, p), defined in (17)), and the null estimator (Rpui1(n?, p), defined in
(17)) for various values of the signal-to-noise ratio n*> = BT XB/o?%: (a) n* =1, (b) n®> =5,
and (c) n? = 10. The James-Stein and OLS estimators are undefined when d > n; thus, their
predictive risk plots stop at p = 1.
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FiG 2. Asymptotic predictive risk versus p for the oracle James-Stein estimator (Rso(n?, p),
defined in Corollary 2), the oracle ridge estimator (Rr(n?,p), defined in Proposition 6), the
OLS estimator (Rois(n?, p), defined in (17)), and the null estimator (Rpui1(n?, p), defined in
(17)) for various values of p: (a) p =0.25, (b) p=0.50, and (c) p = 0.75.

hand, one easily checks that if p € (0,00), then R.(n? p) < R=o(n?, p) with
equality if and only if 2 = 0. Thus, if d/n — p € (0,00), then the ridge esti-
mator outperforms the James-Stein estimator in terms of predictive risk. This
should not be too surprising, because the ridge estimator utilizes knowledge
of Cov(x;) = X, while the James-Stein estimator does not. Figures 1-2 con-
tain plots of the asymptotic predictive risk of the oracle ridge and James-Stein
estimator, for d/n — p € (0,00). The asymptotic predictive risk of the OLS
estimator and the null estimator are also plotted in Figures 1-2; it is easily seen
that if d/n — p € (0,00), then the asymptotic predictive risk of B, and 3
is given by

ols null

P
Rois(n?, p) = 7=, 0<p<1) and Ruun (i, p) = 1%, (17)

respectively (the asymptotic risk for the OLS estimator R,s(n?, p) follows di-
rectly from (12)).
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To conclude this subsection, we give a simple result which implies that the
oracle ridge estimator dominates the oracle James-Stein estimator in finite sam-
ples. Again, this is not surprising because the ridge estimator leverages knowl-
edge of Cov(x;) = X, while the James-Stein estimator does not.

Proposition 5. Suppose that d <n — 1,17 >0, and V € ©%(n). Then

Ry B, {d/ ()2} | < Ry (B, ()}

with equality if and only if n = 0.

Proposition 5 follows from Jensen’s inequality and is proved in Appendix A.

5.3. Other James-Stein estimators

Other James-Stein type estimators for 3 have been previously studied in the
literature (Baranchik, 1973; Brown, 1990; Copas, 1983; Oman, 1984; Stein,
1960; Takada, 1979). Much of the previous work on James-Stein estimators
for B focuses on identifying situations where the specified estimators have uni-
formly smaller predictive risk than the OLS estimator in finite samples. To our
knowledge, the asymptotic risk of other James-Stein estimators for 8 in high-
dimensional linear models (with d/n — p € (0,1)) has received relatively little
attention. In this section, we derive the asymptotic predictive risk of a James-
Stein estimator for @ studied by Baranchik (1973). For d < n and constant
¢ > 0, this estimator is defined by

N — X[ 21 - PO
6bar(c) = {1 - CW} /Bols = /Bjs{tbar(c)}v
ols

. d X8,
tbar(c): — || Bolf” . ~11.
n C||y_Xﬁols||

Baranchik (1973) proved that if 0 < ¢ < 2(d — 2)/(n —d +2), d > 3, and
n > d+2, then Ry {By,,.(c)} < Rv(B,,,). Other previously studied James-Stein
estimators share strong similarities with [3,,,(c). For instance, Copas (1983)
considers precisely Bbar (¢) and provides arguments for using various specific
values of ¢, while Bbar (¢) serves as a motivating example for a more general class
of James-Stein estimators proposed by Takada (1979). Many of these estimators
can be analyzed using techniques similar to those found in this subsection, and
throughout the paper.

Below, we show that ﬁbar (¢) is generally sub-optimal, in terms of predictive
risk, and that it is out-performed (asymptotically) by the adaptive James-Stein
estimator Bjs defined in Section 4.2. On the other hand, we also show that

where

ﬁbar (c) is asymptotically optimal for another, closely related loss function. The
main idea behind our asymptotic analysis is that if V € ©(n?), d/n =~ p € (0,1),
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and 7 is large, then ||y — X8,,]|* =~ n(1 — p)o? and ||y||> = n(87 28 + ¢2).

Thus,
8 P {n2+p—0(1—p)}
1—p c(1-p)

fbar (C) ~ tbar (C)

and . R

Bhar(c) = Bj{trar(c)}. (18)
By Proposition 2, the risk of the James-Stein estimator Bjs (t) is minimized when
t = n%; moreover, if t # n?, then Rv{ﬁjs(nz)} < Rv{ﬁjs(t)} and ﬁjs(t) is sub-
optimal. Since, in general, tyar(c) # 1%, (18) suggests that By, (c) is suboptimal
among James-Stein estimators. Observe that while the equality tp..(c) = 72
may hold for some specific values of ¢, p, and n?, in order for it to hold in
general, the constant ¢ from 3,,,.(c) must vary with p and 7.

Some of the ideas from the previous discussion are made more rigorous in the
next proposition. A detailed proof is omitted; however, part (a) is a straight-
forward calculation, part (b) may be proved similar to Theorem 3, and part (c)
follows directly from part (b), Corollary 1, and Theorem 3.

Proposition 6. (a) Suppose that p € (0,1) and let

. 2 o 2

P 1—p 2

R(n?, p;t) = + 7
t+1£;p 1—p t+ﬁ

denote the asymptotic predictive risk of the James-Stein estimator ﬁjs(t)
as d/n — p. Then

Roo(n?,p) = R(n®, p;n®) < R{?, p; tyar(c)}, (19)

where R~o(n?, p) is the asymptotic risk of the oracle James-Stein estimator
defined in Corollary 2. Furthermore, equality holds in (19) if and only if

_ o+ p?
(L= p)? +p(L = p)
(b) Suppose that 0 < p~ < d/n < pt < 1 for some fized constants p~, pT € R

and that ¢ is a positive constant satisfying 0 < ¢ < 2p_/(1—p_) for alln
and d. Let p =d/n. Then

Ry{Byar(c)} = Ry [ﬁjs{tbar(c)}} +0 {m} .

(¢) Under the assumptions of part (b),

Ry{Bpar(c)} = Rv(B;.) = R{p.0*itbar(c)} — Rxo(n®,p)

1
oG |

where ﬁjs 1s the adaptive James-Stein estimator from Section 4.2.
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Part (a) of Proposition 6 addresses suboptimality of Bjs{tbw(c)} and part
(b) provides justification for (18). Proposition 6 (¢) implies that the predictive
risk of the adaptive James-Stein estimator Bjs is asymptotically smaller than
that of By,,.(c).

It follows from Proposition 6 that 3,,,.(¢) is suboptimal in terms of predictive
risk, even among the class of James-Stein estimators, Bjs (¢). This naturally leads
to the question: are there other circumstances under which Baranchik’s estima-
tor ﬁbar (c) is asymptotically optimal among James-Stein estimators? The an-
swer is affirmative. Consider a prediction problem where the predictors X;,,e., as-
sociated with future outcomes Yy, are required to be drawn from {x1,...,x,}.
If we assume that P{Xpe, = %;|X} =n"1,i=1,...,n, then a reasonable mea-
sure of predictive risk is

- 1 .
Ry(B) = ——Ev||X(B - pB)|]*.
o?n
Now let ¢, = nn?/(n —d — 1). It is straightforward to check that
Ry {ﬁjs (tzar)} = tel[g,f(‘)o] RV{/Bgs(t)}

and, if n is large, then B,,,{d/(n — d)} ~ Bjs(tzar). Ultimately, one can show
that if d/n — p € (0,1), then B,,,{d/(n—d)} is asymptotically optimal among
James-Stein estimators, with respect to the risk function Ry (-). In fact, Co-
pas (1983) reaches a similar conclusion — that one should take ¢ & d/(n — d) in
By (¢) — by essentially studying the risk function Ry (-). However, Copas (1983)
does not take an asymptotic approach, nor does Copas meaningfully distinguish
between the risk functions Ry (-) and Ry (). Indeed, Copas asserts that differ-
ences between the two risk functions are “unimportant if n is large” (p. 314 of
(Copas, 1983)). This is true if n is large and d is small; however, the results in
this section imply that these differences are significant when both n and d are
large.

6. Discussion
6.1. Distributional assumptions

The normality condition (2) is restrictive. The extent to which this condition is
necessary for the results in this paper is somewhat unclear; working to relax (2)
may be an interesting area for future research. In this section, we discuss some
of the issues that may arise in pursuing such work.

If the data are non-Gaussian, then the exact risk formula for James-Stein
estimators given in Proposition 2 will not hold in general (among other things,
Proposition 2 relies on the fact that Er{tr(XTX)"'} = d/(n —d — 1)). Fur-
thermore, in the absence of normality, it may be more challenging to obtain
exact decision theoretic results for LiSc estimators, such as Theorem 1 (a)-
(b), which rely on orthogonal invariance of the multivariate normal distribution
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(note, however, that Theorem 1 (¢) continues to hold regardless of distributional
assumptions: Bnu” = 0 is the only LiSc estimator when d > n).

The challenges discussed in the previous paragraph may be complemented by
more encouraging observations. For instance, Stein-type estimators are known
to have desirable finite sample properties in related problems with non-Gaussian
data (see, for example, the review article (Brandwein and Strawderman, 1990)
on estimating a location parameter in the presence of orthogonally invariant
noise); these results may be relevant for generalizing the results in this paper
to settings where the data are non-normal. Additionally, it seems reasonable
to expect that many of the asymptotic results in this paper (or close variants)
will continue to hold under weaker distributional assumptions — even in settings
where the underlying distributions are not orthogonally invariant. Basic numer-
ical experiments conducted by the author seem to support this hypothesis when
the entries of X are binary random variables (detailed results not reported here).
Existing theoretical work on high-dimensional data analysis with non-Gaussian
design matrices may also be useful for establishing extensions in this direction,
e.g. (Bunea et al., 2007a).

6.2. Practical implications

We have argued that LiSc estimators are a reasonable class of estimators for
settings where little is known about how the given predictor basis relates to the
outcome of interest. In these settings, if d < n and no reliable estimate of Cov(x;)
is available, then the results in this paper suggest that James-Stein estimators
may be an effective option for out-of-sample prediction; if Cov(x;) is known (or if
a norm-consistent estimator is available), then results in Section 5.2 and (Dicker,
2013) imply that ridge regression may be more appropriate. On the other hand,
if 3 is known to be sparse (i.e. if the outcome has a sparse representation in
the given predictor basis) or some other significant prior information about 3
is available, then sparse methods, such as lasso, or Bayesian methods may be
indicated (it is worth pointing out that ﬁjs(t) is a Bayes estimator under the
prior distribution B|X ~ N{0,v*(XTX)"1}, where v? = t(n — d — 1)0?/d).

If d > n, then Theorem 1 (b)-(c) imply that 3,,, = 0 is the optimal LiSc
estimator. Thus, one can argue that if d > n, then requiring an estimator to be
LiSc is “asking too much.” On the other hand, given the high-level discussion
of LiSc estimators in the previous paragraph and in Section 3, an alternative
interpretation of Theorem 1 (b)-(c) is as follows: if d > n, Cov(x;) is unknown,
and little is known about how the predictor basis relates to the outcome, then
non-trivial prediction may be impossible and, consequently, more information
is needed for effective out-of-sample prediction. This interpretation may guide
one’s view towards identifying and understanding additional information about
the model and the data that may help to improve performance in settings where
d>n.

Various types of information about the model (1) may potentially be lever-
aged to develop better prediction methods. The discussion of ridge regression in
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Section 5.2 implies that if Cov(x;) is known, then an equivariant version of ridge
regression (14) may perform well (significantly better than 3,,,) when d > n.
However, to obtain more substantial improvements in out-of-sample prediction
error, it appears that additional information about 3 (such as sparsity) must be
utilized. Indeed, the predictive risk of ridge regression is roughly of order d/n;
if 3 is sparse, then the risk of lasso may be of order log(d)/n (Bunea et al.,
2007b). Slightly recasting these observations, we conclude that while ridge re-
gression outperforms ﬁnu” =0 when d/n — p € (0,00), additional information
about 3 must be utilized in order to obtain vanishing risk in these asymptotic
settings and, a fortiori, in settings where d/n — occ.

Acknowledgements

The author thanks Patrick O. Perry for valuable comments on an earlier version
of this paper. The author is grateful to the Editor, Associate Editor, and Referees
for many comments that helped to improve the paper.

Appendices
Appendix A

Proof of Proposition 1. Suppose that ﬁ is linearly equivariant. To prove part
(a), observe that

o> Ry ()

By [{B(. X. ) - B)" 2{B(w. X. 2) - B}
= B {18y, Xz, D) - 28| ?}

= By, {18, X.D) - BOO)I1*}

= o’Ry,(B),

where B(Vy) = £1/23, and we have used linear equivariance of ﬁ, along with
the fact that if x; ~ N(0, 2), then ¥~2x; ~ N(0,1).

Now suppose that ﬁ is LiSc, let u € R? be a unit vector, and let U be a d x d
orthogonal matrix such that UX'/28/0 = nu 2 B(V,). Then

By, (118 - 2'/25))

_ EVU{||a*1UB(y,X,I)—null2}

= By {||B(XUT17u +e/o, XU, T) — nullz}
= B {IBw.x. D) - BRI}

= Ry, ().

Rv(B)
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Proof of Theorem 1. Let 8 = B(y, X) be an LiSc estimator. Let O(n) denote
the group of n x n orthogonal matrices. Since B(y, X) and B(Uy, UX) have the
same distribution for all U € O(n), for parts (a)-(b) of the theorem we may
assume without loss of generality that

By, X)=pBUy,UX) for all U € O(n). (20)
a),

To prove part (a), suppose that d < n. Then

/3 = h(ﬁ2)/30ls

for some measurable function h : R — R. Now suppose that V € ©%(n?). Then,
Ry(B) = o72By [{h(i)Bus — BY S{h(i*)Bos — BY]
= B{R0)0 2By (B SBali) |
~20 2B {n(?) By (BT 5Bl | + 7 (1)

Taking h(7?) = hopt (7?), where hop(7)?) is given in (7), minimizes the integrand
n (21). Since 7*(y, X) = #?(ty,tX A) for all ¢ > 0 and invertible d x d ma-
trices A, it follows as in the proof of Proposition 1 that o_QEV(ﬁOTlSEﬁOlS|ﬁ2)
and o~ 2h(72)Ey (8" £B,,,]7?) are constant over V € ©%4(n?). Thus, hop(7?)
depends only on 7%, d, and n. Part (a) of Theorem 1 follows.

To prove part (b) of the theorem, suppose that d = n. Then B(y,X) =
X~'3(y, I). Furthermore, if U € O(d), then

BWUy.I) =By, U") = UB(y. ).
It follows that B(y,I) = h(||ly||*)y for some function h : R — R and
Bly. X) = h(llylI*) Xy

Since B(y, X) = B(ty,tX) for all t > 0, it follows that h(|[y||2) = h(t]|y]]?).
Thus, A(|ly||?) = c¢ is constant. Part (b) of the theorem follows because
Erftr{(XTX)"1}] = .

Finally, to prove part (c), we no longer require (20), but we assume that
d > n. Let XT = Q57 be the QR decomposition of X7, where Q1 is a d x n
matrix with orthonormal columns and S is an n x n lower triangular matrix.

Let
A= (Q Q2)< Scl g > =Qi(S™! 0)+Q(C D),
where (Q1 Q2) € O(d), C'is a (d —n) x n matrix, and D € GL(d — n). Then

Since the above equality must hold for any (d — n) x n matrix C and any
D € GL(d — n), it follows that B(y,X) = 0. Part (c) follows immediately. O
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Proof of Proposition 2. Note that (XTX)~! follows an inverse Wishart distri-
bution and E;(XTX)™! = (n—d—1)"*I (see Chapter 3 of (Muirhead, 1982),
for instance). It follows that if V € ©%(n?), then

2
(b 0) = g b B0
+{ df(n—d—1) }2772
t+d/(n—d-1)
t > d d/in—d—1) * ,
= {t—l—d/(n—d—l)} n—d—1 +{t+d/(n—d—1)} -
Thus, (8). The rest of the proposition follows by basic calculus. O

Proof of Theorem 2. Suppose that V € ©%(n?) and let Bopt = hopt (77)B 15 be
the optimal LiSc estimator derived in Theorem 1 (a). Then r(n?) = Ry (Bopt). To
prove the theorem, we bound | Ry {ﬁjs (n)}—Ry {ﬁopt (1)} Since RV{Bopt (n)} <

Rv{ﬁjs(n)}, we have the following decomposition:
0.< Ry {B;5(n)} — Rv{Bpum ()} = Ev(L1) + By (L) + 2By (Ls),  (22)

where

1 i " 2
Ly = ; [hgpt(n2)_{n2+d/(n—d—1)}

B ) d/in—d—1) °
Ly = 7 l{l—hc?pt(n2)}2_{n2+d/(n—d—1)}]

||El/2(XTX)_1XT€||2

1 ) R _
Ly = —shop(i*){1 - hop(17)}BT 2(XTX) 7 X e.
We bound Ev (Ly), Eyv(L2), and Ey(L3) separately.
To bound Ey(L1) and Ey (L), we have
2

T2 +d/(n—d—1)

3y 1/3
hOPt(ﬁ2) }
3y 1/3
1 1/3
-{—GEV||21/2<XTX>-1X%||6} :
o

2}1/2

d/(n—d—1)
TP +d/(n—d—1)

Ev|L;| < {Ev

,,72

n”?+d/(n—d-1)

hopt (%) +

772

T +d/(n—d—1)

Ev|Ly| < {Ev Popt (1?)

hozﬂf(ﬁz) -1

2}1/2
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Thus, Lemma B5 implies that

By |Li| Ev|Ls| 0( n°djn dl/z) (23)
sup viLal,  sup vile2| = ORI .
Veod(n?) Veod(n?) n*+d/n
To bound Ey (Ls), notice that
1 . A _
Bv(Ly) = =By [hop(i){1 = hope(7%)}8" S(XTX) ' X Te]

1 [ n’d/(n—d—1) ﬁTE(XTX)—lXT€:|

oV {2+ d/(n—d—1)}2
< B b (321 — oo (72 Pd/in—d-1) |° v
S \% opt(n ){ - O:Dt(n )} - {772 +d/(n —d— 1)}2
1 1/2
. {FEV|BTE(XTX)1XT6|2}
) n? 0|
< 2|Ey {hOpt(nz)_ 772+d/(n—d—1)}{1_h0pt(n2)}

772

P E i —d=1)

,,72

hopt (7%) — Ft+diin—d—1)

By

2~| 1/2
1 1/2
. {;EV|,8TE(XTX)_1XT€|2}

and, by Lemma B5,
2
n-d/n —1/2
sup By _O{<7>d .
Veod(n?) ( 3> 772 + d/?’L
The theorem follows by combining this with (22)-(23). O

Proof of Theorem 3. Suppose that V € ©%(n?) and consider the following de-
composition of the absolute difference between the predictive risk of the oracle
and adaptive James-Stein estimators, notice that

Rv{B;,(n*)} — RV{Bjs(ﬁi)}‘ = |Ev(/1+ J2 —2J3)]
< |Bv ()| + |BEv(J2)] + 2| By (J5)],(24)

where
I o 2 72 2
T e {n2+d/(n—d—1)} _{ﬁi+d/(n+—d—1)}]
NEVAXTX)TIX e,
o, d/fin—d—1) 2 d/in—d—1) \?
O e R s e
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1 iid/(n—d—1) T Ty \—1y%T
J3 = — V(X X)X e
U Car e
Similar to the proof of Theorem 2, we bound |Ev (J1)|, |Ev (J2)|, and |Ey (J3)]
separately.
If V e ©4(n?), then

|Ev(L)|l < Evl|l
d

= E
n—d—1"

[ 0 — i3 }
P +d/(n—d-1)H{nt +d/(n—d-1)}

s 3
'{n2+d/(n—d—1)+ﬁi+d/(n+—d—1)}

1
._2||El/2(XTX)71XT€||2
(o

)

|Ev(J2)] < Ev|J

2
= ’[72 7d
n—d—1

By

[ 0’ — 05 ]
(P +d/(n—d-1){n3 +d/(n—d—1)}

'{nud/(;—d—l)+ﬁi+d/(;—d—1)}"

Repeatedly applying the Cauchy-Schwarz inequality and Lemmas B2 and B4,
it follows that

swp (Bv(]sw (B = of (S8 Yut ek

Veod(n?) Veod(n2) n?+d/n

To bound |Ey (J3)|, we use Stein’s lemma (integration by parts). We have,

By (J3) = %Ev [ {ﬁ;jrdé/(?n__d d__li)}QﬁTE(XTX)_lXTe]

2
{ﬁiCZ(cZ(_nd—_dl—) 1)} ;zﬁTE(XTX)leTy; 02> 0]

7 d/(n—d-1) 202. )
B Hﬁiw/(n—d—n} 7 ”+>0]

2
{ﬁici{(dn/(;d__dl_) 1)} ;QﬁTE(XTX)_lXTe; > 0] .

2
n

2
+= By

n

Using Lemmas B2-B4, one easily checks that

(rlints) &

B rdn—d—1)] &2

2

%

A )}
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2 d/(n—d—1) }2
sup —FEy {A
Ve@d(nz)’n ni—i—d/(n—d—l) _ O{( d/n >n1/2}
2+d/n '
: ;QﬁTE(XTX)_lXTe T df

We conclude that

d/n
swp (Bv()| = 0{ (Lo ) w2}
Ve@d(n2)| V( 3)| 772+d/’n

The theorem follows by combining this with (24)-(25). O

Proof of Proposition 3. Let V € ©9(n?) and suppose that ¥~! = USUT, where
U € O(d) and diag(s1,...,sq) is a diagonal matrix. Then

Ry{B,0)} = o 2By [{B,(\) - BY 2{B,0\) - BY]
o 2By H21/2{(XTX Fan)TIXTX - 1}5‘ ’2
+o0 2By H21/2(XTX + n/\I)_lXTe‘ }2

= 2B ||[nAXTX +nas) T SUT 52| \2
+ Er [tr {(X"X +nAS)?XTX}].

Taking s; > 0 sufficiently large, o, ..., sq = 1, and 3 € R? such that o1 UT X1/28 =
(n7,0,...,0) € R?, one can ensure that

2
o 2E; Hn)\(XTX + n)\S)’lsUTA‘Tl/QﬁH > 2.

The proposition follows. O

Proof of Proposition 5. Let sy > --- > sq > 0 denote the eigenvalues of n ' X7 X
and suppose that V' € ©%(n?). Then, by Jensen’s inequality and Proposition 4

(a),

Ry [BAd/m)ZY| = Er [ {(XTX +d/n*D7'}]

1< 1
E L= - -
! H;Sﬂrd/(nnz’)
d 71
1
- d;an/d—i—s
(X"

2 E]tI' )
TP Y Err(XTX) 1
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n*d
n”?n—-d-—1)+d
= RV (BJS )7
where the inequality is strict unless 72 = 0. O

Appendix B

Lemma B1. Suppose that k > 1 is a fixed constant. Then

. 1 e
sup o EvxBul =0 {( ) b

Veod(n?) n? +d/n

Proof. Conditional on X, the random variable || X3,,,]|>/0? follows a noncen-
tral x? distribution with d degrees of freedom and noncentrality parameter
|| XB||2/0%. Thus, the distribution of ||X3,,|/?/0? is the same as that of a
central x? random variable with 2N + d degrees of freedom, where N|X ~
Poisson(¢) and ¢ = ||X3||?/(20?). Since the s-th inverse moment of a (central)
x? random with [ degrees of freedom is 27*T'(1/2 — k) /T'(1/2), provided k < 1/2,
it follows that

K e — 2K —k I N+d 2—kK
o2 By || X B2 = 2 Ev{#}

I'(N+4d/2)
By Theorem 2.4 of (Ismail et al., 1986),

I'(m — k) .
DR

m — k > 0. Thus,

oM Ev|| X Byl <27 By (N +d/2 — k)" < (d—2k) 7"
and
sup oM By || X By, < sup 27°Ey(N+d/2—k) "
Veod(n?) Veod(n?)
= 0{ swp o*Ey|XB|
Veod(n?)
= O(n~*'n™").
The lemma follows. O

Lemma B2. Suppose that k > 1 is a fived constant and let 7% be as in (11).
Suppose further that 0 < d/n < py < 1 for some fixed constant p4 € R. Then

1 " 1 "
Veod(n?) v 7742;r + d/n 772 + d/n
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Proof. Notice that

62%/0?

1 " "
E _ E T ——
v <ﬁi T d/n> = { 1XBoyel /(no?) }

- (§>HEV{||XBM|1|2/<M2>} |

The result follows from Lemma B1. O

Lemma B3. Suppose that 0 < d/n < py < 1 for some fized constant p; € R
and let k > 0 be fived. Then

Py (72 =0) 0< a )
sup Py(ni =0)=0(—5—]-
Veod(n?) + n?ﬁnn

Proof. Let U = ||XB,,|[*/0® and let W = |ly — XB,,,[[*/0” = (n — p)6* /0.
Then W ~ x2_, has a x? distribution with n — d degrees of freedom and,
conditional on X, U ~ XﬁXﬁHQ/UQ ; has a noncentral x? distribution with non-

centrality parameter || X3||?/0? and d degrees of freedom. Furthermore, U and
W are independent and

ey 1] o}

Thus, for V € ©%(n?),

. 1 1
Py(it=0) = Py (EU < dW>

n —

< FEyexp (ﬁW) By (—EU)

n—d)/2
) L\ ( . >d/2
- 1_n2rd 1+%

)
By exp (151X

B n—d (n—d)/2 d d/2 d+2r n/2
- \n—-d-2r d+2r d+2(n?+ )r

o 2r2n d—+2r n/2
X
Pltn—d—2r(d+2n) [ \d+ 202+ 1)r )

provided r < (n — d)/2. Now, basic calculus implies that

d+2r n/2 (d+2r)k "
%) TS <e Ry
w30 {d+2<n2+1>r} = {rm—zk)

The lemma follows by taking r = av/d for a > 0 sufficiently small. O

IN
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Lemma B4. Suppose that pi,k > 0 are fized constants and that 0 < d/n <
p+ < 1. Then

sup  Ev|if —n?|" =
Veod(n?)

O{(d/n)“/QJrn“ +n2“}'

nk/2

Proof. Using Lemma B3, we have

~ K X oLs ’ d i
EVlni _n2| < Ey || ﬁé || (_+n2)
no n
XB,. |2 (d i /2
V || ﬁols” (_+n2) +O( ) (26)
n nr

Since (n — d)6% = ||y — X By||*> and || X B,,||? are independent,

neg?
XBull? (d " X B2 d\ o?|"
5y [XBacl (E+"2>| S2,€EV||| B (D2

+*" Py (i} = 0)

no? 62 n) 62

d K 2 K
+2”(772+—> By 7 1
X3, d\|"
- ‘II ﬁoésH (n2+_)‘
no n
+2" <77 + > EV -1

As in the proof of Lemma B1, let N ~ Poisson{||Xg||?/(20%)}. Then, since
||)(ﬁols||2/a'2 ~ X%Nera

X d\|"
By [1XBas | (nzm)‘ < 2B,

no?

IXBl2 2N+
2

n

2N .
1By | — 2

Thus,

X3 |2 a\|" a\ ">
. EV||| Bos _<n2+_)| _O{ K/2<n +_) }
VG(—)d(nz) no n n

Additionally, one can check that

K

=0(n="?),

2

sup Ey|—= —1

Veod(n?)

0'
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It follows that

XB,. |2 (d i
- EV||| Bova| _<_+n2) _

o { (d/n)"/2 + n" +n2“}.

Vead(n?) TL&2 n ’nﬁ/2

The lemma follows by combining this with (26). (]

Lemma B5. Suppose that p4,k > 0 are fixed constants. Suppose further that
0<d/n<py <1 andlet hop(H?) be as in (7). Then

9 k k
R n n _
By |hopt (%) — —0{(——-—+— w2
B e (I =) {(n2+d/n) " }
Proof. Let
2 772 "
H = |hop(1°) —
pi(7°) n”?+d/(n—d-1)
Then
EV (IBTEBOZS ﬁQ) _T]QUQ
H < 2¢ _
By (1121/28,.,|7| 72)
it { By (115Y2B,P| 72) = v — do*/(n — d = 1) }
+ 2F

{1+ d/(n —d = D)} By (1122/28,,,]7| )

and, using the Cauchy-Schwarz and Jensen’s inequalities,

R 1/2
By (H) < 2 {0 By|| 528, }

875p " : :
E ols 2 n
VI o2 K +{n2+d/(n—d—1)}
1/2
P PR
v 02 T —d=1

. 1/2
< 2 {o By |22 B, 7 (4t + 1)
1/2

+{772+d/(27;72—d—1)}m

g ||Zl/2(XTX)_1XT€||2 B d
v o? n—d—1

2K
BT Y(XTX) 1XTe

by 5

g
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Since E;||XTX||" = O(n") for fixed r > 0, where || X X|| denotes the operator
norm of XTX (see, for instance, Lemma C2 of (Dicker, 2013)), Lemma B1
implies that

R 1 2Kk
sup OAKEVHEI/Qﬁols”iAlK =0 { <7) } . (28)

Veod(n?) n?2+d/n

Furthermore, since Er|[(XTX)7Y|" = O(n™") for fixed r > 0 (see, again,
Lemma C2 of (Dicker, 2013)), it follows that

2K

T Ty\-1yT

JXTX)T X
sup By B 2) | = O(n*n=") (29)

Veod(n?) g
and
21/2 XTx\-1xT¢l||2 d 2k
sup By |12 2> ll” _ =0(m™").  (30)
Veod(n?) (o n—d—1

Combining (27)-(30) yields

1 " - N A
50 = 0| () e () )
Veod(n?) V( ) 772+d/n g n2+d/n

|
o
—N
R
3
N
S
~
3
N————
B3
:\
&
~
N
—

which proves the lemma. O

References

BARANCHIK, A. (1973). Inadmissibility of maximum likelihood estimators in
some multiple regression problems with three or more independent variables.
Annals of Statistics 1 312-321. MR0348928

BERAN, R. (1996). Stein estimation in high dimensions: A retrospective. In
Research developments in probability and statistics: Festschrift in honor of
Madan L. Puri on the occasion of his 65th birthday. VSP International Science
Publishers. MR1462411

BRANDWEIN, A. and STRAWDERMAN, W. (1990). Stein estimation: The spher-
ically symmetric case. Statistical Science 5 356-369. MR1080957

BREIMAN, L. and FREEDMAN, D. (1983). How many variables should be entered
in a regression equation? Journal of the American Statistical Association 78
131-136. MR0696857

BrownN, L. (1990). An ancillarity paradox which appears in multiple linear
regression. Annals of Statistics 18 471-493. MR1056325

BuUNEA, F., TsyBakov, A. and WEGKAMP, M. (2007a). Aggregation for gaus-
sian regression. Annals of Statistics 35 1674-1697. MR2351101


http://www.ams.org/mathscinet-getitem?mr=0348928
http://www.ams.org/mathscinet-getitem?mr=1462411
http://www.ams.org/mathscinet-getitem?mr=1080957
http://www.ams.org/mathscinet-getitem?mr=0696857
http://www.ams.org/mathscinet-getitem?mr=1056325
http://www.ams.org/mathscinet-getitem?mr=2351101

1834 L.H. Dicker

BuNEA, F., TsyBaKkov, A. and WEGKAMP, M. (2007b). Sparsity oracle in-
equalities for the lasso. Flectronic Journal of Statistics 1 169-194. MR2312149

Copas, J. (1983). Regression, prediction and shrinkage. Journal of the Royal
Statistical Society: Series B (Methodological) 45 311-354. MR0737642

DICKER, L. (2013). Ridge regression and optimal dense estimation for high-
dimensional linear models. Manuscript.

HoERL, A. and KENNARD, R. (1970). Ridge regression: Biased estimation for
nonorthogonal problems. Technometrics 12 55—67.

HuBer, N. and Lee, H. (2012). Shrinkage estimators for prediction
out-of-sample: Conditional performance. ArXiv preprint arXiv:1209.0899.
MR3031279

IsmAIL, M., LorcH, L. and MuLDOON, M. (1986). Completely monotonic
functions associated with the gamma function and its g-analogues. Journal
of Mathematical Analysis and Applications 116 1-9. MR0837337

JaMEs, W. and STEIN, C. (1961). Estimation with quadratic loss. In Pro-
ceedings of the Fourth Berkeley Symposium on Mathematical Statistics and
Probability. University of California Press. MR0133191

LEEB, H. (2009). Conditional predictive inference post model selection. Annals
of Statistics 37 2838—-2876. MR2541449

MARCHAND, E. (1993). Estimation of a multivariate mean with constraints on
the norm. Canadian Journal of Statistics 21 359-366. MR1254283

MUIRHEAD, R. (1982). Aspects of Multivariate Statistical Theory. John Wiley
& Sons, Inc. MR0652932

NussBAaUM, M. (1999). Minimax risk: Pinsker bound. In Encyclopedia of Sta-
tistical Sciences, vol. 3. Wiley, New York, 451-460.

OMAN, S. (1984). A different empirical Bayes interpretation of ridge and Stein
estimators. Journal of the Royal Statistical Society: Series B (Methodological)
544-557. MRO790637

PINSKER, M. (1980). Optimal filtration of functions from 12 in gaussian noise.
Problems of Information Transmission 16 52—68. MR0624591

STEIN, C. (1955). Inadmissibility of the usual estimator for the mean of a multi-
variate normal distribution. In Proceedings of the Third Berkeley symposium
on mathematical statistics and probability, vol. 1. MR0084922

STEIN, C. (1960). Multiple regression. In Contributions to Probability and
Statistics: Essays in Honor of Harold Hotelling. Stanford University Press.
MRO0120718

SuN, T. and ZHANG, C. (2012). Scaled sparse linear regression. Biometrika 99
879-898. MR2999166

TAKADA, Y. (1979). A family of minimax estimators in some multiple regression
problems. Annals of Statistics 7 1144-1147. MR0536517

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. Jour-
nal of the Royal Statistical Society: Series B (Methodological) 58 267-288.
MR1379242

TIKHONOV, A. (1943). On the stability of inverse problems. Dokl. Akad. Nauk
SSSR 39 195-198. MR0009685


http://www.ams.org/mathscinet-getitem?mr=2312149
http://www.ams.org/mathscinet-getitem?mr=0737642
http://www.ams.org/mathscinet-getitem?mr=3031279
http://www.ams.org/mathscinet-getitem?mr=0837337
http://www.ams.org/mathscinet-getitem?mr=0133191
http://www.ams.org/mathscinet-getitem?mr=2541449
http://www.ams.org/mathscinet-getitem?mr=1254283
http://www.ams.org/mathscinet-getitem?mr=0652932
http://www.ams.org/mathscinet-getitem?mr=0790637
http://www.ams.org/mathscinet-getitem?mr=0624591
http://www.ams.org/mathscinet-getitem?mr=0084922
http://www.ams.org/mathscinet-getitem?mr=0120718
http://www.ams.org/mathscinet-getitem?mr=2999166
http://www.ams.org/mathscinet-getitem?mr=0536517
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=0009685

	Introduction
	Notation, definitions, and the statistical setting
	Equivariance
	James-Stein estimators
	The oracle estimator
	Adaptive James-Stein estimators

	Comparative analysis
	OLS estimator
	Ridge regression
	Other James-Stein estimators

	Discussion
	Distributional assumptions
	Practical implications

	Acknowledgements
	Appendices
	References

