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A permanental field, ¢ = {{(v), v € V}, is a particular stochastic process
indexed by a space of measures on a set S. Itis determined by a kernel u(x, y),
x,y € S, that need not be symmetric and is allowed to be infinite on the
diagonal. We show that these fields exist when u(x, y) is a potential density
of a transient Markov process X in S.

A permanental field ¢ can be realized as the limit of a renormalized
sum of continuous additive functionals determined by a loop soup of X,
which we carefully construct. A Dynkin-type isomorphism theorem is ob-
tained that relates ¥ to continuous additive functionals of X (continuous in #),
L={L},(v,t) €V x Ry}. Sufficient conditions are obtained for the conti-
nuity of L on V x R4. The metric on V is given by a proper norm.

1. Introduction. In [15], we use a version of the Dynkin isomorphism theo-
rem to analyze families of continuous additive functionals of symmetric Markov
processes in terms of associated second-order Gaussian chaoses that are con-
structed from Gaussian fields with covariance kernels that are the potential den-
sities of the symmetric Markov processes.

In this paper, we define a permanental field, ¢ = {y/(v), v € V}, a new stochas-
tic process indexed by a space of measures V on a set S, that is determined by
a kernel u(x, y), x, y € S, that need not be symmetric. Permanental fields are a
generalization of second-order Gaussian chaoses. We show that these fields exist
whenever u(x, y) is the potential density of a transient Markov process X .

We show that ¢ can be realized as the limit of a renormalized sum of continuous
additive functionals determined by a loop soup of X. A loop soup is a Poisson
point process on the path space of X with an intensity measure p called the “loop
measure.” (This is done in Section 2.) We obtain a new Dynkin type isomorphism
theorem that relates v to continuous additive functionals of X and can be used to
analyze them.
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Let (2, F, P) be a probability space, and let S be a locally compact metric
space with countable base. Let 5(S) denote the Borel o -algebra, and let M(S) be
the set of finite signed Radon measures on B(S).

DEFINITION 1.1. A map ¢ from a subset V € M(S) to F measurable
functions on €2 is called an a-permanental field with kernel u if for all v € V,
Ev(v) =0 and for all integers n > 2 and vy, ...,v, € V

(1.1) E(H w(Vj)> = Z ac(”)/ H u(Xj, Xz(j)) H dvj(x;),
j=1 Jj=1 j=1

TepP’!

where P’ is the set of permutations 7 of [1, n] such that 7 (j) # j for any j, and
c(7r) is the number of cycles in the permutation 7.

The concept of permanental fields is motivated by [10] and [11], Chapter 9.

The statement in (1.1) makes sense when the kernel u is bounded. However, in
this case, we can accomplish the goals of this paper using permanental processes
as we do in [18]. In this paper, we are particularly interested in the case in which u
is infinite on the diagonal. That is why we define the field using measures on S
rather than points in §, and require that 7 (j) # j for any j in (1.1) [since we
allow u(x;, x;) = oo].

When u is symmetric, positive definite and o = 1/2, {(v), v € V} is given by
the Wick square, a particular second-order Gaussian chaos defined as

(1.2) L G%:(v) :8113%)/((;38 — E(G2;))dv(x),

where {G,s5,x € S} is a mean zero Gaussian process with finite covariance
us(x,y), and limg_ous(x, y) = u(x, y). (See [15] for details.) The results in [15]
are simpler to achieve than the results in this paper because we have at our disposal
a wealth of information about second-order Gaussian chaoses.

The definition of a permanental field in (1.1) is a generalization of the moment
formula for permanental processes, introduced in [24]. Let 6 = {6, x € S} be an

a-permanental process with (finite) kernel u, then for any x1,...,x, € S
n n
(1.3) E(]‘[ axj) = > o [T ulxj, %),
j=1 neP j=1

where P is the set of permutations 7 of [1, n], and c¢(sr) is the number of cycles in
the permutation 7. In this case, [ (6, — E(0y)) dv(x) is a permanental field.
Eisenbaum and Kaspi [3] show that an o-permanental process with kernel u ex-
ists whenever u is the potential density of a transient Markov process X in S. (This
can also be done using loop soups. See [11], Chapters 2, 4, 5, for a study in the
discrete symmetric case.) In [18], we give sufficient conditions for the continuity
of a-permanental processes and use this, together with an isomorphism theorem
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of Eisenbaum and Kaspi, [3] to give sufficient conditions for the joint continuity
of the local times of X. In this paper, we extend these results to permanental fields
and continuous additive functionals.

In order that (1.1) makes sense, we need bounds on multiple integrals of the
form

n n
(1.4) J TTutsjoxpsn [T vt s =1,

j=1 i=1
We say that a norm || - || on M(S) is a proper norm with respect to a kernel u if
foralln >2and vy, ..., v, in M(S)

n n n

(1.5) ‘/Hu(xj,xjﬂ)]_[dw(xz') <C" [T lIv;ill

j=1 i=1 j=1

for some universal constant C < oo.

In Section 6, in which we consider the continuity of certain additive functionals
of Lévy processes, an explicit example of a proper norm is given in (6.22). Another
example of a proper norm which plays an important role in this paper is given
in (3.25). Additional examples of proper norms are given in Example 6.2.

The next step in our program is to show that permanental fields exist. We do this
in Section 2 when the kernel u«(x, y) is the potential density of a transient Borel
right process X in S. (Additional technical conditions are given in Section 2.1.)

We denote by R (X), or R when X is understood, the set of positive bounded
Revuz measures v on S that are associated with X. This is explained in detail in
Section 2.1.

Let || - || be a proper norm on M (S) with respect to the kernel u. Set

(1.6) M, = {positive v € M(S)][[v]| < o0}
and
(1.7) R =R nMj,.

Let M. and R . denote the set of measures of the form v = v; — vy with vy, 12 €
MﬁL‘” or RM , respectively. We often omit saying that both R and || - || depend
on the kernel u.

The following theorem is implied by the results in Section 2.

THEOREM 1.1. Let X be a transient Borel right process with state space S
and potential density u(x, y), x, y € S, as described in Section 2.1, and let || - || be
a proper norm with respect to the kernel u(x, y). Then for o > 0 we can find an
a-permanental field {y (v), v € R.|} with kernel u.
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We say that {y/(v), v € R} is the a-permanental field associated with X.
In Section 4 we study the continuity of permanental fields. Let {{(v), v € V}

be a permanental field with kernel u. Let || - || be a proper norm with respect to u
and suppose that VV € M. |. We show in Section 4 that

(1.8) l¥(w) =¥z < Clin—vl,

where | - ||z is the norm of the exponential Orlicz space generated by el — 1.

This inequality enables us to use the well-known majorizing measure sufficient
condition for the continuity of stochastic processes, to obtain sufficient conditions
for the continuity of permanental fields, {y/(v),v € V} on (V, | - ||), where | - |
denotes the metric || — v|| in (1.8).

Let By (v, r) denote the closed ball in (V, || - ||) with radius » and center v. For
any probability measure o on (V, || - ||), let

1

(1.9) I, (@) =§‘€1§/ o8 B

THEOREM 1.2. Let {¢(v),v € V} be an a-permanental field with kernel u
and let || - || be a proper norm for u. Assume that there exists a probability measure
o onV such that Jy .|, (D) < 00, where D is the diameter of V with respect to
Il - I and

(1.10) lim Jy |j.|,6(6) =0
§—0
Then i is uniformly continuous on (V, || - ||) almost surely.

When the kernel u is symmetric, {y/(v),v € V} is a second-order Gaussian
chaos and it is well known that we can take

(1.11) e — vl = (E(®) — ¥ (1))

One of interests in studying permanental fields is to use them to analyze fam-
ilies of continuous additive functionals. We may think of a continuous additive
functional of the Markov process X = (2, F;, X;, 6, P*) as

1/2

(1.12) —hm// 8y.e(Xs)dsdv(y),

e—>0

where v is a positive measure on S and §y . is an approximate delta function at
y € S. More precisely, a family A = {A;; ¢ > 0} of random variables is called a
continuous additive functional of X if:

(1) t — A, is almost surely continuous and nondecreasing, with Ap = 0 and
A=A, forallt > ¢.

(2) A;is F; measurable.

(3) A5 =Ar+ As o6 forall s, t >0 as.
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(Details on the definition of L} are given in Section 2.)

As in [15] we relate permanental fields and continuous additive functionals by
a Dynkin type isomorphism theorem. In Section 3, we obtain such a theorem re-
lating {L? } and the associated permanental field {y(v)}. Since the construction
of ¥ in Section 2 explores many properties of {L}_}, the further derivation of the
isomorphism theorem is relatively straightforward.

In Section 3, we introduce the measure

(1.13) 04(F) = [ 0" (FLL) dp().

where Q%Y is given in (3.1).
The next theorem is implied by Theorem 3.1.

THEOREM 1.3. Let X be a transient Borel right process with potential den-
sities u, as described in Section 2.1, and let || - || be a proper norm for u. Let
{Y(v),v € Ry} be the associated a-permanental field with kernel u. Then for
any ¢, p € Rﬁf” and all measures {v;} € R, and all bounded measurable func-
tions F on R,

1
(1.14) EQu(F(y () + L)) = —E(©"*F(y-(m)),

where 0°°? is a random variable that has all moments finite.

[Here, we use the notation F(f(x;)) := F(f(x1), f(x2),...), and the expecta-
tion of the {LuL} are with respect to Qg, and of the { (v;)} and {0”?} are with
respect to E'.]

It is easy to show that this isomorphism theorem implies that the continuity of
{y(v),veV}on (V| -, implies the continuity of {L. ,v € V} on (V, | - ).
Extending this to the joint continuity of {L), (v,£) €V x RT}on (V x R, | - || x
| - |) is considerably more difficult. We do this in Section 5.

Additional hypotheses are required to prove joint continuity of {L;, (v,?) € V x
R™} in the most general setting. However, these are satisfied by a simple sufficient
condition when the Markov process is a transient Lévy processes. Let S = R¢ and
X be a Lévy process killed at the end of an independent exponential time, with
characteristic function

(1.15) Ee™i = 7%

and potential density u(x, y) = u(y — x). We refer to « as the characteristic expo-
nent of X.
We assume that

—Rex (&)

(1.16) lull2 <oco and e is integrable on R¢.
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We say that u is radially regular at infinity if

: <|ﬁ(§)I<L
T(l&]) ~ ~ (&)’

where 7(|€]) is regularly varying at infinity. Note that

(1.17)

(1.18) neE)=——.

For a measure v on R?, we define the measure v;, by

(1.19) vh(A) =v(A — h).

THEOREM 1.4. Let X ={X(t),t € Rt} be a Lévy process in R that is killed
at the end of an independent exponential time, with potential density u(x,y) =
u(y — x). Assume that (1.16) holds and i is radially regular. Let v € R™(X) and

y = lul*[al. If

/oo iejox 1DE) Py (§) dE)!/? p
1

X

(1.20)

X < 00,

then {L}*, (x,1) € R? x R} is continuous P> almost surely for all y € R?.
In addition

, L —L;”
(1.21) limsuyp sup ——<C a.s.,
3—>0 |x—y|<8 (6)
x,yel0,1]4
where
F)
(1.22) a)(8):go(8)log1/8+/ Mdu
0 u
and
2 20a 2 A 2 12
(1.23) §0(5)=<I5| / EIF[DE) |7y (&) dE + [D(8)| )/(S)d%') .
|£1<1/18]| [£1=1/18]

EXAMPLE 1.1. 1. If t(|§]) is regularly varying at infinity with index greater
than d/2 and less than d and

t(&1)
|§19 (log |&])3/2F¢

for some constant C > 0 and any ¢ > 0, then {L;*, (x,1) € R? x R} is continu-
ous P* almost surely.

(1.24) hE|<c as |£] — oo
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2. If
_ HE .
(125)  t(gl)= GoglED? for a > 0 and all |&| sufficiently large
and
(1.26) 98] < c——U5D as €] — 00

&[> (log &[>T

for some constant C > 0 and any & > 0, then {L,*, (x,1) € R? x R_ } is continuous
P* almost surely. This extends the result for Brownian motion in R? (in which case
a = 0) that is given in [15], Theorem 1.6.

3. If ©(|€]) is regularly varying at infinity with index d/2 < o < d and

(1.27) D) <

1
2(IED

where ¥ (|€]) is regularly varying at infinity with index 8 and @ + 8 > d, then there
exists a constant C > 0, such that for almost every ¢,

LVX _ LVy
(1.28) limsup sup ————<(C a.s.,
5—0 |x—y|<$ 0(8)logl/é
x,ye[O,l]d
where
(1.29) Q(c‘i)~C(S_dr(l/c‘i)zﬁ‘(l/S))_1 as § — 0,

is regularly varying at zero with index @ + 8 — d.
4. If d =2 and t(|§]) is as given in (1.25) and

1
(1.30) VE)| <
o] o(1&D
where ¥ (|£]) is regularly varying at infinity with index 8 > 0, then there exists a
constant C > 0, such that for almost every ¢

Ly —L
(1.31) limsup sup —————_<(C a.s.,
§—0 |x—y|<é Q(8)10g1/8
x,yel0,1]4
where
(1.32) 0(8) ~ C(6721(1/8)0(1/8)) ' (log1/8)'/>  ass— 0,

is regularly varying at zero with index .

Continuous additive functionals of Lévy processes are studied in Section 6.
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2. Markov loops and the existence of permanental fields. So far, a perma-
nental field is defined as a process with a certain moment structure. In this section,
we show that a permanental field with kernel u can be realized in terms of contin-
uous additive functionals of a Markov process X with potential density u.

2.1. Continuous additive functionals. Let S a be locally compact set with a
countable base. Let X = (2, F;, X;, 0;, P*) be a transient Borel right process with
state space S, and jointly measurable transition densities p;(x, y) with respect to
some o -finite measure m on S. We assume that the potential densities

@.1) u(x, y) =/0 piCx,y)dr

are finite off the diagonal, but allow them to be infinite on the diagonal. We also as-
sume that sup, [500 p:(x, x)dt < oo foreach § > 0. We do not require that p;(x, y)
is symmetric.

We assume furthermore that 0 < p;(x,y) <ooforall0 <t <ocoand x,y € S,
and that there exists another right process X in duality with X, relative to the
measure m, so that its transition probabilities ﬁ,(x, dy) = p;(x, y)m(dy). These
conditions allow us to use material on bridge measures in [4] in the construction
of the loop measure in Section 2.2.

Let {A;,t € RT} be a positive continuous additive functional of X. The 0-
potential of {A;, t € R™} is defined to be

(2.2) Ul (x) = E¥(Awo).

If {A;,t € R™} and {B;,t € R} are two continuous additive functionals of X,
with % = u% < oo, then {A,,1 € RT} = {B,,t € R} as. (see, e.g., [23], Theo-
rem 36.10). This can also be seen directly by noting that the properties of a contin-
uous additive functional given in its definition and the Markov property imply that
M; = A; — By is a continuous martingale of bounded variation, and consequently
is a constant, [22], Chapter IV, Proposition 1.2, which is zero in this case because
My=0.

When {A,,t € R™} is a positive continuous additive functional with O-potential
u% that is the potential of a o -finite measure v, that is when

(2.3) E*(Aoo) = f u(x, y)dv(y),

we write A; = L} and refer to v as the Revuz measure of A;.

It follows from [21], Section V.6, that a o -finite measure is the Revuz measure
of a continuous additive functional of a Markov process X with potential density
u if and only if

2.4) Uv(x):= f u(x,y)dv(y) <oo foreach x € §
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and v does not charge any semi-polar set. We denote by R (X), or R+ when X is
understood, the set of positive bounded Revuz measures. We use R for the set of
measures of the form v = v; — v, with vy, v, € R, and we write L) = Lf' — sz.
The comments above show that this is well defined. Throughout this paper, we
only consider measures in R.

2.2. Loop measure. Itfollows from the assumptions in the first two paragraphs
of Section 2.1 that, as in [4], for all 0 <t < oo and x, y € S, there exists a finite
measure Q; > on F,-, of total mass p;(x, y), such that

(2.5) Qf’y(1{§>s}Fs) = P* (Fsptfs(Xs’ y))

for all F; € F; with s < ¢. (In this paper, we use the letter Q for measures
which are not necessarily of mass 1, and reserve the letter P for probability mea-
sures.)

We use the canonical representation of X in which €2 is the set of right con-
tinuous paths w in SA = S U A with A ¢ S, and is such that w(t) = A for all
t > ¢ =inf{t > Olw(r) = A}. Set X;(w) = w(t). We define a o-finite measure i
on (2, F) by

o ]
(2.6) wE) = [ [ oF (Fokydmyar

for all 7 measurable functions F on 2. Here, k; is the killing operator defined by
kiw(s) =w(s) if s <t and k;w(s) = A if s > ¢, so that kt_l]: C Fi-. Wecall u
the loop measure of X, because when X has continuous paths, u is concentrated
on the set of continuous loops with a distinguished starting point (since Q; " is
carried by loops starting at x). It can be shown that p is invariant under “loop
rotation,” and p is often restricted to the “loop rotation” invariant sets. We do not
pursue these ideas in this paper.

As usual, if F is a function, we often write w(F) for [ F d . [We already used
this notation in (2.5).]

We explore some properties of the loop measure . [Recall the definition of
R in the paragraph containing (1.7).]

LEMMA 2.1. Letk > 2, and assume that v;j € Ry forall j =1, ... k. Then
k .
M(H LZé)
j=1
2.7)
1 k
=2 2 [ w3 uCe youtn 3 T dvacy )

Pk j=1
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where Py denotes the set of permutations of [1, k]. Equivalently,

k b
(i)
j=1
28 =Y /(/u(x,y1>u<y1,yz>

TEePr_1
k—1

s (Yr—2, Ye—D)U(Vk—1,X) 1_[ det(j)()’j)) dv(x).
j=1

When k = 1, the formula in (2.7) gives
29) p(L) = [ty vy,

Obviously, this is infinite when u(y, y) = oc.

PROOF OF LEMMA 2.1. We first assume that all the v; are positive measures.
Note that forall j =1,...,k

(2.10) Lok =L

Therefore,
k k
Qi“”‘(( Loo> ok,> = Q?”‘(l‘[ Lf’)
j=1 j=1
ko
(2.11) = Qf’x<l_[/0 dej)

X, X Vr(l) Vi (k)
-y o (/O aL . qr )
<r < <rp<t

TePy

<

We use the following technical lemma.

LEMMA 2.2. Letv; € Rt forall j=1,...,k. Thenforallt € RT

X,y V1 Vi
) (/ dL) ---der)
Osri<--<rst

(212) I/ /prl (x, yl)przfrl ()’1’ y2)
0<r < <<t

k

o Pri—re k=1, YO Pr—r, V> ¥) l_[ dvj(y;)dr;.
j=1
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PROOF. We prove this by induction on k. The case k = 1 follows from [4],
Lemma 1. Assume we have proved (2.12) forall 1 < j <k — 1. We write

X,y v Vk
t </ dLrllder>
0<ri<--=<rp=t

(2.13) ,

::ny(o H%dL¥>,
where
@19 Hr = /(;Srlf-..frk dLy, dla

Clearly, H,, is continuous in r. It follows from [4], Proposition 3, that

t
;cy(/ H,, dL‘,']’;)
0
X

X,
_ x,y< thk k(Hrk)
"\ pn(x, X))

(2.15)
ay).
Using [4], Lemma 1, again, we see that

x, Xy

wy( 1 Qn “(Hr)

t 7dl‘rk
0 prk(x,er)

! 0w (Hy) )
(2.16) -/ ( [ e y0p-n O n e dww) ) drs

t
- /0 (/ Pi—n ks ¥) Q" (Hy) dvkm)) dre.

Using (2.13) and (2.12) for k — 1, we see thatitholds forall 1 < j <k —1. [

PROOF OF LEMMA 2.1 CONTINUED. Combining (2.12) with (2.11), we ob-
tain

k
Q?X(FILzokJ
j=I1

= Z / fprl (X, Y1) Pry—r; (1, ¥2)
0<ri<--<rg<t

TPk

(2.17)
o Py OVk=15 Yi) Pt—ry (V&> X)

k
X 1_[ dl)ﬂ(j)(yj)drj.
j=l1
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Therefore,

k
/ Q?’x<]_[ LY ok,) dm(x)
j=1
=> / /prg—rl (1, 2)
mep J0sri<snst

(2.18)
© Pri—ri— (Vk—1, )’k)Pr1+z—rk (Vi y1)
k
x [T dvey ) dr,
j=1
since
(2.19) /Pn (X, YD) Pr—ry (Vs X) dm(x) = pryi—r, Yk, Y1)-

It follows from (2.6) and (2.18) that

k
j=1
o 1
= Z/ = f /prz_rl(yl,yz)
xep 0 E\Jo<r <<=t

(2.20)
“* Pri—riy k=1, YO Pri+1—re ks Y1)
k
X l_[ dvn(j)(yj)drj> dt
j=l1
We make the change of variables (¢,r2,...,1) > sy =r1+t —rr, 50 =r2 —
rl,...,Sk =rr — rp—1, and integrate on r| to obtain

= /Sl+ r st (fpsz(yl,yz)

Py

< Psi k=1, Y) Ps; Ok> Y1)

k 51 k
(2.21) x |1 dvﬂ(j)(yj)) (/O 1dr1> I ds;

j=l1 j=1
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56
Z / /psz(yl,yz)
wePy St+ -+ Sk
k
Pse k=1 YO Ps; O Y1) [ [ dve iy (vj) ds.
j=1
Set
f(s1,82,...,8K)
(2.22) )
=3 /pn(yl ¥2) Py k=1, Y Psy Ok, Y1) [ | dvecjy ),
TEP j=1

and note that because of the sum over all permutations

(2.23) f(s1,82,....8) = f(s2,83,...,51).

Using (2.23) after a simple change of variables, we see from (2.21) that

k k
. S1
u(l‘[ LEé) =/7f<s1,sz,...,sk> [T ds;
il s+ + =1

k
52
2.24 = $2,83,...,8 ds;
( ) s2—|—s3-f—-~-i—slf(2 : 1)131 /
Ky k
= S$1,82,...,8 ds;.
P AL k).E[l ’

Similarly, we see that forall 1 < j <k

k k
S
) ‘/ ! f(sl?SZ””vsk)l_[de.
j=1

2.25
( : (1:[ Sp+s2+ -+ Sk
Therefore,
k k
V/ Sl+ -+ Sk
= 382y ey ds;
(E[ ) k/s1+ r e f(s1,82 Sk)jljl s
1 k
=%/f(S1,S2,..-,sk) [ ds;
j=1
(2.26) % Z //Psz()’I ¥2) - P (V=15 Yi) Ps; (V> Y1)

neP
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k

x [ dvay(vj)ds;
j=1

= - Z /”(Y1»YZ) U (Ye—1, Yi)u(Vk, yl)]_[ dvz(jy(yj)-

7T€73k j=1

It follows from the hypothesis that || - || is a proper norm that the integrals in (2.26)
are finite; consequently, the equalities in (2.26) hold for all v € R (i.e., measures
that are not necessarily positive). This is (2.7).

To obtain (2.8), we note that because we are permuting £ points on a circle, for
k > 2, we can write (2.7) as

e =y f < [ uteyvutn v

TePr_1
k—1

o u(Yk—25 Ye—1)U(Yk—1, X) 1—[ dvn(j)(yj)) dvg(x).
j=1

REMARK 2.1. Note that in the course of the proof of Lemma 2.1 we show
that (2.7) and (2.8) hold for all measures in R ™.

For use in the next section, note that when k = 1, (2.18) takes the form

(2.28) / OFF (LY, oki)dm(x) =1 / Py, y) dv(y).

Using the fact that 1{;>sy ok, =11if t > §, and 0 if 7 < §, we see that

(2.29) w(lie=syL5) =/8 /p;(y,y)dv(y)dt,

which is finite by our assumptions that sup, [5° p;(x, x)dt < co for each § > 0
and v is a finite measure.

2.3. Loop soup. Let L, be the Poisson point process on 2 with intensity mea-
sure o /t. Note that £, is a random variable; each realization of £, is a countable
subset of €2. To be more specific, let

(2.30) N(A) :=#{L, N A}, ACQ.

Then for any disjoint measurable subsets Ay, ..., A, of L, the random variables
N(Ayp),..., N(A,), are independent and N (A) is a Poisson random variable with
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parameter ot (A), that is,
k
_ (o (A)) o (A)
k!

The Poisson point process L, is called the loop soup of the Markov process X .
For v € R, we define

(2.31) Pr, (N(A)=k)

(2.32) ¥(v) = lim L},
§—0
where
(2.33) L) = ( > l{g(a))>6}Lgo(w)) —ap(lig=sLs)-
weLy

As noted following (2.29), u(1{r>sLY%,) is finite for all § > 0. We show in Theo-
rem 2.1 that the limit (2.32) converges in all L?, even though each term in (2.33)
has an infinite limit as § — 0.

The terms loop soup and “loop soup local time” are used in [8, 9], and [7],
Chapter 9. In [10], they are referred to, less colorfully albeit more descriptively, as
Poisson ensembles of Markov loops, and occupation fields of Poisson ensembles
of Markov loops.

The next theorem contains Theorem 1.1. It is given for symmetric kernels
in [11], Theorem 9. (In which case, when o = 1/2, the permanental process is
a second-order Gaussian chaos.)

THEOREM 2.1. Let X be a transient Borel right process with state space S
and potential density u(x,y), x,y € S, as described in the beginning of this sec-
tion. Then for v € Ry, the limit (2.32) converges in all LP and {(v), v € Ry.|}
is an a-permanental field with kernel u(x, y).

PROOF. By the master formula for Poisson processes [6], (3.6),

e, (P

(2.34)
n . vj n ,
= eXp<a (/Q (62"“ GHES N7 2l e=s Lot — 1) du(a))>>.
j=1

Differentiating each side of (2.34) with respect to zj,...,2, and then setting
Z1, ..., Zn e€qual to zero, we see that

(2.35) Ez;C,(]"[ZEj): ) ﬂau(l‘[l{;>a,.}Lié),

U; Bi=[1,n],|Bi|=2 i JE€B;

where the sum is over all partitions By, ..., B, of [1, n] with all |B;| > 2.



PERMANENTAL FIELDS, LOOP SOUPS AND CAFS 59

The right-hand side of (2.35) can be written as a sum of terms involving only
positive measures, to which the monotone convergence theorem can be applied.
Using (2.8), we then see that the right-hand side has a limit as the §; — 0 and
this limit is the same as the right-hand side of (1.1). Applying this with [T}_, Z;;j

replaced by (Zg — Zg,)", for arbitrary integer n, shows that the limit (2.32) exists
inall LP. [J

REMARK 2.2. If we let o vary, we get a field-valued process with independent
stationary increments. This property is inherited from the analogous property of
the loop soup.

3. Isomorphism theorem. In this section, we obtain an isomorphism theorem
that relates permanental fields and continuous additive functionals. To begin, we
consider properties of several measures on the probability space of X. Recall that
u denotes the O-potential density of X.

Let QY denote the o -finite measure defined by

(3.1 0 (Ig55)Fy) = P*(Fau(Xs,y))  forall Fy e bFY,

where .7-";) is the o -algebra generated by {X,,0 <r <s}.
LEMMA 3.1. Forallx,y

(3.2) QY (F) = /OOO Q; Y (F oky)dt, F e bFY.

PROOF. To obtain (3.2), it suffices to prove it for F of the form {1~ F} for
all Fy € bF. Since liz=g) 0 ky = Lig=ry L4}

o0
fo 05 ((1igosy Fy) o ke) dt

00 Xy
=f 08 (1c2y) Fy) dt
(3.3) )

00
:/ Px(Fspt—s(XSsy))dt
= PX(FSM(XS7 y)) = Qx’y(1{§>s}Fs)a

where the second and third equalities follow from (2.5) and interchanging the order
of integration and the final equation by (3.1). O

We have the following formula for the moments of {L}, v € R*} under Q.



60 Y. LE JAN, M. B. MARCUS AND J. ROSEN

LEMMA 3.2. Forallv; e RY,j=1,... k,

k
Q"’y<]_[ Loo> =3 /u(x,yl)um,yz)
j=1

T ePy

34

k
e ur—1, YUk, ) ['| dveiy ),
j=1

where the Py denotes the set of permutations of [1, k].

PROOF. By (3.2), we have

k ' 00 k .
(3.5) Q*Y (]‘[ LEQ) :/ oY (]‘[ Lo kt) dt.
j=1 0 j=1

Following the argument in (2.11) and then using Lemma 2.2, we see that

(9

X, V(1 Vr (k
— E:Qt )’</ dLr?()"'dLr/];()>
O<ri <<=t

T ePy
=> / /prl(x,yl)prz—rl(yl,yz)
rep YOS = Srest
k
c Pri—rems k=12 YO Pi—r Ok ¥) | dvr(iy (vj) drrj.
j=1
Therefore,

k
Q”(]‘[ Loo)
j=1

= Z / /prl(x,yl)prz_rl(yl,yz)
7€P; 0<r|<---<rp<t<oo

o Pri—rie k=1, YO Pr—r, Vs )

k

X 1—[ dv,,(j)(yj)drj dt,
j=1

which gives (3.4). U
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Let || - || be a proper norm. It follows from (3.4) and (2.8) that for any p and
Vi,..., Vg € RII'H

k k
(3.6) f Q“(]_[ LZé) dp(x) = u(Lgo [1 L&)-
j=1 j=1
For any ¢, p € Rﬁf”, set

(3.7 05 = [ (L& 1) dp ().

Note that by (3.6) we have Qg(Q) = ,u,(LgoL?fo), so that Qf; is a finite measure.
Using (3.6) again, we see that

k k
(3.8) Q@(H LE@) = M(L&Li’o [ Lié)
j=1 j=1

for all V; € RH-II'
By (2.8) and (3.8) and the fact that || - || is a proper norm, we see that

(3.9) |05 ((LE)") = (L& L (L2)") | < niC™ gl ol v

Therefore, L} is exponentially integrable with respect to the finite measures Qg )

and u(LgoLg’o(-)), so that the finite dimensional distributions of {L},v € Ry}

under these measures are determined by their moments. Consequently, by (3.8),
for all bounded measurable functions F on R¥,

(3.10) QL (F(LY, ... .L%)) = n(LE LY F(LY. ... L%)).

We now obtain a Dynkin type isomorphism theorem that relates permanental
fields with kernel u to continuous additive functionals of a Markov process with
potential density . We can do this very efficiently by employing a special case of
the Palm formula for Poisson processes £ with intensity measure £ on a measur-
able space S, see [1], Lemma 2.3, which states that for any positive function f on
S and any measurable functional G of £

(3.11) Er f@))GL))= | Ez(G(0' UL)) f(o)dE()).
(Zr@)ow)-]
For ¢, p € Rﬁf”, we define
(3.12) 07?= 3" LE (0)Le, ().

w€eLy

Obviously, 67¢ > 0.
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THEOREM 3.1 (Isomorphism Theorem I). Let X be a transient Borel right
process with potential density u as described in Section 2.1. Let || - || be a proper
norm for u and let {@(v), v € Ry} be as described in (2.32). (By Theorem 2.1,
{(Y(v),v € Ry} is an a-permanental field with kernel u.) Let {L',,v € Ry}
be as described in the paragraph containing (2.3). Then for any ¢, p € R .| and

all measures vi € Ry, j =1,2,..., and all bounded measurable functions F
on R,

~ , 1 ~
(3.13) Er, Q4(F(W () + L)) = S Eca (072 F (§ (),

and 6°-%, given in (3.12), has all its moments finite. [Here, we use the notation

F(f(xi) = F(f(x1), f(x2),...).]

Since (3.13) depends only on the distribution of the -permanental field with
kernel u, this theorem implies Theorem 1.3.

PROOF. We apply the Palm formula with intensity measure o,

(3.14) [ (@) = L (@) L (@)
and
(3.15) G(Ly) = F(Ly).
To begin let F be a bounded continuous function on R". Note that
(3.16) > flo)y=0"7.
weLly

Note also that since o’ and L, are disjoint a.s.

Z;j (a),U[,a) = ( Z 1{{(a))>6}L;é(a))> —O{,U,(]{{>3}Lgé)

wew'ULy

(3.17) o
= liz(@)>5) Loo(@) + Ls’ (L),

so that

(3.18) G(' ULy)=F(Ly (La) + liz(w)»s) Lob(@)).

It follows from (3.11) that
Ec,(0”7F (L))
(3.19)
—¢ / Er, (L5(') LE (@) F (L5 (La) + Ligw)=0) Lob (@) d ().
We interchange the integrals on the right-hand side of (3.19) and use (3.10) and

then take the limit as § — 0, to get (3.13) for bounded continuous functions F on
R". The extension to general bounded measurable functions F on R is routine.
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To see that 6”-? has all moments finite, we use the master formula for Poisson
processes in the form

(3.20) Ec, (@) =exp (0‘ ( /Q(EZL&L?’O ~1)du (w)»

with z < 0. Differentiating each side of (3.20) n times with respect to z and then
taking z 1 O we see that

(3.21) E, ((679)") = Z l_[a,u (L2, L2,)'Phy,
U; Bi= i
where the sum is over all partitions B], ..., By of [1,n]. This is finite for ¢, p €
R, O
[I-1l

Isomorphism Theorem I shows that the continuity of the permanental field im-
plies the continuity (in the measures) of the continuous additive functionals.

COROLLARY 3.1. In the notation and under the hypotheses of Theorem 3.1,
let D C R.| and suppose there exists a metric d on D such that

(3.22) hmE£< sup yw(u)—w(v’)\z)zo,
§—0 d(l),l/)fé
v,v'eD
then
(3.23) lim Q%( sup |LY. —L"|)=0.
5§50 ¢(d(v,v/)§5| o) oo|)
v,v'eD

PROOF. It follows from (3.13) that

04( sup |Li—LY%|)

d(v,v)<é
v,v'eD
(3.24) <Ee,( swp [vm)—v(v)]) Q5D
d(v,v)<§
v,veD
+1(E£( sup [y (v) — v (v))EL (ew)z)l/2
a’ T N, <s ‘
v,v'eD

Using this, it is easy to see that (3.22) implies (3.23). [

For applications of the isomorphism theorem in Section 5, we sometimes need
to consider measures p and ¢ in (3.13) that are not necessarily in R .. To deal
with this, we introduce two additional norms on M (S):

(325)  [Vlhe.a = VI(S) vsgp/(u%x,y) (.0 d ] ().
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where |v] is the total variation of the measure v, and

(3.26) Ivilo := [v](S) VSUP/M(x,y)dlvl(y)-
X
LEMMA 3.3. Let AU B be a partition of [1,n], n > 2, with B # &. Then

‘/M(yl,yz)mu(yn1,yn)u(yn,y1) 1_[ dv;(y;)

j=1
(3.27)
<TTvillo T 1vjll2,c0-
icA jeB
Let ¢ € Rﬁ‘_” ) and p € Rn_-llo' In addition, let v; € R, j =1, ... ,k, for some
proper norm ||'- I. Then there exists a constant C = C(¢, p, || - ||) < oo, such that
k k
(3.28) u(LgoLf:o [1 L;s) <kICHlpllollgl 2,00 [T v 11

PROOF. Without loss of generality, we assume that 1 € B. Then using the
Cauchy—Schwarz inequality in y;, we have

k

(3.29) ‘/“(YI»yZ)“'M(yk—l,Yk)u(yk»)’l) l_[ dvj(y;)
j=1

5/(/ uz(yl,y2>d|v1|<y1>)1/2(/u2<yk,y1)d|v1|<y1))

k

ceu(y2, y3) o u(Yr—1, Yk) l_[ dlvil(y;)
j=2

1/2

k
< ||V1||uz,oofu<yz,y3>---u<yk71,yk) T1 dIvilop.
j=2

We bound successively the integrals with respect to d|v;|(y;) for j =k, k —
1,...,3 to obtain

k
/u(yz,ys)---u(yk_l,yk) [T4dvil)).

j=2
k—1

(3.30) =< (SUp/u(x,y)dlwcl(y)>/u(yz,y3)---u(yk_z,yk—1) [Tl
X j=2

k k
=TT (sup [ utr.»0divji) [ il < [T 1o
j=3"" j=2
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Using (3.29) and (3.30) we see that

’/M()’l’YZ)"'“(Yn—l»yn)M(yn’J’l) []daviopn

(3.31) =

n
< Ivill2.oo [ T Ivillo-
j=2

We now note that by the Cauchy—Schwarz inequality for the finite measure v,
[vilo < Cllvll,2 o0 Using this and (3.31) and recognizing that the choice of indices
in (3.31) is arbitrary, we get (3.27).

To obtain (3.28), we use the Cauchy—Schwarz inequality to write

) s )

We use (3.27) with |A| = |B| = 2 to bound the first term and (2.8) and (1.5), and
the fact that ((2k — 1)!)!/? < C*k! to bound the second term and get (3.28). [

(3.32)

Using Lemma 3.3, we can modify the hypotheses of Theorem 3.1 to obtain a
second isomorphism theorem.

THEOREM 3.2 (Isomorphism Theorem II).  All the results of Theorem 3.1 hold
for ¢ € Rﬁf”uz . and p € Rﬁr-llo‘

PROOF. Given the proof of Theorem 3.1, to prove this theorem it suffices to
show that (3.10) holds when ¢ € R” 1 oo and p € RﬂLllo To do this, we first show

that the argument from (3.6)—(3.10) holds under this change of hypothesis.
Set

(3.33) 05(A) = / 0" (L%, 11a)) dp ().

By Remark 2.1, (2.8) holds for measures in R In particular, by (3.4), for p, v j €
RT,

k b k b
(3.34) / QW(]‘[ Log) dp(x) = M(Lgo I Loé,).
j=1 j=1

Therefore, Qg () = M(LgoLgo) so that by Lemma 3.3, (3.27), we see that Q’; is
a finite measure. Using (3.34), we see that

k k
(3.35) Q@(]‘[ LZ@) = M(LgoLg’o I1 Lf,g)
j:]

j=1
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forall v; e RY.
We now use Lemma 3.3, (3.28), to see that (3.35) holds for ¢ € Rﬁf” , 2 PE

RHL,”O and {v;} € R.|. Therefore, using Lemma 3.3 we see that for any v € R,

3.36)  [Q4((LL)")] = n(LELL(LY)") = n'C" [Ipllolipll,2 ool

which shows that all {Lgé} are exponentially integrable with respect to the finite

measures Qg and M(LgoLffo-). Since (3.35) holds for ¢ € Rﬁf” , sPE RHL.”O and

{vj} € R.); this shows that for all bounded measurable functions F on R¥
(3.37) QL(F(LY, ... L%)) = n(LE L F(LY, ... L))

holds when ¢ € R} |, p € R}, and {v;} € Ry With this modification, the

proof of Theorem 3.1 pfoves this theorem. [J

REMARK 3.1. It is easy to see that Corollary 3.1 also holds under the hy-
potheses of Theorem 3.2.

4. Continuity of L}  and ¥ (v). In this section, we give sufficient conditions
for the continuity of the additive functionals {L}, v € V} and permanental fields
{¥(v), v € V} that extend well-known results for second-order Gaussian chaoses.

Let (T, t) be a metric or pseudo-metric space. Let B (¢, u) denote the closed
ball in (T, ) with radius u and center ¢. For any probability measure o on (7, 7),
we define

a 1
“4.1) Jr r.6(a) =su log ———
rt =R % o (B )

Let V be a linear space of measures on S and u a kernel on S x S. Suppose that
| - |l is a proper norm for V with respect to # and V € R.j. Then |lv —V'|| is a
metric on V. In this situation, we write Jr ;o in (4.1) as Jy |.|.0-

THEOREM 4.1. Let¢ € RHL.” 5 and p € lelo’ and let || - || be a proper norm.

Assume that there exists a probability measure o onV such that Jy .|« (D) < 00,

where D is the diameter of V with respect to || - || and
4.2) lim Jy ., (8) = 0.
5—0
Then for any countable set D C V), with compact closure
4.3) lim @°( sup |LY. —L"|)=0.
§—0 ¢<d(v,v’)§6} o0 OO|)
v,v'eD

A similar result holds for {y (v), v € V} with respect to E,,.
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PROOF OF THEOREMS 1.2 AND 4.1. These theorems are immediate conse-
quence of the following lemma and the well-known sufficient condition for conti-
nuity of stochastic processes with a metric in an exponential Orlicz space; see, for
example, [17], Section 3, or [19], Theorem 2.1. [

Let E(x) =exp(x) — 1 and LE(2, F, P) denote the set of random variables
£:Q — R! such that E(E(|&]/c)) < oo for some ¢ > 0. LE(Q, F, P) is a Banach
space with norm given by

“4.4) €]l =inf{c > 0: E(E(|&]/c)) < 1}.
LEMMA 4.1. Let¢ € Rﬁf” 5 and p € Rﬁ_-llo’ and let || - || be a proper norm.
Then there exists a constant C :'C(qﬁ, o0, - ) < oo, such that

4.5) ILs

c<Clv|  WveV,

where | - ||z is the norm of the exponential Orlicz space generated by e™*! — 1 with
respect to QZ.

Similarly, let {1y (v), v € V} be an a-permanental field with kernel u and || - || a
proper norm with respect to u, then for some Cy < 00, depending only on «,

(4.6) 20!

where || - ||z is the norm of the exponential Orlicz space generated by e™! — 1 with
respectto E,,.

< Cqllv]l YveV,

—
=

PROOF. Since Qg is a finite measure, it follows from the Cauchy—Schwarz
inequality and (3.36) that

@7 0L (ILL[") = C(Q5((LE)™)'* < mic v,

The inequality in (4.5) follows from this.

The inequality in (4.6) can be derived similarly, using the Cauchy—Schwarz
inequality, Definition 1.1, the definition of proper norms (1.5), and the fact that
there are n! permutations of [1,r]. 0

Other results on the continuity of permanental fields are given in [19].

REMARK 4.1. Using the isomorphism theorem, (4.3) can be derived from the
similar result for {¢/ (v), v € V}; see Remark 3.1. In all our earlier work, continuity
conditions for local times and other continuous additive functionals of Markov
processes are obtained in this way, that is, by means of an isomorphism theorem.
It is noteworthy that in this paper (4.3) is obtained directly using properties of the
loop measure.
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5. Joint continuity of continuous additive functionals. In this section, we
obtain sufficient conditions for continuity of the stochastic process

(5.1) L={L} (t,v) e RT x V}

for some family of measures V C R*, endowed with a topology induced by an
appropriate proper norm.

By definition, L; is continuous in t. However, proving the joint continuity
of (5.1), P* almost surely, is difficult. We break the proof into a series of lem-
mas and theorems. We assume that ¢ € Rﬁf”uz . and p € Rﬁfno, which as noted

above, implies that Q’; [defined in (3.33)], is a finite measure.
Let h(x, y) be a bounded measurable function on S which is excessive in x, and
such that

(52) 0<h(X,)’)§M(X,}7), xayeS'

For example, we can take h(x,y) =1 A u(x,y), or more generally h(x,y) =
f(x) Au(x, y) for any bounded strictly positive excessive function f. In the proof
of Theorem 1.4, we take h(x,y) =ui(x,y) = [{° p:(x, y)dt.

Set hy(z) =h(z,y). We let Q* by denote the (finite) measure defined by

(5.3) 0% (11p25)Fs) = PY(Fsh(Xs,y))  forall Fy € bFP,

where ]-'SO is the o -algebra generated by {X,,0 <r < s}. In this notation, we can
write the o -finite measure Q*Y in (3.1) as Q**».
Set

(5.4) 05" (A) = Q"M (L%, 11a)

and

65 0" =[ o (i) dpt) = [ 0 () dp().
Note that it follows from (5.2) and (5.3) that

(5.6) 05" (4) < 05(A)

forall A € FO.

LEMMA 5.1. Let X = (2, X;, P*) be a Borel right process in S with strictly
positive potential densities u(x,y), and let V C Rﬁ'_”, where || - || is proper for u.
Let O be a topology for V under which V is a separable locally compact metric
space with metric d. Assume that there exist measures p € Rﬁf“ 0’ and ¢ € Rﬁfnu -

for which:
(1)
5.7) /u(y,z)hx(z)dv(z) and /u(y,z)/u(z,w)hx(w)d¢(w)dv(z)

are continuous in v € V, uniformly in y, x € S, and
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(ii) for any countable set D C 'V, with compact closure

(5.8) lim Q%( sup |LZ —L
§—0 ¢(d(v,v’)<5| |>
v,v'eD

where {L{,v € D} are continuous additive functionals of X as defined in Sec-
tion 2.1.

Then for any ¢ > 0, there exists a § > 0, such that

5.9 Qg’h (sup sup L; — L;’/ > 28) <eg
t>0d(v,v)<8
v,v'eD

PROOF. As in [15], we use martingale techniques to go from (5.8) to (5.9).
However, the present situation is considerably more complicated.
By working locally it suffices to consider ¥ compact. For fixed y, let
X,hy (.
(5.10) phy () = e Les.
hy(x)
(2, Xy, P*/hyY) is a Borel right process in S, called the h-transform of (€2, X,
P*), [23], Section 62.
To begin we fix x € S. Set

¢
L
(5.11) =———— and Z,=E""(Z|F)),
Ex/hx (L)
and define the probability measure
h
04" (A)
(5.12) Py (A) 1= B/ (1) 2) = ¢—¢.
Q"+ (Loo)
By [16], Lemma 3.9.1, we can assume that the continuous additive functionals
L} are .7-"0 measurable. Consider the P¢/ * martingale
E*/he (LY 7| F?
(5.13) Al = Ey/" (LY F) = L2l 7))

Zs
The last equality is well known and easy to check. Using the additivity property,
(5.14) Ll,=L;+ L} ort,

where 7 denotes the shift operator on €2, we see that

=L, +H,.

EX/he (LY o 1, Z| F?
(5.15) =y oLt W )
S
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Let D be a countable dense subset of V. By (5.15), for any finite subset F C D,

P;C/hx (sup sup L; — L,”/ > 38)
t>0d(v,V)<8
v,WeF

< Pg/hx (sup sup A — A;’/ > 8)
t>0d(v,V')<é
v,veF

(5.16) /
+ Pg/h" (sup sup H'—H > 28)
t>0d(v,v)<8
v,veF

=N+ Dy
Using (5.14), but this time for L‘go, and using the Markov property, we see that
B (LY o LS| FD)

E¥/ (LS| F)

_LYEY (LY 0 gl FP) 4+ Y/ (LY LY%) 0 | FD)

E¥/ (LI F)
_ LYEXIh (LY + EX/ (L L)

E¥/hs (LS| FY)

Here and throughout, we are using the convention that f(X;) = 1y~ f(X;) for
any function f on S. Proceeding the same way with the denominator, we obtain

H/

(5.17)

| t LP 4 EX/ner?) -

Using [15], (2.25) and (2.22), where uf(-) = h,(-), we have
Ju(y, 2)hy(z) dv(z)

5.19 EY/hx LV —
o (F) he(y)
and
EY/" (LY LY,)
(5.20) _ Juy, w)(Ju(w, 2)hy (2) dv(z)) d (w)
hy(y)
Ju@y, w)(f u(w, 2)hy(2) dp(2)) dv(w)
+ .
hy(y)

By assumption (i) these are finite, and since they are excessive in y it follows that

H} is right continuous in ¢. Hence, it follows from (5.13) that A/, ¢ > 0, is also
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right continuous. Therefore,

(5.21) sup AV — AV = sup |AV— AV
d(v,v')<$ d(v,z)<é
v,veF v,veF

is a right continuous, nonnegative submartingale and, therefore, using (5.13), we
see that

L, = Pg/h" (sup sup AY — A}’/ > s)
t>0d(v,V)<8

v,veF
(5.22) |
S—Ex/h’“ sup |L} — V).
e ) (d(v,v’)<6| o0 oo|)
v,v'eD

Using (5.5) and then (5.12),

Qg’h (sup sup L' —L" > 38)
t>0d(v,V')<é8
v,veF

(5.23) - f oy (sup sup L' —LY 238) dp(x)
t>0d(v,v')<é
v,vVeF

= / qu/h" (sup sup L} — L;’/ > 38) Q' (L2,) dp(x),
t>0d(v,v)<8
v,V eF

so that by (5.16) and (5.22)

Qg’h (sup sup L} — L;’/ > 38)
t>0d(v,v)<8

v,veF
1 h /
<o [ B swp [Lh - L)) QU (L) dp ()
€ d(v,v)<8
v,v'eD
(5.24) /
+ / P/t (sup sup H'—H' zZe)Q’“’h"(L‘é’o)dp(x)
t>0d(wv,v)<8
v,veF
=15+ 1.
Using (5.12) and then (5.5), we see that
1 h )
(5.25) Is=-05"( sup |LY —LY]J).
€ ¢ (d(v,v’)<8} o o )
v,v'eD

It follows from (5.6) and assumption ii that for any &’ > 0, we can choose a § > 0,
for which (5.25) is less that &’.
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We show below that

(5.26) hm P¢/ * (sup sup H — H,”/ > 28) Q%M (L) =0,
t>0d(v,v)<8
v,v'eD

uniformly in x. Considering (5.24), the proof is completed by taking F' 1 D.
To prove (5.26), we use (5.17) to write

Pg/h" (sup sup H'—H'’ > 28)
t>0d(v,v)<é
v,v'eD

ho(X L¢ EX’/h"’C LY EX,/hY Lv/
527 < Pl x<sup wp M DLIEN (L) — EX 10 00))28)
1>0 d(v,1) <6 R (X)) E¥/hx (LS| F)

v,v'eD

</ ( I (X (EX/ s (L3 1LE) — EXf/ML” %)) )
+ Py sup sup >e).

>0 d(v,v')<5 hy (X)) EX/hx (LS| FO)
vv'eD
Let
Yx(8) =sup sup hx(y)|Ey/hX (L) — EY/ (Lg;)|
veSdw,v)<s
v,v'eD
and

(5.28) )7x(6)=sugd(su1; ahx(y)|EY/hX(L‘goL‘£o) — EYh (L L2 ).
ye V)<
v,v'eD

Then the first line of (5.27) is less than or equal to

/i (sup L7 7. (%) >8)
120 hy (X)) E¥/hx (LS| FD) —
(5.29) ®)
+Px/h ( Vx > )
o 0 e (X BV (L% F0)

It follows from (5.19), (5.20) and assumption (i) that
(5.30) lim yx(8) =0 and lim »e(8) =0

uniformly in x € S. Consequently, bounding L¢ by E* (L | FY) in the first line of
(5.29), we see that (5.26) follows from the next lemma. [

LEMMA 5.2. Let M; be a nonnegative right continuous P* martingale. Then
(5.31) M, t>0
' XD E (LG FD) T
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x/ hy
¢ ’

is a right continuous nonnegative supermartingale with respect to and

x/hy M; 1 P*(Mo)
(5.32) Py (sup 5 Ze)s-———
120 hy(X,) EX/hx (LS| F) & Q%hx(LE)

PROOF. Foranyt > s >0 and any F; € .7-"?, we have

M,
J = pX/hs (F ! )
P\ (X)) Ex e (LS FO)

(5.33) _ b pun <L¢ F, M; )
Ex/he(LY) e (X ) EX e (LS| FD)

_ ;Px/hxoﬂs M; )
Ex/he(L2,) hy(X)
Note that for all functions f on S, f(A) = 0. Therefore, using (5.3) and (5.10)
Mt > _ Px(l{{>t}Fth)

hy(X;) B hy(x)

M,
(5.34) Pp¥/hx <Fs M;@) = p*/h (1{;>1}Fs

Consequently,
_ 1
hy (x)EX/ s (L2,)
1
<
hy (x) EX/hx(L%)
_ 1
hy (x)EX/ s (L2,)

Considering (5.34) and (5.33) with ¢ replaced by s, we see that the last line above
is equal to

N M
(5.35) P/t (Fs - )
hx(XS)Ex/hx (Loo|~FSO)

Px(l{{>t}Fth)

Px(l{{>s}Fth)

Px(l{;‘>s}FsMs)-

This shows that (5.31) is a nonnegative supermartingale with respect to P(Z Ihy

That it is right continuous follows from
(5.36) EV(LE|F) = LY + X/ (L)

and the sentence following (5.20). This and the fact that &, (x) EX/ T« (L?,’o) =
0%he (L) gives (5.32). O

We can now give our most general result about the joint continuity of the con-
tinuous additive functionals.
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THEOREM 5.1. Assume that conditions (1) and (i1) in Lemma 5.1 are sat-
isfied for some ¢ € R” I with support ¢ = S, and some p € Rﬁ'” of the

form p(dx) = f(x)m(dx) wzth f > 0. Then there exists a version of {L}, (t,Vv) €
R1 x V} that is continuous on (0,¢) x V, P* almost surely for all x € S, and is
continuous on [0,¢) x V, P* almost surely for m(dx) a.e. x € S. (Continuity on
V is with respect to the metric d introduced in the statement of Lemma 5.1.)

PROOF. The first step in this proof is to show that {L”, (z,v) € R™ x D} is lo-

cally uniformly continuous almost surely with respect to Qg’h. This can be proved
by mimicking the proof in [14], Theorem 6.1, that (6.10) implies (6.12). (This theo-
rem is given for a different family of continuous additive functionals with different
conditions on the potential density of the associated Markov process, nevertheless
it is not difficult to see that a straightforward adaptation of the proof works in the
case we are considering.)

Let

(537) Qi ={w|L} () is locally uniformly continuous on R* x D}.

We have that

(5.38) 05" ($) / 03" (€) dp(x) = 0.

Using the fact that Loo > 0 and p(dx) = f(x)m(dx) with f > 0, we see
from (5.38) that

(5.39) 0% (Q$)=0  form(dx)ae x€S.

Set

(540) Q) = {w|L} (®) is locally uniformly continuous on [0, ¢) x D}.

We see from (5.39) and (5.3) that

(5.41) PY(Q5)=0  form(dx) ae. x €S.

Because the Markov process has transition densities, we see that for any x € S and
e>0

542 PH(@500) = E(PX(05)) = [ pax. )P (@) dm(y) =
Consequently, for

(543) Q3 :={w|L} () is locally uniformly continuous on (0, ¢) x D},
we have

(5.44) P¥(Q5) =0  forallx eS.
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For » € Q5 we set LY (w) = 0. For w € Q3 we define {L! (w), (t,v) € (0,¢) x V}
as the continuous extension of {L; (w), (¢, v) € (0, ¢) x D}, and then set

(5.45) Li(w) = 1im¢ %)nf LY (w)
N
s rational
and
(5.46) L)(w) = liminf LY(w)  forallz >¢.
st (w)
s rational

Since L} (w) is increasing in ¢ for v € D, the same is true for {i}’(a)), (t,v) €
(0, ¢) x V}. Therefore the lim infs in (5.45) and (5.46) are actually limits. Since we
can assume that the L; are perfect continuous additive functionals for all v € D,
we immediately see that the same is true for I:;’ for each v € V, except that one
problem remains. We need LY =0, but it is not clear from (5.45) that this is the
case.

We show that E}J is a version of L}, which implies that L! = 0. Pick some 1/
notin D and set D’ = D U {V'}. Then by the argument above, but with D replaced
by D’, we get that L} (w) is locally uniformly continuous on(0, £) x D', almost
surely. Thus, L}’/ = Z}’/ on (0, ¢) a.s., which is enough to show that {Z}’/, t >0} is
a version of {L}’/, t >0}

Thus, we see that there exists a version of {L/, (¢,v) € Ri x V} that is con-
tinuous on (0, ¢) x V, P* almost surely for all x € S. To see that this version is
continuous on [0, £) x V, P* almost surely for m(dx) a.e. x € S, it suffices to note
that for each w € 25, i}’(w) is continuous on [0, ¢) x V, and then use (5.41). [

We now take S = R”". Let T, denote the bijection on the space of measures
defined by the translation 7, (v) = v,; see (1.19). We say that a set VV of measures
on R" is translation invariant if it is invariant under 7, for each a € R" and say that
a topology O on such a set V is homogeneous if 7, is an isomorphism for each
a€R".

THEOREM 5.2. Let X be an exponentially killed Lévy process in R" and V C
Rﬁf” be a translation invariant set of measures on R". Assume:

(1) that there is a homogeneous topology O for V under which'V is a separable
locally compact metric space with metric d, and
(i1) that conditions (1) and (i1) in Lemma 5.1 are satisfied for some ¢ € Rh 5
u=,00

with support ¢ = S, and some p € RW’”O of the form p(dx) = f(x)m(dx) with
f>0.

Then there exists a version of {L}, (t,v) € R 41_ x V} that is continuous P* almost
surely for all x € S.
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PROOF. Using the fact that X is an exponentially killed process, it follows
easily from the proof of Theorem 5.1 and [15], page 1149, that we can replace
¢ by oo in the conclusions of Theorem 5.1. Hence, there exists a version of
{L;,(t,v) e Ri x V} that is continuous P~ almost surely for a.e. x € S. By trans-
lation invariance, this holds for all x € S. [

By Corollary 3.1, we can replace condition (ii) of Lemma 5.1 by (3.22). This
is used to obtain the next corollary that allows us to replace condition (ii) in
Lemma 5.1 by a more concrete condition that follows from Theorem 1.2.

COROLLARY 5.1. Let X = (2, X, P*) be a Borel right process in S with
strictly positive 0-potential densities u(x, y), and let V be a separable locally com-
pact subset of Rh. Assume that there exists a probability measure o on V such

that Jy |.,o (D) < 00, where D is the diameter of V with respect to || - ||, and
(5.47) lim JV,||-||,0 (5) =0.
5—0

Then condition (ii) of Lemma 5.1 holds.

6. Continuous additive functionals of Lévy processes. The main purpose
of this section is to prove Theorem 1.4. We begin with two lemmas which follow
easily from results in [14]. Because the notation in [14] is different from the no-
tation used in Theorem 1.4 it is useful to be more explicit about the relationship
between a Lévy process killed at the end of an independent exponential time and
the Lévy process itself, that is, the unkilled process. Let Y = {Y;, € Rt} be a
Lévy process in R¢ with characteristic exponent ic. Let X = {X;, € R*} be the
process Y, killed at the end of an independent exponential time with mean 1/8.
Let « and u denote the characteristic exponent of X and the potential density of X.
Then

(6.1) k(&) =pB+Kk(&)
and

1 1
(6.2) uE) =

K& B+i@E)

LEMMA 6.1. Let X be a Lévy process in R? that is killed at the end of an inde-
pendent exponential time, with characteristic exponent k and potential density u,
and suppose that

L _r®

6.3 C ,
(©) k@)~ 1514

where y = |u| * |u|. Then

o % (fejzr YOIDE)2dE) 2
64 [hwlEela=c | e
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PROOF. We follow the proof of [14], Lemma 5.2, with the y of this theorem
and |k (§)| replacing the y and (1 + ¥ (£)) in [14], Lemma 5.2. It is easy to see
that the proof of [14], Lemma 5.2, goes through with these changes to prove this
lemma. [

REMARK 6.1. Since
6.5) sup|lUv(y)| < C / 15(s)|[77()| ds,
y

it follows from (6.4) and [2], page 285, that v charges no polar set. It is a conjecture
of Getoor that essentially all Lévy processes in R? satisfy Hunt’s hypothesis (H)
which is that all semipolar sets are polar. This has been proved in many cases.
See, for example, [20] and [5]. In these cases, the condition in Theorem 1.4, that
v € RT(X), is superfluous.

REMARK 6.2. The function y (§) plays a critical role in Theorem 1.4. We note
that

(6.6) sup y (&) < Cllul3
&EeRd

for some absolute constant C.
The next lemma is a generalization of [14], Lemma 5.3.

LEMMA 6.2. If
(6.7) Cir(iEl) < [c®)| < Cor (&) VE€R?
and t(|§]) is regularly varying at infinity, then (6.3) holds.

PROOF. By the assumption of regular variation, for || sufficiently large,

dn
v = /|n|22|5| & — I

>f _dn
“Jimiz2igr T(m —&DT D)

dn
Z/ 200D
In1=2lgl T=(Inl)

d
Lol
(1)
which gives (6.3). (Since this is a lower bound, it holds even if the integral on the

third line is infinite.) It is clear that the constant in (6.8) can be adjusted to hold for
allé e RY. O

(6.8)

The following lemma provides a key estimate in the proof of Theorem 1.4.
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LEMMA 6.3. Under the hypotheses of Lemma 6.2,
(6.9) [1aGPla — ol < Cla@ il

PROOF. Using (6.7), we can treat u as though |i(|&])| is regularly varying at
infinity. Consequently,

[1acoPlac - anldx

<[ RGPl - x|+ @) @€ — ] dy
A 1=I§1/2] |

A1=1€1/2

(6.10)
@Gu)|[ac —m|dm)

< Clﬁ(é)l</ 202 dr +
A <|&]/2] [A1>1&1/2]

< Cla@|(lull3 + v ©)),
which implies (6.9). [

PROOF OF THEOREM 1.4. This theorem is an immediate consequence of The-
orem 5.2. We begin by showing that Theorem 5.2(ii) holds. We take ¢ (dx) =

p(dx) = e FP/2 gx and we set h(y,x) = h(x — y) = u1(x — y) where u;(y) =
J7° pe(y) dt. We have

(6.11) ()| = [a(n) e Rex®),

To show that condition (i) of Lemma 5.1 holds we show that

(6.12) sup /u(y,z)h(z,x)dv(z) §C/]f)(s)|\ﬁ(s)}ds,

X,y

and

(6.13) sup
x,y

/u(y,z)(/u(z, w)h(w,x)dd)(w)) dv(z)‘ < C/|f)(s)}|ii(s)|ds.

When (1.20) holds, it follows from (6.4) that the right-hand side is finite. There-
fore, replacing v in (6.12) and (6.13) by v, — v/, so that |D(s)| is replaced by
lei™S — ei""S|[D(s)]|, we see that condition (i) of Lemma 5.1 follows from (6.4) and
the dominated convergence theorem.

To obtain (6.12), we write

/ u(y. Dh(z, x) dv(2)
_ f u(z — y)h(x — 2)dv(z)
(6.14)
= / S EIMGOE IR (M) ddy dha dv(z)

:/ﬁ(,\] — A)e MG 2 h(h) dg dis.
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Hence,

(6.15) sup
X,y

f u(y. Dh(z, x) dv(z)

= [1oI( [ 16 + 2 llhGa) are) as

We complete the proof of (6.12) by showing that

(6.16) f|ﬁ(s+A)Hﬁ(/\)yd)\§c\ﬁ(s)|.
We have
. e—ReK(A)
(6.17) / u(s +A)||h(R)|dr = C/ ———d.
| @) ke (s + M)k (1)
Using the same inequalities used in the proof of Lemma 6.3, we see that
—Rex(}) 1 —Rex()
(6.18) / — ¢ _m<cC /e dn
I=lsl/2 [k (s + ) [k (D) k@I k)]
and
e—ReK(A) 1
(6.19) / ———————dr<C fe—R“W dh.
Ir=1s1/2 [k (s + M) (A)] i (5)]

Using (1.16), (6.18) and (6.19) in (6.17) and then (1.18), we get (6.16).
In a similar manner to how we obtained (6.15) by taking Fourier transforms, we
see that

/ u(y,z)( [, w)h(w,x>d¢<w))dv(z>

sup
X,y
©20) <[ ( [160. - Az)|}fz<xz>|dxz)|ﬁ(m||ﬁ<xa>||a(<xl +33)|dhrdia

=/(/|¢3<A1 —A2)||fz(xz)|dxz)m(xl)uﬁ(s )| |3(s)] ds.
Clearly, since ¢ = e~/ dx, |¢(1)| < C|@(L)|. Therefore, by (6.16)

6.21) /|43<A1 — )b dia < ClaG))-

Using this (6.20) and Lemma 6.3, we get (6.13).
We now show that condition (ii) of Lemma 5.1 holds. We have already seen that
veRT. Let

1/2
(6.22) ]2 = (f|0(x)|2y(x)dx) .

It follows from [13], Lemma 2.2, (see also [12], Theorem 6.1), that || - ||, is
a proper norm for u, and it follows from (1.20) that {v,,x € Rd} C Rmyz. To
complete the proof of the continuity part of Theorem 1.4, we need the following

lemma which is proved below.
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LEMMA 6.4. For any compact set D € R?,

. 14 vy 7Y% —
(6.23) lim 0 ¢(|xil;]|§)58|Loo L3[)=0.
v,v'eD

PROOF OF THEOREM 1.4 CONTINUED. It follows from Lemma 6.4 that con-
dition (ii) of Lemma 5.1 holds with the metric d being the Euclidean metric on R4,
Therefore, the conditions in Theorem 5.2(ii) hold and since d is the Euclidean
metric the condition in Theorem 5.2(i) also holds. The continuity portion of Theo-
rem 1.4 now follows from Theorem 5.2. [

PROOF OF LEMMA 6.4. This follows easily from the proof of [14], Theo-
rem 1.6, with the y of this theorem replacing the y in [14], Theorem 1.6. The gist
of the proof of [14], Theorem 1.6, is that (1.20) implies that for compact sets D
of R?

(6.24) Sli_l;l%) Jv5””y,2s)"(8) = O,
where V = {v,,x € D} and A is Lebesgue measure on R%. (See Section 4 for
notation.)

By Theorem 4.1, we get that (6.23) holds with |x — y| replaced by [|vy — vy ||y 2
and x, y € D replaced by vy, vy € V. Since

172
.2 &h ROTINY)
625 o= venlya=C( [ s @@ d
£eRd 2
we see that v (v, ) is continuous on R? and we get (6.23) as stated. [J

Strengthening the hypotheses of Theorem 1.4, we get the simple estimate of
Y (£§) in the next lemma.

LEMMA 6.5. Under the hypotheses of Lemma 6.2, assume also that T is reg-
ularly varying at infinity with index greater than d /2 and less than d. Then

51
t2(€)

(6.26) v =C

for all |&| sufficiently large.
PROOF. This follows from [13], Corollary 8.1. [J
REMARK 6.3. We give some details on how the examples in Example 1.1, 1.

and 2. are obtained.

1. It is easy to see that (1.24) follows from (1.20) and Lemma 6.5.
2. In this case, the estimate in (6.26) is not correct. To find a bound for y (§), we
look at the proof of Lemma 6.5 with d =2 and t as given in (1.25). The bounds
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in III remains the same but the bounds in I and II are now

|17 log €|
T2(1€D)

for all |&] sufficiently large. Given this, the rest of the argument is essentially the
same as in 1.

(6.27)

We now take up the proof of the modulus of continuity assertion in Theorem 1.4.
We begin with a modulus of continuity result for certain permanental processes,
including the those considered in Theorem 1.4.

THEOREM 6.1. Let {Yr(v),v € V} be a permanental process with kernel u,
where V = {vy, x € R"} is a family of measures such that

(6.28) vy —vyll < o(lx = yl),
where || - || is a proper norm on V with respect to u, and o is a strictly increasing
function. Let
> o(u)
(6.29) w(@8)=p(8)logl/s + —du,
0 u

and assume that the integral is finite. Then for each K > 0 there exists a constant
C such that

Y (vy) — 1p(Vy) <C

(6.30) lim sup sup < a.s.
5—0 [x—y|<8 (8)
x,ye[—K,K]"

In particular, if o is a regularly varying function at zero with index greater than
zero, we can take

(6.31) w(8) =p(5)logl/s.

PROOF. This is proved in [16], Section 7.2, in a slightly different setting. For
it to hold in our setting, just change (log1/u)!/? in [16], (7.90), to log 1/u and
continue the proof with this change. This takes into account the fact that in (4.1)

we have a log rather than (log)!/?, which is what we have when dealing with
Gaussian processes. [

EXAMPLE 6.1. We consider Theorem 6.1 in the case where u(x, y) = u(y —
x) and the proper normis || - ||, 2. By (6.22)

12
s = vyllyz < C(/|f»x<x) - w(k)ﬁy(k)dk)

_ 1/2
(6.32) < c( f sin’ “Ty)’\w(x)}zy(x) d,\)

< Co(lx —yl),
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where ¢ is given in (1.23). Note that if (1.20) holds then [(¢(u)/u)du < oo.
Therefore, if (1.20) holds, the results in (6.30)—(6.31) hold with g replaced by ¢.

PROOF OF THEOREM 1.4, MODULUS OF CONTINUITY. This follows from
Theorem 6.1, Example 6.1 and the second isomorphism theorem, Theorem 3.2, as
in the proof of a similar result in [15], Section 7. Note that the requirement that
U'p < 0o in [15], Theorem 2.2, follows from (1.20), (6.4) and (6.5). O

REMARK 6.4. The results in Example 1.1, 3 and 4 come from (6.32) and an
estimate of ¢ as given in (1.23).

EXAMPLE 6.2. The proper norm given in (6.22) is useful in the study of per-
manental fields of Lévy processes because it requires that the potential of the pro-
cess, u(x, y) is a function of x — y. The following norms are proper norms that do
not require this condition. They are functions of the transition probability density,
ps(x,y), of a transient Markov process X with reference measure m.

633) vl = ( [/ ( / w(x,y>w<y,z)dv(y))zdmu)dm(z))l/z,

where

_ Oops(x’ y)
(6.34) w(x,y) _A Js ds
and
172
(6.35) Ivlle = ( / / <I>(x,y)dv<x)dv<y>> ,

where @ (x, y) = ©;(x, y)©,(x, y) and
o0
O(x, y) = /O / psy2(x, ) ps 2 (v, ) dm () ds,

©(x,y) = /0 / Ps /20, ) ps 2, y) dm(u) ds.

Proofs are given in an earlier version of this paper, with the same title, [12],
Section 6.
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