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LOCALISATION AND AGEING IN THE PARABOLIC ANDERSON
MODEL WITH WEIBULL POTENTIAL

BY NADIA SIDOROVA AND ALEKSANDER TWAROWSKI
University College London

The parabolic Anderson model is the Cauchy problem for the heat equa-
tion on the integer lattice with a random potential £. We consider the case
when {£(z2):z € Zd} is a collection of independent identically distributed ran-
dom variables with Weibull distribution with parameter 0 < y < 2, and we
assume that the solution is initially localised in the origin. We prove that, as
time goes to infinity, the solution completely localises at just one point with
high probability, and we identify the asymptotic behaviour of the localisation
site. We also show that the intervals between the times when the solution re-
localises from one site to another increase linearly over time, a phenomenon
known as ageing.

1. Introduction and main results.

1.1. Parabolic Anderson model. We consider the heat equation with random
potential on the integer lattice Z¢ and study the Cauchy problem with localised
initial condition,

u(t,z) = Au(t,z) + £E(Qu(t, 2), (t,2) € (0, 00) x Z4,

1
M u(0,7) =10(z), zeZ,

where

(Af)(z)=2[f(y)—f(z)], zez4 f:74 >R

y~z

is the discrete Laplacian, and the potential {§(z):z € 7%} is a collection of inde-
pendent identically distributed random variables. The problem (1) and its variants
are often called the parabolic Anderson model.

The model originates from the seminal work [1] of the Nobel laureate P. W. An-
derson, who used the Hamiltonian A + £ to describe electron localisation inside a
semiconductor, a phenomenon now known as Anderson localisation. The parabolic
version of the model appears naturally in the context of reaction—diffusion equa-
tions; see [5, 14], describing a system of noninteracting particles diffusing in space

Received June 2012; revised April 2013.

MSC2010 subject classifications. Primary 60H2S5; secondary 82C44, 60F10.

Key words and phrases. Parabolic Anderson model, Anderson Hamiltonian, random potential, in-
termittency, localisation, Weibull tail, Weibull distribution, Feynman—Kac formula.

1666


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/13-AOP882
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

LOCALISATION AND AGEING IN THE PAM WITH WEIBULL POTENTIAL 1667

according to the Laplacian A and branching at rate £(z) dt at any given point z.
It turns out that the solution u(t, z) gives the average number of such particles at
time ¢ at location z.

1.2. Intermittency and localisation. A lot of mathematical attention to the
parabolic Anderson model over the last 30 years has been due to the fact that it
exhibits the intermittency effect. In general, a random model is said to be intermit-
tent if its long-term behaviour cannot be described using an averaging principle;
see [18]. In the context of the parabolic Anderson model, this means that, for large
times ¢, the solution u(#, z) is mainly concentrated on a small number of remote
random islands; see [7] for a survey.

The long-term behaviour of the parabolic Anderson model is determined by the
upper tail of the underlying distribution of the potential £, and it is believed that the
intermittency is more pronounced for heavier tails. However, an initial approach
to understanding intermittency was proposed for light-tailed potentials (those with
finite exponential moments). It was suggested to study large time asymptotics of
the moments of the total mass of the solution

U=y ult,z),

zeZ4

which are finite for such potentials. The model was defined as intermittent if higher
moments exhibited a faster growth rate, and it was proved in [9] that the parabolic
Anderson model is intermittent in this sense. This method, however, does not work
for heavy-tailed potentials (those with infinite exponential moments), as for them
the moments of U (¢) are infinite. Such distributions include the exponential distri-
bution and all heavier-tailed distributions.

In order to understand the intermittent picture in more detail, it proved to be
useful to study various large-time asymptotics of the total mass U (t), as they pro-
vided some insight into the geometry of the intermittent islands. It was shown in
[16] that there are four types of behaviour the parabolic Anderson model can ex-
hibit depending on the tail of the underlying distribution. The prime examples from
each class are the following distributions:

xY

(1) Weibull distribution with parameter y > 1, thatis, F(x) =1 —e™
(2) Double-exponential distribution with parameter p > 0, that is, F(x) =1 —
_eXlp
e .
(3) “Almost bounded” distributions, including some unbounded distributions with
tails lighter than double-exponential and some bounded distributions.
(4) Other bounded distributions.

The asymptotics of the total mass U(¢) was studied in [10] for cases (1) and (2),
in [16] for case (3) and in [4] for case (4). Heuristics based on the asymptotics of
U () suggests that the intermittent islands will be single lattice points in case (1),
bounded regions in case (2) and of size growing to infinity in cases (3) and (4).
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However, a rigorous geometric picture of intermittency has not been well under-
stood. In particular, it is not clear how many intermittent islands are needed to
carry the total mass of the solution, and where those islands are located.

Moreover, the four classes above only cover light-tailed potential, and the class
of all heavy-tailed distributions should be included to complete the picture. The
prime examples of such distributions are

(0a) Pareto distributions, thatis, F(x) =1—x"%, o > d;
(Ob) Weibull potentials with parameter y < 1.

Heavy-tailed potentials were first studied in [17], and it turned out that the asymp-
totics of U(t) in this case becomes nondeterministic and difficult to control. It
was suggested to study the nondeterministic nature of U (¢) using extreme value
theory and point processes techniques. This approach was further developed in
[12], where the intermittency was fully described in its original geometric sense
for Pareto potentials (0a). Polynomial tails are the heaviest tails for which the so-
lution of the parabolic Anderson model still exists (see [9]), and one expected the
localisation islands to be small and not numerous. It was proved that the extreme
form of this conjecture is true, namely, that there is only one localisation island
consisting of only one site. In other words, at any time the solution is localised at
just one point with high probability, a phenomenon called complete localisation.

It is a challenging problem to describe geometric intermittency for lighter tails.
In [8], intermittent islands were described for potentials from classes (1) and (2),
but the question about the number of islands remained open. Case (0Ob) was stud-
ied in [13], and it was shown that the solution is localised on an island of size

(%). However, it was believed that a much smaller region should actu-

ally contribute to the solution.

In this paper, we assume that the potential has Weibull distribution with param-
eter y > 0, that is, the distribution function of each &(z) is

) F(x)=Prob{é(z) <x}=1—¢", x>0.

We focus on 0 < y < 2, which covers case (Ob) and partly case (1). We prove that
for such potentials the solution of the parabolic Anderson model completely lo-
calises at just one single site, exhibiting the strongest form of intermittency similar
to the Pareto case (0a). This was plausible for 0 < y < 1 as in this case the spectral
gap of the Anderson Hamiltonian A + £ in a relevant #-dependent large box tends
to infinity, but is quite surprising for the exponential distribution (y = 1) where the
spectral gap is bounded, and even more so for 1 < y < 2 where the spectral gap
tends to zero. We identify the localisation site explicitly in terms of the potential &
and describe its scaling limit.
For all sufficiently large ¢ (so that loglogz is well defined), denote

3) V(7)) =£&(2) — !/Z—llloglogt, ze74,
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and let Zt(l) be such that

\IJ,(Z,(I)) = max ¥ (2).

ze7d

The existence of Zt(l) will be proved in Lemma 2.2.
Denote by |x| the £'-norm of x € R?, and denote by = weak convergence.

THEOREM 1.1 (Complete localisation). Let0 <y <2.Ast — 00,

u(t, 2{") . y
im ———=1 in probability.
t—oo  U(t)

REMARK 1. Itis easy to see that the solution cannot be localised at one point
for all large times ¢ since occasionally it has to relocalise continuously from one
site to another, and at those periods the solution will be concentrated at more than
one point. It was shown in [12] that for Pareto potentials the solution in fact re-
mains localised at just two points at all large times ¢ almost surely. We conjecture
that the same is true for Weibull potentials with 0 < y < 2.

REMARK 2. There is a chance that our proof could be adjusted to the case
y = 2. However, new ideas are required to deal with y > 2, and there is a high
chance that complete localisation will simply fail in that case. The technical rea-
sons why our proof breaks down for y > 2 are explained in Remark 8 and Re-
mark 9 in Sections 4 and 5, respectively.

THEOREM 1.2 (Scaling limit for the localisation site). Let y > 0. Then

&)

Zi L xm
i

ast — oo where
t(logt)!/v=1
V=

4
@ loglogt

and X is an R?-valued random variable with independent exponentially dis-
tributed coordinates with parameter d'~'Y and uniform random signs, that is,
with density

qda=1/y)

5 exp{—d' 717 x|}, x eRY.

p V) =

REMARK 3. Although we prove Theorem 1.2 for all y > 0, it only describes
the scaling limit for the concentration site for 0 < y < 2 as otherwise the solution

may not be localised at Zt(l).
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REMARK 4. This scaling limit agrees with the scaling limit for the centre
of the intermittent island obtained in [13] for 0 < y < 1. However, according to
Theorem 1.1, this island is now of radius zero (being a single point) rather than
o(r¢), and the result holds for the wider range 0 < y < 2.

1.3. Ageing. The notion of ageing is a key paradigm in studying the long-
term dynamics of large disordered systems. A system exhibits ageing if, being
in a certain state at time ¢, it is likely to remain in this state for some time s(¢)
which depends increasingly, and often linearly, on the time . Roughly speaking,
the system becomes increasingly more conservative and reluctant to change.

The ageing phenomenon has been extensively studied for disordered systems
such as trap models and spin glasses; see [3] and references therein. In the context
of the parabolic Anderson model, a certain form of ageing based on correlations
was studied for some time-dependent potentials in [2, 6], and it was shown that
such systems exhibit no ageing. The recent paper [11] dealt with potentials from
class (1) and studied the correlation ageing (which gives only indirect information
about the evolution of localisation) and more explicit annealed ageing (which, in
contrast to the quenched setting, is based on the evolution of the islands contribut-
ing to the solution averaged over the environment). It was shown that these two
forms of ageing are similar, and somewhat surprisingly, ageing was observed for
Weibull potentials with parameter y > 2 but not for heavier-tailed Weibull poten-
tials with parameter 1 <y <?2.

The explicit ageing in the quenched setting has so far only been observed for
Pareto potentials; see [15]. In that case, the solution completely localises at just one
point and ageing of the parabolic Anderson model is equivalent to ageing of the
concentration site process. In this paper, we use a similar approach to show that
the parabolic Anderson model with Weibull potential with parameter 0 < y < 2
exhibits ageing as well. Notice that, remarkably, this is in sharp contrast to the
absence of annealed and correlation ageing observed for y > 1 in [11].

For each ¢ > 0, denote

T, = inf{s > 0: 2z, £z},

THEOREM 1.3 (Ageing). Lety >0.Ast — oo
T;
7 = 0,
where O is a nondegenerate almost surely positive random variable.

REMARK 5. In the proof of Theorem 1.3, we identify the distribution function
of O as a certain integral over R? x R.

REMARK 6. Although we prove Theorem 1.3 for all y > 0, it only charac-
terises the ageing behaviour of the parabolic Anderson model for 0 <y < 2 as

otherwise the solution may not be localised at Z,(l).
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1.4. Outline of the proofs. It follows from [9], Theorem 2.1, that the parabolic
Anderson model with Weibull potential possesses a unique nonnegative solution
u: (0, 00) x Z4 — [0, 00), which has a Feynman—Kac representation

u(t,z) = Eo[exp{/ot g(Xs)ds}ﬂ{X, = z}}, (t,7) € (0, 00) x Z¢,

where (X :s > 0) is a continuous-time simple random walk on the lattice 74 with
generator A, and P, and [E, denote the corresponding probability and expectation
given that the random walk starts at z € Z¢.

The Feynman—Kac formula suggests that the main contribution to the solution
u at time ¢t comes from paths (X;) spending a lot of time at sites z where the value
&(z) of the potential is high but which are reasonably close to the origin so that
the random walk would have a fair chance of reaching them in time ¢. It turns out
that the functional W; defined in (3) captures this trade-off, being the difference of
the energetic term £(z) and an entropic term responsible for the cost of going to a
point z in time ¢ and staying there. Furthermore, the maximiser Zt(l) of W, turns
out to be the site where the solution u is localised at time 7.

In order to prove this, we decompose the solution # into the sum

u(,z)=ui(t,z)+usrt,z)

according to two groups of paths ending at z:

(D) paths visiting Z ,(1) before time ¢ and staying in the ball B; centred in the origin

with radius |Zt(1) (1 + pr), where p; is a certain function tending to zero;
(II) all other paths.

We show that u1 localises around Z,(l) and that the total mass of u; is negligible.

To prove the localisation of u1, we use spectral analysis of the Anderson Hamil-
tonian A + £ in the ball B;. In order to do so, we show that, although the spectral
gap tends to zero for y > 1, it is still reasonably large. We suggest a new tech-
nique which allows us to show that the principal eigenfunction just manages to
localise at Zt(l). Then we use a result from [8] to show that this is sufficient for the
localisation of u.

In order to prove that the total mass of u5 is negligible, we notice that the paths
from the second group fall into one of the following three subgroups:

(1) paths having the maximum of the potential at the point Zt(l) but making more
than |Z,(1)|(1 + pr) steps;

(2) paths having the maximum of the potential not at the point Zt(l), with the
maximum being reasonably large;

(3) paths missing all high values of the potential.

In Section 4, we show that the total mass of the paths corresponding to each
group is negligible. In all cases, this is due to an imbalance between the energetic
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forces (which do not contribute enough if the site Zt(l) is not visited) and entropic
forces (as the probabilistic cost is too high if a path is too long), as well as to the

fact that the gap between \IJ,(Z,(I)) and the second largest value of ¥, is too large.
Denote by Z,(z) a point where the second largest value of W, is attained, that is,

W, (2) = max{W, () :z € 24,z # 7V},

In order to find the scale of growth of \D,(Z,(l)) — \IJ,(Z,(Z)) as well as of Zt(l) and

Zt(z) we extend the point processes techniques developed in [17] and [12]. For
sufficiently large ¢, we denote

a; = (dlogz)l/y and d; = (dlogt)l/y_l.

Further, for all z € Z¢ and all sufficiently large ¢, we denote

W, (7) —

5) Y, = @)= an

where r; is defined by (4), and define a point process

©) M=) ey,
zezZ4

where we write ¢, for the Dirac measure in x. In Section 3, we show that the point
processes [1; are well defined on a carefully chosen domain, and that they converge
in law to a Poisson point process with certain density. This allows us to analyse
the joint distribution of the random variables Zt(l), Zt(z) , \D,(Z,(1>), \P,(Zt(z)) and,
in particular, prove Theorem 1.2.

Finally, to prove ageing, we argue that due to the form of the functional W, the

probability of {Z,(Bw, = Z,(I)}, for each w > 0, is roughly equal to

(7) /RdXRPI’Ob{Ht(dX xdy):l,l'[,(Dw(x,y)):()}’
where
0 Olx

Dw(xv)’)={()_c,§)eRde:y+w ud <j4 2 |x|}

(8) 14+w 14w
U (R? x [y, 00)),

and
) 0=y lql=1/r,

In particular, the integral in (7) converges to the corresponding finite integral with
respect to the Poisson point process I1 as t — oo. This proves Theorem 1.3 since
that integral is a continuous function of w decreasing from one to zero as w varies
from zero to infinity and so it is the tail of a distribution function.
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The paper is organised as follows. In Section 2, we introduce notation and prove
some preliminary results. In Section 3, we develop a point processes approach,
analyse the joint distribution of Z,(I), Zt(z), \IJt(Z,(I)), \IJ,(Z,(Z)) and prove Theo-
rem 1.2. In Section 4, we deal with the total mass corresponding to the paths from
groups (1)—(3) and show that it is negligible. In Section 5, we discuss the localisa-
tion of 1 and prove Theorem 1.1. Finally, in Section 6, we study ageing and prove
Theorem 1.3.

2. Preliminaries. We focus on potentials with Weibull distribution (2) with
parameter O < y < 2. However, most of our point processes results can be obtained
for all y > 0 at no additional cost. Therefore, we will assume y > 0 in Sections 2,
3 and 6, and restrict ourselves to the case 0 < y < 2 in Sections 4 and 5.

2.1. Extreme value notation and preliminary results. 'We denote the upper or-
der statistics of the potential £ in the centred ball of radius r > 0 by

51 = maxs(2)

|zl

and

£ =max{£(z): |zl <7 E(x) < £V}

for2 <i < ¥,, where £, is the number of points in the ball. Observe that throughout
the paper we use the £!-norm.
Let 0 < p <o < 1/2 and for all sufficiently large r let

F,={ze€2%: |z <r,3i <r’ such that £(z) = £},
G, ={z€Z%:|z| <r,3i <r° such that £(z) = £ }.
The sets F, and G, contain the sites in the centred ball of radius » where the
highest |r*] and [r? | values of the potential & are achieved, respectively.
LEMMA 2.1. Almost surely
Er(l)~(dlogr)1/” asr — oo.
PROOF. This result was proved in [17] for the case 0 < y <1 but it can be
easily extended to all y > 0 by observing that ¢ (z) = £(z)Y, z € Z, are exponential

identically distributed random variables. Denote the maximum of the potential ¢
by

¢\ = max¢(z).

|zl<r

Since ér(l) = (g“r(l))l/” and ;r(l) ~ dlogr by [17], Lemma 4.1, with y = 1, we
obtain the required asymptotics. [
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Forallc eR, z € Z4, and all sufficiently large ¢ define

clz|
W o(2) =W (2) + -

Denote by Z ,(l’c) and Zt(z’c) points where the first and second largest values of the
functional W, . are achieved, that is,

W, o(Z59) = max{W, o (z) : z € Z4),

(10)
\IJI,C(Zt(ZsC)) = maX{\Ijnc(Z) 17 € Zd’ z ?é Z;;(LC)}.

Observe that W; = ¥, ¢ and so Zt(l) = Z,(l’o) and Z,(Z) = Z,(Z’O). We are mostly
interested in the case ¢ = 0, but some understanding of the general case is needed
for Lemma 4.5. This is explained more carefully in Remark 7 in Section 3.

LEMMA 2.2. For each c, the maximisers Zt(l’c) and Z,(z’c) (and, in particular,
Z,(l) and Z,(Z)) are well defined for all sufficiently large t almost surely.

PROOF. Observe that W, .(0) > 0 and ¥, (1) > 0 almost surely if ¢ is large
enough. On the other hand, by Lemma 2.1 for all sufficiently large ¢ there exists a
random radius p(¢) > 0 such that, almost surely,

Z clz
£(2) < 5|(zl|) < (2dlogz))'" < %10g10gt - % for all |z| > p(t).
Hence, WV, .(z) <0 for all |z| > p(¢) and so ¥, . takes only finitely many positive
values. This implies that the maxima in (10) exist for all ¢. The existence of Z,(I)

and Zt(z) follows as a particular case when ¢ =0. [

Choose
ped—1/y,1/y) ifl=<y<2,
=0 if0<y <.
Observe that 8 > 0 and define
(11) s = (logr)™*

for all r large enough. For 0 < y < 1, the gaps between higher order statistics
of the potential get larger (as r — 00) and the auxiliary scaling function p, is
not needed (so that we can simply set u, = 1 as above). For y = 1, the gaps are
of finite order, and for y > 1 they tend to zero, and an extra effort is required
to control this effect. This is done by the correction term u,. It is essential for
the choice of u, that, on the one hand, it is negligible with respect to d, and so
with respect to the gap lI’,(Zt(l)) — \P,(Zt(z)) (which is achieved by the condition
B >1—1/y) and on the other hand — log ¢, must be smaller than log Sr(l) (which
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is guaranteed by 8 < 1/y). However, this method only works for y < 2 as the
interval (—1/y + 1, 1/y) is empty otherwise. This is explained in more detail in
Remark 8 in Section 4.

We introduce four auxiliary positive scaling functions f; — 0, g — 00, A; —
0, pr — 0 satisfying the following conditions as t — co:

(12) @ £ g2t ot are o(loglogt),
(13) (b)  gipir; ' — 0.
Further, we define

ki = L(Vtgt)pJ and m; = I_(”zgt)aJ-
For any ¢ € R, we introduce the event

Ec(t) = {tht < |Z§1)} <Tt&r, ‘I’t(zt(l)) - ‘I’t(ztm) > dihy,
(14) lp[(Zt(l)) > ar, — d[g[, \I"[(Zl‘(Z)) > art — d[g[,
Z§2’C)| < r,gt}.

For any x, y € R, we denote by x A y and x Vv y the minimum and the maximum
of x and y, respectively, and we denote x_ = —x Vv 0.

|Zt(l’c)] <78,

2.2. Geometric paths on the lattice. For each n € NU {0} denote by
Pa={y=00.....y0) € (@)t |yi — yimi| =1 forall 1 <i <n}
the set of all geometric paths in Z¢. Define
q(y) = 012?5’(,,5 (yi) and p(y)= Jnax lyi = yol,

and denote by z(y) a point y; of the path y such that £(y;) = g (y).

Let (7;), i > 0, be waiting times of the random walk (X;), which are indepen-
dent exponentially distributed random variables with parameter 2d. Denote by E
the expectation with respect to (t;). For each y € P,,, denote by

P(t,y)={Xo=y0, X¢yt-.t47,_, =yi forall 1 <i <n,
andt—1, <1+ - -+ 1Th-1 <t}

the event that the random walk has the trajectory y up to time 7. Here, we assume
that the random walk is continuous from the right. Denote by

(15) Uiy = Eo[@XP{/OIS(Xs)dS}ﬂP(r,w}

the contribution of the event P (¢, y) to the total mass of the solution u of the
parabolic Anderson model.
For any set A C Z¢ and any geometric path y € P, denote

ny(y,A)=[{0<i<n:y;eA}| and n_(y,A)=[{0<i=<n:y ¢A}.
We call a set A C Z totally disconnected if [x — y| # 1 whenever x, y € A.
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LEMMA 2.3. Let A be a totally disconnected finite subset of Z¢, and y € P,
for some n. Then

n—p(y)

5 +|A|/\[M—‘.

LA) <
ny(y, A) < >

PROOF. Leti(y) =min{i:|y; — yo| = p(y)} and denote z = y;(y). Similarly
to [12], page 371, we first erase loops that the path y may have made before
reaching z for the first time and extract from (yo, ..., yi(y)) a self-avoiding path
Yigs -+ +» y,-p(y)) starting at yg of length p(y), where we take io = 0 and

ij+1 =min{i:y # yi; VL€ [i,i)]}.

Since this path is self-avoiding and has length p(y), at most |A| A f%] of
its points belong to A. Next, for each 0 < j < p(y) — 1, we consider the path
(Vij+15 -+ Yijy1—1), which was removed during erasing the jth loop. It contains
an even number i —i; — 1 of steps and at most half of them belong to A since A
is totally disconnected. Finally, the remaining piece (i, +1, - - -, Ya) consists of
n —ip(y) points, and at most half of them lie in A for the same reason. We obtain

»m-1. . .
+1 b ijp1—ij—1 n—i
n ) 5 1AL A [ POEL] Ty B

2 = 2 2
_ pM+17 n—p®»)
= |A] /\[ 5 —‘-i- 5

as required. [

3. A point processes approach. In this section, we use point processes tech-
niques to understand the joint scaling limit of the random variables Z,(I’C), Zt(z’c),
\Dt,c(Zt(l’C)), \P,,C(Z,(Z’C)) for each ¢ and, in particular, that of Z,(l), Zt(z), lI!t(Z,(l)),
lIJ,(Z,(Z)). We show that Z,(1 ) and Z,(Z’c) grow at scale r; and that \IJ,,C(Z,(1 )y ay,
and \IJ,,C(ZI(Z’C)) — ay, grow or decay at scale d; (which goes to infinity for y < 1,
is a constant for y = 1, and tends to zero for y > 1), and we find their joint scaling
limit in Proposition 3.2. In particular, we show that the probability of the event
E.(¢) defined in (14) tends to one for any ¢ and so it suffices to prove complete
localisation and ageing on the event &.(¢) for a sufficiently large constant c. This
constant will be identified later in Proposition 4.3 in Section 4. Finally, in the end
of this section we prove Theorem 1.2.

For all z € Z¢ and all sufficiently large r, denote

_ S(Z)_ar

Xy a
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and define
=) Eart X
ze74

where ¢, denotes the Dirac measure in x. For each 7 € R and ¢ > 0, let
H{ = {(x,y) € R? x (=00, 00]:y = glx| + 7},

where R? denotes the one-point compactification of the Euclidean space. It was
proved in [17], Lemma 4.3, that for 0 < y <1 the restriction of each X, to HY is
a point process and, as r — 00, X, |y¢ converges in law to a Poisson point process

¥ on H{ with intensity measure
n(dx,dy) =dx @ ye "V dy.

However, it is easy to check that the same proof works for all y > 0.

Observe that we need to restrict ¥, from R? x R to HY in order to ensure that
there are only finitely many points of X, in every relatively compact set. This is
achieved with the help of ¢, and T makes it possible for the spaces H{ to capture
the behaviour of X, on the whole space R x R as it can be chosen arbitrarily
small.

Foreacht € Rand o > —0, let

I—AI;" ={(x,y) e Ry > x| + 7},

where the hat over H reflects the fact that the spaces RY x (—o00, 0] and R4+
have different topology.
For all c € R, z € Z¢, and all sufficiently large ¢ define

"I"t,c(z) — ay,

Yt,Z,C = di and H[,C = Z g(zrt_l,Y[,z,c)'
rt ze74

Recall the definitions of Y; ; and I1; from (5) and (6) and observe that Y; ; . =
YZ‘,Z,O and H; = HL().

LEMMA 3.1. Let ¢ € R. For all sufficiently large t, I1; . is a point process
on HY. As t — 0o, I1; . converges in law to a Poisson point process Il on HY
with intensity measure

v(dx,dy) =dx ® yexp{—y(y +0|x|)} dy.

PROOF. Observe that

§(2) —ay, |z] clzl &) —ay |z|
- loglogt + — = >——+—" — (0 +o(1))—.
d,, yid,, td,, d,, ( ) re

Choose o’ and ¢ so that —0 <o’ <a and @’ +60 < g < a + 6. Then
(16) Mrelgo = (Znlpg 0 T as

Yt,z,c =
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where T : HY — I-Alﬁ‘/ is such that

T (x y)H{(x,y—(Q—i—o(l))pcl), if x # 0o and y # oo,
e 0, otherwise.

We define T : HY — ﬁ;"/ by
T (x y)H{(x,y—9|x|), if x # 0o and y # 00,
’ 0, otherwise.

It was proved in [17], Lemma 2.5, that one can pass to the limit in (16) as t — oo
simultaneously in the mapping 7; . and the point process %, to get

Mrelge = (Sl o T7Y)] e

Observe that the conditions of that lemma are satisfied as T is continuous, H{ is

compact, T; . — T uniformly on {(x, y) € HI: |x| >n}ast — oo foreachn e N,
and

nf{x,y) e H: :|x| > n} — 0 asn — 00
since n(HY) is finite. Finally, it remains to notice that (2| HYO T /i 1s @ Poisson

process with intensity measure 7 o T~! = v restricted on ﬁ;". g

PROPOSITION 3.2. Letc eR.
(a) Ast — o0,
1, 1, 2, 2,
(ZE VW (Z8) —a, 2P0 W, (2 C))—ar,)
Iy ’ drt ’ It ’ drt
— (xD, Yy x® y@),

where the limit random variable has density
p(X1, y1, X2, y2)
=y?exp{—y (1 + 32+ 0lxi| +01x2l) =27 (r0) e |1y ).
(b) Prob{&.(t)} —> 1 ast — oo.

PROOF. (a) Let A C ﬁ? X PAIS for some 7, and assume that Leb(dA) = 0.
Since HTO is compact, we have by Lemma 3.1

Lc Lc 2,c 2,c
Prob{(zt( D Wz —a, 220 Wz, ”)—ar,)e y
Iy dr, It drt

= /:4 ]]-{y1>y2}PrOb{Ht,c(dx1 x dyy) = Ht,c(dXZ xdyy) =1,

(17) M, (R? x (y1,00)) = I, (R x (y2, y1)) = 0}
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— / Ly, >y,} Prob{TI(dx; x dy1) = 1} Prob{I1(dxs x dy,) = 1}
A
x Prob{TT(R? x (y1, 00)) = 0} Prob{IT(RY x (y2, y1)) =0}

Z/AJl{y1>y2}v(dx1,dyl)v(dm,dyz)exp{—v(Rd X (y2,00))}.
Integrating we obtain

oo
v(RY x (32, 00)) =V/Rd/ exp{—yy — y0|x|}dydx
y2

(18)
=24 (yg)~de7rn2,

Substituting this, as well as the expressions for v(dxi, dy;) and v(dxz, dy,) into
(17) we obtain

1, 1, 2, 2,
lim Prob{ (Zf( o lIJ,’C(Zt( C)) — ar, Zt( & lI’t,c(zt(,cc)) —dr, } € A>
=00 rT ' dr, ’ rt ’ dr,

= /A p(x1,y1,x2, y2)dx1dy; dxady;.

It remains now to generalise this equality to all sets A C RY x R with
Leb(dA) = 0. Since t can be arbitrarily small, to do so it suffices to show that
p integrates to one. We have

/ p(x1,x2,y1, y2)dx1dyydxady;
R xRxR4xR

o0 o0
=22"(y9)_2”’/ f yrexp{—y 1 +y2) —2¢(y0) e "2} dy, dy,
(19) T
0,0)
=22 (y9)~2 / y exp(—2yy2 — 24(y0) e 72 dy,
—0Q

o0
=/ ue "du=1,
0

where in the last line we used the substitution u = 24 (y0)~4e722.
(b) This immediately follows from (a) since d,, = d;(1 4+ o(1)) and f; — O,
&t —> 00, )\.[ — 0. ‘:’

REMARK 7. The reason why we need to study a general c rather than ¢ =0 is
just to show that |Z"9| < r,g, and |Z*| < r,g, with high probability, which
is done in part (b) of the proposition above. This will be required later on in
Lemma 4.5 with some ¢ identified in Proposition 4.3. The full strength of the
convergence result proved in the part (a) of the proposition will only be used for
c=0.
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PROOF OF THEOREM 1.2. The result follows from Proposition 3.2(a) with
¢ = 0 by integrating the density p over all possible values of x2, y1, and y,. Simi-
larly to (19), we obtain

PP (x) =/ p(x, y1,x2, y2)dyrdxady;
RxRIxR
=2%(y0) " exp{—y0|x|}

0 o0
x / y2exp(—y (1 + y2) — 2 (v0)~le ) dyy dys

—00 Y2

— 2—ddd(l—1/]/) exp{_dl—l/)/lx”

as required. [l

4. Negligible paths of the random walk. Throughout this section, we as-
sume that 0 < y < 2. We introduce three groups of paths of the random walk (Xj)
informally described in the Introduction and show that their contribution to the
total mass of the solution « of the parabolic Anderson model is negligible.

Denote by J; the number of jumps the random walk (X ) makes up to time ¢
and consider the following three groups of paths:

[max ex)=£(2"), 5 > 2|+ o0}, i=1,
0<s<t

k .
Ei( = | {65 = max sx0) #6(Z"), i=2,
(ko) .
{0123;5(&) <&al | i=3.
Denote by

U,-(t):Eo[exp{/otS(Xs)ds}ILEi(,)}, 1<i<3

their contributions to the total mass of the solution. The aim of this section is to
show that all U;(¢) is negligible with respect to U ().

We start with Lemma 4.1 where we collect all asymptotic properties of the
environment which we use later on. In Lemma 4.2, we prove a simple lower bound
for the total mass U (t). Then we prove Proposition 4.3, which is a crucial tool for
analysing U1 (¢) and U,(¢) as it gives a general upper bound on the total mass
corresponding to the paths reaching the maximum of the potential in a certain set
and having a lower bound restriction on the number of jumps J;. Equipped with
this result, we show that U (¢) and U, (¢) are negligible in Lemmas 4.4 and 4.5.
Finally, Lemma 4.6 provides a simple proof of the negligibility of U3 (¢).

Observe that Proposition 4.3 identifies the constant ¢, which is then fixed and
used throughout the paper afterward.
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LEMMA 4.1. Almost surely,

@ &V~ ((d—p)logn"” and V"V ~ ((d — o) log )17 as r — o0;
() £X) ~ ((d — p)logt) /¥ and &2 ~ ((d — o) log 1)/ as t — oo

P o
() log&"" ) — gDy = Lloglogr + O(1) as r — oo;

(d) log(&) — &m0y = Lloglogt + O(1) as t — oo;
(e) the set G is totally disconnected eventually for all p.

Further,

(f) forallc, Zt(l) € Fy,g, on the event E.(t) eventually for all t;
(g) forallc, logi;‘(Zt(l)) = %10glogt + O(1) on the event E.(t) as t — o0;

(h) there exists a constant ¢y > 0 such that |z| > t! for all z € F,g, eventually for
all t almost surely.

PROOF. (a) It follows from the proof of [17], Lemma 4.7, that for each « €
(0, d) almost surely

5,(“”) ~(d - K)logr)]/y

as r — 00. It remains to substitute «k = p and k = 0.

(b) This follows from (a) since k; = | (r;g,)° | and m; = | (r; g;)? |.

(c) This follows from (a) since p # o.

(d) This follows from (a) and Lemma 2.1 since p # 0.

(e) This was proved in [12], Lemma 2.2, for Pareto potentials (observe that the
proof relies on o < 1/2 which is the reason why we have imposed this restriction).
It remains to notice that £(z) = (o log(g(z)))l/y, where {¢(z):z € Z4} is a Pareto-
distributed potential with parameter «. As the locations of upper order statistics for
¢ and & coincide, we obtain that G, is eventually totally disconnected for Weibull
potentials as well.

(f) Denote by w; the maximiser of £ in the ball of radius 7. Using Lemma 2.1,
we obtain

£(2{") = wi(ZY) = Wi (w) = E(w) - ":—t"loglogt

1
> é,(l) — ;loglogt ~ (dlogt)'7.

It remains to observe that |Z,(1)| <r:g; on the event £.(¢) and use (a) to get

1 1
§(2") 2 (d = p)logt) " ~ &8,
(g) It follows from (f) that log gr(,]ié,) < logé(Zt(l)) <log Sr(tlg)[ on the event &.(r).

It remains to observe that log Sr(tké,) = %log logt + O(1) according to (a) and

log&\l) = »loglog? + O(1) by Lemma 2.1.
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(h) Choose ¢ small enough so that c;(d +c1) < d — p — c1. Then almost surely
eventually

g0 < (d+c)logr) 7 < ((d = p—enlogt)'” < k)

rt8t’

which implies the result. [

LEMMA 4.2. For each c,
(20) log U (1) > 1W,(z") — 2dt + O(r1g))

on the event E.(t) eventually for all t.

PROOF. The idea of the proof is the same as of [17], Lemma 2.1, for Weibull
potentials and [12], Proposition 4.2, for Pareto potentials. However, we need to
estimate the error term more precisely.

Let p € (0,1] and z € Z4, 7 # 0. Following the lines of [12], Proposition 4.2,
we obtain
(21) U(t) > exp{t(l —p)é(z) — |zl log% —2dt + O(log Izl)}.

Take z = Z,(l) and p = |Z,(1)|/(t§(Z,(1))). Observe that on the event &.(¢) this p
belongs to (0, 1] eventually as

O]
zZ
| t(1|) < rtit) =0< 8 )=0(1)
tE(Z)) e logt - loglogt

by Lemma 4.1(f) and according to (12). Substituting this into (21) and using
Lemma 4.1(g) we obtain

logU (1) > 1£(Z") — |zP|1og £ (z") — 2dt + O(log1)
=1,(z") = 2d1 + O(r1g))

on the event £.(r). [

For all sufficiently large ¢, consider a set M, C Z¢ and a nonnegative function
hy = O(ryg;) (which may both depend on &). Denote by z; a point along the tra-
jectory of (X)s, s € [0, t], where the value of the potential is maximal. Define

t
Unn(1) = EO[CXP{ / S(X.ods}ﬂ[omax §(Xo) =5 e My 0y = h,}].
0 =s=t

In the sequel, Uy y(¢) will correspond to Ui (¢) if we choose M; = {Z,(l)},
hy =1ZP|(1 + p,) and to Us(¢) if we choose M, = Z4\ {ZV}, h, = 0.
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PROPOSITION 4.3. There is a constant ¢ such that
logUp.p(t) < max{t‘-ll, (Z,(Z)),

(h: — lzD+

m%{t\l’z,c(z) - 3

zeM;

(y—1 - B) loglogt}

+ 0(rtg,)}
—2dt

on the event E.(t) eventually for all t.

PrROOF. Consider the event £.(¢) and suppose that ¢ is sufficiently large. Using
the notation from Section 2.2, for each n, p € N U {0} and ¢ large enough, we
denote

Pup®) =1y €Puiyo=0,p(y) =p.q(y) > &X).2(y) € M,}.

Observe that g(y) > 5,(!2,) implies by Lemma 4.1(h) that p(y) > ¢!, for some
c1 > 0. In particular,

(22) loglog p(y) > loglogt 4 logcy.
We have

Unn® =), >, ) Uy,

n>hy tl<p<n yePy p(t)

where U (¢, y) has been defined in (15). Since the number of paths in the set P, (1)
is bounded by (2d)", we obtain

Unn®) < Y. Y @)™ max {Qd)™U(,y))

p>tl n>pVvh; YEPn,p(1)

<4max max max {2d)*"U(t,y))

p>tl n>pVh; yePy (1)
and so

(23) logUpp(t) < max max max {3nlog(2d)+1logU(t,y)}.

p>tl n=pVhy yePy (1)
Let p>1t',n>pVh;,andy € P, ,(t). Denote i (y) = min{i :£(y;) = q(y)} and
(24) Q(p. ) =g VEWD +

where the correction term 1), has been defined in (11). Define

£ = {é‘(yi), if i £i(y),
ooy, ifi=iy).
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Since Eiy > &(y;) for all i, we have

n—1 n—1
Ut,y) < (2a’)_”E|:exp[Z TE + (t -y r,»)&ny}
i=0

i=0

n—1 n
X JI!ZI,- <t,Z‘L’i >t}:|.
i=0 i=0

This expectation has been bounded from above in (4.16) and (4.17) of [17]. Sub-
stituting its bound, we obtain
1

1#L(y y 1

1
_ ,y) —2d 0. ) —E(v)
exp{tQ(p, y) l}l‘}i—([” o(p,y) —&0i)

and hence

(25) logU(t,y) <tQ(p,y) —2dt — Y log(Q(p.y) —E(v)).
i#i(y)

The set G, consists of | p?| elements and is totally disconnected by Lem-
ma 4.1(e). Hence, by Lemma 2.3 we have

(26) ni(v.Gp) = 5T+

In each point y; € G, we use (24) to estimate

(27) log(Q(p.y) —&(yi)) = logu, = —Bloglog p.
On the other hand,
n—(y’ Gp) =n+1 _n—i-()” Gp)
(28) " "
Zn—l—l—Tp—p”:p—p"—i—Tp—i—l

and in each point y; ¢ G, we obtain by Lemma 4.1(c)
(29)  log(Q(p.y) —£(yi) = log( 17"V — &Py > "M oglog p + 3
with some constant c;. Using (27) and (29) together with (25), we obtain

logU(t,y) <tQ(p,y) —2dt +ny(y, Gp)Bloglog p
— (-, Gp) = 1)(y ' loglog p + c2).
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Substituting (26) and (28) and using p? loglog p < n, we obtain
3nlog(2d) +logU(t, y)
<3nlog(2d) +tQ(p,y) — 2dt
(30)

n—p n—pl, _
+ [T +p“}ﬂ10g10gp— [p - p7 + T}(V "oglog p + ¢2)

n—p

p —
SIQ(P,)’) - ;loglogp —2dt — T(y 1

— B)loglog p + c3n

with some constant c3.
Now we distinguish between the following two cases.

Case 1. Suppose g (y) > E;LPPJ). Then Q(p, y) =&(z(y)) + i) and estimating
p = lz(y)| we get

lz(W)I

3nlog(2d) +logU(t, y) <t&(z(y)) +tip — loglog p — 2dt

=Lz

> (y~' = B)loglog p + c3n.

Observe that 74, < tjuer = t(cylog P = o(r¢g;) since B > 1 —1/y and ac-
cording to (12). Using monotonicity in n and n > |z(y)| V h; together with (22),
we obtain

3nlog(2d) +logU(t, y)
<tW(z(y)) + clz(y)| — 2dt

(=)D
2

3D
(V_l — B)loglogt + ch; + o(r,&)

(h: — lzD+

< max{t‘l’t,c(z) — >

zeM,

(y_l — ﬁ)loglogt} —2dt + O(rsgr)

with some constant c. , )
Case 2. Suppose q(y) < £,V Then Q(p. y) = 57" + 1u,. Now (30) im-
plies

3nlog(2d) +log Ut y) < 167"V 10, — Lloglog p — 2d1
y

n—p
2

with some constant c4. Using monotonicity in n and n > p, we get

(y ' — B)loglog p + can

3nlog(2d) +log U(t, y) < 1£{P") +1(log p)~# — Lloglog p — 2d1 + cap.
y
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By Lemma 4.1(a) and using 8 > 0, we obtain that the second term is dominated
by the first one, the fifth by the third one, and so

(32) 3nlog(2d) +logU(t,y) <1((d — p/2)log p)'"? — csploglog p — 2dt

with some constant c5 > 0. Differentiating, we obtain the following equation for
the maximiser p; of the expression on the right-hand side of (32):

t(d—p/2)((d = p/2)log p)'/7 !
— ¢sloglog p; —
144 log p;
Resolving this asymptotics, we obtain

pe=ri(d — p/2)Y7 (14 0(1)).

Finally, substituting this into (32) yields

=0.

3nlog(2d) +logU(t, y) < t((d — p/3)logr) """ — 241
(33) <(1=p/Gd)""ta,, —2d1
(34) <1,(z?) — 2dt

on the event £.(¢). It remains to substitute (31) and (33) into (23) to complete the
proof. [

REMARK 8. Observe that the scaling function p ,, being part of Q(p, y), ap-
pears both in the main and in the logarithmic term of (25). Being part of the main
term, 71, needs to be as small as O(r;g;) in order to not imbalance the significant
terms. This leads to the restriction 8§ > 1 — 1/y. However, as a part of the loga-
rithmic term, 11, needs to be large enough so that the contribution y ~'loglog p
of “good” points y; ¢ G, dominates over the contribution Bloglog p of “bad”
points y; € G . This imposes the restriction 8 < 1/y. The combination of these
two conditions only allows to choose such 8 if 0 <y < 2.

From now on, we assume that the constant c is fixed and chosen according to
Proposition 4.3.

LEMMA 4.4. Almost surely,

Ui (t
1—()115\(,) —0 ast— 00.
u

PROOF. We use Proposition 4.3 with M; = {Zt(l)} and h; = |Zt(l)|(1 + 01).
Clearly h; = O(r;g;) on the event £.(¢). By Lemma 4.1(f), we have Z,(I) € Frq,,
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which implies Uy 5 (t) = U;(¢) eventually for all 7. Since |Zt(1)| < r;g and so
f‘I’z,c(Zz(l)) = l‘yt(zt(l)) + O(r;g:), we obtain

log U (1) < max{t\Dt(Zt(z)), 1, (zM) — %(1/;/ — B)loglogt + O(r,gt)}
(35)
—2dt.
In order to show that
36) logUi(¢t) —logU (t) > —o0

we consider the terms under the maximum in (35) separately. Using the lower
bound for the total mass given by Lemma 4.2 and taking into account that

\IJ,(Z,“)) — \IJt(Z,(Z)) > d;As on the event E:(¢), we get for the first term

10, (22) — 2dt —logU (1) < 19, (Z2P) = t,(ZV) + O (ri 1)
(37)
< —td[)\,[ -+ O(th,) — —O0
according to (12). For the second term, we again use the lower bound from
Lemma 4.2 and take into account that |Zt(l)| > r; f; on the event £.(¢). This implies

(1)
Z
1, (z) — %(1/;/ — B)loglogt + O(rig,) — 2dt —log U (¢)
(1)
1Z: o
(38) < —’T’(l/y — B)loglogt + O(r:g)
_rtft,Ot

<
- 2
by (12). Combining (37), (38) and (35) we get (36) on the event £.(¢). [

(1/y — B)loglogt + O(rigs) — —0o0

LEMMA 4.5. Almost surely,

Ua(1)
U(@)

(1) ™ 0 ast — o0.

PROOF. We use Proposition 4.3 with M; = Z4 \ {Zt(l)} and /; = 0. In this case
Upm n(t) = Ua(2), and we have

(39)  logUs(t) < max{t\l—',(Zt(z)), £ max Wo(z) + 0(r,g¢)} —2dt.
F#Z,

Since |Zt(1’c)| <r;gs and |Zt(2’6)| <rsg: onthe event £.(t), we have fori € {1, 2}

10, (28N = 19,(Z259) + |25 = 19,(Z289) + O (ri 1)
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Substituting this into (39) and observing that z # Zt(l), we obtain
log Us (1) < tW,(ZP) + O (r1g) — 2d1.
Using the lower bound for the total mass given by Lemma 4.2 and taking into
account that \IJ,(Z,(I)) — lI!t(Z,(Z)) > d; M on the event (1), we get
log Un(1) —log U (1) < 1W,(Z) = 1%,(Z{") + O (r1g))
< —td[)\.t + O(r,gt) — —00

according to (12) on the event E.(¢). [

LEMMA 4.6. Almost surely,
Us (1)

——1gp—0 ast — oo.

PROOF. We can estimate the integral in the Feynman—Kac formula for Us(¢)
by té,(,]ig’,) and get
log Us(r) < 1&) ~ 1((d — p)log1)'"” < (1 - d)tay,

with some § > 0 eventually for all # by Lemma 4.1(b). Using the lower bound for
U (t) from Lemma 4.2, we have

log Uz (1) —log U (1) < (1 — 8)tay, — tW,;(Z") + 2dt + O(r;g,)
< —dta,, +tdig; +2dt + O(r;g;) - —0o0

since \DI(Z,(I)) > a,, —d;g; on the event £.(¢). U

5. Localisation. The aim of this section is to prove Theorem 1.1. We assume
throughout this section that 0 < y < 2 and we suppose that ¢ is chosen according
to Proposition 4.3.

Let

Bi={zeZ%: 121 < |Z"|(1 + p1)).

For any set A C Z¢ denote by A¢ = Z4 \ A its complement and by 7(A) the hitting
time of A by the random walk (X;), and we write 7(z) for 7({z}) for any point
z € Z%. Let us decompose the solution « into u = u1 + u» according to the two
groups of paths (I) and (II) mentioned in the Introduction

u(t,z) = Eo[exp{/oté(Xs)ds}]l{Xt =z1{c(z") <1, 7(BS) > t}:|,

ur(t, ) = Eo[exp{/oté(Xs)ds}]l{Xt =z1{t(z") > ror 1(BS) < r}]
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In Lemma 5.1 below, we use the results from Section 4 to prove that the to-
tal mass of u, is negligible. In order to prove that u; localises around Zt(l), we
introduce the gap

g9 = E(Z,(l)) —max{§(z):z € B \ {Z,(l)}}

between the value of the potential £ at the point Zt(l) and in the rest of the ball B;.
In Lemma 5.2 we find a lower bound for g;. This bound tends to infinity for y < 1
but is going to zero for 1 < y < 2. However, the lower bound turns out to be just
large enough to provide localisation of the principal eigenfunction of the Anderson
Hamiltonian A 4§ around Z,(l), which is proved in Lemma 5.3. This easily implies

the localisation of u; around Z,(I) and allows us to prove Theorem 1.1 in the end
of this section.

LEMMA 5.1. Almost surely,

{U(I)_l Z Mz(t,z)}]lg(,(,)—>0 ast— oo.

ze74

PROOF. We have
(40) Z uy(t, z) =Eo[exp{fté(Xs)ds}Il{t(Zt(l)) >tort(Bf) < t}i|
ze74 0

Observe that if a path belongs to the set in the indicator function above then either
it passes through Z,(l) and reaches the maximum of the potential there but leaves
the ball B; thus belonging to E1(¢), or it reaches the maximum of the potential not
in Z,(I) thus belonging to E;(¢) or E3(t), depending on whether the maximum of
the potential over the path exceeds the value Sr(,]fé,) . Hence, we have on the event

(1)

t
Z uz(t,z) < EO[CXP{/O ‘é;:(Xs)ds}1E1(t)UE2(t)UE3(t)]

zeZ4

=U1(t) + Ux(t) + Us().
The statement of the lemma now follows from Lemmas 4.4, 4.5 and 4.6. [
LEMMA 5.2. On the event £.(t), the gap g is positive and, for any & > 0,

logg; > (1/y — 1 —¢)loglog?

eventually for all t.
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PROOF. Letze B;\ {Z,(l)}. Then W, (z) < \Ift(Z,(Z)) and we have on the event
Ec(t)

diry < W (Z0) =, (z2) < W, (zV) — W, (2)

e))
2| —1Z; |
:5(Zz(1)) —§@)+ Ttloglogt.

Since th(1)| < r;g: on the event &.(¢), the last term satisfies

(1) (1)
—\Z Z
uloglogt < %loglogt < gloglogt = O(dzgtpt)
y 14

We obtain uniformly for all z € B; \ {Z'"}

dir <£(2{") = £@) + O(digipr)
and so
O = dihy + O(di g1 pr) = di Ay + 0(diAy)
on according to (13). This estimate implies the statement of the lemma since

logd; ~ (% — 1)loglogt and X; is negligible according to (12). [J

Let y; and v; be the principal eigenvalue and eigenfunction of A + £ with zero
boundary conditions in the ball B,. We extend v; by zero to the whole space Z¢
and we assume that v; is normalised so that v,(Z,( 1)) = 1. The eigenfunction v; has
the following probabilistic representation

@ (M d
vt(z)zEZ[exp{/O (g(xs>_y,)ds}1{f(z, ) <1(Z \B,)}].
LEMMA 5.3. Almost surely,

iz ¥ wolian—0  wi-w
zeB\(Z")

PROOF. Consider the event () and suppose that ¢ is sufficiently large. For
eachn,peNand z € By \ {Z,(I)} denote

1 1 .
Pn,p(t,z)={yePn:yo=z,yn=Zf yie B\ Z" Vi <n, p(y) =p}.

Integrating with respect to the waiting times (z;) of the random walk, which are
independent and exponentially distributed with parameter 2d and observing that
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the probability of the first n steps of the random walk to follow a given geometric
path is (2d) ™" we get

W= Y OY Y <zd>ﬂe[exp{'il(s@,-)—y»rﬂ

n>|z—zV | P=YEPp(t.2) i=0

n—1 s
- X X ¥ I ewl-tn+2a—eooyar

nzlz—Z,(l)l 1<p=<nyePy p(t,z) i=0
The Rayleigh—Ritz formula implies

vi =sup{{(A +§)¢p. 9): ¢ € C(B), ¢lap, =0, ¢l =1}

> ((A+ 515wy, ]l{z,“>}> =¢(z") —2d
and so for all i
(1) vi+2d —£(v) 2 £(Z{") — €)= g
Since g; > 0 eventually on the event £:(¢) by Lemma 5.2, we use (41) to compute
1

00 n—1
uw@= 3 3 2 Hm

nele—z V| P=N YEP,, p(t,2) i=0 Vi

>y ¥ I

1

<
= 1
p=lz—z | 1ZP YEPy (1,2) i=0 §Z") —£(n)
(42)
W
< > Y @dH™" max {(2d) " —}
pzlz-z{"|"=P YEPup (1.2 im0 §(Z;) — &)
n—1 (1)
< expmax max 2nlog(2d) — Io Z — i
- Z W p n=p yePn,p(t,z){ g2d) Z(:) g(é( ! ) S(yl))}
p>1z—2 ") i=
since anp(Zd)_" <1 for p > 1. Fix some positive ¢ € (% —1, % — %). Notice

that this is possible since y < 2 and so % — % >0.Let p>|z— Z,(l)l, n > p,and
y € Py, p(t,z). By Lemma 4.1(e), the set G, is totally disconnected and so
n+1 n
(43) ny(¥,Grg) < |—— |5+ 1.
2 2
In each point y; € G,4,, we can estimate by Lemma 5.2

(44) log(£(Z") — €(y)) = logg, > (1/y — 1 — &) loglog .
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On the other hand,

n
(45) n-(,Grg) =n+1=ny(y,Grg) 2 7

and in each point y; ¢ G,,¢, we get by Lemma 4.1(d)
1
46)  log(£(Z{") — () =log(&k) — &) > (1/y — e)loglog1

by Lemma 5.2. Using (44) and (46) and taking into account that the last point Z,(l)
of the path belongs to G, but does not contribute to the sum, we obtain

2nlog(2d) — Zlog (z") —&0m)

<2nlog(2d) — (n+(y, Grg) — 1)(1/y — 1 —¢&)loglogt?
—n_(y,Grg)(1/y —e)loglogt.

Since 1 i 1—-e<0 and — & > 0, we can estimate further using (43) and (45)
2nlog(2d) — Z log(£(z") — £(vi)

<2nlo (2d)——(1 y —1—¢)loglo t—z(l y —¢)loglogt
g 3 glog 5 glog

=2nlog(2d) —n(1/y —1/2 —¢)loglogt.
Since % — % — ¢ > 0, this function is decreasing in n and can be estimated by its

value at n = p. This implies
2nlog(2d) — Z log(&(z") — ()

< 2p10g(2d) —p/y —1/2 —¢)loglogt < —péloglog?
with some & > 0. Substituting this into (42), we obtain

w@ =< Y. (logt)_p552(10gt)—5|z—2z(])|‘
p=lz—z)

Since v;(z) decays geometrically in distance of z from Z,(l), (logt)~% — 0, and
v,(Zt(l)) = 1, the statement of the lemma is now obvious. [

REMARK 9. Observe that, similarly to the proof of Proposition 4.3, we have
a competition of the positive and negative terms in the sum in (42), and we
want the negative terms to dominate. The contribution of the positive terms is
of order (1/y — 1)loglogt and the contribution of the negative terms is roughly
(1/y)loglogt. This leads to the condition 1 — 1/y < 1/y, which restricts our
proof to the case 0 < y < 2.
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PROOF OF THEOREM 1.1. We have

wt,z")
e —U® #sz u(t, z)
47) i
U™ Y mt,+U0O" Y uat,2).
#z" zeZd

The second term converges to zero on the event £:(¢) by Lemma 5.1. The first term
satisfies the conditions of [8], Theorem 4.1, with B=B;, V=&, and ' = {Zt(l)},
which implies that, for all z € B;,

1
i (t,2) <ur (6. Z0) v l3ve (2).
Observing that U (t) > u (¢, Z,(l)) and u (¢, z) =0 for z ¢ B;, we obtain
U™ Y wmeo<lvli Y w@,
z(M zeBN\Z")

which converges to zero on the event £.(¢) by Lemma 5.3. As both terms in (47)
converge to zero on the event &, (¢) and Prob{&.(t)} — 1 by Proposition 3.2(b), we
obtain that

Cu(, 2
0

—0 ast — 0o
in probability. [J

6. Ageing. In this section, we discuss the ageing behaviour of the parabolic
Anderson model. Throughout this section, we assume that y > 0. As we pointed
out in the Introduction, although the results proved in this section hold for all
y > 0, they only imply ageing of the parabolic Anderson model for 0 <y <2 as
otherwise the solution ¥ may not be localised at Z,(I).

We begin by showing that whenever the maximiser of W has moved from one
point to another, it cannot go back to the original point.

LEMMA 6.1. Fors > 0,{T; > s} = {Z,(I) = ZI(JIF)S} eventually for all t.

PROOF. If T; > s, then Zt(l) = ZI(JIF)S by the definition of 7;. Suppose Zt(l) =
Z,(J]r)s but there is u € (¢, t 4-s) such that Zt(l) # zV Consider an auxiliary function
¢:[t,t +s] — R given by

1 1
11— 12"

23

o) =W (2") — w, (zV) =£(Z{") — £(zV) - loglog x.
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Observe that
|Z(1)| _ |Z(1)|

o' (x) = (log x loglogx — 1)

yxZlogx

and so ¢’ does not change the sign on the interval [z, ¢ + s] if ¢ is large enough.
Hence, ¢ is strictly monotone on [¢, t 4+ s]. However, this contradicts the observa-
tion that ¢(z) > 0 (since Z,(I) is the maximiser of W, and Z,gl) + Zt(l)), o) <0
(since Z,El) is the maximiser of ¥, and Z,(l) #+ Zf,l)), and ¢(t + s) > 0 (since
Zt(l) = Z,(i)s is the maximiser of W, and Z,Sl) #* Z,(I)). O

Now we are going to compute the probability of {Z,; M Z,(Bwt}, w > 0, using
the point processes I1; = I1; ¢ studied in Section 3. However, we need to restrict
them to a finite box growing to infinity to justify integration and passing to the
limit. In order to do so, for each n € N, we define the event

A, w,t) = { 20 =N, W 0 (2) < Wy (Zt(l)) vzeZ9 st Y; . > —n}
and show that Prob{Z,(l) = Z,(:L)wt} is captured by the probabilities of these events.

LEMMA 6.2. Forany w > 0,

lim Prob{Z" =z}, ,} = lim 1lim Prob{A(n, w, )},

t—00 n—00 —00

provided the limit on the right-hand side exists.

PROOF. To obtain an upper bound, observe that
(48)  Prob{z;" = Z{}),,,} < Prob{A(n, w,1)} + Prob(¥, ,0) < —n).
By Proposition 3.2,

(49) Jim_ 1im Prob{Y, o) < —n} = lim Prob{Y" < —n} =0.
n—od

.z

For a lower bound, we have

(50)  Prob{z" = Z{),,} > Prob{A(n, w, 1)} — Prob{Y, 20 <-n).
Observe that for all z we have, as t — 00,
Wi (2) = 6(2) — % loglog(r + wr)
(51) — 0+ ﬁ(loglogt +o(1)
=)+ dy 2 'Z'( L+ o(1)

t1+
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and so the condition Y ; < —n is equivalent to

Zi e
M )
(52) YivwlZipw) = WO [ 2wl (1+o(1)) < —n.
dy, I+w r
It is easy to see that r; 1, ~ (1 + w)r;. This implies that d;,, ,, ~ d,, and
Aryy — ar, ~ dy,y " dlog(1 + w).
Now condition (52) is equivalent to
(1) (1
v Z — Z
[ e Zivun) =@ |, g1og(1 4 w) — wo 2wl ’*“”'](1 +o(l)) < —n
drH_w, Tt+wt

and by Proposition 3.2 we obtain

lim lim Prob{Y

Ny <-—n
n— 00 f— 00 I,Z,(Qw; - }

+ y_ldlog(l +w) —w

1
n—>00 t— 00 l"‘wﬁzr(-»—)wt

(1)
0 |Zt+wt |]
Ft+wt

= lim lim Prob{[Y
(53)
x (14+o0(1)) < —n}
_ T (e8] -1 _ (e8] S
_nll)ngoProb{Y +y dlog(1+w) —wd| X"V | <—n}=0.

Combining the bounds (48) and (50) with the convergence results (49) and (53),
we obtain the required statement. []

Now we show that the probabilities of the events A(n, w, t) converge to a finite
explicit integral.

LEMMA 6.3. For any w > 0,

nli)ngml_i)rgoProb{A(n, w, 1)} = ./Rd exp{—v(Dy(x, y))}v(dx, dy) < oo,

xR
where Dy, (x, y) has been defined in (8).
PROOF. We have
Prob{A(n, w, 1)}

= Prob{(Zt(l)rt_l, Y Z“)) €dx xdy,
Ly

R4 x[—n,00)

1
\Ijt+wt(z) < \IJH_wt(Zt( )) Vz e Zd S.t. Yt,Z > —n}
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Observe that according to (51) the condition Wy (2) < Wiy (Z,(l)) is equivalent
to

(1)
wb  |z] 0 wo |Z; |
v d,———(1 1)) <Y, (Z d, ——— 1 D),
1(2) + r’l—l—wrt( +o( ))_ l‘(t )+ "Trw n ( +0())
that is, to
Voo + 20 Bl oay <y +w_9|z§”|(1+0(1))
t,z 1+wr — t,Zr(l) tw r .

Consider the point process IT; on I:I:,f, where o € (GH_Lw, 0). The requirement
{(zMr Yy dx x dy, ¥ ) < Wy (ZM)VVzezd s Y, = —
t e t,Z,“))e x xdy, Wiy (2) < t+wt( t z€ S.L Iy = ”}
means that I, has one point in dx x dy and no points in the domain

Dy (x,y) = (RY x [y, 00))

U{()E,)_/)E]Rdx[—n,oo):

wo |x| _ . wolx| }
— 1 D) < — 1 D).
y+ lew( + o( ))_y+1+w( +0(1))
Hence, by Lemma 3.1,
lim Prob{A(n, w, 1)}
t—00
= lim Prob{I1;(dx x dy) =1, I1;(Dy,w,(x, y)) = 0}

1=00 JRY x[—n,00)

= Prob{I1(dx x dy) =1, I1(Dy (x, y)) = 0}

R4 x[—n,00)

= exp{—v(Dp,w(x, y))}v(dx,dy),

R4 x[—n,00)
where

Dy (x, ¥) = Dy (x, ¥) N (RY x [—n, 00)).

Taking the limit in this way is justified as bAI__,‘f’ is compact and contains RY x

[—l’l,oo).
It remains to show that
lim expi—v(Dp w(x, v(dx,d
(54) I fe oy TP (P D), )

= RdXReXP{_V(Dw(x, ) }v(dx, dy) < oco.
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Observe that v(Dj, , (x, y)) > v(RY x (y,00)) forall x € R4 and y > —n. Then
LRd [ n.00) (¥ ¥) €Xp{—v(Dyw(x, 1))} < exp{—v(RY x (y, 00))}.

It is easy to see that exp{—v(R? x (y, 00))} is integrable with respect to the mea-
sure v on R x R since using (18) and the substitution u = e~"> we get

d
/RdXRexp{—v(]R x (y,00))}v(dx,dy)

0
=/ /d yexp{—yy —y0lx| = 2(y0) e} dx dy
(55) —o0 JR N
=2/0) ! [ yexpl-yy —2(r0) e} dy
—00

=24(y6)~@ /OOO exp{—29(y0)"u}du = 1.
Now (54) follows from the dominated convergence theorem. [
Finally, we combine all results of this section to prove ageing.
PROOF OF THEOREM 1.3. For any w > 0, we have by Lemmas 6.1, 6.2

and 6.3,
o . h_ 0
F(w):= ll_l)rgoProb{]}/t <w}=1- tl_lngPrOb{Zt( = Z,Jr)w,}

=1— lim lirgoProb{A(n, w, 1)}

n—>oo t—
= 1—/RdXRexp{—V(Dw(x,y))}v(dx,dY)~

Observe that exp{—v(Dy(x, y))} < exp{—v(Rd x (y,00))} which is integrable
with respect to the measure v by (55). Since v(Dy,(x, y)) = v(Dy,(x, y)) when-
ever w — wq € (0, 00) the function F' is continuous.

If w — 0+ then v(Dy (x, y) — v(RY x (y, 00)) and by (55) we obtain

lim F(w)=1 —f exp{—v(Rd x (y,00))}v(dx,dy)=0.
w—0+ R4 xR
Finally, if w — oo then v(Dy,(x, y)) = v(Dxo(x, ¥)), where
Doo(x,y) = {(%,7) e RY x R:y +0]x| <5 +0|%[} U (R? x [y, 00)).
Compute

»(Doo (x. ) z/

X|> x|

o0
| vexpl-yi - yoI%l| dd3
y+0|x|—-01x]|

:exp{—yy—y0|x|}/ dx = oo.

[X|>|x]

Hence, F(w) —> 1 as w — oo. [
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