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Abstract. The purpose of this article is to develop a theory behind the occurrence of “path-integral” kernels in the study of
extended determinantal point processes and non-intersecting line ensembles. Our first result shows how determinants involving
such kernels arise naturally in studying ratios of partition functions and expectations of multiplicative functionals for ensembles
of non-intersecting paths on weighted graphs. Our second result shows how Fredholm determinants with extended kernels (as
arise in the study of extended determinantal point processes such as the Airy, process) are equal to Fredholm determinants with
path-integral kernels. We also show how the second result applies to a number of examples including the stationary (GUE) Dyson
Brownian motion, the Airy, process, the Pearcey process, the Airy; and Airy,_, | processes, and Markov processes on partitions
related to the z-measures.

Résumé. Le but de cet article est de développer une théorie autour des noyaux de la forme « intégrale de chemin » qui apparaissent
dans 1’étude des processus déterminantaux et des familles de chemins sans intersection. Notre premier résultat montre comment
des déterminants avec de tels noyaux apparaissent naturellement dans 1’étude du quotient de fonctions de partition et d’espérances
de fonctionnelles pour des familles de chemins sans intersection sur des graphes avec des pondérations. Notre second résultat
montre comment les déterminants de Fredholm avec des noyaux étendus (comme ceux que 1’on trouve dans le cas du processus
déterminantal Airy,) sont égaux a des déterminants de Fredholm avec des noyaux de la forme « intégrale de chemin ». Nous
montrons aussi comment ce second résultat s’applique a une grande variété d’exemples dont le mouvement Brownien stationnaire
de Dyson, le processus Airy,, le processus de Pearcey, les processus Airy; et Airy,_, | ainsi que les processus de Markov sur les
partitions reliées aux z-mesures.

MSC: 60B20; 60G55
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1. Introduction

The Airy, process is a universal scaling limit of a wide variety of probabilistic systems including random ma-
trix theory, random growth processes, interacting particle systems and directed polymers in random media (see
[28,48] and references therein). Denoted Airy,(-), it is defined via its consistent finite dimensional distributions:
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Here x is an operator which acts on functions f:{#1,...,#,} x R— R as

xfi,x):= 1x>s,‘f(tiax)~

The operator K5*' acts as
n
RS F 00 =3 [ dvRS ity £ 01,9,
— Jr
j=1

where K5*(s, x; 7, y) is the “extended” Airy, kernel given by

KS¥ (s, x;t,y) = { 3 gxe—MS_—;) f‘l(x .+ P A .+ Y %f $=r

— [T deTMETD Aj(x + 1) Ai(y + 1) ifs <1,
with Ai(x) the classical Airy function. The right-hand side of (1) is the Fredholm determinant of the identity minus
a trace class operator (see Section 3.1 for definition and details) and the measure p appearing there is the product of
counting measure on {f1, ..., t,} and Lebesgue measure on R.

The formula given in (1) for the finite dimensional distributions of the Airy, process becomes increasingly cum-
bersome as 7 increases. This is due to the n-dependence in the L? space on which the operators act. When taking a
limit of a sequence of operators, or their determinants, it is convenient to have the operators all act on the same L?
space, rather than a sequence of different spaces.

In Préhofer and Spohn’s initial work on the Airy, process (see Section 5 of [43] for n = 2 or [26,44,46] for n > 2)
the extended kernel formula is shown to be equivalent to the following “path-integral” kernel formula:

n
P(ﬂ{AiI'yz(li) <s; }) — det([ — K+ 13“ e(”_m)HI;n . e(tnfl—tn)Hév’le(tn—tl)HKz)Lz(R). 2)

i=1

Here K>(x,y) = K‘;’“(O, x;0,y) is called the Airy, kernel, Pog(x) = 1,<sg(x) is a projection operator and H =
—A + x is called the Airy Hamiltonian because H Ai(- —s) = s Ai(- — 5) (A is the Laplacian on R). The dependence
on n has been absorbed into the operator rather than the L? space, and it is now plausible to take a large n limit.

The reason we call this a path-integral kernel is because a portion of it can be written in terms of the expectation
of a certain path-integral. By the Feynman—Kac formula (cf. [35]),

n

— _ — _ - _ fnb d

Py, el tz)HPSZ et tn)HIanf(x) =Ep()=x |:f(b(t,,))e fq (s)ds Hlb(t[)<s;:|» 3)
i=1

where b:[f1, t,] = R is the trajectory of a Brownian motion with diffusion coefficient 2 starting at b(#1) = x.
Lett; < --- <t, fill out the interval [¢, r] and let s; = h(¢;) for some function % : [¢, 7] — R. Then as n goes to
infinity, the above operator has a limit in trace norm (see [26] or Section 4.2 below for details) given by

rE f ) =Eppax[f(b()e P08, ],

where {b < h} denotes the event {b(s) < h(s), Vs € [£, r]}. Thus, it is shown in [26], Theorem 2, or Eq. (41) below
that

P(Airy;(s) < h(s), Vs € [€,r]) =det(l — K2 + I',e" "% K3) 5 . @)
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The above formula proved useful in [26] in providing a direct proof that the value of the maximum of the Airy,
process minus a parabola is distributed according to the (GOE) Tracy—Widom distribution; and in [39] (see also [9,
22,50,51]) in computing the joint distribution for the value and location (in ¢) of the maximum. The two-time path-
integral kernel formula in [43] was utilized to compute asymptotics of the two-time covariance of the Airy, process,
since the extended kernel does not easily yield this. Note that the left-hand side in the last formula presupposes the
existence of a continuous version of the Airy, process. This was first shown to exist in [32].

What is remarkable about formula (4) is that the right-hand side is simple (despite the cumbersome finite dimen-
sional distributions given above) and the event in question in the left-hand side has a clear translation into the operator
Fgfr. As a further application of the Feynman—Kac formula as well as the Cameron—Martin—Girsanov formula (see

[26]), the integral kernel of Fehr can be expressed as
I, ) =Pyymr 2. b=y 2 (b(s) < h(s) — s* for all s € [£, r]),

where b is now a Brownian bridge run from x — ¢% at time £ to y — r2 at time r (this means that thr fx) =

i dng’fr (x, ) f(y)). In other words, the probability that the Airy, process hits a function /& can be expressed as the
Fredholm determinant of an operator which is partly expressed by the probability that a Brownian bridge hits the same
function (minus a parabola).

We will now see how these formulas for the Airy, process are part of a more general result.

1.1. Extended kernels and the path-integral kernel in a general setting

There are many other examples of extended determinantal point processes (some given in Section 4) and our aim is
to find path-integral kernel formulas for these other processes. This may have further applications, although we do
not address them here. For example, besides the previous work of [44], in [46] a path-integral kernel formula was
discovered for the Airy; process and used to prove existence of a continuous version of the process and its Holder
regularity.

When the Airy, process was introduced, it arose as the top layer of the multi-layer Airy, process, which will be
denoted {Airy,(i;t): i € Z>1,t € R} and is such that Airy, (i; ) > Airy,(j; t) fori < j. As ¢ varies, Z?il SAiry, (i31)
forms an R-indexed collection of point processes which has the structure of an (extended) determinantal point process
(see [10] and references therein) with correlation kernel K EX‘(S, X;t,y).

This has the following consequence. For | < --- <1, fixg;, :R— Randletg, =1—¢;.Forg:{r;,...,t,} - R
define ¢(g) := ]_[7:1 q1;(g(t;)) and likewise define g(g). Then (given some conditions on g to ensure convergence —
see Section 4.2 below)

o0
E[Hg(Airyz(i; .))} =det(/ — QKS’“)LQ({I‘1 ..... xR 5)

i=1

where Qf (#;, x) := q;, (x) f (#;, x). The left-hand side above is referred to here as the expectation of a “multiplicative
functional” of the multi-layer process. When ¢;, (x) = 1, (and hence g, (x) = 1,<y,), the above formula reduces to
(1) with Q = .

Our first result shows that the type of identity between extended and path-integral kernel Fredholm determinants
which one gets by equating the right-hand sides of (1) and (2) is quite general and dependent on a few structural
properties of the kernels.

In stating our results presently, we leave out a number of technical assumptions (see Section 3 for these details)
and assume that we have the following collection of operators on functions f:{t{,...,t,} = R:

e Foreach 1 <i, j <n, W, ,; (with the convention W, ;, = I).
e Foreach1 <i <n, K;,.
e A diagonal operator Q such that Qf (¢, ) := Qy, f(t;,-) wherefor 1 <i <nand g:R — R, 0, g(x) :=¢; (x)g(x).

Theorem 1.1 (Theorem 3.3, with technical assumptions suppressed). Let t; < --- < t, and assume that for all
1 <i < j <k <n the following holds:
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L] nght-mvertlblllty Wtis[thj!ti Kll' = Kti'
o Semigroup property: Wy, Wr, o, = W, 1.
o Reversibility relation: Wy, 1, Ky, = Ky Wy, 1

Then
det(I - QKeXt)Lz({rl,...,tn}xR) =det(/ — Ky, +§t| Wll,fzatz ’ ”thflvlnafnwtn’ll K2 mw):

where

Wi ;K (x, y) ifi > J,
K*'(t;, x:tj,y) = ] P
(lv-xa ]vy) {—Wz,-,rj(l—sz)(xsy) lfl <J,

and@ti =1-0;.

This is proved in Section 3.3 essentially via linear algebra.

Letting Wti,,j =e W—tH, K; = K> and Qy, = P;, we recover the equality (2) for the Airy, process. More
generally, the result implies that the expectation of a multiplicative functional of the multi-layer Airy, process (5) can
be expressed in a similar way, by replacing each Ps; by Oy, on the right-hand side of (2).

In Section 4 we apply this theorem to a variety of examples of extended determinantal point processes such as
the stationary (GUE) Dyson Brownian motion, the Airy, process, the Pearcey process, and Markov processes on
partitions related to the z-measures. We also show how the identity applies to signed extended determinantal point
processes such as the Airy; and Airy,_,; processes. In the case of the stationary (GUE) Dyson Brownian motion and
the Airy, process, we also obtain the continuum limits of the corresponding path-integral kernel formulas (which is
likely doable in other cases as well).

1.2. Ensembles of non-intersecting paths and the path-integral kernel

The multi-layer Airy, process arises as the scaling limit of a variety of ensembles of non-intersecting paths (see for
instance [31]). The occurrence of extended kernel determinants in such ensembles is a consequence of the Eynard—
Mehta theorem, which implies the existence of an extended determinantal point process structure [20,27,32,40,54].
The equivalence of the extended kernel determinant formula with the path-integral kernel determinant formula which
is given in Theorem 1.1 (see also Theorem 3.3) is via linear algebra, but does not indicate why such a path-integral
kernel formula exists. Theorem 1.3 below provides a direct link between ensembles of non-intersecting paths and path-
integral kernel determinant formulas, and its proof boils down to the Lindstrom—Gessel-Viennot Lemma (recorded
below as Lemma 2.1). By first proving the path-integral kernel determinant formula and then relating it to an extended
kernel determinant formula, this provides another proof of the extended determinant point process structure for these
ensembles (i.e., the Eynard—Mehta theorem), see Section 1.2.1.

Let us now introduce, for given T € Z>p and N € Z>1, the ensembles of N non-intersecting paths of length 7'. Let
G = (V, E) be a finite directed acyclic planar graph with vertex set V.= Vo1 Vi U --- U Vr (here U represents the
disjoint union of sets) and directed edge set E = Eg—1 U E1—o U ---U E7_1_7 Where E,_,,+1 only contains edges
from x — y with x € V,, and y € V,,; 1. Here x — y denotes an edge directed from x to y.

As an example, let V, be vertices of 7?2 of the form (n,i) for n — i =0 mod 2 (and |i| < M for some M) and
let E, contain all directed edges from (x, n) to (x £ 1, n 4 1). Paths in this directed graph are trajectories of simple
symmetric random walks (constrained to stay within distance M from the origin), cf. Fig. 1.

We define a path m as a sequence of edges (eg = xo — X1,e] =X] = X2,...,e7_] =X7_] — XT) Where x; € V;
for 0 <i < T. For such a path, let 7 (n) = x, denote the nth vertex in the path.

To edges e € E we associate weights w, € R, and to a path = we associate a weight w () given by the product of
the weights w(e,) along the edges e, of w. For x € Vj and y € Vr we define a transition matrix

Wi, y) = Y wr),

TX—>y
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Fig. 1. An example of a graph G with source vertices X’ on the left-hand side and sink vertices ) on the right-hand side. Here there are N =3
non-intersecting paths which are shown in grey, with starting points 7; (b) and ending points 7; (d) fori =1, 2, 3.

where the summation is over all paths & from x to y. Instead of considering just a single path, we may consider
ensembles of N non-intersecting paths from elements of Vj to elements of V7 (by which we mean paths which use
disjoint collections of vertices). We define the collection of all such paths as

N.I(N):={I={m,...,ny}: Vi, 7; goes from Vy to V7 and no two paths intersect].

We will describe a measure on such an ensemble. This requires the introduction of two additional families of
functions. For N fixed, consider functions ¥; : Vo — R, 1 <i < N,and ¢;: Vr — R, 1 < j < N. Define the weight
of IT e N.Z.(N) as

N

Wi(IT) := det[; (7;(0))] szl (]_[ w (s )) det[g; (7 (T))]szl, (©6)

i=1

and the partition function as

Z= Y wi.

TeN.Z.(N)

If v; and @; are §-functions then the ends of the paths are fixed.
Assuming that Z # 0 we may define a measure (not necessarily positive but with total integral 1) on IT € N'.Z.(N)
as
We(IT)

V() = ——.

When each of the three factors on the right-hand side of (6) are positive (and thus, in particular, v is a probability
measure), one may think of v as follows. The determinants det[v; (77 (0))] lN =1 and det[¢; (7 (O))]fY =1 define mea-
sures on the collections of N initial points in Vp and N final points in V7. The weights w(zr;) in the middle factor in
(6) describe the transition probabilities for N independent paths (71, ..., my) connecting these points. The measure
v is restricted to non-intersecting paths, and the division by the normalizing constant Z means that v corresponds to a

probability measure conditioned on the N paths not intersecting.
Define (pg.o) :Vo — R by (p&o) x) = ZyEVT W(x,y)e;(y). Note that this implies that WV has a right-inverse on

span{(,oi(o)}i:1 which is given by W‘lwﬁo) =g;.

We will make the following biorthogonality assumption on the {y; }

0)}N .
i=1 j=1-

and {(pﬁ.

Y ie)” (1) =1ie;.

xeVy

Remark 1.2. Assuming Z # 0, one can show that it is always possible to perform a linear transformation in
span{lﬂi}f\’: | in such a way that the biorthogonality assumption is satisfied and v remains unchanged.
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The final concept we introduce is that of a path-integral functional, which is any function

fi1Es1 xEisox---xEr_i7 =R

such that
T—1
fleo,er,....er—1)=[] fulen)
n=0

for functions f, : E,—,+1 — R. This definition extends to a directed path 7 from Vj to V7 by setting f (;r) equal to f
applied to the ordered sequence of edges in 7. From the function f define a second set of edge weights w, := f, (e)w,
were n is such that e € E,,_, ,+1. With respect to these weights {i,.}.cr define a transition matrix

W,y =Y ().

TXx—>y

The following theorem is a consequence of Theorem 2.2, which is a similar result for a more general graph setting.
The theorem shows how the path-integral kernel determinant naturally arises from ensembles of non-intersecting
paths. A proof of the below result appears in Section 2.

Theorem 1.3. For any path-integral functional f as above

N
> [[£Gov(D) =det(1 = K + WW'K) 15
O=(r1,...nn)eN . I.(N) i=1

where K : LZ(VO) — L2(Vp) is given by its kernel

N
K@i, x) =Y o ()yi(x).

i=1

As we will explain in the proof of Corollary 1.4 below, the above result can also be seen as a consequence of
Theorem 1.1 and the known determinantal structure for ensembles of non-intersecting paths. Instead, we provide
a direct and simple linear algebraic proof of Theorem 1.3 using only the Lindstrom—Gessel-Viennot Lemma. This
provides an explanation of the appearance of path-integral kernel formulas.

1.2.1. Recovering the determinantal structure

As an application of Theorems 1.1 and 1.3, let us see how to recover the determinantal structure of the ensemble
of non-intersecting paths associated to the measure v. We would like to show that for any collection of vertices
{x1,...,xr} € V, the v-measure of the set

{IT e NZ.(N): all of the x; are visited by paths in IT}
can be written as det[ K (x;, x j)]ﬁ =1 for some fixed matrix K with rows and columns indexed by the set of vertices V.
This property can be seen as a consequence of Corollary 1.4 below which we show.

Consider any collection of functions ¢, : V,, - R, 0 <n < T — 1. Consider the space of matrices with rows and
columns indexed by V, and for notational convenience denote x € V,, as (n, x) so that matrix elements of a matrix
M are written as M (n, x; m, y). Define a matrix Q so that Qf(n,x) = qgn(x)f(n,x). Form <nand x € V,;;, y €
Vp define Wy, »(x,y) := Zn:x_)y w(m) (for m = n let this be the identity matrix). For x € V,, define (pﬁ.")(x) =

Y yevy War (X, )@ (). For x1, x5 € V,, define K, (x1,x2) = Y1 @™ (x1)¥; (x2). Note that for m < n, Wy, has
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aright-inverse on span{p""} ¥, which is given by W, | <p;m) = <p§."). We will write this inverse as W, ;. On account

of this we may define the following (extended kernel) matrix

Wm,nKn(xa y) if m>n,

ext . —
K= (m,x;n,y)= { Wi — Kp)(x,y) ifm<n.

Corollary 1.4. For any collection of functions g, :V,, - R,0<n <T — 1

N T-1

> [T (mm)van) = det(1 = QK= 5y, )

M=(my,....niy)eN . Z.(N)i=1 n=0

where we recall that w(n) denotes the vertex in V,, through which w passes and that g(x) =1 — gq(x).
This result is essentially a version of the Eynard—Mehta Theorem.

Proof of Corollary 1.4. We use Theorem 3.3 (the more general version of Theorem 1.1). The technical assumptions
are immediately satisfied since we are dealing with a finite vector space. The right-invertibility, semigroup property
and reversibility relation are all readily checked from the definitions of the W, , and K,,. As a consequence of that
theorem we find that we may rewrite the right-hand side of (7) as

RHS(7) = det(I — Ko + QoWo.101Wh2- - Q7 Wr—1.7Wr.0Ko) 12(vy)» ®)

where for x € V,,, Q,, f (n, x) := gn(x) f (1, x).

Define a path-integral functional f so that foranedge e € E,,,,+1 fromx € V,, toy € V.41, fu(e) =gn(x). As a
consequence, for any path 7 from Vy to Vr, f(m) = ]_[,{;01 qn(m(n)). This observation and Theorem 1.3 then imply
that we may rewrite the left-hand side of (7) as

LHS(7) = det(I — Ko +Wo,rWr,0K0) 12(vy)- )

Note that we have introduced the subscripts on the right-hand side to be consistent with the notation introduced before
the statement of the corollary. Due to the specific type of path-integral functional f, it is now straight-forward to see
that

Wo.r = QoWo.10i Wiz O Wr-1.7.
This implies that the right-hand sides of Egs. (8) and (9) match and therefore completes the proof of the corollary. [J

1.3. Outline

In Section 2 we prove a result about ensembles of non-intersecting paths on directed graphs (which implies The-
orem 1.3 above). In Section 3 we prove a general result (which implies Theorem 1.1 above) showing the equality
between certain extended kernel and path-integral Fredholm determinants. In Section 4 we apply this equality be-
tween Fredholm determinants to a variety of extended kernels from the literature, and in the Appendix we check the
technical assumptions necessary in order to do this.

2. Non-intersecting directed paths on weighted graphs
2.1. A general combinatorial result

Let G = (V, E) be a finite directed acyclic planar graph with vertices V and edges E. Fix source vertices X =
{x1,...,xy} and sink vertices ¥ = {y1, ..., yn}. Fix edge weights w, for each directed edge ¢ € E.

A directed path 7 is a sequence of vertices connecting a vertex in X to a vertex in Y via directed edges in E. Denote
the source vertex of 7 by 7 (b) and the sink vertex of 7 by 7 (d).! We say that two paths intersect if their vertex sets

I'We use b to denote the source, or base vertex; and d to denote the sink, or destination vertex.
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have non-empty intersection. To a directed path m we associate a weight w(;r) which is given by the product of w,
over edges e of . Define

W, y) = Y wir), (10)

TXx—>y

where the sum is over directed paths 7w from source vertex x to sink vertex y.
Define the ensemble of N directed non-intersecting paths from the elements of X to the elements of Y as

NI(N;X—=>Y)= {{m, ...,tn}: Vi, mi(b) € X, mi(d) € Y and no two paths intersect}.

Write IT = {my, ..., 7wy} for an element of N.Z.(N; X — Y). Note that the non-intersection condition and the fact
that X and Y have N elements ensures that {m|(b), ..., txy(b)} = X and {7 (d),...,ain(d)} =Y.

Lemma 2.1 ([30,36,38,53]). Fix N > 1. For any finite directed acyclic planar graph G with source vertices X =
{x1,...,xN}, sink vertices Y ={y1, ..., yn} and edge weights w, for each directed edge e¢ € E,

N
det[W(x;, yj)]ﬁlj:l = Z 1_[ w ().

MeNI.(N;X—Y)i=I

Consider now finite sets of source vertices X C V and sink vertices ) C V (with at least N vertices in each of X
and )). For such X and ) we can likewise define the ensemble of N directed non-intersecting paths from elements
of X to elements of ). Denote this ensemble N'.Z.(N; X — ).

Fix functions v;: & — R for 1 <i < N and functions ¢;:Y — R for 1 < j < N. For IT = {my, ..., 7y} with
source vertices {m{(b), ...,y (b)} C X and sink vertices {7|(d), ..., tn(d)} C YV we define the weight of IT as

N

We(IT) = det[y; (z; ()]}, <]_[ w(m)) det[gi (7 (@)},

i=1

Define a partition function for directed non-intersecting ensembles of N paths from X to ) with respect to weights
{we}eck and functions {w,-}fvzl, {(pj}ﬁ.v:] as

Z=7Z(X. Y Awebecr. (Wil (j)Y)) = > Wi(IT).
HeN.I.(N;X—)Y)

Forl <j §Ndeﬁnego§b):2(—>Rby
oV ()= W, e () (an
yey
and further define the operator K : L?(X) — L?(X) by its kernel (which is just an X-indexed matrix)
N
K(xi.x) =Y o () vi(x). (12)
i=1

Observe that W has a right-inverse on span{goi(b)}fv: 1» which we will denote by W1, given by

-1
4% Y =9j-
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(

In particular, since the range of K is contained in span{g;

to L2()):

b)}lNz I W™K is well defined as an operator mapping L?(X)

N
WK = (Wi, £ 2009 (13)

i=1

where (-, -) ;2 1s the inner product in L (X).
We say that the biorthogonality assumption is satisfied if

b ..
(vi. o )>L2(X) =1,—; foralll1<i, j<N.
Theorem 2.2. Let G = (V, E) be a finite directed acyclic planar graph. Fix sets of source vertices X C V and sink
vertices Y C V. Fix edge weights w, and a second set of weights w, for each directed edge e € E. Fix functions

VYi: X — Rfor1 <i <N and functions ¢;:Y — R for 1 < j < N which satisfy the biorthogonality assumption with
(p;b) defined via the w, weights. Write

Z=7Z(X, Y ek, (WilLy Api¥)2)) and  Z=Z(X, Y, (@ecr, (Widie). {0;})21)-

Then

NI N

where W+ LX) — LZ(X) is given by (10) with w replaced by w, and WK L2(X) > L2(Y) is defined in (13).

Remark 2.3. As will be clear from the proof, the biorthogonality assumption implies that Z # 0 (and, in fact, that
Z = 1). Conversely, one can show that if Z #+ 0 then there exists a linear change of basis in the space spanned by
{Ip,'}lN: | (or equally well the space spanned by {(,oj};v= 1) which leads back to the biorthogonality assumption being

satisfied and does not change the ratio Z /Z.
Before turning to the proof of the theorem, let us check that it implies Theorem 1.3.
Proof of Theorem 1.3. Recall that for the path-integral functional f, we defined a set of weights w, = f,(e)w,

where e € Eypi1. Let Z = Z(Vo, Vi, {weleer, (YidlLy, {9 }0)) and Z = Z(Vo, Vi, {We}ecr, (Wi} {0} ).
We claim that

=det(l — K + WW'K)

NI N

N
/HEN.I.(N;VO—> Vr) E l L2(Vo)

The second equality is an immediate corollary of Theorem 2.2. To see the first equality above observe that

N T-1

4 Wi (IT)
== > [TI] fa(mi) > 7itn+ 1))
Zz , Z
MeN.Z.(N;Vo—Vr)i=1n=0
N T-1 N
- dv(IT o (i i+ 1) = / dv(IT i
/IATEN.I‘(N;VOAVT) . )ng (i) = min +1)) MeN I.(N:Vo—Vr) a )Ef(n)

as desired. O
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Proof of Theorem 2.2. The proof is linear algebra. We may rewrite Z by first summing over the subsets of X’
and ) which host the source and sink vertices, and then considering all non-intersecting paths between these sets.
Thus

N
~ N - N
Z= Yoo ety ( > 1 w(m)) detfei 0],
X={x1,x2,...xy}CX MeN . I.(N:X—Y)i=I
Y={y1,y2,--,yN}CY

= Y detfyip] _ det W ] detfgi o] -
{x1,x2,...,.xN}CX

{y1,y2,INICY

The second line follows by an application of Lemma 2.1.
We may now apply the Cauchy—Binet identity twice. The first application is with respect to the summation in the
x’s, and it yields

N
Yoo detfyixep]) L etV yp]; = det[z VW, y,,)}

{x1,x2,...,xy}CX xeX

i,j=1

The second application likewise is applied to the summation in y’s and yields that

Z=del| Y v Wer v )|
'

N
. (14)
i,j=1

Observe that by the same argument we can obtain an analogous expression for Z with W replaced by W. However,
by the definition of (p;.b) we find that

xeX i,j=1

N
z= det[z vi <x>go§b)<x>}

By the biorthogonality assumption,

Y vi@e ) =i, )20, = iz

xeX

and hence Z = 1. Now observe that we can rewrite the kernel in appearing in (14) as

D UOWE, () = Wi, ¥j) 121,
xeX
yey

by using the definition of the operator W and the inner product on L?(X).
Therefore, it remains to prove that

~ -1 ~ N
det(/ — K +WW7'K) 5y = det{ Woi, ) 2 ;- (15)

To prove the above statement we will write down the matrix for the operator / — K + WW~IK in the ba-
sis ((pfb), ey cpl(é’), (span{l/fl-}lN: 1)l), where (span{w,-}lN: l)l represents any basis of the orthogonal complement of

(b)
J

N

span{y; };_ | in L?(X). Let us consider the action of the operator K on the basis elements. On ¢'” one sees that K
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acts as the identity operator:

N N
(KoM =Y (Z o (e <x2>)¢>§-”) @)=y ¢ <x1>< 3 Yi)e!” (X2)>

xpeX \i=1 i=1 x€X

N N
b b b b
=Y o)W, 0) 2y = D0 D lizj =0 (x1).
i=1 i=1

N

It is likewise clear that K acts on the basis elements of (span{;};_, )™ by taking them all to zero. Thus we may write

K as the matrix

1|0
“=(615),
where the two blocks correspond to the basis elements {(p;b)}llyzl and (span{y; }lN: l)L. This shows that

00
k= (219).

The remaining operator to study is Ww-IK. Writing the corresponding matrix in blocks as above we get from
(13) that

w1k = (410
* | 0)°

where the N x N matrix A is yet to be determined. The value of the star is not important. To see this, write

1—K+WW—1K=<A O)
x | 1

and observe then that

det( — K + WW~IK) =det[A; 1Y, (16)

L2(X)

The value of A; ; can be found by using the inner product,

~ b
Aij =W KO W) o -

Recalling that W™K gpl.(b) = ¢; we deduce that

Ai,j = (W(Ph 1lfj>L2(/\()~

Combining this with (16) proves (15) and hence completes the proof of the theorem. ]

3. Equivalence of extended kernel and path-integral kernel Fredholm determinants

There are various types of limits one can take of graph-based non-intersecting line ensembles. In this section we
will show that formulas of the type given in the previous section survive these limits. We do not prove this directly
via a limit transition, but rather show how such formulas arise via manipulations of the extended kernel Fredholm
determinants which describe these limiting systems. The main result of this section is, therefore, the equality of two
types of Fredholm determinants.

This equality will be stated in an abstract setting in this section, and later applied to several examples in Section 4.
A concrete example to keep in mind is the Airy, process, which we will use throughout this section to illustrate
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the objects we will introduce and the assumptions we will make on them. The Airy, process was introduced in the
Introduction and is discussed in further detail in Section 4.2, we refer the reader there for details and just recall the
definitions of the Airy Hamiltonian H = —A + x and the Airy kernel K> (x, y) = fooo dr Ai(x 4+ 1) Ai(y + 1).

3.1. Fredholm determinants

Let us briefly introduce some of the basic notions related to Fredholm determinants (we refer the reader to [52] for
more details). Consider a separable Hilbert space A and let A be a bounded linear operator acting on H (H = L*(R)
in the Airy, case). Let |A| = v/ A*A be the unique positive square root of the operator A*A. The trace norm of A is
defined as ||A|l] = Y, (en, |Aley), where {e,},>1 is any orthonormal basis of . We say that A € 151 (H), the family
of trace class operators, if |A||; < oo. For A € B{(H), one can define the trace tr(A) = 2311 (en, Aey,). For later
use we also define the Hilbert—Schmidt norm | A|2 = /tr(|A|?) and say that A € B, (), the family Hilbert—Schmidt
operators, if ||All2 < co. Given A € By(H) one can define a generalization of the finite-dimensional determinant,
the Fredholm determinant det(I + A)y. We refer the reader to [52] for the details of the definition in this level of
generality and just point out that, as expected, det({ + A)y = [[,,(1+A,), where 4, are the eigenvalues of A (counted
with algebraic multiplicity).

The result presented in this section (Theorem 3.3) can be stated, under some conditions, for operators acting on a
general separable Hilbert space. Nevertheless, in order to keep the presentation as simple as possible, and since it is
the setting we need for the examples in Section 4, we will restrict ourselves to the case of integral operators on an L?
space.

More precisely, we assume we are given a measure space (X, X, u) and consider the Hilbert space L2(X, n).
For brevity we will drop u from the notation. We will also denote by M (X) the space of real-valued mea-
surable functions on X. By an integral operator we mean an operator A: D C M(X) — M(X) acting as
Af(x) = fx w(dy)A(x, y) f(y), where A: X x X —> R is the integral kernel of A. We will often speak inter-
changeably of an integral operator and its kernel. In particular we have abused notation by using the same let-
ter to denote an integral operator and its kernel. We recall that the product of two integral operators is defined by
AB(x,y) = [y n(d2)A(x, 2)B(z, y).

Though we will not appeal to this, we note that the Fredholm determinant det(/ — K);2x, of a trace class op-
erator K : L?>(X) — L?(X) with continuous (in both x and y) integral kernel K (x, y) has the following (absolutely
convergent) series expansion

(=D
k!

k

det(I—K)Lz(X)zl—}-Z /Xdu(xl)-~-/Xd,u(xk)det[K(xi,Xj)]l’jzl. (17)

k>1

3.2. Assumptions for the theorem

In order to state the main theorem of this section in a fairly broad context, we must introduce a few operators and im-
pose certain assumptions upon them. Most of the assumptions are technical and intended to ensure well-definedness or
finiteness of the various quantities involved in the statement of the theorem. The main (not just technical) assumption
is given in Assumption 2.

Fix #j < --- < t, for the duration of this section. We will be interested in comparing the Fredholm determinant
of certain integral operators acting on the Hilbert spaces L?(X) and Lz({tl, ..., Iy} x X) (the measure we use in
the second space is the product of the counting measure on {t1, ..., #,} and ). The operators we consider will be
constructed from the following four families of operators:

Foreach 1 <i < j <n, an integral kernel W, ;, (for convenience we also introduce the notation W, ,, = I).

For each 1 <i < n, an integral kernel K.

For each 1 <i < j <n, an integral kernel W,j,,i K;, (for convenience we also introduce the notation W, , Ky, =
K:).

e For each 1 <i <n, amultiplication operator Q;, acting on M(X) as Q;, f(x) = g;, (x) f (x) for some g;, € M(X).
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The reason for the choice of notation W, i K;, in the third family of operators is that we will assume below that
W, 7 W,_/., 1 Ky, = Ky, fori < j (so that even though it is not defined above as its own operator, W, i, can be thought
of as a right inverse of W,i,tj on the range of K;,).

We make the following (technical) assumption.

Assumption 1.

(i) The integral operators Q,‘.W,,.,tj, 0, Ky, Qt[W;[,,/. Ky, and Q,_/.W;j,,i K; for 1 <i < j <n are all bounded
operators mapping L*(X) to itself.
(i1) The operator

Ktl - atl Wﬂ,l‘zatz e Wt,,_l,tnatnwtn,t] Kt] )
where a,}. =1 — Qy,, is a bounded operator mapping L2(X) to itself.

The last operator in the assumption will appear in the formula provided in Theorem 3.3. An alternative expression
for this operator, which is in some cases more convenient for checking the assumption, is given in Lemma 3.1.

In the case of the Airy, process we take X =R, choose  to be the Lebesgue measure and set W, ;; = eli—t)H
K; = K>, and er,t,- K; = eW—WHK, forl <i < J < n.One can take for example the operators Q;, to be projections
on intervals (g;, 00), thatis, Q, f(x) = 1;~4 f (x), which corresponds to studying the finite dimensional distributions
of the Airy, process (we will make a more general choice in Section 4.2).

Going back to the general setting, we will make a certain algebraic assumption on the operators W, +;, Ky, and
Wy ot Ky,

Assumption 2. For eachi < j <k the following hold:
(1) Right-invertibility: Wy, Wi, 1, Ky = Ky,

(ii) Semigroup property: Wy, 1 W, 1, = W, 4.
(iif) Reversibility relation: W, ¢, Ky, = Ky W ;.-

The second property is clear in the Airy, case, while (i) and (iii) follow from the fact that K> is the projection
operator into the negative (generalized) eigenspace of the Airy Hamiltonian H (see Section 4.2).

Let us now explain how these operators will be used. Using the kernels introduced above we define an extended
kernel K as follows: for 1 <i, j <nandx,y € X,

Wi 1. K (x,y) ifi >j,
ext .. . g, _ islj J
K=, x5, y) = { Wi, (I = Ki)(x,y) ifi < . (18)

This definition coincides with the usual notion of extended correlation kernels of determinantal point processes, cf.
[10,20,27,32,40,54]. In the case of the Airy, process, it coincides with the definition given in the Introduction and in
(40). As an operator, K acts on f € Llloc({tl, oot} x X) as

K900 =3 [ K Gority 00,
j=1

See Section 4 for concrete examples.
We also need to make the following (technical) analytical assumption.

Assumption 3. One can choose multiplication operators Vy,, th , Uy, and Ut’[ acting on M(X), for 1 <i <n, in such
a way that:

(i) ViV, Qy = Qy and K, U Uy = Ky, forall 1 <i <n.
(i) The operators V;; Oy, Ky, V,;, Vi, QWi 1; Vt;, Vi, Qi Wi 1, K Vz; and Vi, Q1 Wy, 1, Ky, Vt; preserve L*(X) and are

trace class in LZ(X),for alll <i<j<n.
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(iii) The operator Uy, Wy, o, Kty — O Witier ** Qs W10 @t Whon K, 1U;, preserves L%(X) and is trace class
in L2(X),f0r all 1 <i <n, where a,i =1—-0;.

The primes in U,/i and Vt; mean that these are almost (left) inverses of the operators U;, and V;,, and hence the
multiplication by these operators in (ii) and (iii) should be thought of as a conjugation. The distinction is because in
many cases it will be necessary to let V;; be multiplication by a function which is 0 where ¢;, is 0, in which case V;; is
not invertible, with an analogous situation for U;, and Ut’i.

Before stating the main result of this section, Theorem 3.3, let us state a formula which reexpresses the operator
appearing in Assumption 3(iii). Besides being used in the proof of the below theorem, this formula is often useful in
checking the assumption (for example, as in Remark 3.2).

Lemma 3.1. Writing @t =1 — Q;,we have, forany 1 <i <n,

Wi Kty = QWi @ty -+ Wity @1, Wit Ky

n n—j
_ k
= E E (=D E Wiit; Qti Wi tay Qiay Wiay tay Qo Wiay_ e, Lty Wiay .11 Ky -
j=i k=0 Jj=ap<a)<---<arg<n

We postpone the proof of this lemma until the end of this section.

Remark 3.2. Suppose that there exist multiplication operators ‘7,1. and Vzi acting on M(X), for 1 <i <n, in such a

way that:

() V,V,, 01, = Qy and K, V,,V| = K, forall 1 <i <n.

(ii) The operators 17,1. 0, K, V,;, \7,,. QWi 1 \7,2, 17,l. O Wy .1; Ky Vt’/ and V,j 01 Wi, 1 Ky, V,Z preserve L*(X) and are
trace class in L2(X),f0r all<i<j<n.

Then it is not hard to check, using the formula given in Lemma 3.1, that Assumption 3 holds, taking U, = Vt; = \7,:

and Ut/,» =V, = \7,,. (see the end of the proof of Corollary 4.6 in the Appendix for more details). In the case of the

Airy, process, when the operators Q;, are of the form Qy, f (x) = 1x>q, f (x) as discussed above, both \7,,. and ‘7,: can
be taken to be the identity. If, on the other hand, one assumes q;,(x) to be 0 for x < a; but to grow at a certain rate
for x > aj, as we will in Section 4.2, then it is necessary to choose these operators more carefully (see the proof of
Corollary 4.6).

3.3. Identity between extended and path-integral kernel Fredholm determinants

Define a diagonal operator Q acting on f € M({t1,...,1,} x X) as

Of (i, )= Qy fti,). (19)
Note that, by Assumption 1, QK preserves L>({r1,...,1,} x X). The following result expresses the Fredholm
determinant of  — QK on L2({ti, ..., ,} x X) as a Fredholm determinant on L2(X). The first example of such a

formula was provided by [43] for the case of the Airy, process (see also [44]). This was later extended to the Airy,
process in [46]. This type of formulas have recently been found to be very useful in the study of these processes, see
for example [26,39,45-47].

Theorem 3.3. With the above notation, and under Assumptions 1, 2 and 3, we have

det(] — QKCM)LZ({n t}xX) = det(l — Kfl + Etl Wt] Jzafz T Wt,,,l,tnatn Wlmfl Kfl )LZ(X)’ (20)

,,,,,

where @, =1—-0;.
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Remark 3.4. The operators appearing in both Fredholm determinants preserve L*(X) by Assumption 1. Moreover,
the Fredholm determinants are well-defined thanks to Assumption 3, even though the operators appearing there are
not necessarily trace class. In fact, if we define the diagonal operator V acting on u € Lz({t1 sty x X)as (Vu)y, =
Vi, uy,, and similarly define V', then V QK®*'V' is trace class by Assumption 3(ii) and by the cyclic property of the de-
terminant and the fact that V'V Q = Q it leads to the same Fredholm expansion for det(I — V QKCXtV/)LZ({tl,...,t,,}><X)
and for det(I — Q K*) L2({t1....a}x X)- The same argument applies to the Fredholm determinant on the right-hand side
of (20) by Assumption 3(iii), if we multiply it on the left by U,, and on the right by Ut’l. Hence both sides of (20) are
well-defined and one should really read the equality as

det(I —V QK‘“”“V/)LZ({HMln}xm

= det([ - Ut] (Kl‘l - atl Wt1,l‘2 e th_|,l‘n§tn Wt”,l‘l Kl‘] )Ut/| )LZ(X)'

Proof of Theorem 3.3. The proof of this result is a generalization of the proof of Theorem 1 of [46] (see also the
Appendix of [44]). We will retain most of the notation of [44,46], and as in those papers we use sans-serif fonts (e.g.

.....

we may (and will) think of an operator W on Lz({tl, ..., 1y} x X) as an operator-valued n x n matrix. We will use
serif fonts for the matrix entries (e.g. W; ; = W for some W acting on L?(X)). All determinants throughout this proof
are computed on Lz({tl, ..., Iy} X X) unless otherwise indicated.

We will use repeatedly the following facts about trace class operators and Fredholm determinants on a separable
Hilbert space H:

(i) If A, B € B1(H) then AB € Bi(H) and
det((I + A)(I + B))H =det(I + A)y det(/ + B)y.
Moreover, if A and B are bounded linear operators on H and both AB, BA € B1(H) then
det(I + AB)y =det(I + BA)y. (21)

(il) An operator acting on €, elt1....1y) H 1s trace class if and only if all of its matrix entries are trace class.

To simplify notation throughout the proof we will replace subscripts of the form 7; by i, so for example W; ; =W, ;.
Recall that we are assuming #] <t < --- <t,. Let K= QK. Then K can be written as

K=Q(W K!+W*(K!—1)), 22)
where

K = Kilij, Qij=Qili=;
and W—, W+ are lower triangular, respectively strictly upper triangular, and defined by

- +

Wi =W jlixj, W =W jlig;.
Here we are slightly abusing notation, because VV; ; is not defined for i > j. However, since W™ appears applied after
K94, the formula makes sense, with (W= Kd]i, j =W, jK;fori> j. We also define the diagonal operators V, V/, U and
U’ by

Vi,j=Vi1i=ja V;’jZVi/li=ja Ui,jZUilizj and U;’jZUilli:j.

In order to manipulate the Fredholm determinant of | — K we will need to make sure at each step that the appropriate
operators preserve L2(X) and are trace class in LZ(X) as needed. As a consequence, the proof is slightly cumbersome,
so we will first briefly explain the main idea, ignoring some details and all analytical issues.
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Our goal is to manipulate the determinant of | — K in such a way that we end up with the determinant of an
operator-valued matrix | — K where only the first column of K is non-zero. If we achieve this, then we will have
det(l — K) = det(l — R) = det(l — RI,I)LZ(X)’ and all we will need to do is compute K; ;. The key to obtain such an
identity is the following observation. Using the semigroup property in Assumption 2(ii) one can check directly that

[+ W*)fl]i’j =11j—; —Wiis1lj=is1. (23)

This identity is meant in the sense of products of integral kernels, where the product of the identity operator with an in-
tegral kernel is defined in the obvious way. Now using the identity W; ;1 K; 1 W;_1 j = W; ;K ; from Assumptions
2(ii) and 2(iii) we get that

(W™ +WHKI W) ] =W K = Wi KWy et = Wi Kil . (24)
Note that only the first column of this matrix has non-zero entries. To take advantage of this fact we rewrite K as

K=QW~ +WHKI(1+WH) ™ 1+ W) —aw™, (25)
so that

I—K=(1+aWH)[I— (1+Qw) "W+ WHKI (1 +wWH) ™ 1+ wH)].

The invertibility of | + QW™ follows from the fact that QW™ is strictly upper triangular. This fact also implies that
det(l + QW) = 1, and hence

det(l — K) = det(1 — (1+QW*) "W~ +WHK (1 +WH) 7' (14 W)
= det(I — (1+ W) (1+awh) QW™ + WK1 +wH) ),

where we have used the cyclic property of the determinant. Recalling that only the first column of (W™ 4+ WT)K4(l +
W)~ is non-zero we deduce that

K=(1+wW)(1+aw*) "W + WHkI 1+ w*)™

has the same property and hence det(I — K) = det(l — R) =det(l — 'IZL 1)2(x) as desired.

The rest of the proof will consist in making the above argument rigorous and precise and then computing the
resulting K 1. Recall that, by Assumption 3(ii), each entry in the operator-valued matrix VKV is trace class in L>(X).
Let

Wi =VQW™V' and W, =VQ(W~ + WKV (26)

Since VQW*V' is strictly upper triangular, we have (VQWTV')"*+1 =0, so | + W is invertible:

(+wp~' =Y =DF(vawHv)~. 7)
k=0

Therefore we can write
det(I — VKV') = det((1 + W) (I — (1 + W) "' Wa)).

We remark that W, W, and (I + W)~ ! are trace class in L?(X) by Assumption 3(ii) and (27), and thus from the last
identity we deduce that

det(l — VKV') = det(l + W) det(I — (I + W1) ~'W») = det(1 — (1 + W) ~'W2), (28)
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where the second equality follows from the fact that, since W is strictly upper triangular, its only eigenvalue is 0, so
det(I4+Wjp) =1.
Write

I+ W)~ 'Ws = Wawy (29)
with
Wi = (1 +W)~vaW™ +WHKU(I+WH)T'U and Wy =U(1+WHV.

Here we are using (24) and the identity KUU’ = K. We have already checked that W3W, is trace class in L*(X ). Thus
if we prove that W4WS3 is also trace class we can deduce from (21), (28) and (29) that

det(l — VKV') = det(l — W4W3). (30)
We want to obtain an explicit expression for the kernel W4W3. Note that, in view of (27) and the fact that V/'VQ = Q,
V(I+Wp)~va=(+aQwt)~!Q, so all the factors V and V' cancel in W4W3:

1

WaW5 = U(1+WH) (1+awH) (W + wHk!(1+w+) ',

From (24) and the semigroup property we deduce that, for 0 <k <n — i,

[(@w*) QW™ +wHK!(1+w") ],

= Z QiWi,al Qa1 Wal,az to Qakflwakfl,ak Qak Wak,] Kl s

i<ay<---<arg<n

while for k > n —i the left-hand side above equals O (the case k = 0 is interpreted as Q;W; 1 K1). Summing the above
times (—1)* from k =0 to k =n — i we get directly from the last formula and (27) that

[0+ Qw*) ™ a(w= + WK+ w1,

=1,~:1[in,-,11<1+2(—1>" > Q,-Wi,mQa.Wal,az---Qak_]wak_l,akQakwak,llq}. (31)

k=1 i<ay<--<ay<n

Note that only the first column of the above matrix contains non-zero entries. Since U(I +W™) is upper triangular and
U’ is diagonal, the same is true for W4W3. Pre-multiplying (31) by U(I + W™) we get

n n—j
(WaW3)i1 =Y (=D* > UiWi,i QiWi.a1 QayWay.ar Qar s War 1. Qo Wa 1 K1UT . (32)
j=i k=0 Jj=ap<aj<--<ar<n

By Lemma 3.1 we deduce that
(WaW3)i1 = UilWi 1K1 = QiWi2 Qs+ - Wa—1.2 QWi 1 K11U]. (33)

By Assumption 3(iii) this operator is trace class, which provides the needed justification for writing (30), and then
since only the first column of W4WS3 is non-zero we deduce that
!
det(l — VKV') = det(Z — (WaW3)1,1) ;-

Setting i = 1 in (33) yields the result. ]

In order to finish the proof of Theorem 3.3 it remains to prove Lemma 3.1.
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Proof of Lemma 3.1. We start with the right-hand side of the identity. Replace each Q; by I — Q; except for the first
one to get

n n—j k .
Z Z(_l)k Z (n k i mm> (_l)m Z Wi»bO QbOWbOsbl e Qbm—l Wbm—l!bm Qbm WbWthl’

j:i k=0 m=0 j:b0<b|<---<bm§n

where, as in the above proof, we have written i instead of #; in the subscripts. Interchanging the order of summation
leads to 27:,' SIS T (— 1k ("2 ™) (%), where (x) represents the last sum above, and is independent of k.

m=0 Lsk=m k—m
Noting that > ;7 (77 ") (= 1)**™ =1,,—,_;, the above expression can be rewritten as
n
Z Z Wi,b() QboWbo,b| le o 'Wbm_l,bn,j an,jan,j,lKl

j=i j=bo<bi<--<b,_;j<n

n
=D Wi i =QpW;jt1Q)s1 W,y b, Op, Wa 1 K1

j=i

n
= Z[Wi,j+1 QiriWjt1,j+20 42 Wiy, Op, Wi 1K1
j=i

—WijOiW)j+1Q 41 Why_y.b, Ob, Wa1K1]
=Wi1Ki — OWi205 - Wy—1.2 0 Wa1 K1,

where the last equality follows by telescoping. (]

4. A few examples

We will now show how to apply Theorem 3.3 to a few examples of Fredholm determinants which arise in describing
objects of interest in random matrix theory, growth processes, particle systems, tilings and representation theory. Our
examples include extended determinantal point processes such as the stationary (GUE) Dyson Brownian motion,
the Airy, process, and the Pearcey process; all of which are limits of ensembles of non-intersecting directed paths
on weights graphs. We also include an extended determinant point process given by Markov processes on partitions
related to the z-measures; this ensemble is not a limit of a graph-based ensemble of non-intersecting directed paths. We
also show how the identity applies to signed extended determinantal point processes such as the Airy; and Airy,_,
processes.
The proofs of the results in this section are postponed to the Appendix.

4.1. Stationary (GUE) Dyson Brownian motion

Consider the eigenvalues of an N x N Hermitian matrix with each (algebraically independent) entry diffusing accord-
ing to a stationary Ornstein—Uhlenbeck process (real valued on the diagonal and complex valued off the diagonal).
The eigenvalues of this process are real valued and themselves form a Markov process, called the stationary Dyson
Brownian motion. Its stationary marginal distribution is the N x N Gaussian Unitary Ensemble (GUE) eigenvalue
distribution, that is, the distribution of the (real) eigenvalues A < --- < Ay of an N x N Hermitian matrix with entries
which are independent, up to the Hermitian condition, with N(0, 1) entries on the diagonal, and independent real and
imaginary parts above the diagonal, each with N(0, 1/2) distribution (here N(u, o) denotes a normal random variable
with mean . and variance o2). This distribution is absolutely continuous with respect to the Lebesgue measure, with
density given by

32
CNIMS---S)»NHMi —Aj|21—[e )”i/z,

i<j i

where Cy is an explicit normalizing constant. See [6] or [33] for more details.



46 A. Borodin, I. Corwin and D. Remenik

We will consider this Dyson Brownian motion process in stationarity and write the ith largest eigenvalue at time ¢
as Ay (i; t). The collection of eigenvalues at time ¢ is written Ay (-; 1) = (An(1;2), ..., An(N; t)) and the curve traced
out by the ith eigenvalue over time is written as Ay (i; -). Then the graphs of Ay (1; -), ..., Ay (&N; -) form an ensemble
of non-intersecting curves (see, for example, Section 4.3.1 of [6]). This ensemble of curves is indexed by time ¢ and
curve label i and hence can be thought of as a random variable taking values in the space of continuous curves from
{1,..., N} x Rto R. We will write [E as the expectation operator for this random variable.

Definition 4.1. For times t| < tr < --- < t, consider functions q;, :R — R and let g;,(x) =1 — q;(x). For a
curve g:R — R define the functional g by §(g) = [/, 4 (g(ti)). One likewise defines the functional q(g) =
[Tz s (8.

The stationary (GUE) Dyson Brownian motion is an extended determinantal point process. In particular this means
that for any functions ¢;, (as above),

N
E[H g(an (s ))] = det(1 — QKE%E,N)LZ({Q.,..,t,,}xR) (34)
j=1

as long as both sides are well-defined, where Q is defined as in (19) and KE%E 18 the extended Hermite kernel (see
e.g. [54]):

YN SN e (y)  ifs >,

KeXt (vaﬂ‘,)’):{ o .
GUE.N — Y2 v eI (e () ifs <1

Here ¢ (x) = e’/

Writing

Pk (x) and py is the kth normalized Hermite polynomial (so that ||¢k|l2 = 1).

D=—%(A—x2+l),

the harmonic oscillator functions @y satisty Dy = k¢y. Then the Hermite kernel

N-1
KGue.n(x, ¥) = KGuen (0,x:0,3) = Y g ()i ()
k=0
acts as the projection operator onto span{¢y, ..., n—1}. In the notation of Theorem 3.3 we are taking X =R, u the

Lebesgue measure, and for | <i < j <n

o
Wi (. y) =000 (x y) =3 e g () (y), Ky = KGue.n.

k=0
N-1
Wi i Ky (x,3) =P Kgue n(x, ) = Y e g (x) g ().
k=0

Applying Theorem 3.3 we conclude:

Corollary 4.2. Fixt| <--- <t, and write T =min;—y,_ o1 |tit1 — t;|. For each 1 <i <n choose a function q;, €

,,,,,

LllOC (R) satisfying sup, g e*"x2|q,l. (x)| < oo for some k € (0, ﬁ tanh(t/+/2)). Then

N
E|:H Q()»jv)} =det(I — Kgue,y + Q4" "PP 0y -+ 04, TP KGup N) 12 -
=1

Note that we have removed the bars over ¢ and Q by replacing g;,’s by (1 —g;,)’s.
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4.1.1. Continuum statistics

We may now take a continuous time limit of the above formula (in the style of [26]). Consider a function #: R x R —
[0, oo] and £ < r. Define an operator F[’fr acting on L%(R) as follows: Fe{’rf(-) =u(r, -), where u(r, -) is the solution
at time r of

otu =—Du — hu (35)

with initial data u(¢, x) = f(x). By the Feynman—-Kac formula we may also express the action of this operator in
terms of a path-integral through a potential & as

_ 4 2_
TP () = Epgey=e [ f (b(r))e™ 1/ S GREDEFHE =D A, (36)

where the expectation is over a (standard) Brownian motion b(-) started at time £ with b(£) = x and run until time 7.
Lett; = ¢, t, =r and the #; be spaced equally in between with step size § = (r — £)/(n — 1). Then letting g, (x) =
1 — 8h(t;, x) and taking n — oo the above formula yields:

Proposition 4.3. For any interval [£, r] and continuous bounded function h: R x R — [0, o]

[]‘[ exp( / t.an(is 1)) dt>j| = det(! — Kgug,n + 17, P KGUE N ) 12z - (37)

Remark 4.4. The condition on h is not optimal, but it makes the arguments simpler. A different class of functions h
for which the result holds is the following. Fix a function g e H'([¢,r]) and set h(t, x) =0 for x < g(t) and infinity
otherwise. Then the left-hand side of (37) becomes P[ﬂ HAn(ist) < g@) Yt € [£,r]}] and the right-hand side

makes perfect sense as well, with T, h now being the solution operator of a certain boundary operator involving g.
This case corresponds to calculatlng the probability that on the entire interval [€,r], the top curve of the Dyson
Brownian motion remains below the function g(t). This is the same type of result shown in [26] for the Airy, process,
and the proof for this case can be easily adapted from the arguments in that paper.

4.1.2. Rescaled process
Now introduce the rescaled process

InG; ) =v2NY(an(is N~131) — V2N).

Changing variables x > T + 2N,y +— ﬁ;l\/l 7Y + 2N in the kernel accordingly, we immediately obtain:

Nl/()

Corollary 4.5. For any t| < --- < t, and functions q;, :R — R, 1 <i < n, satisfying the same conditions as in
Corollary 4.2, we have

N
E[H q (v (s -))} = det(I — Kgue.v + Qne" M0, - 0, KGup v) o ) (38)
j=1

where the kernel of I?GUE, N is given by

~ 1 X y
KGug,n(x,y) = WKGUE,N(W + V2N, NI + v2N>

and the operator
X2

Hy ——A+x+2N2/3

The above rescaling corresponds to focusing in on the top curves of the Dyson Brownian motion. In the limit N
goes to infinity, KGug, ¥ converges to the Airy, kernel K> and Hy converges to the Airy Hamiltonian H (defined in
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the Introduction and below in Section 4.2). So in the limit as N goes to infinity we recover the formula for the Airy,
process as expected. The operator in the Fredholm determinant in the right-hand side of (38) converges in trace class
to the corresponding one with K, and H, which means that all of the left-hand side probabilities have limits. This
can certainly be proved under some additional (though not optimal) assumptions on the g;, as in Corollary 4.6, but we
choose to treat the Airy, process independently.

4.2. The Airy, line ensemble

The multi-layer Airy, process [32,43] is the limit of the stationary (GUE) Dyson Brownian motion under the scaling
of Section 4.1.2. In particular for ¢ € R consider the point process corresponding to {XN @@;t): 1 <i <N}.As N
goes to infinity, this point process converges in the vague topology to a limiting point process with an infinite number
of simple points which we write as {Airy,(i;t): i € Z>1} (labeled so that Airy,(i; ) > Airy,(j; t) for i < j). This
convergence can be strengthened so that for any fixed set 1| <, < --- < t,,, the n-tuple of X-point processes has a limit
{Airy,(i;t): i € Z>1,t €{t1,...,1,}}. This limiting collection of point processes is consistent and can be completed
to a point process valued stochastic process indexed by ¢ € R. This process is called the multi-layer Airy, process. As
it is the limit of a stationary (in t) process, it is also stationary.

There exists a continuous version of this process [25] so that Airy, can be thought of as a random variable taking
values in the space of Z>; indexed, continuous and non-intersecting curves from R to R. The convention is that
Airy,(1; ) represents the top curve (i.e., the limit of %n(1; -)). The continuous version of the multi-layer Airy, process
is called the Airy, line ensemble.

Since the Dyson Brownian motion was an extended determinantal point process (34), so too is the multi-layer
Airy, process. Analogous to (34), and with the functional g given in Definition 4.1 and operator Q given in (19),

E|:1_[ q_(Airyz(j; )):| = det(l - QKSXt)LZ({ll tn}xR)’ (39

LR T R e
where K$*' is the extended Airy, kernel

Joodre PO Aix + M) Aiy +4) ifs >,

40
— [0 dre D Ai(x + ) Ai(y + 1) ifs <t (40)

KS' (s, x;t,y) = {

and Ai(-) is the Airy function. In order for the above expectation to make sense, one has to impose conditions on the
functions ¢, such as in Corollary 4.6.

To put this example in the setting of Theorem 3.3 we take X = R, u the Lebesgue measure, and consider the Airy
Hamiltonian defined as

H=—-A+x.

H has the shifted Airy functions Ai, (x) = Ai(x — A) as its generalized eigenfunctions: H Aiy (x) = A Ai, (x). Define
the Airy, kernel K7 as the projection of H onto its negative generalized eigenspace:

oo
Ky(x,y)= / dAAi(x + A) Ai(y + A).
0
Then it is not hard to check that, in the notation of Theorem 3.3, (40) corresponds to taking, for 1 <i < j <n,

o0
Wi, (6, ) =00 (. y) = f drt O Ai(x +2) Ay +4), K, =Ko,

—00
oo
W, K (x,y) =eli T Ky (x, y) = / dre ™ Ai(x + 2) Ai(y + A).
0
Note that W, ;; is only well-defined on the range of K. Applying Theorem 3.3 allows to conclude:

Corollary 4.6. Fix 1) < --- <1, and let Tt =min;—y,_,—1{lti+1 — t;1}. Choose functions q;, € Llloc(]R), 1<i<n,

such that sup,~oe™""|gs; (x)| < 0o for some 0 <r < T and sup, _o ¢(x)|1 — g1, (x)| < 00 for some function ¢(x) such

.....
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that fi)oo dxe 2t=1xy(x)"2 < 00, 1 <i <n. Then
[H (Airy,(j: ) } =det(l — K2+ Q"1 0y, - 0, TVIKS) o .

This formula is also the limit of the right-hand side of (38) as N goes to infinity.

Since the Airy line ensemble is a continuous version of the multi-layer Airy, process, we may take a continuum
limit of the above formula, in the same manner as done in Section 4.1.1. The PDE which F is solving is now
0:u = — Hu — hu (corresponding to replacing D by H in (35)) and the result is that for any mterval [£, r] and suitable
function z2: R x R — [0, oo] (for example % can be taken to be bounded, continuous, and such that A (¢, x) = 0 for any
te[£,r]and x < M for some M € R),

00 r

IE|:| [ exp(—/ h(t, Airy,(j; 1)) dt)] =det(l — K2+ I}/,e" 7 K2) 1o (1)
: 14
j=1

We will omit the proof of this statement, which can be adapted from the proofs of Proposition 4.3 and Corollary 4.6
together with the proof of Proposition 3.2 in [26]. Taking A (z, x) to be 0 for x < g(¢) and infinity otherwise we recover
Theorem 2 of [26].

4.3. The Pearcey process

There are many other multi-layer processes which arise as scaling limits of non-intersecting ensembles of Brownian
motions (or similar diffusions) for which we can apply Theorem 3.3 (see for instance Airy-like processes [2,3,8,19];
bulk limits such as the Sine process [54], Pearcey process [55] or Tacnode process [3—5,11,29,34]; hard edge limits
like the Bessel process [37]).

To illustrate this point we will show how a Fredholm determinant involving the Pearcey kernel can be rewritten via
Theorem 3.3.

Let us briefly and informally recall one way the Pearcey process arises as a scaling limit of Brownian bridges.
Consider 2N Brownian bridges on the time interval [—N, N] such that all 2N of them start at height 0 and N of
them end at height b and the other N end at height —b. Condition these Brownian bridges not to intersect (as can be
done by spacing their starting and ending points by ¢ and letting & go to zero). When b = 0 the limit shape of the
ensemble of conditioned Brownian bridges has a limit shape which is elliptical (and the ensemble is sometimes called
a watermelon) and the fluctuations around the top of this limit shape are described (in the limit as N goes to infinity)
by the Airy, line ensemble minus a parabolic shift.

When the endpoints parameter b = ¢N, the limit shape has a cusp at some time ¢ = ¢’N, where ¢’ € (—1, 1) is
a function of ¢. For t; <, < --- < t,, the N-tuple of point processes formed by the heights (properly centered and
normalized by N'/4 near the height of the cusp) of the Brownian bridges at times ¢/N 4+, N'/2, 1 <i < n, converges
in the vague topology as N goes to infinity to a limit which is called the Pearcey process, P, see [7,23,24,41,55]. It is
a point process valued stochastic process indexed by ¢ € R. At each time ¢ the point process can be indexed by Z as
(PG:0): j ey,

Analogously to (34), and with the functional g given in Definition 4.1 and operator Q given in (19),

E[ 1_[ ‘?(P(j? ))] =det(1 - QK??é)LZ({zl ..... i} xR)’ (42)
j=—00

where K§X is the extended Pearcey kernel

KXt (y _x)2

1
Kp(s,x;t,y) = —4n(t—s) exp( I ))1

1 ico e—v4/4+tv2/2—yv 1
+ (2mi)? /Cdu /7100 dv e—ut/Atsu2—xu y — gy’ 43)
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and where C is the contour consisting of the rays going from ooe!™* to 0 and from 0 to +ooe™™/4,

In the setting of Theorem 3.3 we take X =R, u the Lebesgue measure, and for #; < ¢; define

Wy, =el/DG=0A K (x,y) = Ky (0, ) = K (ti, X3 17, Y),
Wtj,l‘,' Kl,‘ (x’ y) = Kg)r(é(f], X5t y)
The semigroup property is obviously satisfied, while for i < j

eV /A 0 )—y

1 o0 1 P 1 ico
W, K (x,y) = i o~/ /d / d
1t Prc(x y) /;oo z zn(tj_ti) (27i)2 c u e ve—u4/4+tj(u2/2)—zu —
1 oo o—vt/4+1; (02—
(2Tfi)2 /C " /—ioo ve—u4/4+t,-(u2/2)—xu vV—u

= Kf.’r(ct(t,',x; tj,y)+ Wtiv’j = Klt;rCWtiatj (x, ),

where the second equality follows from computing a simple Gaussian integral and the last equality is obtained simi-
larly. Likewise one can check that for i < j we have W,,.JJ. ij,tl. K}t)"rC = Klr,irc. Hence Assumption 2 is satisfied, and
from Theorem 3.3 we deduce the following:

Corollary 4.7. For any t1 < tp < --- <1, and functions q;, : R — R, 1 <i <n so that Assumptions 1 and 3 are
satisfied, we have

E[jf[wq(ﬂj; ~))}

= det(I — KUl + 0,103, . oU/26=t-040, o(1/2)(01-0)4 gl

o) 2 ®)" (44)

In particular, the formula holds for the case q;, (x) = 1y<q;.
We do not attempt here to provide more general conditions on the functions ¢g;, so that the formula holds.
4.4. The Airy, and Airy,_, | processes

All of the examples considered thus far have involved probability measures on ensembles of non-intersecting paths or
their scaling limits. Going back to the discrete setting of Theorem 2.2, there was no condition that the measure on non-
intersecting paths be positive. This condition is not met, for example, in the case of the Airy; and Airy,_, ; processes.
These are real valued stochastic processes which are the scaling limits of marginals of measures (not entirely positive)
on non-intersecting paths [12-14,49]. Even though the ensemble measure is not entirely positive, the marginal is a
probability measure.

We will focus on the Airy,_, ; process obtained in [14], since a similar result to that which we now state has already
shown up in [46]. The Airy,_, process is a continuous time (non-stationary) real valued process Airy, ,;:R — R
given by its finite-dimensional distributions

n
P(ﬂ {Ail‘y2*>1([k) S Xk}) = det([ — XKZ—)I)LZ({H ’’’’’ ) xR) (45)
k=1

fort; <--- <t,, where x f(ti, x) =1, f(x) and

(oxity) = - e (_M>1
RV M TRV

1 ew3/3—&-lw2—§w 2w
b [ [ @S (46)
@)= J,, yo ef3PTi (z—w)(z+w)

ext
K2—>1
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with
~ —\2 ~ —\2
F=x—(s7)  F=y—(7)

notation r~ = min{0, }, and the paths y,, y_ satisfying —y, C y_ with y; :e$+00 — e %+ 00, y_:e "¢ 00 —
e'$- oo for some ¢ € (1/3,1/2), p_ € (/2,1 —$). The Airy,_, | process crosses over between the Airy, and the
Airy; processes in the sense that Airy,_, (¢t + t) converges to 2173 Airy1(2_2/ 3t) as T — oo and to Airy,(1;t) (the
Airy, process, i.e. the top line of the multi-layer Airy, process) when t — —oo (in the sense of finite dimensional
distributions). It is expected to govern the asymptotic spatial fluctuations in random growth models when the initial
conditions are deterministic near the point where the hydrodynamic profile changes from flat to curved. In particular,
it is shown in [14] that it governs the asymptotic fluctuations near the profile switch point for the totally asymmetric
simple exclusion process starting with particles only at the even negative integers.
We take again X =R and u the Lebesgue measure, and for i < j we define

Wi (x,y) = e(’f_’f)A(x - (ti_)z, y— (t]_)z) Ky(r,y)=K5  (x,y) = K5 (6, x5 13, y),

Wtj,tiKt,' ()C, y) = Kgil(tja)ﬁ ti, )’)

Proceeding as in Section 4.3 one checks that these choices satisfy Assumption 2, and hence (under the additional
assumptions) we may apply Theorem 3.3. Using the translation invariance of the heat kernel to rearrange the shifts
appearing in the resulting formula we get:

Corollary 4.8. Foranyt; <ty <--- <ty, we have

]P’(ﬂ {Airy, (%) < xk})

k=1

_ det(l _ K;;] + P)?le(tz_tl)Aﬁiz . e(ln—lnfl)A Pj,le(ll_l'l)AK£;1 (47)

)L2(R)’
where X; = x; — (t;)%, Pa f (x) = Le=a f (x) and K5 | (x,y) = K (t1, x + (1) %5 11,y + (6.

In the formula, e1—)A4 K él_)l should be interpreted as K Sﬁl (tn, x+ (1, )2; tLy+ (@ )2). One can use this formula
directly to recover the analogous path-integral kernel formulas for the Airy; and Airy, processes in the appropriate

limits, and thus show that Airy,_, | interpolates between these two processes.
4.5. Markov processes on partitions and z-measures

The z-measures are a remarkable family of probability distributions on partitions that arise in representation theory
of the infinite-symmetric group. They can be viewed as determinantal point processes on the one-dimensional lattice
with infinite many particles, and they degenerate to a variety of well-known discrete and continuous determinantal
point processes, see [15,16,42] and references therein.

In [18], a Markov process on partitions that preserves the z-measures was constructed. Its dynamical correlation
functions are determinantal, and they can be described via the corresponding extended kernel, see Section 6 of [18].
One particular limit of this Markov process can be seen as ‘space-like’ space—time sections of the multilayer polynu-
clear growth process of [43], see [17].

Note that it is not known how to obtain the z-measures and the corresponding Markov processes as a limit of an
ensemble of non-intersecting paths. However, these objects can be viewed as an analytic continuation of an ensemble
of non-intersecting birth-and-death processes in the number of paths, see Section 6.5 of [18].

By encoding a partition A = (A1 > Ay > ---) by the point configuration {A; — i + %},-21 , the Markov process can be
written as {Z(j;t): j € Z>1,t € R}. Here Z(j; 1) takes values in Z/ = Z + %



52 A. Borodin, I. Corwin and D. Remenik

Similarly to (34), and with the functional g given in Definition 4.1 and operator Q given in (19),

[H (Z2G39) } = det(l = QK% ¢) 12y @

where K e"t, & is the extended hypergeometric kernel which we will now define.

For parameters 7,7 € Csuch thateither 77 =7 € C\Zorm <z,7 <m+1foram € Z, and & € (0, 1) define a
second order difference operator D, . ¢ on Z', depending on (z, z’, §) and acting on functions f(-) € 02(Z) as follows

(D.v )(x) = \/s <z Fxt %) <z x4 )f(x I

1 1 )
+\/§'<z+x— 5)(z’+x - E)f(x— D—(x+&(z+7 +x))f&x). (49)

This is a self-adjoint operator with discrete simple spectrum (1 — £)Z’. Its eigenfunctions v,

DZ,Z’,SI//a =1 —-8&ay,,

are explicitly written through the Gauss hypergeometric function (see [18], Eq. (5.1)). We normalize them by the
condition [|[¥all 27y = 1. Then

Yaez, €TV (y) s =1,

KCXt (S x:t, ) :
N g =Y wer €Y ()Y (y) ifs <t

(50)

where Z/, = {£1,£3 +3, ..}
Let D; e = —(1—¢&)"! D, . Then in the setting of Theorem 3.3, (50) corresponds to taking X = 7', u the
counting measure and, for i < j,

j— b D’ /
(tj—1;) (XS K,l.(x, )’):Kz,z’,S(xs y) = KeXt 5(0 x;0,y)= Z Ya(X)Va(y),

!
a€’Zl,

Wtivlj =¢

Wi i K (6, 3) = K& (), x3 1,0 = Y e U7, (x) 9 ().

a€e’Zl,

Thus from Theorem 3.3 we deduce the following:

Corollary 4.9. For any t| < t) < --- < t, and functions q;,:Z' — R, 1 <i < n, so that Assumptions 1 and 3 are
satisfied, we have

{fw

(ta—t))D], (tn_tn—l)D/

.7 Qtne

(t1—tu) D i -
—det(I — Ko + 0Pk 0,y K ed) i G
Let us remark that if all the functions ¢;, have finite support then all the needed analytic assumptions are automat-
ically satisfied because we are working in an L? space on a finite set. Of course, such a restriction is unnecessarily

harsh, but we will not pursue this issue here any further.
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Appendix: Proofs of the results from Section 4

We recall the following facts about trace class and Hilbert—Schmidt norms (see e.g. [52]) of operators in L2(X) for
some measurable space (X, X', i), which we will use repeatedly without reference:

IABI1 = | All211Bll2, IABIl1 < [[Allopll Bl1,

and if A has integral kernel A(x, y),

12
1Al = (/ u(dx)u(dy>|A(x,y>|2)

for each A, B in the appropriate space, where | - ||op denotes the operator norm in L3(X).
Throughout this section ¢ and ¢’ will denote positive constants whose value may change from line to line.

Proof of Corollary 4.2. Checking Assumption 2 is straightforward. We will take in this case V;, = Vl; =U; = Ut’i =
I, and thus Assumption 1 is contained in Assumption 3, which we check next.

Condition (i) is trivial. Given functions iy and Y, write {1 ® ¥ for the kernel ¥{(x)¥>(y) and let ¢ be
any function with [ ¢* = 1. Then we can write O, (9x ® @) = (O, ® $)(¢ @ ¢1), so that [|Q,, (o ® @)1 <
||§,i Ok Q@ dll21ld ® @i |l2 (note that we need to consider the operators with the bars because of the remark following
the statement of the corollary). Now slightly abusing notation to write | - |2 both for the Hilbert—Schmidt norm of
operators in L?(R) and for the norm of this last space, we have

10,0k @ ¢l = (1 —ai)ee|, 1012 =] (1 —g)ec], and llgx @@l = llgel2llpll =1,

so for 1 <i, j <n we have

N-—1 n—1
104" P Kauen|, = Y 0, (k@) |, <K G, pxll2 < oo,
k=0 k=0

since | (x)]| < cxke=*/2 and g7, (x)] < ce** where k < 2%/5 tanh(r/ﬁ) < % Hence the only thing left to check

in (ii) is that ||§l,.e_(’f' ~iD||; < 0o for i < j. To that end we use the Feynman—Kac representation to write (setting
t=1(t; — 1)

_ ()2 _ ' 2
e Px,y) = e TR ) b=y [e /DI GE D], (52)

!

where b(s) denotes a standard Brownian motion and the subscript in the expectation means that it is conditioned (in
the sense of a Brownian bridge) to go from x at time O to y at time ¢. Then

—  _ipn2 _ 1 2 _ ¢ 21y de2
L R e UL

1 ! 1
< dx dycez“z _e_(x_))z/ztEb(O)zx.b(t)zy [e_ Jo@(s)2=1) dx]
R2 27t '

00 e2:<x2+z § -~
= / dre Ep©0)=x [e_'/o b(S)ZdS] = C// dye2xx’—tanh(V20x%/V2 _

—00 A/ ZTCI —00

by our assumption on k, where in the last inequality we have used (1.9.3) in [21]. In the same way we have le™"Pll <
oo and then [[Q,e™ =PI < Qe Pl2fle™ P2 < co.
Finally, Assumption 3(iii) follows from Assumption 3(ii) thanks to the observation in Remark 3.2. ]
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Proof of Proposition 4.3. Using the notation introduced before the statement of the result, it is clear that the functions
qy; satisfy the assumptions appearing in Corollary 4.2, so that

N n

E[H [T(1=sn(t;. )»;V(t,-))):| = det(I — Kgug,n + Qn e =P 0, " WPKGuE v) 2 - (53)
j=1li=1

The left-hand side equals

h
i=1
r
( / h(r, 25 @) dt) (54
¢
by the dominated convergence theorem.

For the right-hand side of (53), writing FZ;" = Q,le(fl—tz)D Q- .eth—1—t2)D 0, one can use the Feynman—Kac

representation on each interval [#;, ;1] as in (52) (see also (3)) to deduce that 1";;" has kernel

E[ﬁexp(élog(l—(Sh(t;,)»jy(ti)))):| - E <—a§nj (nJ%))mo(ﬁ))}

n—oo

N
|:1_[ exp
j=1
N
l_[ exp
j=1

Fh,n

1
Lr (x,y)= m

where b(s) is a Brownian bridge (with diffusion coefficient 2) run from x at time £ to y at time r. Then using (36) we
deduce that

—(x—v)2 _ n _ b)) — 4 2_
e~ =»)7/2(r Z)Eb(z):x,b(r):y[CZ’=°log(] 8h(t; b(t:)))—(1/2) f{ (b(s) 1)dS],

h (r—v)2 _ _ r c b(s )2 c
[l =) e, y) = e OO, [P Qhs )+ -1 ds

1
V21(r —4)

. (eer'l:O log(l—&h(t,-,b(t,‘)))-kfé. h(s,b(s))ds __ 1)]

for small enough §. Since 4 is bounded and continuous, the random variable inside the expectation goes to 0 almost
surely as n — oo using a similar argument as in (54), and thus since this random variable is bounded by ce™ Jibs)*ds
the whole expected value goes to 0 as n — oo by the dominated convergence theorem. If we now define the multiplica-
tion operator M f (x) = ¢ (x) f (x) with ¢ (x) = (1 +x2)~1/2 then the above argument gives (FZ”;” — Fe}fr)M (x,y) =0
as n — oo for all x, y. To deduce that || (] Z’r" —T Zf JM]2 — 0as n — oo we use the dominated convergence theorem
again together with the fact that (Feh’" - Fe}fr)M satisfies

Na

[ axart(rly = rlyme nf

e _ " bis)2 ds 12
SC/zdx dye GIHC-OF, (0 [em I POPST g ()2
R

00 . 1/2 poo 00 5 5 . S bierd 1/2
= C|:/ dy¢ (y) i| / dx |:/ dye_ &=/ = )Eb(€)=x,b(r):y [e_ f/g (s) Y:|:|
—00 00

—00

N > 2/22 2 7 b(s)2 1/2
§c||¢>||4/ dx|:/ dyef(xfy) /( (ria)Eb(Z):x,b(r):y[ei Il bs) ds]i|

—0o0 —00

2 [ =2 [T b(s)2ds 112 _ sy 412 >
<cll¢lly dxEp(p)—x[e /e 1" =Clsly
o0 _

1/2
dxe—tanh(z(r—e))xz] < o0,
o0
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where we have used the Cauchy—Schwarz inequality and the last equality follows from (1.9.3) of [21]. Checking that
| M~ letr—OD KGUE, N2 < oo is simple as in the proof of Corollary 4.2, so from the above we deduce that

| (Kcuen — Fg}f}ne(r_z)DKGUE,N) — (Kgue.n — I)e" PP Kguen) |,
<[(rf, = )M, | M~ 0P Ko, |, —— 0.

Since the mapping A +— det(/ + A) L2R) is continuous in the space of trace class operators (see [52]), we deduce that
the right-hand side of (53) converges to det(/ — Kgug,n + Feffre(r—/é)D KGUEN) L 2@, and hence

N r

E[HGXP<_/ ht, )‘y(f))dtﬂ =det(I — KGug,n + F/z}fre(['ﬁl)DKGUE,N)LZ(R)' O
, ¢
j=1

Proof of Corollary 4.6. Fix f € L?>(R) and write ¢ (x) =e"*1,>0 + ¢(x) "1, ¢. Then for i < j (note that as in the
proof of Corollary 4.2 we need to consider the operators with bars), writing f ()= f fooo dx Ai(x 4+ A) f (x) we have

2

[ge s <c N dx[ /R Ay drp e A+ 1) ALy + k)f(y)}
< c/oo dx[/oo dig (x)2e2H =1 Aj(x + x)z} [/Oo d,\f(x)z}

o0 o0
=cll f13 / dxg(x)e 21 / dre?* @G0 Aj()? < | £113, (55)

—0Q —00

where in the last line we have used the Parseval identity for the Airy transform | f 2 = [ f 2. The fact that ¢’ < 0o
follows from the assumption on r and ¢ and the bounds

Ai)| < e @D forx >0 and |Ai(x)|<clx|TM* forx <0 (56)

(see (10.4.59-60) in [1]). This shows that for i < j, Eti e~ ti—tH i5 a bounded operator mapping L?(R) to itself.
Similar computations allow to check the rest of Assumption 1(i). To check (ii) we use the formula given in Lemma 3.1.
Each term can be written as a product of the form (—1)¥ (e!t ~"a0)# afao) oo (el Tl H Etak y(ela ') H Koy with

1 <ag<---<ag <n.The k + 1 factors coming after (—=1)* can be checked to be bounded operators on L*(R) by
a computation similar to (55), and a simpler computation gives the same for ella—ta)H ) using the spectral formula
for its kernel.

As in the previous example, checking Assumption 2 is straightforward. For Assumption 3 we choose

Vif) =U f@) =y @) f(x), V@) =U,f@)=9yx"f&x)

with ¥ (x) = e_”‘/zlxzo + ¢(x)/21, (. Condition (i) is obvious. Now note that K» = BoPyBg, where By(x, A) =
Ai(x +A)and P, f(x) = f(x)1y>4, SO

Vi Qi K2V, ||, < 1Vi @, BoPoll2|| PoBoVy |- (57)

‘We have

1V, 0, BoPol3 < ¢ f d / D (6 (1) AiCx + 1)
—00 0

00 00 0 00
=cf dx/ dre’™ Ai(x+k)2+cf dx<p(x)_1/ dr Ai(y)2.
0 0

—0o0 —X
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The first integral on the right-hand side is clearly finite by (56). For the second one, note that by (56) f fj; drAi(L)? <
c(1 + |x|'/?), so the integral is finite by the assumption on ¢, which by the Cauchy—Schwarz inequality implies
fi)oo dx|x|"2p(x)7! < o0. PoBoV; |l2 < oo follows from the exact same calculation, and hence from (57) we get
that V;, 0, K> V is trace class. The same proof shows that V, Q,elli=H K, V. is trace class for i < j. To check that
th.@,ie”HVt’j is trace class for i < j and # =; — t; > 0 we start by writing

Vi Qe vy,

[ = Vi @ue™ 2], e 2V .

For the first factor we use again the explicit formula for the kernel of e ~*# to obtain
7 —tH/2|2
[Vii Q™72

= / dx dydido v (x)%¢ (x)%e! *+9/2 Ai(x + 1) Ai(y + 1) Ai(x + o) Ai(y + o)
R4

= / - dx / - dAy (x)%¢ (x)2e™ Ai(x + 1)* = f - dxyr (x)2p (x)%e ¥ / - dre™ Ai(n)? (58)

- —00

which is finite by the similar arguments as above. |e™’ H/2 V,: || can be bounded in the same manner, and we deduce
that V;, E,ie_’ H Vt’/ is trace class. The same proof works for V;, @,l. e MK, Vt;.

To get (iii) we use Lemma 3.1 and rewrite each term in the sum as

k i—lag) H ry g —ta) VH 1y (ta),_ —tq ) H
(_1) (Ut,'e(l tag) Ql‘aOUl/aO)(UtaOe(tO ta;) Qt U/ ).”(Ut/ak,le k—1 k Qtaka/ak)

aj Igl

(Ui, el _’al)HKzUt/a1 )-

Since Uy, = V,; and Ut/[_ = V,;, each factor above corresponds to the adjoint of one of the factors appearing in (ii). Since
the adjoint of a trace class operator is also trace class, we deduce that the whole product is trace class. (]

Proof of Corollary 4.8. We already indicated how to check Assumption 2. One checks directly that the first three
operators in Assumption 1(i) are bounded operators preserving L?(R), while the last one can be checked using (46)
and arguing about the Airy functions appearing there similarly as in the previous proof. Assumption 1(ii) follows
similarly using Lemma 3.1. Assumption 3 can be checked following the same ideas as in the proof of Corollary 4.6
and using the arguments in Appendix A of [12] to provide the necessary analytical estimates. ]
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