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Abstract. Consider a lattice gas evolving according to the conservative Kawasaki dynamics at inverse temperature 8 on a two
dimensional torus A; = {0,..., L — 1}2. We prove the tunneling behavior of the process among the states of minimal energy.
More precisely, assume that there are n? particles, n < L /2, and that the initial state is the configuration in which all sites of the
square {0, ...,n — 1)? are occupied. We show that in the time scale e2P the process evolves as a Markov process on A; which
jumps from any site X to any other site y # X at a strictly positive rate which can be expressed in terms of the hitting probabilities
of simple Markovian dynamics.

Résumé. On considére un gaz sur réseau évoluant selon la dynamique de Kawasaki a température inverse S sur le tore bi-
dimensionel A7 = {0, ..., L — 1}2. Nous étudions I’évolution du processus parmi les états d’énergie minimale.

Supposons la présence de n? particules, n < L/2 et qu’a I’état initial les sites du carré {0,...,n — 1} soient tous occupés.
Nous montrons qu’a I’échelle de temps e le processus évolue comme une chaine de Markov sur A; qui saute d’un site X vers
un site y X a un taux strictement positif qui peut-étre exprimé en terme de probabilités d’atteinte de dynamiques markoviennes
élémentaires.
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1. Introduction

We introduced in [1,4] a general method to describe the asymptotic evolution of one-parameter families of continuous-
time Markov chains. This method has been succesfully applied in two situations: For zero-range dynamics on a finite
set which exhibit condensation [2,18], and for random walks evolving among random traps [16,17]. In the first model
the chain admits a finite number of ground sets, while in the second one there is a countable number of ground states.
We start in this paper the investigation of a third case, where the limit dynamics is a continuous process.

This article has two purposes. On the one hand, to derive some estimates needed in the proof of the convergence,
in the zero-temperature limit, of the two-dimensional Kawasaki dynamics for the Ising model in a large cube to a
Brownian motion, presented in [13]. On the other hand, to illustrate the interest of the method introduced in [1,4] by
applying it in a simple context. A first step was done in this direction in [3], where we derived the asymptotic behavior
of continuous-time Markov chains evolving on a fixed and finite state space imposing only one simple condition on
the jump rates. A second step is performed here, applying the result obtained in [3] to the Kawasaki dynamics for the
Ising model on a fixed two-dimensional square with periodic boundary condition.
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To present the main result of [3], consider a one-parameter family of irreducible Markov chains 5y (f) on a fixed
and finite state space E, reversible with respect to a probability measure . For example, the Glauber or the Kawaski
dynamics for the Ising model on a finite space. For n € E, denote by Pf,v the distribution of the process ny (¢) starting

from n. Expectation with respect to PnN is represented by Ef;’ .
Denote by Ry (n, &) the jump rates of the chain and assume that for all n, ', &, &' € E,

fim RN 6o (1.1)

N—oo Ry (§,§')
in the sense that the limit exists with 400 as a possible value. Note that conditions (2.1) and (2.2) in [3] follow from
(1.1). Moreover, since for the Glauber or for the Kawasaki dynamics the jump rates are either 1 or e % for some
1 <k <4, assumption (1.1) is fulfilled.

Under the elementary assumption (1.1) we completely described in [3] the asymptotic evolution of the Markov
chain ny (¢). More precisely, we proved the existence of a rooted tree whose vertices are subsets of the state space.
The tree fulfills the following properties: (a) The root of the tree is the state space; (b) the subsets of each generation
form a partition of the state space; and (c) the sucessors of a vertex are subsets of this vertex. To each generation
corresponds a tunneling behavior. Let M + 1, M > 1, be the number of generations of the tree, let ;, + 1 be the
number of descendents at generation m + 1, 1 <m < M, and let £, ..., 8,’(’,‘", Ay, be the vertices of the generation

m + 1. We proved the existence of time scales 9]N > e>> Qﬁ such that foreach 1 <m < M:

(1) Forevery 1 <i <« and every state 1 in £",

lim max Pév[Hgm < Hy]=0,
N—oogell" i

where gl’" =U ki 5;” and where H4 stands for the hitting time of a set A C E. This means that starting from a
set £ the process visits all the points of £ before reaching another set 571.
(2) Let & =J; &" and let ¥, : E™ — {1, ...,k } be the index function given by

Km

W)=Y il{ne&}.

i=1

Denote by {ny(¢): t > 0} the trace of the process {ny(z): t > 0} on £™. For every 1 <i <y, n € £", under the
measure PnN , the (non-Markovian) index process X' () = ¥, (ny; (t@,l,y )) converges to a Markov process X" (¢)
on{l,..., Ky}

(3) Starting from 5 € £™, in the time scale #)Y the time spent outside £ is negligible: For every ¢ > 0,

t
Nli_I)IlooIrllleaEXE,];][/(; {ny(s6))) € Am}ds} =0.

Therefore, in the time scale 6, the process ny () behaves as a Markov process on a state space whose «;, points

e;frf:n Eh)e sets £, ..., & and which jumps from &" to 5}” at a rate given by the jump rates of the Markov process
t).

We apply this result to investigate the zero-temperature limit of the Kawasaki dynamics for the Ising model on a
two-dimensional square with periodic boundary condition. Here, for a fixed square and a fixed number of particles, we
derive the asymptotic behavior of the dynamics among the ground states, configurations whose particles form squares.
In [13], we show that the evolution of these square configurations converges to a Brownian motion when the lenght of
the square and the number of particles increase with the inverse of the temperature.

The problem of describing the asymptotic behavior of a one-parameter family of Markov chains evolving on a
fixed and finite state space has been considered before. Olivieri and Scoppola [22,25] applied the ideas introduced in
the pathwise approach to metastability [10] to this context. They supposed that the jump probabilities P(x, y) of a
discrete-time chain are given by

P(x,y) =q(x,y)e PHO=HOL (1.2)
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where [a]+ represents the positive part of a, g(x, y) a symmetric function and H an Hamiltonian. A subset A of
the state space E is called a cycle if maxyca H(x) < minyey, o4 H(y), where 94 A stands for the outer boundary of
A:04A={y ¢ A: 9x € A, P(x,y) > 0}. Under condition (1.2), Olivieri and Scoppola proved that the exit time of
a cycle, appropriately renormalized, converges to an exponential random variable, and they obtained estimates, with
exponential errors, for the expectation of the exit time. They were also able to describe the exit path from a cycle.
These results were generalized by Olivieri and Scoppola [23] to the non-reversible case, and by Manzo et al. [19],
who extended the results proved in [22] for the exit time of a cycle to the hitting time of the absolute minima of the
Hamiltonian.

Therefore, in the context of a fixed and finite state space, the approach proposed in [1,4] requires weaker assump-
tions on the jump rates than the pathwise approach, it provides better estimates on the exit times of the wells, and it
characterizes the transition probabilities which describe the way the process jumps from one well to another. On the
other hand, and in contrast with the pathwise approach to metastability, it does not attempt to characterize the exit
paths from a well.

The potential theoretic approach to metastability [5,6] has also been tested [9] in the framework of a fixed and
finite state space Markov chain. Bovier and Manzo considered a Hamiltonian H and an irreducible discrete-time jump
probability reversible with respect to the Gibbs measure associated to the Hamiltonian H at inverse temperature §. Let
M be a subset of the local minima of the Hamiltonian H and let M, = M\ {x}, x € M. Under some assumptions on
the Hamiltonian, they computed the expectation of the hitting time of M starting from x € M and they proved that
this hitting time properly renormalized converges to an exponential random variable. They also provided a formula
for the probability that starting from x € M the process returns to the set M at a local minima y € M in terms of the
right eigenvectors of the jump matrix of the chain. This latter formula, although interesting from the theoretical point
of view, since it establishes a link between the spectral properties of the generator and the metastable behavior of the
process, is of little pratical use because one is usually unable to compute the eigenvectors of the generator.

In our approach, we replace the formula of the jump probabilities written through eigenvectors of the generator by
one, [1], Remark 2.9 and Lemma 6.8, expressed only in terms of the capacities, capacities which can be estimated
using the Dirichlet and the Thomson variational principles. This latter formula allows us to prove the convergence of
the process (in fact, of the trace process in the usual Skorohod topology or of the original process in a weaker topology
introduced in [17]) by solving a martingale problem.

Metastability of locally conserved dynamics or of conservative dynamics superposed with non-conservative ones
have been considered before. Peixoto [24] examined the metastability of the two dimensional Ising lattice gas at low
temperature evolving according to a superposition of the Glauber dynamics with a stirring dynamics. Den Hollander
et al. [15] and Gaudilliere et al. [11] described the critical droplet, the nucleation time and the typical trajectory
followed by the process during the transition from a metastable set to the stable set in a two dimensional Ising lattice
gas evolving under the Kawasaki dynamics at very low temperature in a finite square in which particles are created
and destroyed at the boundary. This result has been extended to the anistropic case by Nardi et al. [20] and to three
dimensions by den Hollander et al. [14]. Using the potential theoretic approach introduced in [5,6], Bovier et al. [7]
presented the detailed geometry of the set of critical droplets and provided sharp estimates for the expectation of the
nucleation time for this model in dimension two and three.

More recently, Gaudilliere et al. [12] proved that the dynamics of particles evolving according to the Kawasaki
dynamics at very low temperature and very low density in a two-dimensional torus whose length increases as the
temperature decreases can be approximated by the evolution of independent particles. These results were used in [8],
together with the potential theoretic approach alluded to above, to obtain sharp estimates for the expectation of the
nucleation time for this model.

2. Notation and results

We consider a lattice gas on a torus subjected to a Kawasaki dynamics at inverse temperature 8. Let Ay = {1,..., L}?,
L > 1, be a square with periodic boundary conditions. Denote by A7 the set of edges of Ay. This is the set of
unordered pairs {x, y} of Az such that ||x — y|| = 1, where || - || stands for the Euclidean distance. The configurations
are denoted by n = {n(x): x € Ar}, where n(x) = 1 if site x is occupied and n(x) = O if site x is vacant. The
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Hamiltonian H, defined on the state space §2; = {0, l}AL, is given by

—Hm =Y n@n®).

{x,y}eA]
The Gibbs measure at inverse temperature 8 associated to the Hamiltonian H, denoted by u?, is given by

1
B(n) — e~ PHOD
wu” (m) Z; ,

where Zg is the normalizing partition function.

We consider the continuous-time Markov chain {nf : t > 0} on §£2;, whose generator Lg acts on functions f : §2; —
R as

LpH =Y cxym[f(@™n) = f)],

{x,y}eA]
where %77 is the configuration obtained from n by exchanging the occupation variables 1(x) and n(y):

n(z) ifz#x,y,
(™ n)x) =3 n(y) ifz=ux,
nx) ifz=y.

The rates ¢y, are given by

cx,y(n) =exp{—B[H(c""n) —H(m], },

where [a]4, a € R, stands for the positive part of a: [a]+ = max{a, 0}. We sometimes represent n,ﬂ by n?(t) and we

frequently omit the index § of 77;9 .

A simple computation shows that the Markov process {n;: t > 0} is reversible with respect to the Gibbs measures
uP, B >0, and ergodic on each irreducible component formed by the configurations with a fixed total number of
particles. Denote by |A| the cardinality of a finite set A. Let £2; x = {n € £2.: ZXEAL nx)=K},0<K <|AL],

and denote by /VL’IS; the Gibbs measure u” conditioned on 2 LK:

_e—ﬂH(n),

neE Lk,
Zg g

M’Ii(n) =

where Zg g is the normalizing constant Zg g =) exp{—pBH(n)}. We sometimes denote ,u’;} simply by ug.

neRr, K
For each configuration n € £2;, g, denote by Pg the probability measure on the path space D([0, 00), 21 k) in-
duced by the Markov process {n;: t > 0} starting from 1. Expectation with respect to P’g is represented by E’g

Assume from now on that K = n? for some 4 <n< \/Z, and denote by Q the square {0, ...,n — 1} x{0,...,n —
1}. For x € A, let Ox =x+ Q and let n* be the configuration in which all sites of the square Qx are occupied.
Denote by 29 = 522’ ¢ the set of square configurations:

Q0= {nx: Xe AL}.
If L > 2n the ground states of the energy H in §27 g are the square configurations:
Hpin = nEinSK H(n) =H(n*) = —2n(n — 1), (2.1
and H(n) > —2n(n — 1) forall n € 21 ¢ \ £2°.

To prove this claim, fix a configuration n € §21, g. Denote by & the configuration obtained from 1 by moving
vertically the particles of the configuration 7 along the columns of Ay in the following way. If there is a particle in the
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column Cy = {x = (x1, x3) € Ar: x1 =k}, move a particle in this column to the position (k, 0) if this site is empty.
Place all the other particles in the contiguous sites above (k, 0). This means that if there are j particles in the column
Cy for the configuration n, £(k,i) =1l ifand only if 0 <i < j.

This transformation does not decrease the number of vertical edges connecting particles and maximizes the number
of horizontal edges among the configurations with a fixed number of particles per column. Therefore, H (&) < H(n)
and to prove claim (2.1) it is enough to show that H(&) > H(n*) and that the equality holds only if & is a square
configuration. There are two cases which are examined separately. Either all columns have at least one particle, or
there is a column with no particle.

In the second case, we may assume that £ is a configuration of {0, 1}Zz with 12 occupied sites. If the set of occupied
sites is not a connected subgraph of Z?, we decrease the energy by moving laterally a cluster of particles until it touches
another cluster. We may therefore suppose that the occupied sites form a connected set.

Associate to each particle of £ a square of lenght 1 centered at the site occupied by the particle. Consider the
smallest rectangle in R? which contains all squares. By construction, each row and column of the rectangle contains
at least one square.

Denote by m| < m the lengths of the smallest rectangle which contains all squares. The area of the rectangle, equal
to mms, must be larger than or equal to the number of particles n2. It follows from this inequality that m | +my > 2n,
with an equality if and only if m| = my = n. Since each row and each column contains at least a square, there exist at
least 2(m| + m») edges connecting an occupied site to an empty site.

Since there are n? particles, if all 4 bonds of each particle were attached to another particle, the energy would be
—2n?. For the configurations &, we have seen that 2(1m +m,) bonds link a particle to a hole. Hence, the energy of this
configuration is at least —(2n2 —m) —my) > —2n(n — 1), with an equality if and only if m| =my =n, i.e., if £ isa
square configuration. This proves claim (2.1) if the configuration £ can be considered as a configuration of {0, I}Zz.

Assume now that all columns have at least one particle. This means that the configuration & has a row of particles
forming a ring around the torus Ay . The argument presented below to estimate the energy of & applies also in the case
where a column has no particles. Let 7 be the maximal height of the columns: 7 = max{j > 1: 3k, &(k, j — 1) =1}.
If all particles at height # have two horizontal neighbors, the configuration & forms a strip around the torus A with
hL = n? particles and its energy is equal to —(2h — 1)L = —(2n? — L) > —2n(n — 1) because L > 2n by assumption.

If there is a particle with maximal height which has one or no horizontal neighbor, we may move this particle to
an empty site at minimal height without increasing the energy. We repeat this operation until reaching a configuration
formed by a strip of particles surmounted by a row of particles. Denote by % the height of the strip and by 0 <k < L
the number of particles forming the top row so that n2 = AL + k. The energy of this configuration is —[2(hL + k) —
(L+1)]=—[2n>—(L+1)] > —2n(n — 1) because L > 2n by assumption. This concludes the proof of claim (2.1).

We examine in this article the asymptotic evolution of the Markov process {n;: ¢ > 0} among the |A| ground
states {n*: x € Ar} in the zero temperature limit. Denote by {&;: ¢t > 0} the trace of the process 7, on the set of
ground states £2°. We refer to [1] for a precise definition of the trace process. The main theorem of this article reads
as follows.

Theorem 2.1. As 8 1 00, the speeded up process £(e*Pt) converges to a Markov process on $2° which jumps from n*
to ¥ at a strictly positive rate r (X, y). Moreover, in the time scale ¢*P the time spent by the original process 1, outside
the set of ground states 2° is negligible: for everyx € Ap, t > 0,

lim Ef, U 1{n(e*s) ¢ 2°) ds] =0. (22)
0

B—o00

In the terminology introduced in [1], the previous theorem states that the sequence of Markov processes {n,ﬁ 2t >0}
exhibits a tunneling behavior on the time-scale e?P, with metastable sets {{n*}: x € A7}, metastable points n* and
asymptotic Markov dynamics characterized by the strictly positive rates r (n*, n¥).

Remark 2.2. The asymptotic rates r(X,y) depend on the parameters L and n. We stress that these rates are strictly
positive. The asymptotic behavior is therefore non-local, the limit process being able to jump from a configuration
n* to any configuration n¥ with a positive probability. We present in Corollary 6.2 an explicit formula for these rates
in terms of the hitting probabilities of simple Markovian dynamics, and we examine in [13] the case in which n and
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L increase with 3, proving that the trace process & converges in an appropriate time scale to a two-dimensional
Brownian motion.

Denote by H;, j > 0, the set of configurations with energy equal to Hyin + j = —2n(n — 1) + j:

J
HjZ{UEQL,K: H(n):Hmin+j}’ Hij:UHk’
k=i

and let
Aj={ne L k: H®) > Hmin + j}. (2.3)
so that Hy = 29 and {Hp;, A;} forms a partition of the set 2 k.

Remark 2.3. The proof of Theorem 2.1 requires a precise knowledge of the energy landscape of the Kawasaki dynam-
ics in the graph $21, k. This description is carried out in Section 4, where we show that the process n; visits solely
a tiny portion of the state space $2;, g during an excursion between two ground states. More precisely, as illustrated
in Fig. 1, we show the existence of four disjoint subsets of Hy, denoted by 2\, ..., 2%, and of four subsets of Hy,
denoted by I, ..., I'y, such that, with a probability converging to 1 as the temperature vanishes,

(1) After a time of order €*#, the process jumps from a ground state to a configuration in the set I'\;

(2) The process spends a time of order 1 in a set I'; before reaching a configuration in 7=V orin 27;

(3) After a time of order P, the process jumps from a configuration in §27, 1 < j <4, to a configuration in the set
iUy,

(4) The set A; is never visited.

A large portion of the set H| can be reached from a ground state only by crossing the set Ay. For example, the
configurations in which the particles form a (n — k) x (n + k) rectangle, 3 < k < \/n, with an extra row or column of
particles attached to the longest side of the rectangle. By the previous discussion, these configurations of the set H;
are never visited during an excursion between two ground states.

The simplicity of the energy landscape emerging from Remark 2.3, and illustrated in Fig. 1, is one of the main
by-products of this article. The proof of the convergence of the Kawasaki dynamics to a Brownian motion in [13]
relies strongly on this description.

The article is organized as follows. In the next section we present a sketch of the argument and in Section 4 a
description of the shallow valleys visited during an excursion between two ground states. In Section 5, we describe
the evolution of the Markov process among these shallow valleys in the time scale e?, and in Section 6 the asymptotic
behavior of the Kawasaki dynamics among the ground states in the time scale e?# .

02 Q3 04 03 02 ol
Q0 Q0

Fig. 1. The energy landscape of the Kawasaki dynamics at low temperature. 20 represents the set of ground states, Q27 1<j<4, disjoint subsets
of Hy, I'j, 1 < j <4, disjoint subsets of Hp, and A =H \ [Uls_is4 £27]. The edges indicate that a configuration from one set may jump to the
other. At low temperatures, during an excursion between two ground states the process does not visit the set A and all the analysis is reduced to
the lower portion of the picture.
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3. Sketch of the proof

The proof of Theorem 2.1 relies on the strategy presented in [3] to prove the metastability of reversible Markov
processes evolving on finite state spaces. We do not investigate the full tree structure of the chain, presented in the
Introduction, but a small portion of it contained in the first and second generation of the tree.

A simple computation shows that assumptions (2.1) and (2.2) of that article are satisfied. Indeed, since H(c*Vn) —
H(n) = (ny — ”X){lez—yl\zl ng; — lez—xH:l Nz + 1y — nx}, the jump rates cy () may only assume the values 1,
e=B,e28 and e=3#, which proves assumptions (2.1) and (2.2).

Denote by Rg(n, §) the rate at which the process n; jumps from 7 to & so that Rg(n, &) =cy y(n) if § = o™ 'n for
some bond {x, y} € A7, and Rg(n, &) =0, otherwise.

A self-avoiding path y from A to B, A, B C 21 x, AN B = &, is a sequence of configurations (&, ..., &,) such
thatépe A, &, € B, & #&;,i # j, Rg(§;,&j41) > 0,0 < j <n. Denote by I'4 5 the set of self-avoiding paths from
A to B and let

Gk(A B):= max Gg(y), Gk(y)=Gh(y):= min uxE)Rp(Ei, Er1)
vela B O<i<n

<i

if y = (%0, ...,&x). Since g (&) Rp (&, &i+1) =min{ug (&), ux iv1)}, Gk (y) = ming<;<, ug (&) and Gk (A, B)
is the measure of the saddle configuration from A to B.

Denote by Dg = Di the Dirichlet form associated to the generator of the Markov process 7;:

1 '
Dk(N=75 D 2 nk@ery®f(e8) ~F@OF. fi2ux—R.

{x,y}eA’z Eef k
Let capg (A, B) = capi (A,B), A, BC 21k, AN B = @, be the capacity between .4 and 5:

capg (A, B) = il}fDK(f),

where the infimum is carried over all functions f:$2; x — R such that f(§) =1 forall £ € A, and f(§) =0 for all
& € B. We proved in [3], Lemma 4.2 and 4.3, that the ratio capg (A, B)/ Gk (A, B) converges as 1 co: For every A,
BC 2Lk, ANB=g,

capg (A, B)
ﬂi)rréo Gx(ADB) =C(A, B) € (0, 0). 3.1

We claim that G g ({n*}, {n¥}) = e 2 g (n®) for x # y. Denote by e1, e, the canonical basis of R, On the one
hand, any path y from n* to a set A ¥ n* is such that G (y) < e~ 2 ug (7). On the other hand, it is easy to construct
a self-avoiding path y = (n®X =&, ..., & = n*%) from n* to n*™%, and therefore a path from n* to n¥, such that
ng €)= e 2Pk (1), 0 < j < n. This proves the claim.

It follows from the previous claim and from (3.1) that capg ({n*}, {#¥}) is of order e 28 g (). In particular, to
examine the evolution of the process n; among the competing metastable states n* we need only to care of the states
whose measure are greater than or equal to e 2?1 ¢ (7*). Actually, as pointed out in Remark 2.3, only a much smaller
class is relevant for the problem.

In the next section we define the sets 21, ..., 2% introduced in Remark 2.3. In the following section we show that
starting from a configuration in (- j<4$2j in the time scale ef the Kawasaki dynamics evolves as a markov chain

whose points are subsets of the sets £2/. In this chain the configurations n* are absorbing points and the jump rates
are expressed as functions of the hitting probabilities of simple Markovian dynamics.

In Section 6, we deduce from the previous result the tunneling behavior of the process n; on the longer time scale
e?# among the competing metastable states 7*. The jump rates of this dynamics are expressed in terms of the hitting
probabilities of the absorbing states for the Markovian dynamics derived in the previous step.
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We conclude this section recalling the definition of a valley presented in [1]. Denote by Hr7, H f-}, IT C 2 k, the
hitting time and the time of the first return to I7:

Hpp =inf{t > 0: 0/ € 7},
H;:inf{t>02 nfeﬂand30<s<t;nf¢ﬂ}.

We sometimes write H (IT), H1(IT) instead of Hpy, HFZ.
Consider two subsets W C B of the state space 2k and a configuration n € W. The triple (W, B, n) is called a
valley if:

e Starting from any configuration of W the process visits 1 before hitting B¢:

: B
lim max P [Hpc < H,]=0.
o0 ECWY s[ B n]

o There exists a sequence mg such that, for every § € W, Hp:/mg converges to a mean 1 exponential random

variable under P? . The sequence mg is called the depth of the valley.
e The portion of time the process spends in 3 \ W before hitting B¢ is negligible: for every & € YV and every § > 0,

ﬂ 1 HBL'
lim P§|:—/ 1{nS€B\W}>8:|=0.
0

B—00 meg

4. Some shallow valleys

We examine in this section the evolution of the Markov process {né3 : t > 0} between two consecutive visits to the
ground states {n*: x € Ar}. In the next section, we show that at very low temperatures, in the time scale e? much
smaller than the time scale of an excursion between ground states, the process 7; evolves as a continuous-time Markov
chain whose state space consists of subsets of Hp;. In this asymptotic dynamics the ground states play the role of
absorbing states. We present in this section the subsets of Hp; which become the points of the asymptotic dynamics
and show that these sets are valleys. We also provide explicit formulas for the jump rates of the asymptotic dynamics
in terms of four elementary Markov processes.

For a subset B of Ay, denote by d4 B the outer boundary of B. This is the set of sites which are at distance one
from B:

4B={xe A \B:dyeB, |ly—x|=1}.
4.1. Elementary Markov processes

The jump rates among the shallow valleys introduced below are all expressed in terms of the hitting probabilities of
four elementary, finite-state, continuous-time Markov chains. We present in this subsection these processes and derive
some identities needed later. Let {x;: ¢ > 0} be the nearest-neighbor, symmetric random walk on Ay which jumps
from a site X to X £ ¢; atrate 1. Denote by Py, y € Ay, the probability measure on D(R4., Ay ) induced by x; starting
from x. We sometimes represent x; by x(¢). Denote by p(y,z,G),y € Ar,z € G, G C AL, the probability that the
random walk starting from y reaches G at z:

p(y. 2, G) :=Pj[x(Hg) =z].

By extension, for a subset A of Az, let p(x, A, G) = ZyeA p(x,y, G). Moreover, when G = 904 Q, we omit the set G
in the notation: p(x, A) :=p(x, A, 0+ Q). Let, finally,

P(A) :=p(W2 +2e2, A) +p(Wr +e1 +e2, A). 4.1)
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Lety; = (y,l, ylz) be the continuous-time Markov chain on D,, = {(j, k): 0 < j <k <n—1}U{(0, 0)} which jumps
from a site y to any of its nearest-neighbor sites z, ||y — z|| = 1, at rate 1. Let D;" = {(j,n —1): 0<j <n — 1} and
let

G = IP’{OVI)[HD; < Ho0)l, 4.2)

where ]P’{O 1 stands for the distribution of y; starting from (0, 1).

Let E, ={0,...,n — 1}2 and let z; = (ztl, ztz) be the continuous-time Markov chain on E, U {9} which jumps
from a site z € E, to any of its nearest-neighbor sites z’ € E,,, ||z’ — z|| = 1, at rate 1, and which jumps from (1, 1)
(resp. from ?) to ® (resp. to (1,1)) atrate 1. Let Ef ={(j,n—1): 0<j<n—1}, E; ={(j,0): 1 <j<n—1},
dE, =E, UE, U{(0,0)}and for0 <k <n — 1, let

o =Pf ) [Hog, = Hg+], tn =Flo.n[Hor, = Hp_,

0 “4.3)
v, (k) =P y[HyE, = Ho,0)], =1+,

where ]P’%k 1 stands for the distribution of z, starting from (k, 1). Note that the values of t,ﬂf, tg (k) are unchanged

if we consider the trace of z, on the set {0,...,n — 1}2. This latter process is a nearest-neighbor random walk on
{0, ..., n — 1}*> whose holding time at (1, 1) is longer. The embedded discrete-time chain of the trace process is the
symmetric, nearest-neighbor random walk. In particular, v} = (n — H~L

We claim that

n—1
PR AT 4.4)

Indeed, denote by Z; the embedded, discrete-time chain on E,,. Outside of the boundary 9 E,,, Z; jumps uniformly to
one of its neighbors. At the boundary 9 E,,, it jumps with probability 1 to the unique neighbor in the interior £, \ 0E,,.
Therefore,

tg(k)=P?k,1)[HaEn=H(0,0)]=;P(V)3_ Zn(k D)5 (k i

where the sum is carried over all paths y from (k, 1) to (0, 1) which never pass by d E,,. The factor 1/3 represents the
probability to jump from (0, 1) to (0, 0) and r the reversible stationary measure for the chain Zj, which is proportional
to the degree of the vertices. By reversibility, the previous sum is equal to

;”(O’ Dr(r)z; (k D ZP )Z n(k %

where the sum is now carried over all paths y’ from (0, 1) to (k, 1) which never pass by d E,, and Z,, is the sum of the
degrees of all vertices. Last expression is equal to ]P)fo, 1 [HyE, = H,0)]. Summing over all k yields (4.4).
Finally, consider two independent, nearest-neighbor, continuous-time, random walks u;, v; evolving on an interval
={m,..., M}, m < M, which jump from k (resp. k + 1) to k + 1 (resp. k), m <k < M, atrate 1. Let H] = inf{r >
0: luy —v,|=1}. Fora,a+2eJ,b,b+1€J,let

m(J,a,b) =P o [ ve) = (b.b+ D), 4.5)

where P%Y

(@.a+2) stands for the distribution of the pair (u;, v;) starting from (a, a + 2).

4.2. The distribution of n(Hﬁm) starting from a ground state

Denote by N (%) the set of eight configurations which can be obtained from n* by a rate e=2# jump. Two of these
configurations deserve a special notation, n} = o™*>"2+t¢2y% and 5 = o W2 W2te1 ¥,
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Lemma 4.1. For each n € N' (%), there exists a probability measure M(n, -) on Ho; such that

M, A) := ﬂlirgo P, [Hy,, = HAl (4.6)

forall A C Hy. Set M;(-) = M(n;, 3, j =1, 2. Then,

Ml(f,’o’o):l{ T+t +2 1+t +20 -2 }

v 24+gn+v —A 44, + v, +Aler) — Ale)

Mz(gogo):l{ I+, +2o 141, +2 -2 }
v 24+qp+v —2A  4+q,+1, +2Aler) —2Aler)

where A(e;) = p(wa + ¢;), Aj = p(Qy”) and

A =2(er) + Alez), Ay =2 + 2, Ap,3 = Ao + 2As3.

Proof. We prove this lemma for n = n}, A= 55 2 and leave the other cases to the reader. Recall the definition of
qn» t,f introduced in (4.2), (4.3). We claim that any limit point M[; = M (5&’2) of the sequences P,,; [Hu,, = HAl
satisfies the equations

44+q,+1t, —)M; +My) =142+, 4.7)

To prove (4.7), assume that Pn} [Hm,, = H 4] converges and observe that the configuration 7] may jump at rate 1 to

6 configurations and at rate e~ or less to O (n) configurations. Among the configurations which can be reached at rate
1 two belong to Ho, one of them being n% and the other "2 "2t¢2=¢1)W ¢ A. Hence, if we denote by N> (n7) the set
of the remaining four configurations which can be reached from 57} by a rate 1 jump, decomposing P,ﬁ [Huy, = Hal
according to the first jump we obtain that

6P, [Hizy = Hal =1+ Y PylHu, = Hal+e(B), 48)
n'eN>(n})

where £(f) is a remainder which vanishes as 8 1 oo.

We examine the four configurations of N> (1}) separately. In two configurations, o W2-W2+2¢2yW and g W2.-Wateater
n"Y, a particle is detached from the quasi-square Q%v. The detached particle performs a rate 1 symmetric random walk
on Ay until it reaches the outer boundary of the square Qg. Denote by Hy;; the time the detached particle hits the
outer boundary of the square Qv. Among the remaining particles, two jumps have rate e # and the other ones have
rate at most e ~2#. Therefore, by the strong Markov property, for 1’ = g W2-W2t2e2yW g Wa.Waterter pw

2

Py [Hiy, = Hal =Py [n(Huir) € £3°]+ D Py [n(Hi) =0} |Pye[Hiy, = Hal +£(B).
i=1

By definition (4.1) of p, the contribution of the terms 7’ = o W2:"2+2€2;W and 5 = g ">-W2Fe2+€1 ;W to the sum appear-
ing on the right hand side of (4.8) is

p(Wa + )Py [ iz, = HAl+ p(Wa + e1)Pys[Hiryy = HAl+p(03°) +£(B). (4.9)

It remains to analyze the two configurations of N> (), n = oW2=¢W2Fte2yW and 5’ = gW2=¢1-W2Te2 ;W [n the first
one, if we denote by z,1 the horizontal position of the particle attached to the top side of the square Q and by z,2 the
vertical position of the hole on the left side of the square, it is not difficult to check that (z,l , Zf) evolves as the Markov
chain described just before (4.3) with initial condition (z(l), z(z)) =(0,1).

Denote by Hpj; the time the hole hits O or n — 1. Since the hole moves at rate 1, and since all the other O (n) possible
jumps have rate at most e #, with probability increasing to 1 as B 1 0o, Hy;; occurs before any rate e # jump takes



Tunneling of the Kawasaki dynamics at low temperatures 69

place. At time Hyj three situations can happen. If the process (ztl, ztz) reached (0, 0) (resp. E;!, E,;), the process n(t)
returned to the configuration 7 (resp. hitted a configuration in f,’vlv’z, 5&,’2). Hence, by definition of ¢,

Pn’[H]HIm = HA] = t; + 1 - tn)Pn’l‘ [HHm = HA] +¢&(B)

for ’7/ — o.wzfez,wﬁ»eznw‘

Assume now that ’ = o"2~¢1-W2+e20 I this case, if we denote by y' the horizontal position of the particle
attached to the side of the quasi-square and by y? the horizontal position of the hole, the pair v/, ytz) evolve according
to the Markov process introduced just before (4.2) with initial condition (y(l), y%) = (0, 1). Denote by Hy;; the time the
hole hits O or n — 1. Here again, since the attached particle and the hole move at rate 1 and since all the other O(n)
jumps have rate at most e ~#, with asymptotic probability equal to 1, Hyj; occurs before any rate e ~# jump takes place.
At time Hy;, if y%ihn =0, the process 7() has returned to the configuration »7j, while if y%ihit =n — 1, the process n(z)

has reached a configuration in 53;2. Since the random walk reaches n — 1 before 0 with probability g, by the strong
Markov property

Py [Huy = Hal= (1 — q0)Py[Hy,, = Hal +€(B)

for n/ — O,W27€1,W2+L’z 7,’W.
Therefore, the contribution of the last two configurations of J\/’z(nf) to the sum on the right hand side of (4.8) is

v, + 2=t — 40Py [Huy, = Hal +(B). (4.10)

Equations (4.8), (4.9) and (4.10) yield a linear equation for M| = P,ﬁ[HH01 = H 4] in terms of M and M, =
Ps[Hu, = H4l. Analogous arguments provide a similar equation for M in terms of M| and M,. Adding these two
equations we obtain (4.7), while subtracting them gives a formula for the difference M; — M. The assertion of the
lemma follows from these equations for M; + M, and M; — M. |

Similar computations to the ones carried over in the previous proof permit to derive explicit expressions for M.
For example, we have that

1

My (") =M(r") = =y

By symmetry, for each n € A/ (n*), we can represent M(7, -) in terms of M; and M. Moreover, for all n € N (%),

M(n, n*) + Z M(n, 8,’;"/) =1.
0<i,j<3

4.3. The valleys 5,’;"/
Let O' = O\ {w;}, 0 <i <3, where
wo=w=(0,0), wi=(n-1,0), wy=m-—1,n—-1), w3 =(0,n—1)

are the corners of the square Q. Forx € A, let Q; =x+ 0, x; =x+w,.
Denote by 9; 0y, 0 < j < 3, the jth boundary of Qy:

30y ={2z€0,0: Jye Qiy—z=(1- jlea}, j=0,2,
9,0k ={z€d,0: Iye Qliy—z=(j — e}, j=13.

Let Q;’ =9 i Q; \ Ox, let E,i’j be the set of configurations in which all sites of the set Q; are occupied with an extra
particle at some location of Qy”’, and let 2! = 2 i x be the union of all such sets:

g)l(’] _ {O_xhznx: = Q;]}’ Q; — U g;;’j’ Ql = U Qxl.

0<i,j<3 xeAg
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Fig. 2. Four among the five configurations of the set 5,?’0 for n = 6. The gray dot indicates the site x. We placed a square [—1/2, 1 /2)2 around
each particle.

Note that £2; C H;. Figure 2 illustrates typical configurations of the set £2'.

The process {n: t > 0} can reach any configuration & € & from any configuration 5 € &’ with rate one jumps,
while any jump from a configuration in & Jtoa configuration which does not belong to this set has rate at most e -8,

This means that at low temperatures the process 7, reaches equilibrium in & before exiting this set, which is the first
condition for a set to be the well of a valley.

The main result of this subsection states that for any configuration & € S,i;j , the triples (S,l;‘j , 6,’;’j UALE) are
valleys in the terminology of [1]. This means, in particular, that starting from any configuration in £, the hitting

time of the set Hy; \ & properly rescaled converges in distribution, as B 1 0o, to an exponential random variable.
We compute in Proposition 4.3 the time scale which turns the limit a mean one exponential distribution, as well as the
asymptotic distribution of n(H o \ & i ).

Denote by N (5 J ), N for neighborhood, the configurations which do not belong to €X J , but which can be reached
from a configuration in & J by performing a jump which has rate e~#. The set A/ (5 ) for instance, has the following
3n elements. There are n + 1 configurations obtained when the top particle detaches itself from the others: o™2-%nV,
where z=(—1,n), (a,n+1),0<a <n—2, (n — 1,n). There are n — 1 configurations obtained when the particle

at wp — ep moves upward: o™2722y% 'z = (a,n), 0 < a <n — 2. There are n — 2 configurations obtained when the

particle at wp — e; moves to the right: oW27¢1"2yV 7z = (a,n), 0 < a < n — 3. To complete the description of the set

2.2 . el Woe _
N (Fg~), we have to add the configurations o "3-Wate2gWa.WaterteryW qnd gWa—er,Wa—eiter 5 Wo, Wa—2e1+e2), W,

Lemma 4.2. Forxe Ap,0<i,j <3,and & € N(E,’;’j), there exists a probability measure M(&, -) defined on Hy;
such that

ﬁhm P/ e [1(Hi,,) € A] =M, A)
for all A C Hy;. Moreover, let IT be one of the sets Eééj, 0<1i, j <3, or one of the singletons {nV}, {oW>-W3Teiter
oWVt Wy Thep,
(1) Forze Jy ={(-1,n),n—1,n),(a,n+1): 0<a<n-—2},

3
M(a™> "™, IT) = " p(z, W17 =E5%} + p(z, wa + e)Mi (IT) + p(z, wa + e)) Mo (IT).
k=0

(2) Forze 0%,

(g, 1) = a7 = £ oy

n—2
+ {n_l —r2<n1>}1{n=5@»2},

where v, =n — 1 —2z1,2= (21, 22)-
(3) Forz= (k,n),0<k<n-3,

M(O.Wz elz w 622)_1
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(4) Finally, for the last two configurations of N' (5&’2),
. . 1
M(O_W3,W3+L20,W2,W3+81+L2 nw’ H) — ;1{17 — {O,WQ,W3+61+820,W0,W3+62 nw}}

n—

+

11{17 ngzv’z},

M(O_Wz—el,Wz—el+620W2,W2—261+€2nw’ gv2v’2) —=1.

Proof. We present the proof for i = j =2, x = w, the other cases being analogous. As we have seen, the set N’ (&%’2)
has five different types of configurations. We examine each one separately. Assume first that & = o™2-%5V for some
z € Ji, Ji the set defined in the statement of the lemma. The free particle, initially at z performs a rate one, nearest-
neighbor, symmetric random walk in Ay until it reaches the outer boundary of the square Q. All the other possible
jumps have rate at most e~# and may therefore be neglected in the argument. When the free particle attains 3, Q, the
configuration either belongs to one of the sets £%, 0 < k < 3, or is one of the configurations n} or 0 introduced in

Lemma 4.1. By definition (4.1) of p, it belongs to Evzv’k with probability p(z, Q%V’k) and is equal to the configuration 1}
(resp. n3) with probability p(z, wz + e2) (resp. p(z, wz + e1)). This proves the first assertion of the lemma.

Assume now that & = oW2722y% 7 ¢ Q%V’Z. The configuration £ has a particle attached to the top side of the
square Q and a hole on the right side of the square. This pair behaves as the process z; introduced in the begining
of this section and evolves until the hole reaches the bottom of the square or its original position at the top. There
are three cases to be considered. The hole may reach w before wy. This happens with probability (n — 1)~! and the
configuration attained belongs to the equivalent class 5&’2.

The hole may reach w, before w; when the top particle is not at wy + e;. In this case the process reached a
configuration in 5‘%’2. This event has probability ]P’% . 1)[Ha g, =H E;]], where j =n —1—1z-e; and where IP’fj’ 1 is the
measure introduced in (4.3). By definition of the set 0 E,;,

Pl yHog, = Hp 1= 1—="P(; [Hag, = Hgt 1 = P(; ) [Hog, = Ho.0)]

n—
=1 ().

Finally, the hole may reach w; before w; at a time where the top particle is at wy + e>. In this case the process
reached the configuration »7} introduced in the previous lemma. This event happens with probability tg (7), which
concludes the proof of the second assertion of the lemma.

In the case & = oW27¢1"2 VW the hole initially at w, — e; performs a horizontal, rate one, symmetric random walk
on the interval {m + 1, ..., n — 1}, where m represents the horizontal position of the top particle, which itself performs
a horizontal, rate one, symmetric random walk limited on its right by the hole in the row below. This coupled system
evolves as the process y; introduced in (4.2) until the hole initially at w, — e reaches its original position at w,.

Suppose that £ = g W3- W3Te2gW2,Witei+e2 )W p this situation the hole at w3 performs a vertical, rate one, symmetric
random walk on {(0, b): 0 <b < n}. The hole reaches w before it reaches w3 with probability n~L

Finally, if £ = g™2—¢1.W2—e1tergWa,Wa—2e1+e2)W there is only one rate one jump which drives the system back to

the set Evzv,z_ O

By symmetry, the distribution of n(H (Ho; \ €,i")) can be obtained from the one of n(H (Hy; \ 53"’ ), 0<j<3.
When the set I7 is a singleton {¢} we represent MI(, {¢}) by M(§, ¢). This convention is adopted for all functions of
sets without further comment. Recall the notation introduced in the beginning of this section and in the statement of
Lemma 4.2. Let

z(&) = Y ME(E))= Y [1-ME &) @11
EeN(EL) EeN(E)

Note that Z (E,i’j ) does not depend on X. In this sum, the terms MI(§, -) are not multiplied by weights @ (§) because
asymptotically the process hits N (£x’) according to a uniform distribution. In view of the previous lemma and
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by (4.4),
Z(E2%) =14+ Lt (1) [ - (E37)]
o
+ D {[1 =Pz O3)] = Pz w2 + €)M (€37) = bz wa + e (€72) ).
zely

where J|" = J1 \ {w2 +e2}.

Proposition 4.3. Fix0<i, j<3andxe Ar.
(1) Forany & € ij, the triple (5,1(],51 Jy A1 &) is a valley of depth ,LLK(S ])/capK(S,l{], E’ Jy Al9;
(2) For any § € EXJ , under Pﬂ H(M o \ & J )/eP converges in distribution to an exponential random variable of

parameter Z(El ])/|El J|
(3) Forany & € &', IT C Hy \SX ,

ﬁli)rgoPg[n(H(Hm \&'))en]= > M. ) =:0(&7 . ).

Z(S’ 7 SN @)

Proof. Recall [1], Theorem 2.6. Condition (2.15) is fulfilled by definition of the set A;. A simple argument shows that
G (&,0) =ePug(n™) for any pair of configurations £ # ¢ € &, and that G g (&7, [Ex” U A119) <e Pux (™).
Condition (2.14) follows from these estimates and (3.1). This proves the first assertion of the lemma.

To prove the second assertion of the lemma, we start with a recursive formula for H. i.j. Let 71 the time the

]HI Ex
process leaves the set E/: 7 =inf{r > 0: n? ¢ £57/}. We have that "
HH N\ =T + Hpyy, 0607 + H{Hyy, 06, =H gid 0911} Hoy\E 09H+ ,
where {6;: t > 0} stands for the shift operators. .
Fix A >0andlet Ag = re~P. By the strong Markov property, for any & € &/,
Eg [e_kﬁHHm\Ef«’j] = [ AT E’3 [I{HHO1 # Hgi.j}e_lf‘HHol]]
+Ef[e T EL [ Hy, = Hgile ™ #M501 expl—ap Hyy |\ gt 0 Oy 1]]. (4.12)

Recall the definition of N (5 J ) given just before the statement of Lemma 4.2. With a probability which converges

tolas 1 oo, nrﬂl belongs to NV (& J ). Each configuration in NV (& o ) belongs to an equivalent class which eventually
attains H; after a finite random number of rate one jumps. This proves that

lim lim  max PE[HH01>A]
A—>ooﬂ%oo;eN(gtj)

Therefore, we may replace in (4.12) exp{—Ag Hpyy,, } by 1 at a cost which vanishes as 8 1 co.
By the strong Markov property, after the last replacement, the second term on the right hand side of (4.12) can be
rewritten as

E{ [ TE) [I{HH(),:H&,-‘.,-}E',? [expt=g Hy )11

Since 8 is an equivalent class and the process leaves 5 only after a rate e # jump, a simple coupling argument
shows that

lim max
F=eoy cegy!

7][exp{ ApHy \gt/}] [exp{ —AgHy \g‘/ | =0.
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The previous expectation is thus equal to
-2
[exp{ )\.ﬁ \51 j }] [ pT1 Egrl [I{HH()I = Hg;l }]]

plus an error which vanishes as 8 1 oo.

We claim that (e P 1y, nf,) converges in distribution, as 8 1 oo, to a pair of independent random variables where
the first coordinate is an exponential time and the second coordinate has a distribution concentrated on N’ (S,i’j ). The
proof of this claim relies on [1], Theorem 2.7, and on a couphng argument.

Let Gl J ./\/(5’ J) U 5’ "/ Consider the Markov process {n, :t>0}on G ' whose j jump rates 7(n, &) are given
by

R r(n, &) 1fneé‘x’,é;‘eG
FE) =1 r&, ) ifneN(EL )Seﬁi’,

0 otherwise.

Note that #(n, &) = e~ # or 0 if r/ eN (5 J ), and that we may couple the processes 17, and 7) 17, in such a way that the
probability of the event {n, = 77, 0 =<1 <71} converges to one as B 1 oo if the initial state belongs to & .

Let {él ., €™} be an enumeration of the set N (Ey J ) and consider the partition 5 U{ENU---U{E™) of the
set Gy’ Assumptlon (H1) of [1], Theorem 2.7, for the process nf is empty for the sets {£/} and has been checked in
the first part of this proof for the set & - . Assumption (HO) for the process nt speeded up by e can be verified by
a direct computation. Therefore, by [1], Theorem 2.7, the pair (e~ ’311, ’711) converges in distribution, as 8 1 0o, to a
pair of independent random variables in which the first coordinate has an exponential distribution and the second one

is concentrated over A/ (S,i’j ). This result can be extended to the original pair (e P, nfl) by the coupling argument
alluded to above.
It follows from the claim just proved and the previous estimates that

Eﬁ [e— 28T ]Eﬁ [qu [Hp,, # Hg,i(,j]]

lim Eﬁ[ Ao el /]— lim 5 5 :
f— 00 p=oo | — Ky [e— 78T 1E; [P [Huy, = Hijll

If 71 /ef converges to an exponential random variable of parameter 6, the right hand side becomes

; eEﬂ[an [Hu,, # Hﬁi'f]]
1m
p=0 %+ OEL P}, [Hisy, # Hei ]

which means that H (Ho; \ £&’)/e? converges to an exponential random variable of parameter

; B
=0 i B 1)

We examine the case i = j =2, x = w. Recall the description of the set N (EVZV’Z) presented before Lemma 4.2. By

computing the average rates which appear in assumption (HO) of [1], we obtain that under Pg , 71/eP converges in

distribution to an exponential random variable of parameter |\ (Evzv’z)| / |S&j2| =3n/(n — 1), and that nrﬁl converges to

a uniform distribution on A/ (&%’2). Hence, by the conclusions of the previous paragraph and by Lemma 4.2, H (Ho; \
5V2V’2) /eP converges to an exponential random variable of parameter Z (szv’z)/ |5v2v’2|. This proves the second assertion
of the proposition.

We turn to the third assertion. Denote by {H;: j > 1} the successive return times to Hoj:

Hi = H" (Ho), Hjy1=H"(Ho)obu, j=1.
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With this notation, we may write for every & 53‘,’2,

[n( ) €11] 1= Plln(H) e €2* 1 <k <j—1.nH)) e ]. (4.13)
j=1

By the strong Markov property, for any &’ € 5&’2, ' C Hyy,
B B
P [n(H) € 1] =EL[Ph [n(Hg,,) € 1T']].
Under Pg , the distribution of 1, converges to the uniform distribution over A/ (Evzv’z) as B 1 oo. Hence, by Lemma 4.2,

Y. M)

neN(EL?

1
li P (Hy)ell
ﬂl)moo [ 1 ] IN(€2 EN

for all &’ € €22, IT' C Hy,. Denote the right hand side of the previous formula by ¢ (I7'). It follows from identity
(4.13), the strong Markov property and the previous observation that for all 77 C Hp; \ &%’2,

n
lim P? [n( \522)617] L)zz’
p—o0 - Q(gw, )
which concludes the proof of the proposition. ]

‘S'incga Ho 1\ 8,’;’]' = [E,i(’j u A6, .it‘ follows from the second assertion of the proposition that the depth of the valley
(&7 & UALLE) is ePIE1/Z(E¢7). In particular,
gi, j 5!',/'
lim /LZK( l) _ | xi | ) (4.14)
F=o0 b capy (E87, [EF U A1) Z(EX)

Since ,LLK(E,’;’j) = IS,i’jIe*ﬂMK(ﬂw)’

o capk (67 6T U A)
1m

=Z(&7).
p—00 e 2Pk (™) (&)

In view of Lemma 4.2, we have the following explicit formula for the probability measure Q(&%’z, -) on Hp;. Let
R(&. M) =Z(&7)o(&! . M) = > M@ Mm)., T cCHo. (4.15)
neN &)

Recall the definition of the set J;* introduced one equation below (4.11). Then,

R(Ex?n") = (145 )M (")

+ Y {p(@ w2+ e)M; (n¥) + p(z, w2 + e)Ma(n™)},

zeJ}
for0<i,j<3,( j)#2,2);

R(E22.637) = (1+ )M (&) +1{& =€V} + Y (@ wa + )M, (&)

zeJ}

+ ) {n(z 1T =&} +p wr+e)Ma (&) ):

zeJy
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and

2,2 _wp,w3+tej+er _Wo,W3+er W
R(gw’o-z 3terter s Wo 3+277)=;

The rate R(5V2V’2, IT) vanishes if IT does not intersect {n%, &1} U(l-’ N#£2,2) E@j , where & is the configuration appearing

in the previous displayed formula. Hence, on the time scale e”, starting from the valley 83’2 the process may fall in

the deep well nV¥, it may reach some valley Ef;v’j , (i, j) # (2, 2), which are similar to E‘%’z, or attain the configuration
oW2Wstertea g Wo.Wste2yW T the next subsection we show that this configuration is the well of a valley, a property
shared by a class of configurations.

4.4. The valleys {ng,(k,e)}

Let R', R® be the rectangles R'={1,....n—=1}x{l,....,.n=2}, RS={1,...,n—2} x {1, ...,n— 1}, where [ stands
for lying and s for standing. Let nj =n3 =n — 2, n{ =n3§ =n — 1 be the length of the sides of the standing rectangle
R®. Similarly, denote by nl.[, 0 <i < 3, the length of the sides of the lying rectangle R nl[ = nf 1 where the sum
over the index i is performed modulo 4.

Denote by I, a € {s, [}, the set of pairs (K, £) = (ko, Lo; k1, £1; k2, €2; k3, £3) such that
o 0<k <t =<nf,
. Ifkj =0, then ej—l :n?il.

For (k,£) €, a e {s, [}, let R[(k, £), R (K, &) be the sets

R'(k,&) =R'"U{(a,0): ko<a <t} U{(n,b): ki <b =<t}
U{n—a.n—1):ka<a<t}U{0,n—1-b) k3 <b=<{3},

REK,&)=R°U{(a,0): ko<a<lojU{(n—1,b): ki <b=<t}
U{n—1—a,n): ka<a <t} U{0,n—b): k3 <b < t3}.

Note that a hole between particles on the side of a rectangle is not allowed in the sets R®(k, £), R%(k, £).
Denote by 14, a € {s, I}, the set of pairs (k, £) € I such that |R*(k, £)| = n?. For (k, £) € I, denote by M;(k, £)
the number of particles attached to the side i of the rectangle R®(k, £):

bi—ki+1 ifkip>1,
Mi(k. &) = {Ei —ki+2 ifkiy1=0.
Clearly, for (k, £) € I, ZO<i<3 M;(k, £) =3n—2+ A, where A is the number of occupied corners, which are counted
twice since they are attached to two sides.

Denote by I} C I, the set of pairs (k, £) € I, whose rectangles R (k, £) have at least two particles on each side:
M;(k,£) > 2,0 <i <3. Note that if (k, £) belongs to I}, for all x € R*(k, £), there existy, z € R%(k, £), y # z, with
the property [|x —y| = |x — z|| = 1.

For (k,£) € Ig,ae{s, I}, xe Ar,let R}(k,£) =x+ R%(k, £), and let n,?’(k’z) represent the configurations defined
by

n&®Y @ by=1 ifandonlyif (a,b)e RE(K,L).
The configurations 7y ’(k’e), (k,€) € 14\ I}, belong to Q' orforma (n — 1) x (n + 1) rectangle of particles with one
extra particle attached to a side of length n + 1. Let £2% = .Q% x» be the set of configurations associated to the pairs

(k,€)in I}:

={n* Y aetsn, k0erg), 2°=J 2
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Fig. 3. Some configurations ny Lk, £) for n = 6. The first one corresponds to the vector (k, £) = ((1,5); (1,4); (1, 6); (0, 1)) and the last one to the
vector (k, £) = ((0, 1); (1,5); (0,5); (1, 5)). The inner gray rectangle represents the set X + R' and the black dot the site x.

Figure 3 illustrates typical configurations of the set £2.

To describe the valleys which can be attained from 7y’ ‘&9 e have to define a map from £22 to Ho; which translates
by one unit all particles in an external row or column of a rectangle R} (k, £). This must be done carefully because the
translation of one row may produce a configuration which does not belong to Hyj, or a configuration ny &6
the vector (k’, £) differs from (k, £) in more than one coordinate.

Denote by I;i (resp. III.), 0 <i < 3, the pairs (k, £) in I} for which the particle sitting at k; (resp. £;) jumps to

, Where

ki — 1 (resp. £; + 1) at rate e~B. The abuse of notation is clear. For instance, by site kg we mean the site (kg, 0), or, if
a = s, by site £, we mean site (n — 1 — €5, n). The subsets I;fi of I} are given by

=k O el ki=20rki=1,4=nl",},
={k, 0 e} t; <n?—1lort;=nf kiy; =1}.

8.KD the configuration obtained from 7y a.kb by moving the partlcle sitting at

denote by 7,77’ kD the

For (k,£) e I~

k; to k; — 1, with the same abuse of notation alluded to before. Similarly, for (k, £) € It

denote by T T

a,i’

a,i’
configuration obtained from nx o by moving the particle sitting at ¢; to £; + 1.
Define the map T ; : [, ; — Ia by

- )K=l —e)  ifky 21,
Toill 0= { (k= +e1,0) ifkisy =0,

where {1, ..., ¢4} stands for the canonical basis of R*. The map TJr I;i — I is defined in an analogous way.

Hence, the map T , translate to the left all particles on the top row of the rectangle R® and the map T, 3 translate in
the upward dlrectlon all particles on the leftmost column of R'.

The vector TjE (k, £) may not belong to I} when there are only two particles on one side of a rectangle R® and
one of them is translated along another 51de For example, suppose that ko =1, {o=n —2, k1 =0, £; =1 for a
vector (k, £) € I]. In this case, necessarily kp =1, {p =n —2, k3 =0, {3 =n —1, and T ok, £) ¢ I}. In fact, the

5.7, o(k.0)

configuration 7y belongs to the set §23 to be introduced in the next subsection. Similarly, ifk; =2, ¢ =n—1,

_ ST kO
ky =0, ¢, =1 foravector (k, &) € IJ, T, (k,£) ¢ IS, and ny ™ e .

Fix a vector (k, €) € I} such that M; (k, £) =2 for some 0 <i < 3. Denote by J, ; (k, £) the interval over which the
particles on side i may move:

Jai=Jaik, &) = {1 — 1{&;1 =n?_1}, ...,n?+1{ki+1 < 1}},

and by Té” ;(k, &), b,b+ 1€ Jg,, the vector obtained from (k, £) by replacing the occupied sites k;, k; + 1 by the
sites b, b 4+ 1. Note that T(f’i(k, £) belongs to I because we assumed n > 3. Note also that we did not excluded the
possibility that » = k; in which case T(f’i k,¢) =k, 4.

Denote by N (1) the set of all configurations which can be attained from 1 € £22 by a rate e™# jump. Note that the
set N(n,?’(k’e)) may have more than 8 configurations. For example, if a =5, x =w, £y =n — 3 and k| > 2, the particle
at (n — 2, 1) jumps at rate e # to (n — 2, 0). However, starting from this configuration, the probability of the event
HMy) #H (17‘5,‘, &, )) converges to 0 since the unique rate one jump from this configuration is the return to nw s &0,

The proof of the next result is straightforward and left to the reader. One just needs to identify all conﬁguratlons
which can be reached by rate 1 jumps from a configuration in NV ().
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Lemma 4.4. Fix n € 22. Then, for all £ € N'(n)), there exists a probability measure MI(&, -) defined on Ho; such that

ﬁleng[n(H(HOI)) e N]=M, ), I1CHyy.

Moreover, for 0 <i <3,a€e{s, I}, (k,£) € Iii

. T (k0 1

M(TE g &0, gy o) = —
(Tqim x ) M; (K, £
. Mi(k, €) — 1

M(FE gk ooy Mitk O —1
(Taimx ™) M; (K, )

if M;(k, £) > 3; and

b
a7t (k.0
X

M(T g9, n )=m(Jai(k 0.k —1.b), b.b+1eJq;(k o),

ek 0700
M(T::l 77)? ( )1 77x

) =m(Jai(k &), ki, b), b,b+1€Jqik 4,
if M; (K, £) =2, where the probability m(J, a, c) has been introduced in (4.5).
Let

Ze®O) = > 3 MEn= Y {1-M(E g0 ®9)).

EeN g ®9) 0P ®0 EeN (K0,

Note that Z(nyg ’(k’e)) does not depend on x and that

3
1{M;(k, £) > 2 _
2 0) = 3 A O D 1k g e 1y )+ 1k 0 < 1)
3
+ > UMk, 0) =2}1{(k. &) € I }[1 = m(Jai ki — 1. k)]
i=0

+ Zl{Mi(k, 0 =2}1{(k, 0 € I] }[1 —m(Jqai. ki, k)]
i=0

Proposition 4.5. Fixxe Ay, ae{s, 1}, (k,£) € I}. Then,

. k k. k . . k k
(1) The triple ({ng' ™9}, i ™9V U A1 0 ®9) is a valley of depth given by k(5™ )/ cap ({ng ™),
(k£

(TR IS OF

(2) Under P’ adee» H([Hop \ (% ,(k,E)}) /eP converges in distribution to an exponential random variable of parameter
X

Z(T],C(l’(k’l))'

(3) Forany IT C Hy; \ {n;"("")},

tim P o o [n(H (Hor \ {n3*9}))) € 7]

B—o0

1 a
- _ (kD)
= oD, > ME M =:0(ny™. ).
T Nk



78 J. Beltrdn and C. Landim

Proof. Recall [1], Theorem 2.6. Assumption (2.14) is fulfilled by default and assumption (2.15) follows from the
definition of the set A;. This proves the first assertion of the proposition.

The proof of the second claim is simpler than the one of the second assertion of Proposition 4.3 if we take 7| as
the time of the first jump. With this definition, 7 and nfl are independent random variables by the Markov property,
71/ef converges to an exponential random variable of parameter |\/|, where N' = N (5 &0 ), and n,ﬂl converges to a
random variable which is uniformly distributed over .

By the arguments of Proposition 4.3, starting from ™ ’(k’e), H (Hp; \ {ny ’(k’e)}) /eﬁ converges in distribution to an
exponential random variable of parameter

y = ﬁ]i’moo SZj;/Pg[I‘I(]HIQ]) £ H(ng,(k,e))].
€

To conclude the proof, it remains to recall the statement of Lemma 4.4, and the definition of Z (1 ’(k’e)).

The proof of the third assertion of the proposition is identical to the one of the third claim of Proposition 4.3. [

As in (4.14), the second assertion of this proposition gives an explicit expression for the depth of the valley pre-
sented in the first statement. On the other hand, following (4.15), for n € £2;, let

R, 1) =Z(m Q(n, 1) = Z M(&, IT), 11 C Hoi.
geN@m)

By Lemma 4.4, if M;(k, £) > 2 for some 0 <i <3,

arEme, Mk O ell;)
. " ail

a,(k,£) —
Rl ™% )= ko

and if M;(k, £) =2,

R(ng &0, n?’Ti"(k’Z)) = pak, £,i,b), bb+1€ gk L),
where
palk, £,i,b) =1{(k, &) € I Jm(Jai, ki — 1.b) + 1{(k, &) € I, }m(Ja;. ki, b).
It follows from Proposition 4.5 and Lemma 4.4 that starting from a configuration ¢ € £22 the process nf} reaches
Hp; only in a configuration of 2'uR2orina configuration in which all sites of a (n — 1) x (n + 1) rectangle are

occupied and an extra particle is attached to a side of length n + 1. To pursue our analysis, we have to investigate this
new set of configurations.

4.5. The valleys Ef’i

The arguments of this subsection are similar to the ones of Section 4.3. Let T*, T be the rectangles 7' = {0, ..., n} x
{0,....n =2}, T*={0,...,n —2} x {0, ...,n}. Denote by T,0', a € {s, [}, x € A, the rectangle T translated by x:
T8 =x+ T°, and by 5y 4 the configuration in which all sites of 7' are occupied. Note that 1y 4 belongs to 27, x—1
and not to 27, k.

Forae{s, I}, xe A,z € 9, T, denote by n)Z(,a the configuration in which all sites of the rectangle 7, and the site
z are occupied: 0y ; = Nx,a + 0, Where 0y, y € Ay, is the configuration with a unique particle at y and summation of
configurations is performed componentwise. Denote by 9; 7., 0 < j < 3, the jth boundary of T.0":

3 Td={zeo TS Jye Tl y—z=(1— jlea}, j=0,2,
3 Td={z€o T\ el y—2z=(j —er}, j=1,3.
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Fig. 4. Four among the seven configurations of S,E’z for n = 6. The gray dot represents the site x.

Figure 4 illustrates typical configurations of the set £23.
Let

5’?/ {nxa ZEBJTX},

and let 23 = .Qz x be the set of all such configurations:

=L3J U &/, o=

j=0ae{s,l} XeEAL

The process {’h t > 0} can reach any configuration & € & J from any configuration € & J with rate one jumps.
The main result of this subsection states that for any configuration & € & /| the triples (&’ J LEx Ty Ay, &) are valleys.
Denote by N (& J ), the configurations which do not belong to & j , but which can be reached from a con-

figuration in &y J by performing a jump of rate e #. The set N'(Ey 0) has the following n + 3 elements. There
are n + 1 configurations obtained when the bottom particle detaches itself from the others: 1w s + 0;, where
ze b ={(—-1,-1),(a,—2),(n — 1,—1): 0 <a <n — 2}. There is a configuration in J\/(é'5 0) which is obtained
when the bottom particle is at (1, —1) and the particle at w moves to w — ep: o™V~ eZn D The last configuration
of N(Ew 0) is obtained when the bottom particle is at (n — 3, —1) and the particle at w; — e; moves to w| — e — e2:

w|—ej,W|—ej—ey,,(n—=3,—1)
oWimeLwI—er—er, i )

Lemma 4.6. Fixxe Ap,ae{s,[}and0<j <3. Foreaché& € J\/'(S,?’j), there exists a probability measure M (&, -)
defined on Hy; such that

lim P£[y(Hg,,) € 1] =M. 1), 11CH.
B—o0

Morveover, if & € N(ESY),

M(nws + 0., En7) =p(2,0,TS, 0, TS), 0<j<3,z€l,

L if = +ez,w—ez,(1.—1)
M(UW,w—ez (1 —1) 1—[) n+i if 1'[_{ w3+er,w eznvv’5 }’
n+1 77w5 R
. B —e1— =3,—1
M H == n—}_l lf‘ H = {Uwz 61+22’w1 €l 62778},5 )} B
¢ m=y"r - )
n+1 lf IT= {nw,g },

lf‘s — O.W]—E],W]—el—ezn‘(,:};l_l).

The proof of the previous lemma is simpler than the one of Lemma 4.2 and left to the reader. By symmetry, the

distribution of n(H (Hy; \ £ )) can be obtained from the one of 1 (H (Hy; \6@’0)) or from the one of n(H (Ho; \ £y ! ).
Define

zE) = 30 ME(E))= X (1-ME ).

EeN(ES) EeN(ET)
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By the previous lemma,

Z(£5°) +Zl— (y, 0TE, 8. T3)].
yeh

Proposition 4.7. Fix0< j<3,ae{l,s},xe Ar.

(1) Forevery & € & i , the trlple (&, J Ex Jy Ay, &) is avalley of depth jug (Ex J)/CapK(ECl J (& Yy Ar]9);

(2) Forany & € & J , under PS , HHop \ & J )/eP converges in distribution to an exponential random variable of
parameter Z(Ea /)/|€aL J B

(3) Forany & € &’ HCHm\Eaj

1

lim P’ ¢ [1(H(Ho \ &) e 1] = Z(E8)

B—o0

Y M@ m =&, ).
neNEH)

The proof of this proposition is similar to the one of Proposition 4.3, with t; defined as the first time the process

leaves the set & /. Remark (4.14) concerning the explicit formula for the depth of the valley appearing in the first
statement of Proposition 4.7 also holds.

Forae (s, [},xe A;,0<j <3, let &

R(EM M) =z(&7) (&7 M) = Y M. M), ITcHy.
neN (€57

It follows from the previous two results that starting from a configuration ¢ € £2° the process nf reaches Hp; only

in a configuration of £22 U £2° or in a configuration in which all sites of a (n — 3) x n rectangle are occupied with 3n
extra particles attached to the boundary. This is the last set of configurations which needs to be examined.

4.6. The valleys (¢ ®Y)

The arguments of this subsection are similar to the ones of Section 4.4. Let R>', R>% be the rectangles R>' =
{,.onyx{l,...,n =3}, R>* ={1,...,n =3} x {1,...,n}. Letng”® =n3* =n —3,n7° = n3’° = n be the length
of the sides of the standing rectangle R>*. Similarly, denote by nf[ 0 <i < 3, the length of the sides of the lying

2,1 2,5

rectangle R>": n;" =n; .}, where the sum over the index i is performed modulo 4.

Denote by I 4, a € {s, [}, the set of pairs (k, £) such that

e 0<k; <¢ <n2“

o Ifkj=0,then £; | =n>".

For (k,£) € Ip.q, a € {s, [}, let R*>'(k, £), R>*(k, £) be the sets
R*'(k, &) = R*'U{(a,0): ko <a <o} U{(n+1,b): ki <b <t}
Uf(n+1—an—2):ka<a<6}U{(0.n—2-0b): k3 <b=<t3},
R**(k, &) =R**U{(a,0): ko<a<lo}U{(n—2,b): ki <b =<t}
U{ln—2—a,n+1): kp<a<L}U{0,n+1-b): ks <b<t3}.

Denote by I» 4, a € {s, [}, the set of pairs (k, £) € I 4 such that |R2’“(k, 0| = n2. For (k, &) € I q, denote by
Mlz’a(k, ¢) the number of particles attached to the side i of the rectangle R>°(k, £):

2,a _Jti—ki+l ifkg =1,
; (k’e)_{ﬁi—ki‘*‘z if kijy1 =0.
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Fig. 5. Examples of configurations in .Q;‘ for n = 6. In general 3n particles (or n — 2 holes) have to be placed around the rectangle, respecting the
constraints introduced above. The black dot represents the site x.

Clearly, for (k, ) € 2,4, > g<i <3 Mi2 %k, £) = 3n+ A, where A is the number of occupied corners, which are counted
twice since they are attached to two sides.

Denote by 12’" « C I2,4, the set of pairs (K, £) € I o whose rectangles R%9%(k, £) have at least two particles on each
side: M?’a(k, £) > 2,0 <i < 3. Note that if (k, £) belongs to I;a, for all x € R>%(k, £), there exist y, z € R>°(k, £),
y # z, with the property |x —y| =[x —z|| = 1.

For (k,£) € I.q, a € {s,1}, x € Ap, let RZ°(k, £) = x + R%%(k, £), and let %Y represent the configurations
defined by

&Y @, by=1 ifandonlyif (a,b)e RZ°(K,¥).

The configurations {Xa’(k’e) , (K, £) € I 4, have at least four particles attached to the longer side, and the configurations
o ’(k’l), k,8) elq\ 12’" o> belong to 23, forming a (n — 1) x (n + 1) rectangle of particles with one extra particle

attached to a side of length n — 1. Let 2% = .Qi, x» be the set of configurations associated to the pairs (k, £) in 12*, a

2i= (g acsn ke ly,) 2= 2k

XeAL

Figure 5 illustrates typical configurations of the set £2*.
We now describe the configurations which can be attained from a configuration in £2*. Denote by Izia i a€fs, I},
0 <i <3, the subset of IZ*,a defined by

L, ={&Oel} k=2o0rk=114_ =n7% ),
124,—.1,1' ={k. o€ Iy, 4 < nl-z’Cl —lor¢; :nl.z’“,k,-H =1}.
For (k, ) € I , ;, denote by fzja, ; x“’(k‘e) the configuration obtained from ¢y (k.6) by moving the particle sitting

I"r

~+ oa, (k)
2,a,i° T,

at k; to k; — 1. As in Section 4.4, the abuse of notation is clear. Similarly, for (k, £) € denote by 2 a.ibx

the configuration obtained from ¢y (k.6 by moving the particle sitting at ¢; to ¢; + 1.
Define the map 75, ;1 1, , ; = I2,a by
k—ei,b—e) ifkip1=1,

Laile 0= { (k= ¢ +ei41.0) ifkigr =0.

The map Tz'f'u’i : I;:a’i — I 4 is defined in an analogous way.

The vector Tfa’i(k, £) may not belong to 12*’ « When there are only two particles on one side of a rectangle R
and one of them is translated along another side. Since there are at least four particles attached to the longer sides of
the rectangle, this may happen only in the shorter sides of the rectangles. In this case the configuration associated to

the vector szfa, i(k, £) belongs to 23,

Fix a vector (k, £) € 12*a such that Ml.z’u(k, £) =2 for some 0 <i < 3. Denote by J> 4,;(k, £) the interval over
which the particles on side i may move:

Jrai=Jraik ) ={1-1{t;_ =n,-2;u1},...,n?’a + ki < 1},
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and by sz 0 &8, b, b+ 1€ J,;, the vector obtained from (k, £) by replacing the occupied sites (k;, k; + 1) by
(b, b + 1). Note that sz «.i (K, £) always belongs to I, * - and that we did not excluded the possibility that b = k; in
which case T _ . (k, £) = (k, £).

2,a,i
Denote by A/ (1) the set of all configurations which can be reached from 7 € £2 by a rate e ™ jump.

Lemma4.8. Fixn e 2%, For each & € N (1), there exists a probability measure M(&, -) defined on Hy; such that

Jim PE[n(H (o) € ] =M ), [ CHor.

Moreover, for 0 <i <3,ae{s, [} and (k,£) €1 2al,

(k. 1
M g-a(kl) § zu, -
( 2,a,i >X ) ?,a(k’e)
Mm%
M(7E o0 ooy Mk
2,a,i>X Ml_z*a(k’ ()

if M>*(k, £) > 3; and

M(T5, 0 %9 & 2””(“)) m(J2,a, (K, &),k —1,b),

FILY)

M(T5, 6880, 620 ) Zi( 0k, 0, K, b),

Jorb,b+1e€ Jrq,:k, £) ifMl.z’a(k, £) = 2. The probability measure m(J, a, ¢) has been introduced in (4.5).

Let

2= X MEIES) = X M)

geN @G ®Y) seN ™Y
Proposition 4.9. Fixxe Ap,ae{l, s}, (k, €) € I;a. Then,

(1) The triple ({&" 9} 16 OV 0 a1, 68%9) is a valley of depth px (60™)/ capg (16 @9, 11e 9y U
A1)

(2) Under p’ PE H (Hop \ {&x ok, e)}) /eP converges in distribution to an exponential random variable of parameter
280,

(3) For any IT C Ho \ {& ),

Jim P [0 (o (520 .7
1

R — Mg, IT) =: 0(¢& %9 ).
R Y. MeEm=0( )

FeN @G

For n € §24, let

R, Iy =Zm)Q(n, IT) = Z M(&, IT), 1T C Ho.
geN ()



Tunneling of the Kawasaki dynamics at low temperatures 83

5. Tunneling behavior among shallow valleys

We examine in this section the evolution of the Markov process {nﬁ3 : ¢t > 0} in the time scale ¢ among the shallow
valleys introduced in the previous section. We first introduce a family of deep valleys or traps.

Lemma 5.1. Fixx € Ayp. The triple ({n*}, {n*} U A1, n¥) is a valley of depth pux (n*)/ capx ({n*}, [{n*} U A1]9).

This result follows from [1], Theorem 2.6. Up to this point, we introduced five types of disjoint subsets of £2; g:

", xe AL;

E,l(‘],OSi,j <3,xe€ Ayr;

mE®E0N xe A, ae(ls), (k,€) el
EX aefl,s),0<i<3,x€Ap;

G ®Y) xe AL ae{ls) kO el;,.

Denote by &y, ..., & an enumeration of these sets. In this enumeration we shall assume that £, = {n"} and that the
first | Ap| sets correspond to the square configurations: for 1 <i < |Ar|, & = {n*i} for some x; € Ay. Some sets £ I
are singletons, as the first | Az | sets, and some are not, as the set &4, |+1 = 53’0. Let & = U1<j<;< &; be the union of
all subsets and let f:'j = Ui# &i.For 1 <i <|AL|, we sometimes denote & = {n*} by &.

Let A7 = Ay U[H, \ £]. Fix a configuration £; in each set &, 1 <i < k. We proved above and in the previous
section that the triples (&;, & U Ay, &;) are valleys. The next result states that we may increase A to AT.

Lemma 5.2. The triples (£;, & U AT, &), | ALl < i <k, arevalleys of depth eP\Ei1/ Z(E;). Moreover, for every | Ap | <
i<k, 1<j#i<k,§€&,

Jim PL[HE) = H(EN] = 0 Ep.

Proof. As already remarked in (4.14), it follows from the second assertion of the propositions stated in the previous
section that the depth of the valleys (§;, & U A1, &), |AL| <i <k, is eP|E|/Z(&;). The first assertion of the lemma
follows from Lemma 7.1 below and from the fact, proved in the previous section, that for [A7 | <i <k,

lim minP[H (Hoy \ &) = H(E)] = 1.

B—ooEek;

The second statement of the lemma follows from the definition of the probability measure Q(&;, -) introduced in
the previous section. (]

Denote by {77,5: t > 0} the trace of the process nf on £. The jumps rates of the Markov process ntg are represented
by Rg(n, &). Recall that &; is a fixed configuration in the set &;.

Proposition 5.3. The sequence of Markov processes {17;3 : t > 0} exhibits a tunneling behavior on the time-scale eP,
with metastable states {€j: 1 < j < «}, metastable points £, 1 < j < k, and asymptotic Markov dynamics character-
ized by the rates

r&i, &) =0, 1<i<|AL,1<j#i=<k,
r(&, &) =R, &), [ALl<i<Kk,1=Zj#i=<«k
Proof. We check that the first two assumptions of [1], Theorem 2.7, are fulfilled. We start with assumption (H1). For

the valleys £; which are singletons, there is nothing to prove. For the other ones, as g i C[E€j U A1]¢, assumption (H1)
follows from the proofs of Propositions 4.3 and 4.7.
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We turn to assumption (HO). Denote by rg(&;, £;) the average rates of the trace process:

rp(&i. €)= (5) Z uk() Y RE.&).
Ee&;

We claim that eﬂrﬁ(&,é’ ), 1 <i# j <k, converges to a limit denoted by (i, j), and that Z;;&z r@i,j)=0,1<i<
ALL Y i r (i j) € (0,00), i > |AL.

Consider first the case i > |Az|. We may rewrite eﬂr,g (&, E)) as e/gr,g &, gi) x [rg(&;, E))/rp(&i, SV,-)]. By [3],
Corollary 4.4, rg(&;, Ej)/rg (&, f:}) converges to a number p(&;, £;) € [0, 1].

On the other hand, by [1], Lemma 6.7, eﬁrﬁ (5,,5) =ef capK(é',,g )/ g (&;). From the results stated in the
previous section, it is easy to construct a path y from &; to E such that Gx (y) =e Pux (), 1 € & Itis also easy to
see that any path y’ from &;, to 5 is such that Gg (y) <e Pug (), n € &. Hence, GK(E,,c‘I Yy=e Purxm),neé.
Assumption (HO) for i > | A | follows from this identity and (3.1).

Fix now i < |Ap|. Since rg(&;, &) < rg(&;, EV,-), we have to show that the rescaled rate eﬂrﬂ &, g}) =
ef capg (&, gi)/uK(Si) vanishes as 8 1 oo. Since Gk (&;, Evi) <e2Pux(n), n € &, the result follows from (3.1).

In view of the proof of [3], Lemma 10.2, and Lemma 5.2, eﬁrﬂ (&,€), 1 =i # j <k, converges to
Z(EHQE&LE)) =R&LE)).

It remains to show property (M3) of tunneling, which states that the time spent outside & is negligible. Fix 1 <i <«
and & € &;. Denote by {H;: j > 1} the times of the successive returns to £ : Hy = HT (&), Hjy = HY (&) o OH;,
j = 1. To prove (M3), it is enough to show that for all # > 0

lim lim P{[H, <ref]=0 and
k—o00 f—00
(5.1)
Hj Atef
lim E?[e—ﬂ/ 1{nfeA1‘}ds]=o forall k > 1.
B—00 0

Since H; = H™ () is greater than the time of the first jump, there exists a positive constant cg, independent of 3,

which turns H; = H*(€) bounded below by a mean ce? exponential time, Pg almost surely for all n € £. The first

result of (5.1) follows from this observation and of the strong Markov property.
J+1 Nt C

To estimate the second term of (5.1), fix k > 1 and rewrite the time integral as Zo< <k f Hnieh

. For a fixed j, the

integral vanishes unless H; < ref . In this case, we may apply the strong Markov property to estimate the expectation

by

HlAteﬂ

ksupES|: ﬁ/ l{nfeAT}ds].
te€ 0

If &£ belongs to &, 1 <i <|AL|, the expectation is bounded above by tPEﬂ [t1 < ref ], where 1; is the time of the

first jump. This expression vanishes because 7 is an exponential time whose mean is of order e*#. For i > |Ar|, we
have seen in the proofs of the propositions of the previous section that the time spent between two visits to £ can be
estimated by the time a rate 1, finite state, irreducible Markov process needs to visit a specific set. This concludes the
proof of the proposition. O

Let ¥ :£ — {1,...,k} be the index function ¥ (n) = Zlfjsk J1{n € &;}. It follows from the previous result that

the non-Markovian process X b _ \I/(ngeﬁ) converges to the Markov process on {1, ..., x} with jump rates r(i, j) =
R(&;, &). The states {1, ..., |AL|} are absorbing, while the states {|Az|+ 1,..., «} are transient for the asymptotic
dynamlcs

Let g(i,j), 1 <i <k, 1< j <|AL|, be the probability that starting from i the asymptotic process eventually
reaches the absorbing point j:

q(i, j) =P;[X, = j for some ¢ > 0], (5.2)
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where P; stands for the probability on the path space D([0, c0), {1, ..., k}) induced by the Markov process with rates
r(j, k) starting from i. We sometimes denote g (i, j) by ¢(&;, &)).

6. Tunneling among the deep valleys

We prove in this section the main result of this article. Recall that we denoted by &, x € Ay, the singletons {n*},
and that we denoted by N (%) the set of configurations which can be reached from »* by a jump of rate e=>#. By
Lemma 4.1, for each & € N'(n¥) there exists a probability measure M(£, -) defined on Hy; such that

lim P£[y(Hg,,) € 1] =M, ), 11 CHo.
B—o0

Recall from (5.2) the definition of the probability ¢ (£, -). Let

Z= ) Y MEENEFo= Y D MEEH[1-q(E). &),
EeN () j=1 EeN (¥ j=I

where Fy = Uy £x &y, the union being carried over y € A . Recall that we denote by Ag the configurations which are

not ground states: Ag = 2 x \ £2°, and let F = UyeAL y:

Proposition 6.1. Fixxe Ap.

(1) The triple (Ex, Ex U Ao, n*) is a valley of depth px (n*)/ capg (Ex, ]:"X);
(2) Under Pf;x, H(Fy) /e*P converges in distribution to an exponential random variable of parameter Z;
(3) Foranyy #Xx,

Jim Pl [n(H(F) = Z ZM@ £)q(Ej, &) =1 Q. y).
SeN(n")J 1

Proof. Recall [1], Theorem 2.4. By definition of the set Ag, wx (Ag)/ 1k (E) is of order e~P. Condition (2.15) is
therefore fulfilled. Since &; is a singleton, condition (2.14) holds automatically and the result follows.

The proof of the second assertion is similar to the one of the second claim in Proposition 4.3 with the following
modifications. We first need to replace the normalization e? by e*# and to define 7; as the time of the first jump, to
write

H(F) =11+ H(F) 0 + 1{H(F) 00y, = H(E) 00z, }H(Fx) 0 Opv (7).

At this point, we repeat the arguments presented in the proof of Proposition 4.3. In the present context, 7 and 7
are independent by the Markov property, and 1y ¢g,) = n*. We may therefore skip the coupling arguments of Proposi-
tion 4.3.

In contrast, we need to show that

lim lim max P;|H(F) > Ae 0. 6.1
A—00 =00 reN (%) {[ F) ] ©.)

Starting from ¢ € N'(n¥), in a time of order one the process reaches £. It follows from Proposition 5.3 that once at
£ in a time of order e the process reaches one of the absorbing point {#*: x € Ay} of the asymptotic Markovian
dynamics characterized by the rates r (-, -). This proves (6.1).

It follows from this result and the proof of Proposition 4.3 that to prove the second assertion of the proposition it is
enough to show that

: p
ﬁlgr;o Z PI[H(F)#H(E)] =2
eN
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Since H(€) < H(F) < H (&), by the strong Markov property we may rewrite the previous probability as

B[P ) o [H(F) # H(ED]]

We computed in Lemma 4.1 the asymptotic distribution of n(H (£)) and we represented by g (&;, &) the probability
that the asymptotic process starting from a set £, 1 < j < «, eventually reaches the absorbing state &, y € Ar. The
second assertion of the proposition follows from these two results.

We now turn to the third assertion of the proposition. Fix y # x. This argument is also similar to the one of
Proposition 4.3. Denote by {H;: j > 1} the successive return times to F:

Hy=H"(F), Hiy1=H"(F)oby,, j=1.
With this notation,
P (n(HFo)=n]=> Ph[nH) =n* 1<k <j—1nH))=n"]. (6.2)
jz1
By the strong Markov property, if 77 stands for the time of the first jump, forany z € A,
B B
P [nCH) = "] =EL[E] [P, o [nCHz) =n"]]]
As B 1 0o, this expression converges to

1 K
g 2 D2 ME ;.
geN (@) j=1

The third assertion of the proposition follows from (6.2), this identity and the strong Markov property. ]

It follows from (1) and (2) that the triple
(Ex, & U Ao, n*) is in fact a valley of depth e*# / Z. (6.3)

Corollary 6.2. The sequence of Markov processes {nf : t > 0} exhibits a tunneling behavior on the time-scale *P,
with metastable states {Ex: X € Ap}, metastable points {n*} and asymptotic Markov dynamics characterized by the
rates

r(‘SXagy):ZQ(X’ Y)» X#yeAL

Proof. The proof is similar to the one of Proposition 5.3. We first check that assumptions (HO) and (H1) of [1],

Theorem 2.7, are fulfilled. Hypothesis (H1) is trivially satisfied since the sets & are singletons.

To prove assumption (HO), denote {nt]: : t > 0} the trace of the process nf‘ on F, and by Rg: the jump rates of

the trace process. Note that in this case of singleton valleys, the average rates coincide with the rates. We claim that
e2h Rf]; (&x, Ey), X #y € A, converges to a limit denoted by R(x,y).

We may rewrite ¢ R7 (Ex, &) as P R (&, Fy) x [RF (Ex. &)/ R (x, F)). By [3], Corollary 4.4, R} (&x. &)/
RI{(EX, Fx) converges to a number p(Ex, &y) € [0, 1]. On the other hand, by [1], Lemma 6.7, ¢*/ Rl{(é’x, F) =
e2P capg (&x, .7:})//“( (&). Clearly, G g (&, fx) =e 2P g (7). Hence, assumption (HO) follows from (3.1).

In view of [3], Lemma 10.2, Proposition 6.1 and (6.3), e*# R;(Ex, &y), Xx#y € A, converges to ZQ(x, y).

It remains to show property (M3) of tunneling, which states that the time spent outside F is negligible. Fixx € Ay.
Denote by {H;: j > 1} the times of the successive returns to F : Hy = H"(F), Hjy1 = H"(F) 0 0n,, j = 1. To
prove (M3), it is enough to show that for all > 0

lim lim Pﬂx[Hkgtezﬁ]zo and
k— 00 f—00 n

(6.4)
Hk/\tezﬁ
lim Ef, [ezﬂf 1{nf e Ao}ds] =0 forallk> 1.
0

B—o0
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Since H; = H(F) is greater than the time of the first jump, H; is bounded below by an exponential time of
parameter 8¢~ 28, Pg almost surely for all n € £. The first line of (6.4) follows from this observation and from the
strong Markov property.

. . . . Hipinte?P .
To estimate the second term of (6.4), fix kK > 1 and rewrite the time integral as Zo< <k f ! 7T For a fixed J,
- J

HjAte2B
the integral vanishes unless H; < te*# . Hence, by the strong Markov property, the expectation is less than or equal to

28
k max EZ, | e=2# e 1{ Bea }ds
yed, ™ 0 s 0 .

Recall that we denoted by F (1Y) the set of configurations which can be reached from 7Y by a jump of rate e=2#. By
the strong Markov property, this expression is bounded by

k max max E? [e_zﬂH(]-') A t].
YEALE€F (1Y)

By (6.1) this expression vanishes as 8 1 co. O

7. General results

We prove in this section an useful general result. Fix a sequence (En: N > 1) of countable state spaces. The elements
of Ex are denoted by the Greek letters n, £. For each N > 1 consider a matrix Ry: Exy x Ey — R such that
Ry, &) >0forn#&, —0o < Ry(n,n) <0 and ZseEN Ry(m,&)=0forallne Ey.

Let {r;tN : t > 0} be the minimal right-continuous Markov process associated to the jump rates Ry (n, &) [21].
It is well known that {n,N : t > 0} is a strong Markov process with respect to the filtration {]-'ZN . t > 0} given by
.7-',N = U(nf,v : s <1t). Let P;, n € Ey, be the probability measure on D(R,, Ey) induced by the Markov process
{nN: t > 0} starting from 7.

Consider two sequences W= (Wy C Ey: N> 1), 8= (By C Eny: N > 1) of subsets of Ey, the second one
containing the first and being properly contained in Ey : Wy € By ; En.Fixapointé =(yeWy: N>1)in W
and a sequence of positive numbers § = (Oy: N > 1).

Next result states an obvious fact. We may add to the basin 8B of a valley (W, 8B, &) a set C never visited by the
process without modifying the properties of the valley.

Lemma 7.1. Assume that the triple (W, 8B, &) is a valley of depth 0 and attractor &. Let C = (Cy C En: N > 1) be
a sequence of sets such that By, is attained before Cy when starting from Wy

lim inf PW[HBX, < Hcyl=1. 7.1

N—oconeWy

Then, the triple (W, B U C, &) is a valley of depth 0 and attractor §.

Proof. We have to check the three conditions of [1], Definition 2.1. The first one is obvious because Bf, D (By U
Cn)°. On the event {Hge < Hey}, Hpg, = Hgyucy)c- Hence, the convergence in distribution of H(gyucy)</0n to
a mean one exponential variable follows from (7.1) and from the one of H B, /6N . For the same reasons, on the set

Hpe H ¢
{Hp:, < Hey)s o N 1{nY € A}ds = [ ENYENT 1N € A}ds. In particular, property (V3) for the triple (W, 8 U
C, &) follows from (7.1) and (V3) for the valley (W, B, &). O
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