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We analyze the statistical properties of nonparametric regression estima-
tors using covariates which are not directly observable, but have be estimated
from data in a preliminary step. These so-called generated covariates appear
in numerous applications, including two-stage nonparametric regression, es-
timation of simultaneous equation models or censored regression models. Yet
so far there seems to be no general theory for their impact on the final esti-
mator’s statistical properties. Our paper provides such results. We derive a
stochastic expansion that characterizes the influence of the generation step
on the final estimator, and use it to derive rates of consistency and asymptotic
distributions accounting for the presence of generated covariates.

1. Introduction. A wide range of statistical applications requires nonpara-
metric estimation of a regression function when some of the covariates are not
directly observed, but have themselves only been estimated in a (possibly non-
parametric) preliminary step. Examples include triangular simultaneous equation
models [e.g., Newey, Powell and Vella (1999), Blundell and Powell (2004), Imbens
and Newey (2009)], sample selection models [Das, Newey and Vella (2003)], treat-
ment effect models [Heckman, Ichimura and Todd (1998), Heckman and Vyt-
lacil (2005)], censored regression models [Lewbel and Linton (2002)], general-
ized Roy models [d’Haultfoeuille and Maurel (2009)], stochastic volatility models
[Kanaya and Kristensen (2009)] and GARCH-in-Mean models [Conrad and Mam-
men (2009)], amongst many others. In contrast to fully parametric settings [Pagan
(1984)], there seems to be no general theoretical results on how to derive the statis-
tical properties of such nonparametric two-step estimators. Instead, most available
results in the literature typically exploit peculiarities of a specific model, and can
thus not easily be transferred to other applications.

In this paper, we study the statistical properties of a nonparametric estimator
my 1 of a conditional mean function mqy(x) = E(Y|ro(S) = x) when the function
ro is unknown, but can be estimated from data. While we are specific about esti-
mating mg by local linear regression [Fan and Gijbels (1996)] to simplify technical
arguments, we neither require the generated regressors R=F(S)to emerge from a
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specific type of model, nor do we require a specific procedure to estimate them. We
only impose high-level conditions on the accuracy and complexity of the first step
estimate. In particular, our main result holds irrespectively of whether the function
ro is, for example, a density, a conditional mean function or a quantile regression
function, or whether it is estimated by kernel methods, orthogonal series or sieves.
Moreover, our results are not confined to nonparametrically generated covariates,
but also apply in settings where rq is estimated using parametric or semiparametric
restrictions.

Our main result uses techniques from empirical process theory to show that the
presence of generated covariates affects the first-order asymptotic properties of
my only through a smoothed version of the estimation error 7(s) — ro(s). This
additional smoothing typically improves the rate of convergence of the estimator’s
stochastic part, reducing the “curse of dimensionality” from estimating rg to a sec-
ondary concern in this context. It does not, however, affect the order of magnitude
of the deterministic component. Still, the estimator 77 can have a faster overall
rate of convergence than the first step estimator 7 if the latter has a sufficiently
small bias.

We extensively illustrate the implications of our main result for the important
special case that rg is the conditional mean function in an auxiliary nonparamet-
ric regression. For this setting, we derive simple and explicit stochastic expan-
sions that can not only be used to establish asymptotic normality or the rate of
consistency of the estimated regression function itself, but also study the prop-
erties of more complex estimators, in which estimation of a regression function
merely constitutes an intermediate step, such as structured nonparametric models
imposing additive separability [Stone (1985)]. Our results thus cover a wide range
of models, and should therefore be of general interest. We use our techniques to
study two such examples in greater detail: nonparametric estimation of a simul-
taneous equation model and nonparametric estimation of a censored regression
model.

To the best of our knowledge, there are only few papers on nonparametric re-
gression with estimated covariates not tailored to a specific application. Andrews
(1995) derives some results for generated covariates converging at a parametric
rate. Sperlich (2009) uses restrictive assumptions which lead to asymptotic re-
sults that are different from the ones obtained in the present paper. Song (2008)
considers series estimation of the functional g(x, r) = E(Y|r(X) = x) indexed by
xeX CRandr e A, where A is a function space with finite integral bracketing
entropy, and derives a rate of consistency uniformly over (x,r) € X x A; see also
Einmahl and Mason (2000) for a related problem.

Our paper is also related to a recent literature on semiparametric estimation
problems with generated covariates. Li and Wooldridge (2002) consider a par-
tial linear model with generated covariates. Hahn and Ridder (2011) use pathwise
derivatives to derive the influence function of semiparametric linear GMM-type
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estimators. Escanciano, Jacho-Chdvez and Lewbel (2011) provide stochastic ex-
pansions for sample means of weighted semiparametric regression residuals with
potentially generated regressors, and study their application to certain index mod-
els. Compared to the nonparametric problems studied in this paper, semiparametric
applications typically exhibit several additional technical issues. In particular, dif-
ferent techniques are needed to control the magnitude of certain remainder terms.
Addressing these issues would require substantial refinements our results, which
are not needed for the class of nonparametric problems we are focusing on. To
keep the present paper more readable, we study semiparametric estimators with
generated covariates separately in Mammen, Rothe and Schienle (2011).

The outline of this paper is as follows. In the next section, we describe our
setup in detail. Section 3 gives some motivating examples. Section 4 establishes
the asymptotic theory and states the main results. In Section 5, we apply our results
to some of the examples given in Section 3, thus illustrating their application in
practice. Finally, Section 6 concludes. All proofs are collected in the Appendix.

2. Nonparametric regression with generated covariates. The nonparamet-
ric regression model with generated regressors can be written as

2.1 Y =mo(ro(S)) +¢ with E(e|ro(S)) =0,

where Y is the dependent variable, S is a p-dimensional vector of covariates,
mo:RY — R and ro: R? — R? are unknown functions and ¢ is an error term that
has mean zero conditional on the true value of covariates to covariates r(S).!
We assume that there is additional information available outside of the basic
model (2.1) such that the function ry is identified. For example, ro could be (some
known transformation of) the mean function in an auxiliary nonparametric regres-
sion, which might involve another random vector, say 7', in addition to ¥ and S.
Our aim is to estimate the function my(x) = E(Y |ro(S) = x). Since rg is unob-
served, obtaining a direct estimator based on a nonparametric regression of Y on
R =ro(S) is clearly not feasible. We therefore consider the following two-stage
procedure. In the first stage, an estimate 7 of rq is obtained. We do not require a
specific estimator for this step. Instead, we only impose the high-level restrictions
that the estimator 7 is uniformly consistent, converging at a rate specified below,
and takes on values in a function class that is not too complex. Depending on the
nature of the function rg, these kind of regularity conditions are typically satisfied
by various common nonparametric estimators, such as kernel-based procedures or
series estimators, under suitable smoothness restrictions. In the second step, we
then obtain our estimate iy of mq through a nonparametric regression of Y on

INote that in contrast to an earlier working paper version of this paper, we do no longer assume that
the “index” rq(S) is a sufficient statistic for the covariates S, which would imply that E(Y |r¢(S)) =
E(Y|S).
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the generated covariates R= 7(S), using local linear smoothing. That is, our esti-
mator is given by 77 (x) = & obtained from

@, B) = argmin Y (¥; — o — BT (R; — ) Kn(R; — x),

Bi=1

where Kj(u) = ]_[‘f:l K(@uj/hj)/hj is a d-dimensional product kernel with uni-
variate kernel function C, and 4 = (hy, ..., hy) is a vector of bandwidths that tend
to zero as the sample size n increases to infinity.

For the later asymptotic analysis, it will also be useful to compare i to an
infeasible estimator 7177 that uses the true function r( instead of an estimate 7.
Such an estimator can be obtained by local linear smoothing of ¥ versus R =
ro(S), that is, it is given by m 1 (x) = &, where

@, B) = argmin Y _(¥; —a — BT (R; — ) Kn(R; — x).

i=l

In order to distinguish these two estimators, we refer to 1 in the following as
the real estimator, and to m 1y, as the oracle estimator.

Our use of local linear estimators in this paper is based on the following con-
siderations. First, in a classical setting with fully observed covariates, estimators
based on local linear regression are known to have attractive properties with regard
to boundary bias and design adaptivity [see Fan and Gijbels (1996) for an extensive
discussion], and they allow a complete asymptotic description of their distribu-
tional properties. In the present setting with generated covariates, these properties
simplify the asymptotic treatment. The design adaptivity leads to a discussion of
bias terms that does not require regular densities for the randomly perturbed co-
variates, and the complete asymptotic theory allows a clear description of how the
final estimator is affected by the estimation of the covariates. On the other hand,
our assumptions on the estimation of the covariates are rather general and can be
verified for a broad class of smoothing methods, including sieves and orthogonal
series estimators.

3. Motivating examples. There are many statistical applications which in-
volve nonparametric estimation of a regression function using nonparametrically
generated covariates. In this section, we give an overview of some of the most
popular examples and explain how they fit into our framework. In Section 4, we
revisit the first three of these examples, studying their asymptotic properties in de-
tail. A thorough treatment of the remaining examples involves several additional
technical issues beyond dealing with the presence of estimated covariates, such
as boundary problems, and is thus omitted for brevity. See also Mammen, Rothe
and Schienle (2011) for an extensive discussion of semiparametric problems with
generated covariates.
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3.1. The generic example: Nonparametric two-stage regression. In many ap-
plications, the unknown function ry is a conditional expectation function from an
auxiliary nonparametric regression. As a first motivating example, we therefore
consider a “two-stage” nonparametric regression model given by

Y =mo(ro(S)) + ¢,
T =ro(S)+¢,

where ¢ is an unobserved error term that satisfies E[¢|S] = E[e|ro(S)] = 0. As
the structure of this example is particularly simple, it is used extensively in Sec-
tion 4 below to illustrate the application of our main result. Proceeding like this
is instructive, as the types of technical difficulties encountered in this example are
representative for those in a wide range of other statistical applications.

3.2. Nonparametric censored regression. Consider a nonparametric regres-
sion model with fixed censoring, that is,

3.1 Y = max(0, uo(X) — U),

where U is an unobserved mean zero error term that is assumed to be indepen-
dent of the covariates X. Fixed censoring is a common phenomenon in many
applications, for example, the analysis of wage data. Note that the censoring
threshold could be different from zero, as long as it is known. Lewbel and Lin-
ton (2002) establish identification of the function g under the tail condition
lim,_, oo uFyy(u) = 0 on the distribution function Fy of U. In particular, they
show that the function ¢ can be written as

YR |
(3.2) poy=io— [,
ro(x) qo(r)

where ro(x) = E(Y|X = x), go(r) = EQ{Y > 0}|ro(X) = r), and Ag is some
suitably chosen constant. An estimate of the function o can then be obtained
from a sample analog of (3.2), that is, through numerical integration of a non-
parametric estimate of the function qo(r)_l. Nonparametric estimation of gg in-
volves nonparametrically generated regressors, and thus fits into our framework
with (Y, §) = (I{Y > 0}, X) and ro(S) = ro(X).

3.3. Nonparametric triangular simultaneous equation models. Covariates
that are correlated with disturbance terms appear in many economic models and
are denoted as endogenous. When, for example, analyzing the relationship be-
tween wages and schooling, unobserved individual characteristics like ability or
motivation might affect both the outcome and the explanatory variable. A common
approach is to model these quantities jointly, achieving identification by using so-
called instrumental variables, that are independent of unobservables, affect the
endogenous variable, but exert no direct influence on the outcome. Consider, for
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example, the nonparametric triangular simultaneous equation model discussed in
Newey, Powell and Vella (1999), which is of the form

(3.3) Y = (X1,Z1)+ U,
(3.4) X1=u2(Z1,Z2)+ V.

Here the interest is in estimating the function w;. To achieve identification,
one imposes the restrictions E(V|Z, Z2) =0, E(U) =0and E(U|Zy, Z>,V) =
E(U|V), which follow, for example, if the vector of exogenous covariates and in-
struments Z = (Z1, Z») is jointly independent of the disturbances (U, V). Now let
m(xy,z1,v) =E(Y|X1 =x1, Z1 = z1, V = v). Under the above assumptions, it is
straightforward to show that

m(x1, 21, v) = p1(x1, 21) + A(v),

where A(v) = E(U|V = v). The first component of this additive model could,
for example, be estimated by marginal integration [Newey (1994a), Linton and
Nielsen (1995)], which relies on the fact that

(3.5) /m(X1,Z1, v) fy (v) dv = p1 (a1, 21),

where fy is the probability density function of V. Implementing a sample ver-
sion of (3.5) requires estimating the function m. Since the residuals V are not di-
rectly observed but must be estimated by some nonparametric method, this fits into
our framework with (Y, S) = (Y, (Xl, Zl, Zz), Xl) and ro(S) = (Xl, Zl, X1 —
u2(Z1, Z7)).

REMARK 1. An alternative to marginal integration would be an approach
based on smooth backfitting [Mammen, Linton and Nielsen (1999)]. Smooth back-
fitting estimators avoid several problems encountered by marginal integration in
case of covariates with moderate or high dimension, but involves a more involved
statistical analysis which is beyond the scope of the present paper. We are going to
study smooth backfitting with nonparametrically generated covariates in a separate

paper.

3.4. Generalized Roy model. D’Hautfoeuille and Maurel (2009) consider a
generalized Roy model of occupational choice that is related to the previous ex-
ample in the sense that it also leads to an additive regression model. Let Yj
denote the individual’s potential earnings in sector k € {0, 1} of an economy,
X = (Xp, X1, X;,) a vector of covariates, and assume that E(Y;|X, n1,n) =
Yk (Xk, X¢) + ni, where (no, n1) are sector-specific productivity terms known by
the agent but unobserved by the analyst. Expected utility from working in sector
k is assumed to be Uy = E(Yx| X, n1, n2) + Gr(X), the sum of sector-specific ex-
pected earnings and a nonpecuniary component that depends on X. Along with X,
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the analyst observes the chosen sector D, which satisfies D = I{U; > Up}, and the
realized earnings ¥ = DY; + (1 — D)Y).

One object of interest in this context is the pair of functions (y1, ¥p). Under
some weak additional conditions, d’Haultfoeuille and Maurel (2009) show that

EY|D=d,X)=v4(Xa, Xc) + 2a(Pr(D =d|X))

for d € {0, 1}, which is again an additive model involving unobserved covariates,
namely the conditional probabilities Pr(D = d|X) of choosing sector d. This set-
ting fits into our framework in the same way as the previous example.

3.5. Nonparametric nonseparable triangular simultaneous equation models.
Imbens and Newey (2009) consider a generalized version of the above-mentioned
triangular simultaneous equation model with nonadditive disturbances:

(3.6) Y =pu1(X1,Z1,0),
(3.7) X1=u2(Z1,22,V).

Nonseparable models have become popular in the recent econometric literature, as
they allow for substantially more general forms of unobserved heterogeneity than
specifications in which the disturbance terms enter additively. The focus here is
typically on averages of the function w1, such as the average structural function,

ASF(x1,z1) =Ey (u1(x1, 21, U)).

To achieve identification, assume that the function p; is strictly monotone in
its last argument, that V is continuously distributed, and that the unobserved
disturbances (U, V) are jointly independent of Z. Then it can be shown that
U and (X1, Z1) are independently conditional on the so-called control variable
W = Fx,z(X1, Z), where Fx, z denotes the distribution function of X given Z.
Under an additional support condition, this result implies that the ASF is identified
through the relationship

(3.8) ASF(x1,21) = f m(x1, 21, w) d Fyy,

where m(x1, z1, w) =E(Y|X| = x1, Z1 = z1, W = w). Since the control variable
W is unobserved and has to be estimated in order to implement a sample analog
estimator of (3.8), this setting also fits into the framework of this paper. In particu-
lar, nonparametric estimation of m is covered with (Y, S) = (Y, (X1, Z1, Z»), X1)
and ro(S) = (X1, Z1, Fx,1z(X1, Z2)).

4. Asymptotic properties. It is straightforward to show that mz; consis-
tently estimates the function mg under standard conditions. Obtaining refined
asymptotic properties, however, requires more involved arguments. In this sec-
tion, we derive a stochastic expansion of the difference between the real and the
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oracle estimator, in which the leading terms are kernel-weighted averages of the
first stage estimation error. This is our main result. It can be used, for example, to
obtain uniform rates of consistency for the real estimator, or to prove its asymptotic
normality. We demonstrate this in the next section for specific forms of rg and 7.

Throughout this section, we use the notation that for any vector a € R? the value
Gmin = Min|<;<q a; denotes the smallest of its elements, a = 2?21 aj denotes
the sum of its elements, a_; = (ay, ..., adk—1, Ak+1, - - -, aq) denotes the d — 1-
dimensional subvector of a with the kth element removed and a? = (a?' e, ag" )
for any vector b € R?. For ease of presentation in the following, we avoid logarith-
mic terms in rates of convergence; that is, we state assumptions and results in the
form op (nf) instead of Op(logn?) with &,y > 0.

4.1. Assumptions. In order to analyze the asymptotic properties of the local
linear estimator with nonparametrically generated regressors, we make the follow-
ing assumptions.

ASSUMPTION 1 (Regularity conditions). We assume the following properties
for the data distribution, the bandwidth, and kernel function C:

(i) The sample observations (Y;, S;) are i.i.d.

(i) The random vector R = ro(S) is continuously distributed with compact
support Ig. Its density function fr is twice continuously differentiable and
bounded away from zero on Ix.

(iii) The function my is twice continuously differentiable on /g.

(iv) E[exp(l|e|)|S] < C almost surely for a constant C > 0 and / > 0 small
enough.

(v) The kernel function /C is a twice continuously differentiable, symmetric
density function with compact support, say [—1, 1].

(vi) The bandwidths h = (hy, ..., hy) satisfies h; ~n~" for j =1,...,d and
ny < 1.

Most conditions in Assumption 1 are standard regularity and smoothness con-
ditions for kernel-type nonparametric regression, with the exception of Assump-
tion 1(iv). The subexponential tails of & conditional on S assumed there are needed
to apply certain results from empirical process theory in our proofs. Such a condi-
tion is not very restrictive though.

ASSUMPTION 2 (Accuracy). The components 7; and rq_; of 7 and rg, respec-
tively, satisfy

sup |7 (s) —ro,j(s)| = op(n~%)

forsome 6; >njandall j=1,...,d.
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Assumption 2 is a “high-level” restriction on the accuracy of the estimator 7. It
requires each component of the estimate of the function ry to be uniformly con-
sistent, converging at rate at least as fast as the corresponding bandwidth in the
second stage of the estimation procedure. This is typically not a restrictive condi-
tion, and it allows for estimators 7 that converge at a rate slower than the oracle
estimator m . Uniform rates of consistency are widely available for all com-
mon nonparametric estimators; see, for example, Masry (1996) for results on the
Nadaraya—Watson, local linear and local polynomial estimators, or Newey (1997)
for series estimators.

ASSUMPTION 3 (Complexity). There exist sequences of sets M,, ; such that:

(i) Pr(7Fj e M, j)—> lasn—ooforall j=1,...,d.

(i1) For a constant Cyp; > 0 and a function r,, ;j with ||r, j — 1o, jllec = o(n=%),
the set My j = My j N {rj:lIrj — rajlloc < n=%} can be covered by at most
Crexp(A~%nti) balls with | - ||so-radius A for all A < n =% where 0 < aj <2,
§j € Rand | - [l denotes the supremum norm.

Assumption 3 requires the first-stage estimator 7 to take values in a function
space M, ; that is not too complex, with probability approaching 1. Here the
complexity of the function space is measured by the cardinality of the covering
sets. This is a typical requirement for many results from empirical process theory;
see van der Vaart and Wellner (1996). The second part of Assumption 3 is typically
fulfilled under suitable smoothness restrictions. For example, suppose that M, ;
is the set of functions defined on some compact set /g C R” whose partial deriva-

tives up to order k exist and are uniformly bounded by some multiple of n®l for
some &7 > 0. Then Assumption 3(ii) holds with «; = p/k and &; = S;‘a ; [van der
Vaart and Wellner (1996), Corollary 2.7.2]. For kernel-based estimators of g, one
can then verify part (i) of Assumption 3 by explicitly calculating the derivatives.
Consider, for example, the one-dimensional Nadaraya—Watson estimator 7, j with
bandwidth of order n~!/3. Choose rn,j equal to ro ; plus asymptotic bias term.
Then one can check that the second derivative of 7, ; — r,, j is absolutely bounded

by Op(y/logn) =o0p (n‘fj ) for all S;‘ > 0. For sieve and orthogonal series estima-
tors, Assumption 3(i) immediately holds when the set M, ; is chosen as the sieve
set or as a subset of the linear span of an increasing number of basis functions,
respectively. For a discussion of entropy bounds and further references, we refer
to van de Geer (2000).

ASSUMPTION 4 (Continuity). For any r € M,, = M, 1 x --- x M, 4 the
conditional expectation 8(x,r) = E(p(S)|r(S) = x) with p(S) = E(Y|S) —
E(Y|ro(S)) exists and is twice differentiable with respect to its first argument,
with derivatives that are uniformly bounded in absolute value, and satisfies

B B
77 (x,r1) — 2 (x, r) | < Cillri — r2lloo a.s.
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for all 1, r, € M,, and a constant Cz > 0.

Assumption 4 imposes certain smoothness restrictions on the conditional expec-
tation of p(S). The term p(S) can be thought of as capturing the influence of the
underlying covariates S on the outcome variable Y that is not excreted through the
“index” ro(S). In certain applications, the “index” ro(S) is a sufficient statistic for
the function m, and thus p (S) = 0 with probability 1. In this case, Assumption 4 is
trivially satisfied. Note that p(S) = [E(¢|S), and that 8, r0)=0 by construction.

4.2. The key stochastic expansion. With the assumptions given in the pre-
vious section, we are now ready to state our main result, which is a stochas-
tic expansion of the real estimator m 1 (x) around the oracle estimator mp (x).
Our aim is to derive an explicit characterization of the influence of the pres-
ence of generated regressors on the final estimator of the function mg. To this
end, we define w(x,r) = (1, (ri(S) — x1)/h1,..., (ra(S) — x4)/ hg), and set
Ny (x) =E(w(x, r)w(x, r)T Ky(r(S) — x)). Next, we define

A(x,r) =e] Np(x) " E(Ky (ro(S) — x)w(x, r)(r(S) — ro(S))),

'x,r)= elTNh(x)_IIE(K;I(r()(S) — x)Tw(x, r)(r(S) — ro(S)),o(S))
for any r € M,,, where K, (u) = (IC;l,j(u):j =1,...,d)7" is a vector with ele-
ments IC;l’j(u) = IC/(uj/hj)/h§ [T+ K(uj/hj*)/hj+. Finally, we put Ax) =

A(x,7) and f‘(x) = I'(x, 7). With this notation, we can now state our main theo-
rem.

THEOREM 1. Suppose Assumptions 1-4 hold. Then

sup [ripp (x) —mpr(x) +my(x)Ax) — D(x)| = 0p(n™),

xelr

where Kk = min{ky, ..., k3} with

1 1
K1 < 5(1 —n4) + (6 — Mmin — 7 llgfgd(Sjozj +&)),

k2 < 20min + (8 — ) min,
k3 < Smin + (8 — 1) min-

The two leading terms in our stochastic expansion of the real estimator 77 (x)
around the oracle estimator miy; (x), which are accounting for the presence of
generated covariates, are both smoothed versions of the first-stage estimation error
7(s) — ro(s). To see this more clearly, note that it follows from standard arguments
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for local polynomial smoothing that

_ E(Kp(ro(S) — x)(r(S) —ro(S)))

A(x,r) o) +O0p(n™") and
/ _ T _ )
Fx,r) = ]E(Kh(ro(S) X)fR(}(ﬁ)(j) ro(8))p(S;)) L Op(n—),

uniformly over x € IE’n = {x € Ig: the support of Kj (- — x) is a subset of Ig}. In
order to achieve a certain rate of convergence for the real estimator, it is thus not
necessary to have an estimator of rq that converges with the same rate or a faster
one, since the asymptotic properties of the estimator using nonparametrically gen-
erated regressors only depend on a smoothed version of the first-stage estimation
error. While smoothing does not affect the order of the estimator’s deterministic
part, it typically reduces the variance and thus allows for less precise first-stage
estimators. Note that the first adjustment term is negligible in regions where the
regression function is flat, since mg(x) = 0 in this case. Conversely, the impact
of generated covariates is accentuated when the true regression function is steep.
Also note that f‘(x) = 0 when E(¢|S) =0, as the latter implies that p(s) = 0. This
is a natural condition in certain empirical applications.

REMARK 2. In Theorem 1 no assumptions are made about the process gen-
erating the data for estimation of ry. In particular, nothing is assumed about de-
pendencies between the errors in the pilot estimation and the regression errors &;.
We conjecture that better rates than n =" can be proven under such additional as-
sumptions, but the results would only be specific to the respective full model under
consideration. One way to extend our approach to such a setting would be to use
our empirical process methods to bound the remainder term of higher order differ-
ences between m and 71, and to treat the leading terms of the resulting higher order
expansion by other, more direct methods.

5. Examples revisited. In this section, we apply our high-level results from
Section 4 to some of the motivating examples presented in Section 3, which are
representative for the others in terms of employed techniques. Assuming a specific
nature of the function ry and a specific method to estimate it, explicit forms of
the adjustment terms A(x) and f(x) in Theorem 1 can be derived in order to
account for the presence of generated covariates. Our focus in this section is on
the practically most important case that rq is the conditional mean function in an
auxiliary nonparametric regression. Many other applications can be treated along
the same lines.

5.1. Generic example: Two-stage nonparametric regression. The main setting
in which we illustrate the application of the stochastic expansion from Theorem 1
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is the “two-stage” nonparametric regression model given by
Y =mo(ro(S)) +¢,
T == rO(S) + ga

where ¢ is an unobserved error term that satisfies E[¢|S] = E[e|ro(S)] = 0. For
simplicity, we focus on the case that R = ro(S) is a one-dimensional covariate,
but generalizations to multiple generated covariates or the presence of additional
observed covariates are immediate.

Our strategy for deriving asymptotic properties of /i ; in this framework is to
first provide an explicit representation for the adjustment terms A(x) and f‘(x)
from Theorem 1, which are then combined with standard results about the oracle
estimator m ;. For this approach it is convenient to use a kernel-based smoother
to estimate rg. Since the bias of both A(x) and f‘(x) is of the same order as of
this first-stage estimator, we propose to estimate the function ry via gth order local
polynomial smoothing, which includes the local linear estimator as the special case
g = 1. Formally, the estimator is given by 7(s) = @, where

n 2
(5.1) (&,3):argmin2<n—a— > ,BrT(S,-—s)”) Lg(S; —5)
wp =1

l<uy=q

and Lg(s) = ?:1 L(s;j/g)/g is a p-dimensional product kernel built from the
univariate kernel £, g is a vector of bandwidths, whose components are assumed
to be the same for simplicity, and }_;,, -, denotes the summation over all
u=(ug,...,up) with 1 <uy < q. When ry is sufficiently smooth, the asymp-
totic bias of local polynomial estimators of order ¢ is well known to be O (g9+!)
uniformly over x € Ig (if ¢ is uneven), and can thus be controlled. A further tech-
nical advantage of using local polynomials is that the corresponding estimator ad-
mits a certain stochastic expansion under general conditions, which is useful for
our proofs. We make the following assumption, which is essentially analogous to
Assumption 1, except for Assumption 4(iii). This additional assumption requires
higher order smoothness of the kernel, necessary to bound the kth derivative of the
estimator 7. This allows us to verify Complexity Assumption 3 for 7.

ASSUMPTION 5. We assume the following properties for the data distribution,
the bandwidth and kernel function £:

(i) The observations (S;, Y;, T;) are i.i.d., and the random vector S is continu-
ously distributed with compact support /5. Its density function fs is bounded and
bounded away from zero on Ig. It is also differentiable with a bounded derivative.
The residuals ¢ satisfy E|¢|€ < oo for some € > 2.

(i) The function rg is ¢ + 1 times continuously differentiable on /5.

(iii) The kernel function £ is a k-times continuously differentiable, symmetric
density function with compact support, say [—1, 1], for some natural number k >
max{2, p/2}.
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(iv) The bandwidth satisfies g ~n~% for some 0 <6 < 1/p.

To simplify the presentation, we also assume that the function ro(s) is strictly
monotone in at least one of its arguments, which can be taken to be the last one
without loss of generality. This assumption could be easily removed at the cost of
a substantially more involved notation in the following results.

ASSUMPTION 6. The function ro(u—_p,up) is strictly monotone in u,, and
we have that ro(u_p,, ¢(u_p, x)) = x for some twice continuously differentiable
function ¢.

The following proposition shows that in the present context the function A(x)
can be written as the sum of a smoothed version of the first stage estimator’s
bias function, a kernel-weighted average of the first-stage residuals ¢q, .. ., ¢, and
some higher order remainder terms. For a concise presentation of the result, we in-
troduce some particular kernel functions. Let L* denote the p-dimensional equiv-
alent kernel of the local polynomial regression estimator, given in (A.27) in the
Appendix, and define the one-dimensional kernel functions

Ju(x,s) = / K (ro(s) — x — dsro(s)uh) L*(u) du,

a —p> —p> -
HgA(_x’v)zW/‘L*(S_p’(p(vpg#_i_spa_p(p(v_p’x)) dS.

Then, with this notation, we obtain the following proposition.

PROPOSITION 1.  Suppose that Assumptions 1 and 4-6 hold. Then we have for
the correction factor A in Theorem 1 that

A A A log(n)
sup [306) = B a0) = Bp0)| = 0, (20,
xelg ng

where the terms A A(x) and A B (x) satisfy

sup |AA(x)| = 0, ((log(n)/(n max{g, h}))"/?) and

xelg

sup [Ap(x)| = 0,(g*h).

xelg
Moreover, uniformly over x € I, it is Ag(x) = g‘1+1E[b(S)|r0(S) =x] +
op (g9t with a bounded function b(s) given in (A.25) in the Appendix, and the

term A 4 (x) allows for the following expansions uniformly over x € Iy, ,, depend-
ing on the limit of g/ h:
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(a) If g/ h — O, then

| | , g g% (log(n)\'/2
A( )_ﬁ h(VQ(S[)_X)é‘l"i_Op((ﬁ—i_T)( nh ) )

(b) If h =g, then

AA(x) . = 1( ) ZJh(x S + 0p<<logn(n)>1/2>.

(c) If g/ h — oo, then

. 1/2 12
Ap(x) = fl( )ZH (x,8)5 + O <h2 (log(n)) +<log(n)> )

ng n

It should be emphasized that in all three cases of the above proposition the lead-
ing term in the expression for Aa(x) is equal to an average of the error terms
¢; weighted by a one-dimensional kernel function, irrespective of p = dim(S).
The dimension of the covariates thus affects the properties of A(x) only through
higher-order terms. Furthermore, it should be noted that one can also derive ex-
pressions of A(x) similar to the ones above for values of x close to the boundary
of the support. Likewise these take the form of a one-dimensional kernel weighted
average of the error terms ¢; plus a higher-order term. The corresponding kernel
function, however, has a more complicated closed form varying with the point of
evaluation.

The following proposition establishes a result similar to Proposition 1 for the
second adjustment term ['(x). We again introduce a particular one-dimensional
kernel function, defined as

ng(x, V) = /g_lL*(s_p, W +5, Bp(p(v_p,x)) dsi(v—p, x)

with

Ay, (p(V—p, p(V—p, x) fs(V—p, P(V—p, x)) det(dy_,¢(V—p, X))
Fs(—p, (—p, x)) Oy, ro(v—p, p(v_p, X))

El

Av_p,x) =

where L* still denotes the p-dimensional equivalent kernel of the local polynomial
regression estimator, given in (A.27) in the Appendix.

PROPOSITION 2. Suppose that Assumptions 1 and 4-6 hold. Then we have
that

sup [F(r) = Pax) = Pp0)] = op(

xelg

10g(n)>’

ngp
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where the terms T A(x) and f B (x) satisfy

sup |14 (x)| = 0, ((log(n)/(ng))"'?) and ~ sup |F'(x)| = 0,(g"™).
xelg xelg
Moreover, uniformly over x € I,;n, it is f'B(x) = gq‘H 0xE[b(S)p(S)|ro(S) =
x]+op (gq“) with a bounded function b(s) given in (A.25) in the Appendix, and
the term T A(x) allows for the following expansion uniformly over x € I, .

Ao LI o, log(n)
(5.2) F(x)_nfR(x);Hg(x,Sl)§,+0p< ” )

Again, the leading term in the expression for [a(x) is equal to an average of
the error terms ¢; weighted by a one-dimensional kernel function, and thus behaves
similarly to one-dimensional nonparametric regression estimator. A similar result
could be established for regions close to the boundary of the support. Note that in
contrast to Proposition 1, the details of the result in Proposition 2 do not depend
on the relative magnitude of the bandwidths used in the first and second stage of
the estimation procedure.

Combining Theorem 1 and Propositions 1-2 with well-known results about the
oracle estimator 71 1, various asymptotic properties of the real estimator 1 ;, can
be derived. In the following corollaries we present results for the most relevant sce-
narios, addressing uniform rates of consistency and stochastic expansions of order
op(n~?/) for proving pointwise asymptotic normality. More refined expansions
of higher orders such as op(n~!/2), which are useful for the analysis of semipara-
metric problems in which mq plays the role of an infinite dimensional nuisance
parameter [e.g., Newey (1994b), Andrews (1994), Chen, Linton and Van Keile-
gom (2003)], would also be possible. We do not present such results here as they
would require strong smoothness restrictions that are unattractive in applications.
See Mammen, Rothe and Schienle (2011) for an alternative approach to control-
ling the influence of generated covariates in semiparametric models.

Starting with considering the uniform rate of consistency, it is well known
[Masry (1996)] that under Assumption 1 the oracle estimator satisfies

sup iz (x) —m(x)| = O, ((log(n)/nh)"* + h?).

xelp

This implies the following result.

COROLLARY 1. Suppose that Assumptions 1,4 and 5 hold. Then

( log(n)'/? W log(n)
(nmax{h, g})!/? ngP

sup |z (x) —m(x)| = 0, 4+ gat! +n—K>.

xelg
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Straightforward calculations show that, under appropriate smoothness restric-
tions, it is possible to recover the oracle rate for the real estimator given suitable
choice of 1 and 6, even if the first-stage estimator converges at a strictly slower
rate. Note that the rate in Corollary 1 improves upon a bound on the uniform rate
of convergence of a two-stage regression estimator derived in Ahn (1995) for a
similar setting.

Next, we derive stochastic expansions of iy of order op (n_z/ 5) for the case
that n = 1/5. Such expansions immediately imply results on pointwise asymp-
totic normality of thq real estimgtor. We start with the case that & = n, in which
the stochastic terms "4 (x) and A 4(x) are of the same order of magnitude (other
bandwidth choices will be discussed below). During the analysis of this setting,
it becomes clear that applying Theorem 1 requires p6é < 3/10. Thus in order to
use the expansion in Proposition 1(b), only p =1 is admissible; that is, S must be
one-dimensional for the choice 6 = 5 to be feasible. In this setting, the notation
for the kernel functions appearing in the stochastic expansions can be somewhat
simplified. We define

f(v,x):/K(v—r(’)(rgl(x))u)L*(u)du,

H (v, x) = / L*(v+s axro_l (x))dsi(x),
where
3 (p(ry L () fs(ry 1 (x)))
Fs(rg Ny (rg L (x)

where r !is the inverse function of rq, which exists by Assumption 6.

A(x) =

COROLLARY 2. Suppose that Assumptions 1 and 4-6 hold withn =6 =1/5
and p = q = 1. Then the following expansions hold uniformly over x € I, :

mpr(x) —mo(x)

= R () ;Kh(ro(S,-) —x)s,'

n

T nfr(x) > (o) Tn(ro(S;) — x, x) — Hy (S; — ra 1), )i
i=1

1 _
+ 5 BN +0,(n72),
where the bias is given by

B(x) :/uzK(u)dumg(x)

—~ f u? L(u) du(rf (rg ' )my(x) — e[ (rg ' ) p (rg  (0))]).
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In particular, we have
()2 (i .(x) — mo(x) — B()R?) > N (0, 02 (x)),

where o2 (x) = [Var(e|R =x) [ K(t)*dt —2E(¢¢|R = x) [ K (#)(J (t, x)m{(x) —
HY(t,x))dt Var(¢|R = x) [(m{(x)J (t,x) — H (¢, x))*dt]/fr(x) is the asymp-
totic variance.

Under the conditions of the corollary, the limiting distribution of iz (x) is
generally affected by the pilot estimation step, although a qualitative description
of the impact seems difficult. Depending on the curvature of mq and the covariance
of ¢ and ¢, the asymptotic variance of the estimator using generated regressors can
be bigger or smaller than that of the oracle estimator mzy ;. There thus exist settings
where in practice it would be preferable to base inference on the real estimator even
if one was actually able to compute the oracle estimator.

The next corollary considers the case that 6 > 5, and thus g/h — 0. Again, ap-
plying Theorem 1 requires p8 < 3/10 in this setting, and thus only p = 1 is admis-
sible when using Proposition 1(a) for such a choice of bandwidths. The corollary
also focuses on the special case that p(S) :=E(Y|R) —E(Y|S) = 0, which implies
that " (x) = 0 with probability 1. This condition is satisfied for certain empirical
applications, such as, for example, models IV models. Without this additional re-
striction, an expansion of the difference ri 1 (x) — mo(x) would be dominated by
the term [ A(x), which is O, ((log(n)/ (ng))l/ 2y and thus converges at a slower
rate than the oracle estimator.

COROLLARY 3. Suppose that Assumptions 1, 4 and 5 hold with n = 1/5,
1/5<6 <3/10 and p = q =1, and that p(S) = 0 with probability 1. Then the
following expansion holds uniformly over x € I, -

1 n
Mpp(x) —mo(x) = o > Kn(ro(Si) — x)(ei — my(x)g;)
i=1

1
+ EhZ/uzK(u)dumg(x) +0,(n"3).

In particular, we have
1
(nh)l/z(mLL(x) — mo(x) — Ehz/Lﬂl((u)dmg(x)> < N, o2 (x)),

where 0,121 (x) = Var(e — m6(R)§ IR=x)[ K(1)? dt/fr(x) is the asymptotic vari-
ance.

The limiting distribution of 77 (x) is again affected by the use of generated
covariates under the conditions of the corollary. In this particular case, the form of
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the asymptotic variance has an intuitive interpretation: the estimator sty (x) has
the same limiting distribution as the local linear oracle estimator in the hypothetical
regression model

Y =mo(ro(S)) + &%,

where ¢* =¢ — m6(r0(S ))¢. As in Corollary 2 above, depending on the curvature
of mg and the covariance of ¢ and ¢, the asymptotic variance of the estimator using
generated regressors can be bigger or smaller than that of the oracle estimator miy .
The next corollary discusses the case when 6 < 7. For such a choice of band-
width, applying Theorem 1 requires no restrictions on the dimensionality of S.
It turns out that in this case m(x) = (x) + op(n_2/5), and thus the limit
distribution of mi;; is the same as for the oracle estimator 717 ;. The effect ex-
erted by the presence of nonparametrically generated regressors is thus first-order
asymptotically negligible for conducting inference on my in this case.

COROLLARY 4. Suppose that Assumptions 1,4 and 5 hold with 6 <n =1/5.
Then the following expansion holds uniformly over x € I if %(q +D7 <0<

3 —1.
0P -

1 n
mpr(x) —mo(x) = Py > Kn(ro(Si) — x)e;
i=1

+ %hzfuzl((u)dumg(x) +0,(n"3).
In particular, we have
(nh)!/? (ﬁm(x) — mo(x) — %hZ/uzK(u)dumg(x)) L N, 02 (x)),
where o*,%l (x) =Var(e|R=x) [ K (1)? dt/fr(x) is the asymptotic variance.

5.2. Nonparametric censored regression. Consider estimation of the censored
regression model in (3.1). Let 7(x) be the gth order local polynomial estimator of
the conditional mean ro(x) = E(Y|X = x), and let g (r) be the local linear estima-
tor of go(r) using the generated covariates 7(X;). Then an estimate of g is given
by

A

(5.3) Ax) =x+ du,

Fx) q(u)
where the constant X is chosen large enough to satisfy A > max;—; __,7(X;) with
probability tending to one. Generalizing Lewbel and Linton (2002), we consider
the use of higher-order local polynomials for the first stage estimator, and allow
the bandwidth used for the computation of 7 and ¢ to be different. For presenting
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the asymptotic properties of [i, let so(x) = E(I{Y > 0}|X = x) be the proportion
of uncensored observations conditional on X = x, and assume that this function is
continuously differentiable and bounded away from zero on the support of X. We
then obtain the following result.

COROLLARY 5. Suppose that Assumptions 1 and 5 hold with (Y,S,T) =
(I{Yy > 0}, X,Y) and R = ro(S) = ro(X). Furthermore, suppose that 6 € (6, 0)
where 6 and 0 are constants depending on n, q and p as follows:
1—3n 1 —4n 1 }

P p 2q+D+pl
Under these conditions, we have that

2
VngP(f(x) — po(x)) 4 N(O, fgc(rxr)i(sxz)(x) / L(1)? dt),
0

0=

and 6= max{

where arZ(x) = Var(Y|X = x).

The corollary is analogous to Theorem 5 in Lewbel and Linton (2002). How-
ever, using our results, substantially simplifies the proof and provides insights on
admissible choices of bandwidths. Note that the lower bound 6 is chosen such that
both the bias of 7 and § tends to zero at a rate faster than (ng”)~!/?. Due to this un-
dersmoothing, the limiting distribution of 1 — u is centered at zero. Note that the
final estimator converges at the same rate as the generated regressors. This is due
to the fact that the function 7 is not only used to compute g, but also determines
the limits of integration in (5.3). The “direct” influence of the generated regressors
in the estimation of g is asymptotically negligible in this particular application.

5.3. Nonparametric triangular simultaneous equation models. Now consider
nonparametric estimation of the structural function @ in the triangular simulta-
neous equation model (3.3)—(3.4) using a marginal integration estimator. In order
to keep the notation simple, we restrict our attention to the arguably most rele-
vant case with a single endogenous regressor, but allow for an arbitrary number
of exogenous regressors and instruments. Let [i5(z) be the gth order local poly-
nomial estimator of u(z) =E(X|Z = z), and let m(x;, z1, v) be the local linear
estimator of m(xy, z1,v) =E(Y|X1 = x1, Z1 = 21, V = v). The latter is computed
using the generated covariates 17, = X; — [12(Z;) instead of the true residuals V;
from equation (3.4). For simplicity, we use the same bandwidth for all components
of m; that is, we put n; = n for all j =1, ..., (2 4 di). The marginal integration
estimator of w(x1, z1) is then given by the following sample version of (3.5):

. 1. .
(5.4) m(xl,zn=;2m<x1,zl,vl—>.
i=1

The following result establishes the estimator’s asymptotic normality.
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COROLLARY 6. Suppose that Assumption 1 holds with (Y,S,T) = (Y, (X1,
Z1,27),X1) and R =ro(S) = (X1, Z1, X1 — u2(Z1, Z3)), and that Assump-
tion 5 holds with ro(S) = u2(Z1, Z3). Furthermore, suppose that n € (max{1/(5+
dy),1/2p+3)},1/(1+dy)),and that 6 € (8, 0), where 6 and 0 are constants de-
pending on n, q and d; = dim(Z;) as follows:
1—3n 1—n(d+1)

and Q= ——
2p - 2(g+1)
where p = d| + d>. Under these conditions, we have that

2
1+d1 7 — d Ug (xlv <1, V) ) ~ 2 )
Vb (i (xy, 1) ,u1(xl,zl))—>N(O,IE(fXZW(x1 p— f]((t) dr).

where Iz(t) = ]_[1+d1 IKC(t;) is a (1 + dy)-dimensional product kernel, and az(xl,
z1,v) = Var(Y —m(R)|R = (x1, 21, v)).

0=

’

Under the conditions of the corollary, the asymptotic variance of fi1(xy, z1) is
not influenced by the presence of generated regressors: If /1 was replaced in (5.4)
with an oracle estimator m using the actual disturbances V; instead of the recon-
structed ones, the result would not change. Also, note that the exclusion restrictions
on the instruments imply that E(Y|X 1, Z;, V) =E(Y|X1, Z1, Z3). Therefore As-
sumption 4 is automatically satisfied, and the adjustment term I['(x) from Theo-
rem 1 is equal to zero and does not have to be considered for the proof.

6. Conclusions. In this paper, we analyze the properties of nonparametric es-
timators of a regression function, when some the covariates are not directly ob-
servable, but have been estimated by a nonparametric first-stage procedure. We
derive a stochastic expansion showing that the presence of generated regressors
affects the limit behavior of the estimator only through a smoothed version of the
first-stage estimation error. We apply our results to a number of practically relevant
statistical applications.

APPENDIX: PROOFS

Throughout the Appendix, C and ¢ denote generic constants chosen sufficiently
large or sufficiently small, respectively, which may have different values at each
appearance. Furthermore, define M, = M, | x --- X M, 4.

A.1. Proof of Theorem 1. In order to prove the statement of the theorem,
we have to introduce some notation. Throughout the proof of this and the follow-
ing statements, we denote the unit vector (1,0,..., O)T in RPH! by e1. We also
write w;(x,r) = (1, (r1(S;) — xl)/hl,.. (ra(S;) — xq)/ ha), and put w;(x) =
w; (x,rg), w;i(x) = w;(x,7) and w;(x) = w;(x, 7). We also define Mh(x r) =
n~lyn —1 Wi (x rw;(x, r)TKh(r(S ) —x), and put My, (x) = My (x, rp), Mh(x) =
M (x, r) and Mh (x) = My (x,7) and set Nj(x) = E(M}(x, ro)). Furthermore, de-
fine ¢* = ¢ — p(S) and note that we have E(¢*|S) = 0 by construction. It also
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holds that
Yi =mo(ro(Si)) + & + p(S).

Next, it follows from standard calculations that the real estimator m1;; can be
written as

mpp(x) =mo(x)+mpp ax)+mpp p(x)+mpp c(x)+mpp px)+mpp g(x),
where iy j(x) =a;j for j € {A, B,C, D, E}, and

(@, Ba) =argmin ¥ (ef — o — BT (F(S;) — %)) Kn(F(S)) — %),

af i

@p, Bp) = argmin > _(mo(ro(S;)) — mo(x) — miy(x)” (ro(S;) — x)

af =
—a—pT(FS) X))’
x Kp(7(Si) — x),
(ac, o) = argr?inZ(—mg(xf(f(Si) —ro(S)) —a — BT (F(S) — x))’
af =1
x Kp(F(Si) —x),
(ép, Bp) = argr;inZ(mz)(x)T(f(S,-) —x) —a— BT (F(S) —x))°
af =1
x Kp(F(Si) — x),
@k, Be) = argr/r;inZ(p(Si) —a— BT(F(S) —x) Kn(F(S;) — x).
wf =1
Similarly, the oracle estimator 727, can be represented as
mpr(x) =mo(x)+mpp a(x)+mpp p(x)+mpp,c(x)+mpr,p(x) +mpr g(x),

where mp j(x)=a; for j € {A,B,C, D, E}, and

(Ga, Ba) = arglgin > (i —a— BT (ro(S;) — X)) K (ro(Si) — x),

i=1

(@g, Bp) = argmin »_ (mo(ro(S;)) — mo(x) — my(x)” (ro(S;) — x)

af i

2

— o — BT (ro(Si) — x))
x Kp(ro(Si) — x),
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(@c, fc) = argmin Y _(=mp0)T (F(S1) — ro(S1)) — & — BT (ro(Si) — x))?

ap =1

x Kp(ro(Si) — x)

(@p, fp) = argmin Y _(my(0)7 (ro(S) — x) — & — BT (ro(S;) — x))’

af i

x Kp(ro(Si) — x).

@k, Bp) = argmin > (0(S;) —a — BT(r(S;) — x))* Kn(r(Si) — x).

of =1
Note that by construction,
(A.D) mpr,p(x)=mpr, p(x) =0.
We now argue that

(A2) sup [ritpp,a(x) —mpr,a(x)|=O0p(n~"").
xelp

For a proof of (A.2) note that my; 4(x) and My 4(x) are given by the first
elements of the vectors M (x) 1n~! "1 Kn(7(S;) — x)e;w;(x) and Mx)~ ! x
n! i 1 Kn(ro(S;) — x)&jw; (x), respectively. Using these representations, one
sees that (A.2) follows from Lemmas 1 and 2 below.

As a second step, we now show that

(A3) sup lipr () —rips p(x) — D(xX)| = Op(n ™ +n~"2 4 n73).

xelg

To prove (A3), put A(x) = 1 Y7 Ky(R(S) — 0)ii(x)p(S) and u(x) =

n

0 Kn(ro(Si) — x)wi(x)p(Si), and write G(x) = e] (N;(x))'E(f(x) —

n
p(x)). With this notation, ritpr g(x) = e] My (x) " fi(x) and iy g(x) = e] x
My ()" (x). Using Lemma 4 and some results of Lemma 3, we then find that

mrr,e(x) —mrr g(x) — G(x)

= e] (Mu(x) ™" 1(x) — My () ™" ju(x) = E(Mp (0)) "' B((x) — u(x)))
=0p (n—((1/2)(1—n+)+(5—n)min) + n~ (/D A=11)+8min) +n7K) = 0p(n™*)

uniformly over x € Ig. Using standard smoothing arguments, we also get that

G(x) = el Ny (x) 'E((x) — pn(x))
N % /(Kh(f(”) —x) = Kn(ro(u) — x))p(u) fs(u) dx du

+ OP (nfznmin*(sf'?)min)



1154 E. MAMMEN, C. ROTHE AND M. SCHIENLE

= )/Kh (ro(u) — x)(F(u) — ro))p(u) fs(u) dx du

+ OP(n_smin_(s_Tl)min) + OP(n_’Q)
=1'(x) + 0p(n™2) 4+ Op(n™3)

uniformly over x € Ig. This shows the claim in (A.3).
Finally, from Lemmas 2 and 3 we get that

(A4) sup |mpp p(x) —nmipr p(x)| = 0p(n~"*?),
xelp

(A.5) sup |, c(x) —nmipr,.c(x)] = 0,(n~"3),
)CEIR

and it is easy to see that

(A.6) sup [L.c(x) — my(x)Ax)| = 0,(n ™).

XG]R

Taken together, the results in (A.1)—(A.6) imply the statement of the theorem.

LEMMA 1. Suppose that the conditions of Theorem 1 hold. Then

su
xelp,ry, rQGMn

ZKh ri(Si) — x)e ——ZKh (r2(Si) — x)ei

= Op(n_”l),
r1,j(S) —x;
su ZKh rl(S)—x)%e,-
xelp,ry, VQGM,, i=1 J
1 & r i(S)) —x;
— = Kn(ra(Si) —x) =
i hj

=0,(n™).

PROOF. We only prove the first statement of the lemma. The second claim can
be shown using essentially the same arguments. Without loss of generality, we also
assume that

(A7) k1> (8 = N)min.

If k1 < (6 — N)min the statement of the lemma follows from a direct bound. For
C1, C2 > 0 large enough (see below) we choose C, such that

(A.8) Pr(max lei| > Cq log(n)) <n G,

(A.9) |[Eeil{|ei| < Celog(m)}| <n™ .
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With this choice of C,; we define
Ai(ri,r2) = (Kn(ri(Si) — x) — Kn(r2(S;) — x))ef
with
ef = &il{lei] < Cy; log(n)} — E(e;1{]e;| < Clog(n)}).
For the proof of the lemma we apply a chaining argument; compare, for example,
the proof of Theorem 9.1 in van de Geer (2000). Now for s > 0, let M s be a
set of functions chosen such that for each r € M, ; there exists r* € M* . such

s,n,J

that ||r — r*|lec <2 n~% . That is, the functions in ./\/l;‘ n,j are the midpoints of

a (2~°n~%)-covering of M, ,j- By Assumption 3, the set /\/l* j can be chosen
such that its cardinality #M* 1s atmost C exp((2~ S8y~ né,) Furthermore,
define M, —/\/l*nlx x/\/lmd

For ri,r2 € M, we now choose ri,ry € /\/l;"n
275n=% and 5 jT 2 lloo < C27*n0%  for all j. We then consider the chain

such that [Ir] ; — 71 jllec <

G Gy
Ai(ri,r) = A ) = Y AT D+ Y AT )
s=1 s=1

— A" D) + A (g 1),
where G, is the smallest integer that satisfies G, > (1 4+ cg) (k1 — (§ — 7)min) X
log(n)/log(2) for a constant cg > 0. With this choice of G,, we obtain that for
[=1,2

1 & A
(Alo) Tl = ’_ Z Al (rlGn’ rl) < Clog(n)2—611n_(5_77)mln < Cn—F1,
n
i=1

Now for any a > c¢ define the constant ¢, = (352, 27%*)~!. Tt then follows that

Pr{ su A; y —a
( p nZZ (r rl) >n )
rieMu " i=1s=1
Gn
<ZPr< sup ZA (ri~ rf) >ca2‘”n"1>
= FIEMn =

- 1 & _
= Z#Ms 1 n#M:,n Pr(; Z Aj (r;k’ ** S) >c,2™%n Kl)
i=1

G,

+Z#MS | #ME, P ( ZA 7L ) < cl27%n Kl)

s=1

=1+ 13,
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where the functions r"*, 7** € M¥_, and r{™*,F{™* € M}, are chosen such

that

1 & _
Pr(; ;Ai 1t ) > ca27%n "‘)
= max Pr( ZA (ri~ rf) > ca2_‘”n_'q>,

rl ,rl

( ZA (~*V ** 9)<C 2 as —/(1)
a
= max Pr( ZA G rf) > caZ_asn_'“).

ron

We now show that both 73 and T3 tend to zero at an exponential rate:

(A.11) T, <exp(—cn®),
(A.12) T3 < exp(—cn®).
We only show (A.11), as the statement (A.12) follows by essentially the same ar-

guments. Using Assumption 3, we obtain by application of the Markov inequality
that

Gp
»<C Z Hexp((2_sn_‘3f')_°‘fn$f)

s=1 j

X E(exp<)’ns ZA (r ** ") - Yn.sCa2 'n ))

(A.13) =1

G,
< Czexp<z2sa1n51a1+€] — Y, $Ca2” as,—ki )

s=1 j
n 1
x HE(exp(yn,s;Ai(rf‘ S pan )))
i=1

where y, s = ¢, 2@~ p =K1 H1 =0+ F2@0=Mmin with a constant ¢, > 0, small enough.
Now the last term on the right-hand side of (A.13) can be bounded as follows:

1
(om0 r) ) < 14 CBOZ 800 )
(A14) 2 2 2(8 i 2
< exp(Cy, gn~ 220 ning =),
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where we have used that

1 1 4
Vins — A(r;” 9 < Cyp.s— log(n)n™ n=C=Mminp=s
n

=< ClOg(n)n(‘S_ﬂ)min_Kl y—as+s
< Clog(n)nc6=01=G=1min)
<C

for n large enough because of (A.7). Inserting (A.14) into (A.13), we obtain, if a
and c¢,, were chosen sufficiently small, that

Gn
T, <C ZCXP<Z 2sajn8jaj+§j _ C_22(1—a)snl—21(1—r}+-|-2(5—77)min>
s=1 i

Gy

<C Zexp(—csnc)
s=1

< exp(—cn®).

Finally, it follows from a simple argument that

1 n
- PGS

(A.15) = Pr( sup
i=1

r1,r2EMp,

> n"l) < exp(—cn®)

because the set MO , can always be chosen such that it contains only a single
element.
From (A.10), (A.11), (A.12) and (A.15), we thus obtain that

ZKh r1(Si) — x)ef

sup Pr( sup
xelg i, rzeMn

(A.16)
- —ZKh (r2(Si) — x)ef

>Cn "1> <exp(—cn®).

Now for C; > 0 choose a grid Ig , of Ir with O(ncl ) points, such that for each
x € I there exists a grid point x* = x*(x) € I, such that ||x — x*|| <n~°CI. If
Cy is chosen large enough this implies that

1 n
ZKh r(S;) — x)&; — ;ZK;, r(S;) — x*)e;
i=1 i=1
for large enough n, with probability tending to one. Furthermore, it follows from
(A.16) that

(A.17)  sup sup

xelg reM,

<n™

<n M,

ZK;, ri(Si) — x)e ——ZK;, (r2(Si) — x)&

ll 11

(A.18) sup sup

x€lR r, rze./\/ln
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The statement of the lemma then follows from (A.8)—(A.9) and (A.17)—(A.18), if
the constants C; and C, were chosen large enough. [

LEMMA 2. Suppose that the conditions of Theorem 1 hold. Then

su ZKh r1(S,)—x)(rld(si).—xj>a(r1,1(5i)—X1)b

xelg,ry, rze/vl” n = h] hl

- %él{h(m(&') - x)<r2,J(i§; - xj)a(rZ,l(Si) —xl>b

hy

— Op (n*(sfﬁ)min)

forj,l=1,...,q j#land0<a+b<2,0<a,b.

PROOF. The lemma follows from

sup| K (r1(s) — x) — Kp(ra(s) — x)| < Cn~ O MminF71+
X,
for 1, r2 € M,, and from

1 n
sup —ZKh(r(S,-)—x)

xelg,reM n i=1

< Cn ™ sup #{i:|ro j(S;) —xj| < Cn i for j=1,...,d}

)CGIR

= 0,(1).

which follows from a simple calculation. [

LEMMA 3. Suppose that the assumptions of Theorem 1 hold. For a random
variable R, = O,(1) that neither depends on x nor i, it holds that

sup  |[mo(ro(Si) — mo(x) —mp(x)" (ro(Si) — x) 11 (x)]

xelp,1<i<n

(A.19)
< R n_zrlmin
sup Z&m@%ﬂmmmm
xelg
(A.20) - - ZK;, ro(Si) — x)W; (x)w; (x) H

i=1

< Rnn*(afﬁ)min ,
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1 n
=" Kn(ro(Si) — x)i; (0); (x)T — fr(x)Bk

i=1

< Rn(n_’]min +n_(1_77+)/2 /logn)’

where I; (x) = I{|| (F(S;) —x)/ h||1 < 1} is an equals one if 7 (S;) — x lies in the sup-
port of the kernel function K}, and zero otherwise, and Bx = diag(1, [ u?K (u)du,
...,fuzK(u) du)isa (d+1) x (d + 1) diagonal matrix.

sup
XEIR

(A21)

PROOF. Claim (A.19) follows by a simple calculation. Claim (A.20) is a di-
rect consequence of Lemma 2, and (A.21) follows from standard arguments from
kernel smoothing theory. For the stochastic part, one makes use of Lemma 5, given
in Appendix A.7, below. [J

LEMMA 4. Suppose that the assumptions of Theorem 1 hold. Then it holds
that

(A.22) sup  llpu(x,r) — e, r2) — Elp(x, r) — u(x, m)lll = Op(n ™),

erR,rl,rze/\;l

(A.23) sup |//AL()C)| — OP( /lognn—(l—fl+)/2)’

XGIR

where

A =n"" Y Kn(F(S;) — x)i (x)p(S))

i=l

and

) =n""Y" Ky(ro(S) — x)wi (x)p(S;).
i=1

PROOF. For a proof of (A.22) one proceeds as in Lemma 1. Claim (A.23)

follows by classical smoothing arguments. Note that we have that E(j(x, rg)) = 0.
O

A.2. Proof of Proposition 1. In order to prove Proposition 1, we use the fact
that the local polynomial estimator satisfies a certain uniform stochastic expansion
if Assumption 4 holds. In order to present this result, we first have to introduce a
substantial amount of further notation. For simplicity we assume gy =--- = g,
and we write g for this joint value and for the vector g = (g, ..., g).

Let N; = ("”;‘Sl) be the number of distinct g-tuples u with u4 = i. Arrange
these g-tuples as a sequence in a lexicographical order (with the highest priority
given to the last position so that (0, ..., 0, i) is the first element in the sequence,
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and (i,0,...,0) the last element). Let t; denote this one-to-one mapping, that
is, 7;(1) = (0,...,0,i), ..., ;(N;) = (i,0...,0). Foreach i =1, ..., ¢q, define
a N; x 1 vector u;(x) with its kth element given by x% &) and write wx) =
1, )T, ..., g (x)T)T, which is a column vector of length N = Z?:l N;j. Let
vi = [ L(w)u' du and define v,;(x) = [ L(u)u’ fs(x + gu)du. For 0 < j, k <g¢,
let M and M, ji(x) be two N; x Nj matrices with their (/, m) elements, re-
spectively, given by

(M ilti,m =ve;y+amy and  [Mpjk()]m = v,z @)+ m) (%)

Now define the N x N matrices M, and M), ,(x) by

Moo Mo1 --- Moy
Myo My -+ My
Mq = . . . . ’
Mgo Mgy -+ Mgy
My 00(x) Myoi1(x) -+ Myoq(x)
My 10x) Myi1(x) - Myq4e(x)
My.q(x) = : : .. :
Mn,q,()(x) Mn,q,l(x) Mn,q,q(x)

Finally, denote the first unit g-vector by e; = (1,0, ..., 0). With this notation, it
can be shown along classical lines that the local polynomial estimator 7 admits the
following stochastic expansion:

1 n
Fo) =ro(s) + =D erMug (Dn((S; = 5)/8) Lg(S; = )&
i=1

(A.24)
+ g9 B, (s) + Ru(s),

where sup;¢ ¢ [|Rn(s)]| = Op((log(n)/ngp)l/z), and B, is a bias term that satisfies

(A25) By,(s) = erM;  Agrg®™V () +0,(1) = b(s) + 0p(L).

(g + 1)

To prove the proposition, define the stochastic component and the bias term of the
expansion (A.24) as Fa(s) =n" 1Y, e]Mn_q1 (H)((S; —s)/g)Lg(S; — )¢ and
Fp(s) =g4 *1B,(s), respectively. Now the function A can be written as

Ax) = el Ny() TE(K R (ro(S) — x)w(x, r)Fa(S))

10g(n)>

+elTNh(x)*1E(Kh(ro(S) —x)w(x,r)Fp(S)) + 0p< ng?

log(n))’

= Ax(0) +Ap(x) + 0,,( o
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uniformly over x € Ir. We first analyze the term Ap(x). Through the usual argu-
ments from kernel smoothing theory, one can show for x € I, that

Ap(x) = g el Ny(x) 'E (K (ro(S) — x)w(x, r)b(S)) +0,(g4™h)
= gTTE(B(S)|r0(S) = x) + 0, (g7 +n727)

since the function E(b(S)|ro(S) = x) is continuous with respect to x because of
Assumptions 5 and 6. Explicitly, we have

E(b(S)|ro(S) = x)
fb(s—pa o(s—p, X)) fs(s—p, p(s—p, x)) as_p¢(s—p’ x) ds—p
ffS(S—pa‘P(S—p,x)) 8s_p§0(s—p,x)ds—p

Next, consider the term A A(x). Note that for x € I, we have that

(A.26) Aa(x) = ﬁ Z Yn(x, S))¢;

with

Wn(x,S)=/I (Kn(ro(w) — x)e1 My, ) u((s — u)/g) Ly (s — w)) fs () du
N

= f Kp(ro(u) —x)Ly ,(s,u —s)du,

where L* (s )= fs(s—t)etM ql (s —=t)u(t/g)Lg(r). Define Iy, as the set that
contains all s € Ig that do not lie in a g-neighborhood of the boundary of Is.
Uniformly over s € I;n, we have that M), ,(s) — fs(s)My; = O(g) . Thus for
s € IS_,n’ we have that ¥, (x, s) = (1+ O(g))¥ (x, s) where the function v is equal
to ¥ (x,s) = [ Kp(ro(u) — x)Lz (u — s) du with modified kernel L* defined as

(A.27) L*(t) = equ—lM(r)L(z).

Note that L* is the equivalent kernel of the local polynomial regression estimator;
see Fan and Gijbels (1996), Section 3.2.2. For g = 0, 1 the equivalent kernel is in
fact equal to the original one, whereas L*(¢) is equal to L(¢) times a polynomial
in t of order g for g > 2, with coefficients such that its moments up to the order
q are equal to zero. The kernel L}, ,(u, t) has the same moment conditions in 7 as
L% but depends on u.

We now derive explicit expressions for the leading term in equation (A.26) for
the cases (a)—(c) of the proposition. Starting with case (a), in which g/h — 0,
it follows by substitution and Taylor expansion arguments that with K, (v) =
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h='K'(h~'v) and K}/ (v) = " K" (h 1)
Yn(x,v) = / Kn(ro(s) —x)Ly ,(s,s —v)ds

= / Kp(ro(v —1g) —x)Li(v —1g,1)dt
ro(v —1g) —ro(v)
h

ro(v — fé;l) —ro(v) )2>

= /(Kh (ro(v) — x) + K, (ro(v) — x)

1 1
+ K, (1 — x)§<
x Ly(v—1g,t)dt

= Ku(ro(v) —x)
2,2
+ K, (ro(v) — x) /( 3, ro(v)— + azro(xz)—)L*(v —tg, t)dt

/ K/ o — (3 ”’(f)’g ) Li(v —tg.t)dt,

where x1, x2 and y3 are intermediate values between ro(v) and ro(v — tg), v
and v — tg, and v and v — tg, respectively. This gives an expansion for ¥, (x, v)
of order (g/h)?. For v ¢ I 5., One gets an expansion of order g/h. Put k,(v) =
—dsro(v) [ L} (v —tg,t)dr. Together with Lemma 5 in Appendix A.7, we thus
obtain that

1 n
n ’S. .
nfR(x);w (x, )¢

l n
T nfr(x) Z<Kh(r0(si) —x) + %K}/z(”O(Si) - x)kn(Si)>;i
i=1

* OP((%Y(“,?E”))W)
nfR( )ZKh ro(Si) — x)¢&i + O ((iz +\/ijz> lo’f;ln))

as claimed. To show statement (b) of the proposition, we rewrite the function v,
as follows:

Yn(x, v) =/<Kh("0(v) —x + dro(v)th) + K (h )azro(xz) t )

x LY (v—th,t)dt

1
— S (e, v) 4 f Kh 03200 52 L (0 = th, b,
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where J, p(x,s) = [ Kn(ro(s) — x — dsro(s)uh)L}(s — uh,u)du, and x is an
intermediate value between ro(v 4 gt) and ro(v) + dsro(v)tg, and x> is an inter-
mediate value between v and v + gt. As in the proof of part (a), it follows from
Lemma 5 in Appendix A.7 that

1 log(n)
nfR(x> an(x S8 = e )anm S,>;,+0p( — )
1 log(n)
nf (x )Z-]h(x S])§j+0p< . ),

where Jj, uses the location independent form of the equivalent kernel L* as defined
in the text in front of Proposition 1. This implies the desired result.

Now consider statement (c) of the proposition. In this case, where g/h — oo,
we can rewrite the function 1, as follows:

Yn(x,v) = / Kp(wp —x)

X Ly g ((w—p, o), (w_p —v_p. o(w) —v,)") dep(w) dw.

From tedious but conceptually simple Taylor expansion arguments similar to the
ones employed for case (a), and from Lemma 5, one gets that

1 1 & h?
n(x, S; H, SN+ 0, —
I )lef (x,8))¢; = fR(X)J; (. $)HE + p<g2

log(n)
ng ’

where
Hng (6, 0) = [ KOLE (0 + 85-p, Gulv—ps 35—, 1)
(A.28) (s—p, Gn(v_p, x;5—p, 1) —v)p))
Oxp(v—p,x)ds_pdt

and G, (v—p,x;5_p, 1) =@(V_p, X))+ g5 p 0_p@(V_p, X) +ht 3y p(v_p, x). With
HA as defined in the text, we find

Zw,xx, S)¢ = ZH%c S)¢;

"fR() f()

2
vo((i+ /E log(n) +h_2 flog(m)\
8 n 8 ng

Since O (h/g) = o(1), this completes our proof.
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A.3. Proof of Proposition 2. To show the result, note that

C(x,r)=el Np(x) "E((Kn(r(S) — x) — Kn(ro(S) — x))w(x)p(S))
+ 0, (n~(/DA=n)+28-))

=E(p(S)|r(S) =x) —E(p(8)lro(S) = x)
40, (n 4 n~(/D(=n)+25-0))

uniformly over x € Ig and r € M,,. Since E(p(S)|ro(S)) = 0 by construction, it
suffices to consider the term E(p(S)|r(S) = x). To simplify the exposition, we
strengthen Assumption 6 and suppose that in addition to rg all functions r € M,
are strictly monotone with respect to their last argument, and write ¢, for corre-
sponding the inverse function that satisfies r(u—_,, ¢ (u_p, x)) = x (without this
condition, the notation would be much more involved, as we would have to con-
sider all regions where the functions r € M,, are piecewise monotone with respect
to the last component separately). Using rules for integrals on manifolds, we derive
the following explicit expression for E(p (S)|r(S) = x):

E(p($)[r(S) =x)
_ fp(s—py (pr(s—p, x))fS(s—pv (pr(s—pvx)) a—p(pr(s—pvx)ds—p
ffS(S—pa(pr(s—p,x)) 0—por(s—p,x)ds_p '

Set the numerator of the above expression as yj(x,r) and the denominator as
y2(x, 7). Then clearly y»(x,7) = fr(x) +0,(1) uniformly over x € Ig. Moreover,
note that the mapping

r=> p(s—p, @r(S—p, X)) fs(s—p, or(s—p, X))
is Hadamard differentiable at ro, with derivative
Ipr(s—p, p(s—p, X))
re> -2 P P r(s—p,p(s—p,x)).
ap”O(S—[n ‘P(s—p» x))

It follows with 1 (x, rg) = O that

OpA(s—p, p(s—p, X))
8prO(S—p’ @(s—p» X))
X (90— p@r(s—p, X)) ds—p

+ 0,(lIr —roll%).

yl(x7r): (r(s—]?’ <P(S—pvx))_”0(5—pv (0(5—[77)5)))

We evaluate the term y; (x, 7), substitute the uniform expansion (A.24) for 7(s) —
ro(s) into the explicit expression derived above, and use standard arguments from
kernel smoothing theory. This gives the desired expansion for ["4. The form of I'p
follows from the same arguments used to derive the form of Ap in the proof of
Proposition 1.
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A.4. Proofs of Corollaries 1-4. The statements of these corollaries follow by
direct application of Proposition 1-2 and Theorem 1. The statement of Corollary 1
is immediate. For Corollaries 2—4, we only have to check that the error bounds in
Theorem 1 and Proposition 1-2 are of the desired order. We only discuss how the
constants «, § and £ can be chosen. Note that all these constants have no subindex
because we only consider the case d = 1. We apply Theorem 1 conditionally on the
values of Sy, ..., S,. Then the only randomness in the pilot estimation comes from
{1y - -+, Cn. We can decompose 7 into 74 + 7'g, where 74 is the local polynomial fit
to (S;, &), and 7 is the local polynomial fit to (S;, ro(S;)). Conditionally given
S1, ..., Sy, the value of 73 is fixed, and for checking Assumption 3, we only have
to consider entropy conditions for sets of possible outcomes of 74. We will show
that with @ = p/k one can choose for § and & any value that is larger than (1 —
p6)/2 or —pk~'(1 — pH)/2 + pb, respectively. Note that then @ < 2 because of
Assumption 4(iii). It can be easily checked that we get the desired expansions in
Corollaries 1 and 2 with this choices of @ = p/k, 6 and & (with § and & small
enough). In particular note that we can make o + £ as close to pf as we like.

It is clear that Assumption 2 holds for this choice of §. This follows by standard
smoothing theory for local polynomials. Compare also Lemma 5 and the proof of
Proposition 1. It remains to check Assumption 3. It suffices to check the entropy
conditions for the tuple of functions (n! T Ln(Si —9)[(S; —5)/817¢i:0 <
my <q,mj>0for j=1,..., p). This follows because we get 74 by multiplying
this tuple of functions with a (stochastically) bounded vector. We now argue that
all derivatives of order k of the functions ! T Ln(Si —9)[(Si —s)/g17¢i can
be bounded by a variable B, that fulfills B, < b, =n®") with probability tending
to one. Here £** is a number with £** > —%(1 — pB) + k6. This bound holds uni-
formly in s and 7. Furthermore, the functions n1 L Ln(Si —9)[(Si—s)/g17 ¢
can be bounded by a variable A, that fulfills A, <a, = ns*) with probability tend-
ing to one. Here £* is a number with §* > —%(1 — p#). Again, this bound holds
uniformly in s and w. We now consider the set of functions on /g that are ab-
solutely bounded by a, and that have all partial derivatives of order k absolutely
bounded by b,. We argue that this set can be covered by C exp(A~P/*bf / k) balls
with || - ||co-radius A for A < a,. Here the constant C does not depend on a, and
by,. This entropy bound shows that Assumption 3 holds with these choices of «, §
and &. For the proof of the entropy bound one applies an entropy bound for the set
of functions on /g that are absolutely bounded by 1 and that have all partial deriva-
tives of order k absolutely bounded by 1. This set can be covered by C exp(r~7/k)
balls with || - ||so-radius A for A < 1. The desired entropy bound follows by rescal-
ing of the functions. Note that we have that b, 'a, — 0.

A.5. Proof of Corollary 5. Our proof has the same structure as the one pro-
vided by Lewbel and Linton (2002), but making use of Theorem 1 considerably
simplifies some of their arguments. First, note that the restriction that 8 <6 < 6
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implies that (ng?)'/2h? — 0 and (ng?)'/2g4+! — 0. From a second-order Taylor
expansion, we furthermore obtain that

- b
fi(x) — po(x) = pvowo (F(x) = ro(x))
A G(s) — qo(s) §'(F(x))
d _
* /rom 002 T 246m)?
/k (G(s) — qo(s))? p
Y R CIC R (ISR
r@) 4($)qo(s)?
(GF(x)) — qo(F(x)))?
G(F(x))qo(F(x))
=N+THh+T1T3+ T4+ Ts,

(F(x) —r(x))°

(F(x) —ro(x))

where 7(x) and 7(x) are intermediate values between r(x) and 7(x). Now it fol-
lows from standard arguments for local linear estimators that

2
JngPTy % N( o) /L (t)dt)
Ss(x)sy(x)
since so(x) = go(ro(x)). To prove the corollary, it thus only remains to be shown
that the remaining four terms in the above expansion are of smaller order than
T1. Under the conditions of the corollary, it is easy to show with straightforward
rough arguments that infg(s) > 0, supg’(s) = Op,(1) and sup|g(s) — qo(9)|* =
op((ngp)_l/ 2) where the supremum and infimum are taken over s € (r,(x) —
€, Ao + €) for some € > 0, respectively. This directly implies that 73 + T4 + T5 =
op((ng? )*1/ 2). Now consider the term 7>. From Theorem 1, we obtain that

T2=fk q(s) —qo(s) ds—fk qp(s)A(s) —T'(s) ds + 0,(n™"),

o qo(s)? 0(x) qo(s)?

where ¢ (x) is the oracle estimator of the function ¢ obtained via local linear re-
gression of I{Y > 0} on ro(X), and A(s) and f‘(x) are the adjustment terms that
appear in the main expansion in Theorem 1, with the necessary adjustments to the
notation. Using similar arguments as in the proof of Proposition 1-2 and Corollar-
ies 2—4, and the restriction that § < 6 < 6, we obtain that

/A c}(s);q(s) .
r(x) (s)
1 n €
— M L 0,Hh?
w2 Fetroxy T 0P

i=1
=0, + 0,(h*) = 0,((ng")~/?)
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for &; = I{Y; > 0} — go(X;), and similarly that

ds —0p<n—1/2)+o,,( og”
ng?

/A a6()As) — T'(s)

19) q+1
() qo(s)? >+ P&

=0,((ng")~"?).

Thus 75 =0, ((ng?)~ 172y, Finally, straightforward calculations show that 8 < 6 <
0 also 1mphes that O,(n™") =0,((ng?)~ 172y This completes the proof.

A.6. Proof of Corollary 6. Let f = (M, 1n) and f = (m, py), define the
functional S, (f) as

1 n
Su(f) = r—lZfl(Xth,Xli — (Z) — ni(x1, z1),
izl

and let S‘n( PLh] =lim—o(Sy(f +th) — S, (f))/t denote its directional deriva-
tive. One then obtains through direct calculations that for any f = (f1,4 +
f1.8, f2) with bounded second derivatives we have that

1S5 () = Sa(f) = Su(HOLf = Fllloo
=0l f2— fal2) + O(lf2 = Pllso| A4 = A o) + Ol f1.Bllo0),

where fl’"A()m , 21, V) = 0y f1,4(x1, 21, v). Using the same kind of arguments as in
the proof of Proposition 1, under the conditions of the corollary one can derive the
following stochastic expansion of 71 up to order o, ((nh!tdy=1/2y, uniformly over
(x1, 21, v) in the h-interior of the support of (X1, Z1, V):

m(x1, 21, v) —m(xy, 21, v)

1
(A.29) mZKh (X1is Z1i, Vi) — (x1, 21, U))

+ Op((l/lh1+dl)_1/2),

where ¢; =Y —m(X1;, Z1i, Vi). A similar, but notationally more involved expan-
sion can be derived for values of (xy, z1, v) in the proximity of the boundary. Note
that since exclusion restriction on the instruments that E(U|Zy, Z;, V) = E(U|V)
implies that E(¢|Z1, Z3, V) = 0. In the notation of Theorem 1, this means that
p(s) =0, and hence the term corresponding to f‘(x) is equal to zero and does not
need to be considered.

Now let fL 4 denote the sum of the function m and the leading term of the
expansion (A.29), and denote the remainder term by fl? g. Then it follows from,
for example, Masry (1996) and the conditions on n and 6, that

12~ Follse = 0 ((10g(m)/ng™+4) ") = o, (Gu +1)1/4)
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and it follows from the same result together with Lemma 5 in Appendix A.7 that
12 = Allool F*2 = 71 | o = Op (log(n) /(213 gtz 112)
_ op((nh1+d')_1/2).
For any fixed values (x1, z1) we thus have that

£1(x1, 21) — 1 (x1,21) = So(F) = Su(f) + Tip + Ton + 0, (nh'T9)71/2),

where

1 < N
Tip=——3 m" 21, Vi) (@2(Z) — wa(Z0),
i=1
1 n
Tn= p > (i(x1, z1, Vi) —mix, 21, Vi),
i=1
Being a simple sample average of i.i.d. mean zero random variables, one can di-
rectly see that S, (fo) = OP(n_l/z) = o,,((nh1+d1)_1/2). Using a stochastic ex-
pansion for /1, as in the proof of Proposition 1, and applying projection arguments
for U-statistics, one also finds that 77 , = Op(n_l/z) = op((nh1+d1)_1/2). Now
consider the term 7> ,,. From the expansion in (A.29), it follows that for any fixed
values (x1, z1) we have that

2n = — T ————
! n i nfr(x, 21, Vi)
(A.30) '

n
ZKh((Xli, Z1i, Vi) — (x1, 21, V)))&i
i=1

+ Op((nhl+dl)_l/2).

This in turn implies that

2 Vv ~
\/nh1+d1T2,,,—d>N(o,E( % (1. 21, V) )fK(t)Zdt)

fxzyv(xi,z1,V)
using again projection arguments for U-statistics.

A.7. Uniform rates for generalized kernels. The following auxiliary lemma
states uniform rates for averages of i.i.d. mean zero random variables weighted
by “kernel-type” expressions. It is used in the proofs of several of our results.
Modifications of the lemma are well known in the smoothing literature; see, for
example, Hirdle, Janssen and Serfling (1988). The lemma can be proved by stan-
dard smoothing arguments. One can proceed by using a Markov inequality as in
the proof of Lemma 1, but without making use of a chaining argument.

LEMMA 5. Assume that D C R% is a compact set, and W, j, is a kernel-
type function that satisfies W, p(u,z) =0 for |u — t(2)|| > b,h for some de-
terministic sequence 0 < b < |b,| < B < o0, and £:RIs — Rix g continuously
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differentiable function, for any u € D and z € RY. Furthermore, assume that
Wi (e, 2) — Wy p (v, 2)| < 1@ p=de W, (v, 1(2)) with sup, Wy, bounded, and
that Elexp (ple])|S] < C a.s. for a constant C > 0 and p > 0 small enough. Then

we have that
log(n)
=0

for any deterministic sequence a, with |a,| < A.

1 n
sup|— > an Wy n(x, Si)e;

xeD|N

i=1
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