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ANNEALED BROWNIAN MOTION IN A HEAVY TAILED
POISSONIAN POTENTIAL

BY RYOKI FUKUSHIMA'!
Tokyo Institute of Technology

Consider a d-dimensional Brownian motion in a random potential de-
fined by attaching a nonnegative and polynomially decaying potential around
Poisson points. We introduce a repulsive interaction between the Brownian
path and the Poisson points by weighting the measure by the Feynman—Kac
functional. We show that under the weighted measure, the Brownian motion
tends to localize around the origin. We also determine the scaling limit of the
path and also the limit shape of the random potential.

1. Introduction.

1.1. The model. Consider a random potential defined by attaching the shape
function 0(x) = [x| * A1 (d < @ < d + 2) around a Poisson point process (v =
Y i 8w, » P) with unit intensity as follows:

V(X)) =) d(x — wy).
i
Suppose we are also given the standard Brownian motion ({X;};>0, {Px},cra)
on R?. In this paper, we are interested in the long time behavior of a Brownian
motion under the annealed path measure defined by

0:(A) = Z%E@ Eo[exp{— /Ot Vw(Xs)ds} :A},

where Z; denotes the normalizing constant

t
Z;=EQ® Eo[exp{—/o Vw(Xs)ds”.

The weight exp{— fot V., (Xs)ds} introduces a repulsive interaction between the
Brownian path and Poisson points. Since the averages are taken over both the path
and the configuration, it is natural to expect that w tends to rarefy in a region
around the origin and the path favors to stay there. However, it is often challenging
to prove that such a localization is typical under Q;.
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1.2. Earlier studies. We mention some early studies which are related to ours.
When o > d + 2, which is referred to as the light-tailed case, Donsker and Varad-
han [4] determined the asymptotics of the normalizing constant

t
E®E — | Vu(X5)d
(1.1) O[CXP{ /0 S”
= exp{— U:ir(}gen{kl(U) + U} 4D (1 4 0(1))}

as t goes to 0o, where |U| and A1 (U) stand for the volume of U and the smallest
Dirichlet eigenvalue of —A /2 in U, respectively. It follows from Faber—Krahn’s
inequality that the unique minimizer of the above variational problem is the ball
with a certain radius Ry, up to translation. This result suggests that the dominant
contribution to the right-hand side of (1.1) comes from the following strategy:
there exists x € R? such that w (B(x, Rot'/@*+2))) = 0 and the Brownian motion
{Xs}o<s<s stays in the ball. Indeed, one can easily see that this specific event gives
the correct lower bound. Motivated by this observation, Sznitman [12] (d = 2) and
Povel [11] (d > 3) proved that the above confinement is typical under the annealed
path measure when v has compact support. They also proved that the scaled pro-
cess {t_l/ @+2) x 2/@d+25}s>0 converges to a Brownian motion conditioned to stay
in a ball with radius Ry and random center. See also Bolthausen [1] for a similar
result in two-dimensional discrete space setting.

On the other hand, in the heavy tailed case d < o < d +2, Pastur [10] (first term)
and Fukushima [5] (second term) determined the asymptotics of the normalizing
constant

E® Eo[exp{— /Ol Vo (Xs) ds”

(1.2)
= exp{—ait?® — (az + o(1))¢@FT4=2/C)}

as t — oo, where
oa—d
a; = wgl’ ,
o

1
a= inf {f—]V(ﬁ(x)]z+C(d,a)|x|2¢>(x)2dx
peWl2Rd), 1) 2

ol 2=1

(1.3)

with wg being the volume of the unit ball, C(d, «) > 0 a constant and W 12(R%)
the usual Sobolev space. The constant C(d, «) admits an explicit expression
%F(Z“Lﬂ) with oy the surface area of the unit sphere. As in the light-tailed
case, the correct lower bound of (1.2) can be given by considering a specific strat-
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egy:
(Stl) V,(0) = algt_(“_d)/“ + o(t_(“_d+2)/(2°‘));

(St2) V,(x) — Vy(0) = C(d, )t~ @2/ | x |2 o (¢~ (@=d+2)/C0)y for |x| <
Ml(a—d+2)/(4a);

(St3) supy—,<; | Xs| < Mp@—d+2)/ ),
Std) L, = % fé dx,ds is, after the diffusive scaling with spatial factor
le—d+2)/(4a) weakly close to ¢ (x)% dx, where

V2Cd, o)\ 4 cd,
¢1<x)=(¥) exp{—,/%w}

is the unique minimizer of (1.3).

Let us informally explain how this strategy gives the correct lower bound. The first
event (St1) has probability

P(Vw(O) :algt—(a—d)/ot + O(I_(a_d+2)/(2“))>
o

Zexp{—ala dtd/a +0(t(a+d—2)/(2a))}'

The second event (St2) introduces no extra cost since conditioned on (Stl), its
probability is not too small. In fact, it is close to 1 when o > 2, and even when
o <2, it is only polynomially small. As for the third and fourth events, Donsker
and Varadhan’s large deviation principle shows that

(1.4)  Po((St3) and (St4) hold)
1
> Cxp{ _t(a+d—2)/(20t) f 5 |V¢l (x) |2 dx 4 o(t(ot-‘rd—Z)/(Zoz))}
after letting M — oo. Summarizing the above, we obtain the correct lower bound

E ® Eo [exp{— fo "V (Xy) ds} : (St1)—~(Std) hold}

zexp{—altd/o‘

AR ( / %de(x){z + C(d. o) |x g1 () dx + o(l))}.

From this observation, it is natural to ask whether the above strategy is typical
under Q; or not.

REMARK 1.1. Our model can be viewed as an example of diffusion in a spa-
tially correlated random potential. There are several results, mainly concerning
the asymptotics of Z;, for such models. See, for example, [8] (discrete space) and
[6, 7] (continuous space).
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1.3. Results. The results of the present paper show that the events (St1)—(St4)
consisting the optimal strategy in the last subsection are, with appropriate modifi-
cations, typical under the annealed path measure Q;. Moreover, the scaling limit
of the path is also identified. The first result is about the path localization (St3).

THEOREM 1.1. Forany § > 0,

: (e—d+2)/(4a) 1/248Y\ _
lim 0:( sup |X,| <1 (logt)!/2+?) =1,

0<s<t

REMARK 1.2. The logarithmic correction corresponds to the M — oo opera-
tion in (1.4). The power 1/2 is natural in view of Theorem 1.5 below.

The second result says that the random potential viewed from its local minimum
looks like the quadratic function

pi(x) = C(d, )t~ @2/ 2,
that is, (St2) is typical. It also turns out that the barycenter m, of the occupation

time measure L; = % fé dx, ds is close to a local minimizer of V,,.

THEOREM 1.2. Let m;(w) be the point where V,, attains the minimum in
B(0, t(@—d+2)/(4a) logt). Then there exists o > 0 such that

Jim Oy (sup{| Voo (x) = Voo (my (@) = pr (x — my ()] :

=1.
Moreover,
(1.6) tlggo O/ (|m(w)y —mp,| < 8t(a—d+2)/(4a)) -1

forany ¢ > 0.

REMARK 1.3. A statement similar to (1.5) is proved by Griininger and Konig
[9] for the parabolic Anderson model on Z¢ with so-called “almost bounded po-
tentials.” They call this phenomenon “potential confinement.”

From Theorems 1.1 and 1.2, we can deduce scaling limits of the path, occu-
pation time measure, and local minimum of the potential. We introduce the scale
function r(t) = t(“_d+f)/(4“) and define the scaled process by X = r(r)~! Xy ()25
(The dependence of X on 7 is omitted, but this does not seem to cause any
confusion.) Let us begin with the result for the occupation time measure L; =
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o Jro= s ¢, ds. which implies that (St4) is typical. Let s, (@) = r(t) ~'m ()
and v, denote the measure with density

V2C(d, a)\?
d1(x —m)? = (&> exp|—v2C(d, a)|x —m|?}.

T

THEOREM 1.3. Forany f € C.(R%) and ¢ > 0,

<8>=1.

Next we state results on the local minimum of V,,. It turns out that there is a
gap between the expected value of V,,(m;(w)) and the right-hand side of (Stl).
Moreover, the fluctuation of V,,(m;(w)) is even larger than the gap when o < 2.

(1.7) tim (| [ ot~ [ £avi

THEOREM 1.4. The following hold:

(1) Q¢ Vp(m;(w))] = Cll —la=d)fa _ % + o(1))t~@—d+2)/ Q).
G d)/(Za){Vw (mt(a))) — Q¢[Vo(m;(w))]} converges in law to the Gaus-
sian random variable with variance aUdF(—3“_ad+1 ).

We finally state the result on the scaling limit of the path. We write Rj' for
the law of the Ornstein—Uhlenbeck process starting at the origin with generator
—A/24+/2Cd, a){x —m, V). We call m the center.

THEOREM 1.5. The process {)?s}szo under Q; converges as t — 00 in law to
the Ornstein—Uhlenbeck processes with random centers

dj2
/d ( Ve, @) a)> exp[— C(dz’a)|m|2}R8’.

REMARK 1.4. It becomes clear in the proof that the random center m cor-
responds to i (@) = r(t) " 'm,(w). Hence roughly speaking, this theorem means
that { X, }s>0 behaves like the Ornstein—Uhlenbeck process centered at 71, (w).

1.4. Organization of the paper. We briefly comment on the outline of the proof
and the organization of the paper. The main difficulty lies in the proof of Theo-
rem 1.1 and Theorem 1.2. They are closely related in the sense that the path lo-
calization implies the potential confinement and vice versa. But of course we need
another input to leave the circular argument. The key idea is that we actually need
only a weaker result than Theorem 1.1 to deduce the potential confinement. We
prove such a weak localization in Section 2 by using crude estimates. Then in Sec-
tion 3, we show that it indeed implies a potential confinement (Proposition 3.1),
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which is a slight modification of Theorem 1.2. Given the potential confinement,
Theorem 1.1 follows by repeating a part of argument in Section 2, and it is done
in Section 4. In the end of Section 4, we show (1.6) of Theorem 1.2 by combin-
ing Theorem 1.1 and Proposition 3.1, and it completes the proof of Theorem 1.2.
Sections 5, 6 and 7 are devoted to prove Theorems 1.3, 1.4 and 1.5, respectively.

1.5. Notation. For functions f, g:[0,00) = R, we say f(t) = O(exp{g(®)})
if there exists ¢ > 0 such that f(t) = O (exp{cg(¢)}) as t — 0.

2. Weak localization. In this section, we prove the following weaker version
of Theorem 1.1.

PROPOSITION 2.1. There exists My > 0 such that

. (¢—d+6)/8a)\ _
lim Q,( sup 1X,| < Myt )=1.

0<s<t

We use the notation
By =a & @iy
a b
which is expected to be the typical height of the bottom of V,, under Q; as ex-

plained in the Introduction. We first show that ming<s<; V,,(Xs) cannot be too far
from h;.

LEMMA 2.1. For any M € R and sufficiently large ¢,

P( min Va)(x)—ht<Mt_(3“_3d+2)/(4a))

xe(—t,0)d

- exp{—ala — 4 dje | ppylat3a-2)/Ga) _ |M|t(a+d—2)/(2a)}'
o

PROOF. The event in the left-hand side concerns infinitely many points, but
we can reduce it to finite points since V,, is smooth where it is small. Indeed, if
Vw(x) < 1, then obviously

Vo) =) Ix—wi| “Al=)|x —ai] 77,
i i

and in particular min; |x — w;| > 1. Since there exists co > 0 such that |V |x|7%| <
colx|~% for |x| > 1, it follows that

[VVo)| <D | VIx =i ™ <D eslx — wi| ™% = co Vi (x) < co,
i i
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when V,,(x) < 1. Therefore one can find N > 0 such that

P( min Vi (x) —h; < Mt_(3°‘—3d+2)/(40t)>

xe(—t,1)4

<P min Vo () — hy < (M + ¢~ 1)~ Ge=3d+2)/(4)
<xe(—t,t)dﬁz—NZd w(®) ! ( ) )

< 2t 4+ DINP(V,(0) — hy < (M + 17 1)y~ Ga3d42)/(Ge))

To bound the probability in the last line, we use the asymptotics of the moment
generating function

2.1)  E[exp{—sV,(0)}] =exp{—ais?* + 0(e™*)}  ass— oo,

which is proved in Lemma 1 of [5]. Taking s =¢(1 + ¢t~ (@+2=)/(@)y 5 (2.1) and
using Chebyshev’s inequality, one can see by a straightforward calculation that

P(V,(0) —h, < (M + t_l)[_(30‘—3d+2)/(4a))
< eXp{—algtd/a + Mt(a+3d—2)/(40t) _ (|M| + 8)[(a+d_2)/(20’)}
o
for some small ¢ > 0. [

LEMMA 2.2.
Qz(orgsigt Vo (Xy) = hy ¢ 1~ G0 3D/0D [0, 245])

— O(exp{_t(a+d—2)/(2a)})'
PROOF. We shall only give the proof of
Qt( min V,(X;) — h; > 2a2t_(3°‘_3d+2)/(4“)) = O(exp{—t(“+d_2)/(2“)}).
O<s<t

The other half can be shown by a similar argument. (See also Lemma 2.5 where a
stronger statement is proved.) Note first that

(2.2) Py(Xj0.n ¢ (—t,H)%) = O(exp{—t})

by a simple application of the reflection principle and that
t
E® Eo[exp{—/ Vi, (Xs) ds} : min V,(X;) > 2a1t_(“_d)/“]
0 O<s<t

< exp{—2a;19/*}.

From these bound and (1.2), it follows that

Q;({X[o,z] ¢ (—t,0)% U iolggl V(X)) > 2a1t—(a—d)/a}>

— O(exp{_t(aerfZ)/(Za)}).
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Next, for each k € N, let us introduce two events
Ep = {Orgsigt Vi (Xy) — hy — 2apt~Ce3d4D/ () o =1 g 4 1)},
F = { min  V,(x) — by < 2apt~Ge=3d+D/Ga) =1 4 1)}.
xe(—t,1)4

Then, it follows by the fact Ex N {X[0.;] C (—t, )¢} C Fy and Lemma 2.1 that

E® Eo[exp{— /Ot Voo (Xs) ds} L Ex N {Xj0.7 C (—t, t)d}}

d
< exp{—al — 1% _ gy (@t3d=2)/Ea) _ k}IP’(Fk)
o

< exp{_altd/ot _ 2a2t(05+d—2)/(20t) + 1}

Dividing both sides by Z; and summing over k € [0, 2a114% + 11N Z, we find
Qz({X[o,z] c (—t,0%

N | min V,(X,) — hy € [2ay~ Ca3D/0) gD/}

0<s<t

— O(exp{_t(a+d—2)/(2a) }),

and the proof is complete. [

Let us define a low level set of V,, by
Liw={x €RY:Vy(x) < hy + 2apt~Be73d+D/ Gy

Then Lemma 2.2 above shows that Q; (X0, N L;,, # &) — 1. In what follows,
we are going to show that if x € £; 4, then V,, is bounded below by a certain
quadratic function in an annulus around x. This has two consequences which lead
us to the weak localization bound:

(i) each connected component of £; ,, is not too large;
(ii) once the Brownian motion hits a connected component of £; ), it is diffi-
cult to escape from a neighborhood of it.

Let us start by evaluating the Laplace transform of V,,(x) + V,(y). We do it as
a special case of a more general asymptotic formula for the Laplace functional
which we shall make repeated use of in the sequel. We write m , for the barycenter
[ xu(dx) for a probability measure p on RY.

PROPOSITION 2.2. Let ¢ € (0,1/a). For any probability measure | sup-
ported inside B(0, t'/*~¢),

E[exp{—t{1, Vo)}]

= exp| e = (Cd.co + o) [z =, Pucan))
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as t — 00. In particular,

(2.3) E[exp{—%(Vw(x) + Vw(y))” <exp{—ayt?* — ¢ 97D/ x — y)?)
forci =C(d,a)/5and x,y € R? with |x — y| < tY/*=¢ when t is sufficiently large.

PROOF. We may assume m, = 0 by translation invariance of Poisson point
process. By a well-known formula for Laplace functional of Poisson point process,

—log E[exp{—1(u. Vi) }]
- /(1 et G g,

— /(1 _ e—tﬁ(—y))dy + f(e—tﬁ(—y) _ e—tfﬁ(z—y)u(dz))dy.

This first term is easily shown to be ait4® 4+ 0(e™"); see Lemma 1 of [5]. We
pick a positive constant

0<d<

o+2

and divide the second term into the integrals over {|y| < t'/¢7%} and {|y| >
t1/2=8} For the first region, we know

min{zﬁ(—y>,r [ - y)u(dz)} -

by the assumption on ., and hence the contribution form this part is negligible. For
the second region, we may replace v by v(-) = |- |~* and by a change of variable,
it follows that

/ 1)) gt [0 g
y|=rl/a=3

— ,d/a/ 7 (1 o= =t e il (@) gy
Dl

By Taylor’s theorem, we can find bounded functions R, and R3 such that
=1~V —

=17z, Vo)) + Raz, ;i =%z n| =2

=171z, Vo) + 317%/%(z, Hessy (mz) + Ra(z, e |z |n) =7

for |n| > =% and |z| < ¢'/*~¢. Using this second line and recalling that my =0,
we get

‘ / ln— 7% 7% —In|™¥u(dz)| < | Rallec O (2T +2),
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when || > +~%. This right-hand side is o(1), thanks to our choice of &, and thus
we can use the inequality |1 — e — a| < a® which holds for small a to obtain

/ eI (1 = = Sin= ezl o)y
DIE

1

=3, Se"’”fat_z/“ /(z,HessU(n)z)M(dz)dn
e

2.4)
Hf e R mlel @il an
Nzt

2
Jr0</|| ' Be—\nl <t_2/a/R2(z, 77)|Z|21L(dz)) |,]|—2a_4dn)'
E

A computation shows that the first term in the right-hand side of (2.4) equals

1

—t 2/ /<z/ Hess, (n)e "™ dnz>,u(dz)
2 In|=t—b

= (C(d,oz)—i—o(l))t_z/“/Izlz,u(dz).

The other terms in (2.4) turn out to be smaller order than this: indeed by the as-
sumption on [:

(i) the second term is bounded by r~%/* i |z|? 1 (dz) multiplied by
O(t~V*) sup{|z|: z € supp s} = o(1);

(i) 12/ I |z|2 1 (dz) itself is of o(1), and the third term has smaller order than
it as its square. [

From the above lemma, we can deduce controls on V,(x) + V,(y) for all x, y
within an intermediate distance.

LEMMA 2.3. Forany ¢ € (0, 1/a), there exists R > 0 such that
Bim 0 (Voo () + Vi (y) > 2y + ext ™ @D/ —y)?
(2.5) forall x,y € (=2t,2t)% with Rt©@=d+0/B0) |y _ | < fl/e=e)
=1.
PROOF. We prove that for sufficiently large R > 0,
O (Vi) + Vio(y) < 2y + eyt~ 2/ — y2)

(2.6)
— O(exp{_t(a+d72)/(2a) })
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uniformly in x, y € RY with Rt©@~4+6)/B0) |y _ y| < ¢1/¢=¢ One can deduce
(2.5) from this by dividing (—2¢, 21)? into small cubes and using the union bound,
just as in the proof of Lemma 2.1.

To prove (2.6), we may restrict our consideration to the event

E= { min V,,(X,) —h, > _2a2t7(3a73d+2)/(4a)}

0<s<t

by Lemma 2.2. Then denoting the event in (2.6) by FY ,, we have
t
E® Eo[exp{—/ Vw(Xs)ds} EN Fx,yi|
0

d
< exp{ —ay —tU 4 2, (@ F3d=2)/(4e) }IP’(FM,).
o
Now a simple large deviation bound with the help of (2.3) shows

—d
P(Fy,y) < exp{—al YT _ %R2t<a+3d2)/(4a)}
(07

uniformly in x, y € R? with Rr@=+6)/B«) | _ y| < 1/2=¢ Therefore by tak-
ing sufficiently large R, we obtain

QI(E N Fx,y) = O(exp{_t((l+3d72)/(4a) })'

at+d—2

a+3d—2
4o 2a

Since

> for < d + 2, this completes the proof. [J

Let Ag(x) denote the annulus B(x, 2Rt @—d+0)/Ba)y\ B(x Ry@—d+6)/Ba))
around x € R¢. The above lemma implies that
lim Q(for any x € L, N (—t, e,
—>00

(2.7)
Vi > hy + ¢ R?t~ G384 D/60) o0 Ap(x)) = 1.

As a consequence, if ¢ R? > 1, then every connected component of £; o, N (—2, t)d
is contained in a ball with radius Rz@~?+6)/B®) ith high probability. Therefore
Proposition 2.1 reduces to the following.

PROPOSITION 2.3. There exists R > 0 such that
lim Q,( sup dist(Xy, L;.0) < 2Rt@ 410/ <8“>) —1.
1—00

0<s<t

PROOF. We use two lemmas whose proofs are given later. The first one is a
lower bound for Z; in terms of a random eigenvalue, which is not explicit, but
much more precise than (1.2).

LEMMA 2.4. There exists co > 0 such that
Z, > et "B [exp{—1t2¢ (=1, )9)}].
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The second one is an upper bound for the eigenvalue.

LEMMA 2.5. Foranye >0,

lim Q) (. 1)) < hy + e1~ o326y |
—>00

Let G be the intersection of {X[o ;) C (—t, t)d}, {X[0,,1 N Lt,0 # 2} and the
events in (2.7) and in Lemma 2.5. As we have proved lim;_. ~ Q;(G) = 1 above,
we restrict ourselves to G. Though we drop NG from the notation for simplicity,
it is assumed throughout the proof. Now, let us introduce stopping times

Ho = inf{s € [0, 1]: dist(X;, £, ,,) > 2Rt @~4+0)/@a)}
H| = inf{s e[0,7]: X, € E,,w}.

We first consider the case Hy > Hj. In this case, we further introduce random
times defined by

Hy =inf{s € [H1,1]: Xy ¢ B(Xp,, 2Rt @40/ By}
Hy =supls € [Hy, Hy]: X, € B(Xp,, Rt@=4T0)/ G0\

which satisfy H| < H3 < Hy < Hy < t. Let us define Ey = {H3 € [k, k + 1)},
S ={H, — Hy > 1@+d=2/C0) [, < 1} (slow crossing) and F = {H, — H3 <
fletd=2)/Qe) pf, - t} (fast crossing). Note that for s € [H3, H>], we have X €
AR(Xp,) and hence

V(X)) > hy 4 ¢ R7~Ge—3d+2)/ ()
> A ((—t, 1)) 4 1~ G344/ Ge)

for sufficiently large R > 0. We use the strong Markov property at H, to see

E®Eo[exp{—/0t Vw(Xs)ds} :SﬂEk}

< E|:E0|:exp{— /OkH Vo (X5) ds}

(2.8) x exp{—(Hy —k — 1)

% (Aau((_t’ t)d) + t_(3a_3d+2)/(4a))}lSﬂEk

t—Hy 4
X EXH2 [exp{—/o Vo (Xs) ds} 1 X[0,i—Hy) C (=1, 1) :H]

Now from a uniform bound

S
sup E, [exp{—/o Vw(Xs)ds} : X(0,51 C (—t, t)d]

xeRd

29 1) dy\d/2 w d
<c(d) (14 (sA7((=2, %)) exp{—sr{ ((—1, 1))}
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on Feynman—Kac semigroup (see Theorem 3.1.2 in [13]) and the fact H, —k—1 >
pl@t+d=2)/Qe) _ 1 on SN Eyg, it follows that
t .
(2.10) E ® Eolexp{— Za)(Xs) dsd} SN Eg] _ O(exp{_t(d+2—a)/(4a) .
Efexp{—1A7((=1,1)%)}]
As for the fast crossing, we proceed as in (2.8) and use the Markov property at
time k to get

E® Eo[exp{—/ot Vw(Xs)ds} FN Ek]

k
< E[Eo[exp{—/o Vw(Xs)ds} exp{—(Hy — k — DAY ((—1, t)d)}lEk

x Px, (sup{|Xs — Xo|:0<s < t(“+d_2)/(2“)} > Rt(“_d+6)/(8°‘))

x Ex, [exp{— /O o Vw<xs>ds}  X04—ty C (—t, t)dﬂ].
Since we have
Px, (sup{|X; — Xo|:0 <5 < (@+d=2/C0} o g (a=d+0)/(Be))
(2.11) = Py(sup{|Xs|:0 < s < (@ Hd=D/Q0} o pyla—d+6)/(8e))
— O(exp{_t(d+27a)/(4a) })

it follows that

E ® Eolexp{— [y Vo(Xs)ds}: FNE] (@420 ()
Elexp{—122((—t, )D)}] = Olexpi— 2

just as before. Summing (2.10) and (2.11) over k € [0, ] N Z and using Lemma
2.4, we obtain

(2.12) lim Q,( sup | Xl >2Rt(°‘_d+6)/(8°‘)>:0.
I—00 se[H,t]

In the other case Hy < Hy, we introduce random times defined by

H = sup{s e [0,1]: sup dist(X;, Lr.0) > 2Rt(°"d+6)/(8°‘)},

0<s<t
Hy = inf{s € [Ha, t]: dist(Xy, Ly ,,) < R@4+0/@0}

which satisfy Hy < FIz < 1:13 < Hj < t. By using I:IZ and 1:13 instead of H, and H3,
respectively, one can show that

lim Q,( sup | X;| >2R[<a—d+6>/<8a)):0
=00 " Nsel0,H, ]

by the same argument as above. [
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PROOF OF LEMMA 2.4. We start by introducing the notation

t
100 = Ed| Ftoep] - [ Voo ds)xion € (-]
Since we know from (2.2) that
Z; =E[T1(0)] + o(Z,),

we consider the first term on the right-hand side.
Using translation invariance with respect to P, we find

r t
Z;=EQ®Ej exp{—fo Vw(Xs)ds”

1 r '
= WE_/(—M)" E, [exp{—/o Vo (Xs) ds}] dx}

(2.13) E f(_; y T21(x) dx: A9((—t, 1)) < 1]

= 2nd
1

— BT )2 () < 1]

= WE[(W’ 1>2 exp| =129 ((—1, )} : 29 ((—1, H)?) < 1],

where ¢’ is the L?-normalized nonnegative eigenfunction associated with AP ((—t,
H)%). Since |T 100 < (27)74/2, we have

0 < exp{—A((—1, 1)) }o¥(2) = TP$7 (z) < 2m) "2 (p¢, 1)

for any z € (—t, 1)?. Therefore on A ((—t, nh < 1},

(02, 1) > @m)¥e? sup ¢P(2)? > 2m)de 220,

ze(—t,1)4

where we have used supp ¢}y C (—1, )¢ together with #7ll2 =1 in the second
inequality. Coming back to (2.13), we obtain

d,—2
Z,> 2m)%e

= WE[GXP{—IKT)((_I’ I)d)} :)\-(10((—2‘, t)d) - 1]

for # > 1. We can drop {A{ ((—¢, Hh < 1} from the right-hand side since

Elexp{—t2¢ (=1, )} :29((=t, %) > 1] < e = 0(Z)). O

PROOF OF LEMMA 2.5. The argument is similar to that for Lemma 2.2. We
may restrict ourselves to {Xo; C (-, )4} thanks to (2.2). Then by (2.9), it fol-
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lows that
t
E® Eq [exp{ - fo Vo(Xy) ds} X001 € (=1, 09,29 (=1, %) > 3a1r—<“—‘”/‘*}

< exp{—2a11%*}c(d) iu[())(l + 24123
>

=o0(Z;).

Next we show that

t
E® Eo[exp{—/(; Vo (Xs) ds} : X10,11 C (¢, t)d,

(2.14) A0((=t, 1)) = by — g1~ G342/ G0 =g, k)}

— Zto(exp{_t(a-i-d—Z)/(Za)})

uniformly in k € N N[0, 3a;7%/% + 1]. Using (2.9) again, we can bound the above
left-hand side by

E[c(@) (1 + (122 ((—1, ) ?) exp{ =122 ((—1, %)}
A2 ((=t, 1)) — by — et~ Ca73dF2)/ G0 ¢ =lip )]
(2.15)
<1? exp{—th; — gr@3d=2/0) _p 4 1}
x P(A((=t,0)9) < hy 4 ¢~ Ca73d+D/ @) 4 =1p
for sufficiently large 7. To estimate the last probability, we use an inequality
PP ((—1,0%) <2) = @IN (),

where N(X) is the integrated density of states of —1/2A + V,,; see, for exam-
ple, [2], Chapter VI, for the definition of integrated density of states and also the
above inequality. The asymptotics of N (i) has been determined up to the second
term in Theorem 3 of [5]:

N = exp{—112.79 @D (15 4 o(1))1~ @+d=2)/Cla=dn)
as A | 0, where

[ o _d(d)d/(a—d) o) (c—d) B (a’al )(a+d—2)/(2(a—d))
1 a , lz =dap .

o o

Substituting h; + gt~ BGa=3d+2)/Ge) 4 1=k into A, one can find a constant ¢3 > 0
satisfying

P(AY((—t, 0)9) < hy + et~ 73dF2/@a) 4 4=1p)

a—d

< exp{—a1 pd/a + o @+3d=2)/(4a) +k— (az + 0382)t(“+d_2)/(2“)}
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for all k e NN [0, 3a;74/* 4+ 1] by a straightforward calculation. (It suffices to take
¢3 so small that

A+x) D=1

2
X+ c3x
o—d

for all x € [0, 4a/d].) From this and (2.15), the desired bound (2.14) follows. Sum-
ming over k, we obtain

t
B® Eofexp|— [ Vot as|:Xion  (-rn)
)»‘f((—t, t)d) c (ht 4 gy~ Ba=3d+2)/(4e) 3alt(ad)/d]:|
— ZtO(eXp{—l‘(a+d_2)/(2a)}),
and we are done. [

As a corollary to the weak localization, we obtain an upper bound on the vari-
ance of L;. In contrast to Proposition 2.1, the bound is of correct order, and this
will be crucial in the next section.

COROLLARY 2.1.  Forany M, > C(d O,),

lim Q:(/ lx —mp,|>L;(dx) < Mzt(“_d+2)/(2“)> =1.
—00
PROOF. In view of Proposition 2.1, we only need to show

2an
I / _ 27 (dx) > f@—d+2)/Ca)
l_lflgoQt( | x mL,| t( )_C(d,a)

supp L, C B(0, Mlt(“_d+6)/(8“))> =0.
But it follows from Proposition 2.2 that if L, lies in the above event,
E[exp{— /(;t Vo (Xs) ds”
= E[exp{—t(L;, V) }]
:exp{ apt?® — (C(d, @) + o(1))t"9~ 2)/“/|x mr,| Lt(dx)}

< exp{—a 119 — (2a3 + o(1))1@+4=2/C0)
ZO(Z[). 0
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3. Potential confinement. We prove the following version of Theorem 1.2 in
this section by using the weak localization result. It will be used in next section to
complete the proof of Theorem 1.1. The proof of Theorem 1.2 will be completed
at the end of next section with the help of Theorem 1.1.

PROPOSITION 3.1. There exists an € > 0 such that
Jim Q1 (sup{| Vi (x) = Vio(mpr,) — pi(x —mp,)|:
X —mp,| < 24 (@—d+2)/(4a) logt) < t—(a—d+2)/(2a)—s)
=1.
We define the weighted measure by

dp/ et Vo)
dP ~ E[e—!{#Vo)]

for each probability measure 1 on R?. Under P/, w is a Poisson point process with
intensity e’ Jox=yud) 4y, We take M» as in Corollary 2.1 and define a class of
probability measures on R? by

Pul = {M :supp u C B(0, Mlt("‘_d+6)/(8“)),

/ |x — mulz,u(dx) < Mzt_("‘—d+2)/(2a)}’
where “wl” stands for “weakly localized.”

PROPOSITION 3.2. There exists an € > 0 such that uniformly in @ € Py,
Jim Py (supf| Vo, (x) — Voo (my) — pi(x —my))|:
I — | < 20@AD/ G 10 4} o p—(@—d+D)/Qa)—e)
=1.
Let us first see that this immediately implies Proposition 3.1. Indeed, denoting
the event in Proposition 3.2 by PC,;(u), we obtain

Q:(PCi(Ly)) = Q4(PC/(Ly), L; € Py1)

1 _
= 7E0[]E[€ t(Ll’Vw)]PtLt (PC;(L[)) . Lt (S PW]]

t
1 _
~ 7E()[E[€ t(L[’Vw)] : L[ € Pw]]
!

= Qi(L; € Pw) = 1
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as t — 0o by Proposition 2.1 and Corollary 2.1.
To prove Proposition 3.2, we first compute the expectation of V,,(x) — V,,(m,,)
and then bound the variance.

LEMMA 3.1. There exists an ¢ > 0 such that uniformly in x € B(0,
21@=d+D/CGD) oo 1) and p € Py,

EY [V (x) — Vo (m,)] = pr(x —my,) + ot~ @442/ 20—¢)

ast — 00.

PROOF. By a well-known formula for Poisson point process,

By [Vir (x) = Voo (my)]
= /(’7(96 —y) —0(my — y))e*ffﬁ(zfy),u(dz) dy.

We assume m,, = 0 by translation. Pick § > 0 so small that

a—d+6 1 d+2—«o
3.1 ——<——§ and S(d+2) < —mr.
8« o 20

Then uniformly in © € Py,

/ (D(x — y) = D(—y))e "/ Memm@ g
|yl <t !/e=d

<exp{—rinf{lz — y| ¥ :|z| < My @—d+0/Bx) 1y < tl/“_‘s} + O(logt)}
= O(exp{—1*}),

and hence this part is negligible. On the other hand, if |y| > ¢
v in the integrand by v(-) = | - |~* and hence

/ (ﬁ(x —-y)— ﬁ(_y))e_’fﬁ(z—y)u(dz) dy
y|>11/a=8

1/@=3 '\we can replace

=l [ (g e e gy,
[n]>1=9

—1/a

Let us write D;(n,x) = |n — ¢ x|7% — ||~ for short and further decompose

the integral in the last line as

t—(a—d)/a/ D, (1. x)e 1™
In|>t=3
(3.2) By
+ D, (n, x)(e*fDr(n,z)u«(dz) _ l)efl'” dn.

Let us first see that the first term of (3.2) gives us the desired quantity. We use the
following expansions of D;(n, -), which immediately follow from Taylor’s theo-
rem.
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LEMMA 3.2. For |z] < Mt©@=a+0/B0) qnd |n| > t =9, there exist bounded
functions Ry, Ry and R3 such that

D;(n,2)
(3.3)  =Ri(z, mt V¥zlp 7!

(B4 =17z, Vo) + Raz, w2742

3.5) =171z, Vo) + $17%(z, Hessy (m)z) + R3(z, mt |z | =,

Using (3.5), one can deduce
/e / D;(n, x)exp{—|n|~*}dn
[n|>=3
— t—((x—d+2)/(¥c(d’ a)|x|2 + O(t—(a—d+2)/(2a)—5)
for some ¢ > 0 by a straightforward calculation. [Note that | Vv(n)e"’”ia dn=0
by symmetry.]

Now let us turn to the estimate of the second term of (3.2). As a consequence of
(3.4), we have

] [ Do)

— [ Rallooln| @212/ f 12 ()
(3.6)
— O (et (+2-a) /e

uniformly in |n| > =% and pu € Py, where we have used m u = 0. Thanks to our
choice of §, the last line goes to 0 as ¢+ — oo. Therefore we may use an inequality
le=% — 1| < 2|a| valid for small a in the second term of (3.2) to obtain

l»_(a_d)/a

n

< 2y (@—d)/a / e dn.

[n|>r=8

|Df<n,x>|\ [ Do)

Applying (3.3) and (3.4) to D;(n, x) and D;(n, z), respectively, and then using the
variance bound for p, one can easily conclude that the above right-hand side is of
order O (t~(@~4+2/C0=#) for some ¢ > 0. [

PROOF OF PROPOSITION 3.2. Throughout the proof we assume u € Py, and
all the estimates below are supposed to be uniform in p. We further assume m,, =0
for simplicity. That this causes no loss of generality will become clear in the argu-
ment below. In view of Lemma 3.1, it suffices to estimate the maximum of

|[Vio (x) = Vip (0) — B¢ [ Vip (x) = Vi (0)]|

= /(f)(x —y) = 0(=y))(w(dy) — et/ VE=y)u(dz) dy)
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among |x| < r(t)logt [recall r(t) = r@=d+2D)/E)] Fix § > 0 as in (3.1). We first
show that the region {|y| < #'/*~%} makes only a negligible contribution. Let us
introduce the notation

' (dy) = w(dy) — e~/ PENndD) gy
Observe that

/|‘y|<,1/aa(a(x -y - 1A)(—)’))CZ),M(dy)‘

5f| s 96 =) =A@y + 7 ay)
ylsti/es

</ alan+2 [ ot i) g,
|y|<tl/e=s ly|<t!/e—s

since 0 < 9 < 1. The first term has zero E/'-mean, and its variance, which equals
half of the second term, is seen to be of O (exp{—*°}) by the same argument as in
the proof of Lemma 3.1. Therefore, Chebyshev’s inequality yields

lim Pﬂ(su / Dx — V) — (=)o ‘<t—(a—d+2)/(2a)—€> -1
00" ! xeﬂsd |Y|§t1/°‘_5(( Y = 9=3))Er (@)

for any ¢ > 0.
On the remaining part {|y| > #'/*~%}  we may replace 9 by v(-) = |- |~%. Then
it follows by Lemma 3.2 that

fMNVM (b(x —y) — 6(—y))5)y(dy)‘

=[x [, Voratan)

3.7) + Kx /|y|>tw_8 Hess, (y)ao! (dy)x>

+xP?

/ R (x, =) |y 30 (dy)
N

= Ii(x)+ L(x)+ I3(x).

Let us start with /3(x). As we did for {|y| < ¢!/%~%}, we can bound the integral as

s ([ R, z—l/“y)|y|—“—3c6£‘<dy>\
[x|<r(t)logt!d y>tl/a=s
(3.8) < f IR3llsoly |30 (dy)
[y 1103

+ 2/ ”R3||oo|)’|_a_3e_f‘Z_yrali(dz) dy.
ly|>¢l/a=s
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The second term on the right-hand side can be seen to be of Ot~ @—d+3)/ay
by using the change of variable y = #'/*5 and then (3.6) to replace [|n —
t= V717 u(dz) by |n|7%. Since |x|3r~@—dHI/e = g~ (@—d+D/Cu)=e) ypj.
formly in |x| < r(¢)logt for some ¢ > 0, the second term is negligible. By the
same way, we can show that

Varﬁl(/ IR3]ls0]y| 3@ (dy))
|y|>rl/e=3
= / | R3||% |y =240/ IeyI Rt gy,
ly|>¢1/a=d
is of order O (t~(2=4+6)/*) Therefore by using Chebyshev’s inequality, we obtain

Pf‘( sup |x|3/ I R3lloo |y~ 3@k (dy)
ly|>tl/e=8

[x|<r(t)logt

I L e B
[yl 1/a=s

-0 (tf(3d+27<x)/(2a)+e)

(3.9)

> —(@=d+2)/Ca)- a)

which goes to 0 as + — oo for sufficiently small €.
As for I} and I, we use variance bounds

Varﬁ‘ (/ Vv(y)cbf‘(dy)) — O(t*(ZafdJrZ)/a)’
y|>1/e=8

Var# </ Hess, (y)a), (dy)) (l«—(2a—d+4)/a)’
ly|>rt/a=?
which follow by routine arguments. Given these bounds, one can easily conclude
that
lim ]P) ( sup (Il (x) + Iz(x)) < t*(d7d+2)/(2a)78> 1

=00 [x|<r(t)logt
for some ¢ > 0. [
REMARK 3.1. Inspecting the above proof, one can easily improve the bound
as
t1—1>nolo Q,(sup{\Vw(x) - Vw(mLt) - E#[VW(X) - Vw(mLt)]’ :
Ix —mp,| <20©@4TD/ED 10911 < 17F)
=1
for any B < min{3%= d+2, a— d+6} This will be used in Section 6.

4. Strong localization. In this section, we accomplish the proof of Theo-
rem 1.1. Loosely speaking, we do this by simply repeating the argument for Propo-
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sition 2.1 but in the correct scale. Recall that we used an annulus A g which was
much larger than the correct scale r(r) = @~4+2/G) in the proof of Proposi-
tion 2.1. It was because we had control of V,, only at points in the intermediate
distance from £; ,; see Lemma 2.3. Now that Proposition 3.1 is available, we
have the control of V,, near m, and can work in the correct scale.

PROOF OF THEOREM 1.1. Set G = {L; € Py} NPC(L;). As we have already
shown lim;_, oo Q;(G) = 1, we restrict ourselves to G. Though we drop NG from
the notation for simplicity, it is assumed throughout the proof.

We first fix g € Z4 and assume mp, € g+ [0, l)d. Let us set R = /2M; and
define

Hi(q) = inf{s > 0:|X, — q| < Rt@~4+2/G0))

Clearly {H1(q) <t} D {L; e Pui}N{m, € g+10, 1)4}. Note also that on PC(L;),
we have

4.1) )»(f’((—t, t)d) < Vp(mr,) + (Clz + 0(1))t_(a_d+2)/(2“)

by an application of the Rayleigh—Ritz variational formula together with a simple
cut-off argument.
Now, fix § € (0, 1/2), and define

Hy(q) = inf{s > 0:[X, — q| > t©@=4T2/G0 (1og 1)1/243}
We first consider the case Hi(q) < H>(g) <t. In this case, set
H3(q) = sup{s < Ha(q):1X; — g| < 51~ F2/E (log 1) /249,
Then for s € [H3(q), H>(g)] and ¢ < C(d, o) /4,
Vo (Xs) = Vip(my,) + th(afd+2)/(2a)(logt)1+28
> 39((—1, t)d) i %t—(a—d—FZ)/(Za)(logt)1+25

by Proposition 3.1 and (4.1). Let us define Ey ;(q) = {H3(q) € [k, k+ 1), Ha(q) €
[[,] + 1)} for integers 0 < k <[ <t — 1. Suppose first that [ — k > ¢(@—4+2)/Q)
(slow crossing). Then using the Markov property at time / and then (2.9) exactly
the same way as in the proof of Proposition 2.1, we obtain

t
E® Eolexp{ - [ Voxods| s B0
< ]E[c(d)z(l + (22 (=1, D)) exp{—k + DAL ((=1. %))
(4.2) « exp{—(l k— 1)()»610((—t, [)d) + %t—(o{—d-l-Z)/(ZOt)(logt)l+26>}

x exp{—( — DAY ((—t, t)d)}:|

= O(exp{—(Uog 1) PPN E[exp{—122((—1, 1)9)}].
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For the case [ — k < t(@~4+2)/Q) (fast crossing), we again proceed as in the proof
of (2.8) to see

t
E[exp{— /0 vw<xs>ds} : Ek,z(qﬂ

<E[c(@)*(1 + (129 ((—t, ) ?) exp{ 129 ((—1, )}
x Po(sup{|Xs]:0 <s < t(a—d+2)/(2a)} - t(a—d+2)/(4(x)(logt)1/2+8)]
< O(exp{—(log t)1+25})E[eXp{—tk‘1"((—t, t)d)}].
Summing (4.2) and (4.3) over 0 < k </ <t — 1 and using Lemma 2.4, we find that
Q/(Hi(q) < Hy(g) <t.myp, € q +1[0,1)9) = O(exp{—(log)' T*°}).

The other case Hy(q) < Hi(q) <t can also be treated in the same way as above
by using

H;(q) = sup{s € [0, Hi(q)): | Xs — q| > 1“7 4+2/C0 1og 1)1/2+2},
Hy(q) = inf{s > H3(q):|Xs —q| < %t(a—d+2)/(4a)(10gt)1/2+8}

4.3)

instead of H3(q) and H>(q), respectively. Consequently, we obtain
0:(Ha(q) <t.my, € q +1[0, )9) = O(exp{—(logt)' T2}).

Since the possible values of ¢ are only polynomially many due to the weak
localization result, we can sum over g to see

lim O, sup |X, —my,| <21/ 1og )1/2H) = 1,
1700 Nsef0.1]
Finally observe that on the event in the left-hand side, we have |m,| <
2¢(@=d+2)/ @) (1og 1)1/2+8 gince X = 0. Therefore we arrive at the desired con-
clusion,

lim Qt( sup |X,| < 4¢@=d+2)/ ) (logt)1/2+5) =1.
=00 se[0,¢] 0

By the strong localization result, it, in particular, follows that m, is close to
m;(w), which completes the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. Fix ¢ > 0 so small that Proposition 3.1 holds.
Then, for sufficiently large ¢,

(la—d+2)/(4a)—e /4 (a=d+2)/(e) |0 4

<|x—mp,| <2t
implies V,,(x) > V,,(my,). Therefore, my, is within ¢@=4+2/G)=¢/4 from the
minimizer of V,, in B(mp,, 2pla—d+2)/(4a) logt). On the other hand, Theorem 1.1

implies my, € B(0, t(@=d+2)/(4) 100 1), and thus the above minimizer is nothing
but m;(w). It is now easy to deduce Theorem 1.2 from Proposition 3.1. [J
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5. Scaling limit of the occupation time measure. We prove Theorem 1.3 in
this section. Given Theorems 1.1 and 1.2, it is more or less straightforward. Indeed,
what we do is, replacing V,, by a quadratic function, using the Girsanov formula,
and applying the large deviation principle for the Ornstein—Uhlenbeck process.

PROOF OF THEOREM 1.3. Let us introduce the event
Gy = [ sup | Xul < r(z)(logz)3/4}.

O<u<t

By Theorem 1.1 and Proposition 3.1, we know that
Qi(L; € A)
= Q/(L, € A,G1NPC(Ly)) +o(1)
1 t -
= ?E@) Eo[exp{—/ Vw(Xs)ds} L;e A, G N PC(L,)1| + o(1),
t 0

and thus we may concentrate on G| N PC(L;). On this event, we have

t
exp{ - /O Vi (Xs)ds } 1PC(L,)ﬂG]

<exp{—1V,(mz,) + o(t@+4=2/C2))

tr(t) 2

X eXp{—C(d,O[)/ |X€ _mi |2ds}1G1.
0 t
Letg e t~174 and fecC. (R?). We integrate the above over
Fg ) ={img, ~ale = @07 [ £aLi~ [ fau|>e).

Note that if |g| > 2logt, then F (g, f) N G| = @. Hence we assume |g| < 2logt
in what follows. Since

@) 5 @) 5 (@d—2)/ )
/(; |Xs —mj | ds:/O |Xs —ql”ds +o(t" “))

on G N F(q, f), we have

E® Eo[exp{—/ot Vw(Xs)ds}:PC(Lt) NG NF(q, f)]

< exp{—a 1Y% + o(@+I72/Cy)

)" 5
xEo[exp{—cw,a)fo 1%, —ql ds}:GmFm,f)]

By the scaling invariance of Brownian motion and the Girsanov formula, it follows
that the right-hand side equals

exp{—at¥/% — (az + o(1))r@+4=2/ G RA [% :G1NF(q, f)],
tr()~2 — 4
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where
Cd,a)
w<x)=exp{— 5 |x|2},
Gi={ sup IX,|=logr},

s€[0,tr()~2]

Fig.f)={ms, 2~ gl =@

~e).

/detr(t)_2 —/fd"q

Recalling |g| < 2logt, we have

Y (=q) )
CVED el
Y (Xir@2 =9 (exp{(logn7})

on G1. It is well known that L, under Rg satisfies the full large deviation principle
with rate s in the space of probability measures equipped with weak topology, and
the rate function has unique zero at v, ; see, for example, [3]. Therefore, we arrive
at

LIE@ Eo[exp{—/t Vw(XS)ds}:PC(L,) NGiNF(q, f)}
Z; 0

< exp{o(t(“+d‘2)/(2"‘))}Rg(

-

for some 8(¢) > 0. Summing over g € ' Z4 N B(0, 2log ) and replacing mp, by
m; (w) using Theorem 1.2, we obtain (1.7). [J

[ £l [ fav,

S exp{g(g)t(a'i‘d—Z)/(za)}

6. Fluctuation of the local minimum of the potential. We prove Theo-
rem 1.4 in this section. The argument is similar to that in Section 3, but we need a
better control on [ |x —m i, |>L,(dx). We deduce it from Theorem 1.3.

PROOF OF THEOREM 1.4. We first prove

61 lim Q,(

/ lx —m; *Li(dx) — (8C(d. oz))_l/z‘ > g> =0
for any & > 0. To this end, recall that Corollary 2.1 allows us to assume
/ |x — mi,lzi‘t(dx) <M.

Under this assumption,

[ =mg PLi@o = [ 1= m, Pun, @0
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implies

’/(Ix —mit|2/\M)l~,,(dx) —/(Ix _mit|2/\M)va,(dx)

€
>_
2

for sufficiently large M. Since [ lx[2vo(dx) = (8C(d, @))~1/2, (6.1) follows from
Theorem 1.3. Now let us define the class of probability measures on R by

P = {M ssuppu C B(0, 1 @42/ @) o0 1),

[ 1k = mPruan - s @)

By Theorem 1.1 and (6.1), we know that lim; o Q;(L; ¢ P},.) =0 for any & > 0.

Now let us prove Theorem 1.4(i). It suffices to show the assertion with m;(w)
replaced by m, in view of (1.6) and Lemma 3.1. For u € Py, , the same argument
as for Lemma 3.1 yields

E#[Vw(mu)]

_ / B(m,, — y)e~t HEmIu g,

- 8t—(a—d+2)/(2a)}'

(6.2)
=a _t—(a—d)/ot
o

—d+2
(ucw, o) +o<1>>r—<“—d+2>/“ [ e = mulPu,

where o(1) is uniform in w. Then it follows
Ql [ Va) (m L; )]

1
~ - Eo[E[e™" B [V omL)]: L € P]

1

_ g eaje @442 [CW@ D) ai2)/00
o o 8

+e0 (t—(a—d+2)/(2a))’

and letting € | 0, we get Theorem 1.4(i).
Let us turn to Theorem 1.4(ii). It suffices to consider the assertion with m;(w)
replaced by m, again. Indeed, as is mentioned in Remark 3.1, we have

t1—1>nolo O:(| Vo (mi (@) — Vo (mpr,) — Ef[Vw(m,(a))) — Vu(mp)]| < tiﬂ) =1

for any
200 —d
200

30 —d+2 a—d+6}
4o ’ dof '

<p <min{
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Now it follows by a well-known formula for the characteristic functional for Pois-
son point process that for u € P,

log EBj' [exp{i0t @D/ (V,,(m,,) — By [V (m,)])}]
_ / (101 COmu—y) _y _gpCa=d)/C gy )

x ¢!/ 0E=yIndz) g

Using Taylor’s theorem, replacing [ 0(z — y)u(dz) by v(m, — y), and changing
variable, one can show that

log Eff [exp{i0t 2* =D/ (v, (my) — By [V (mw)])}]
62 —
N_Eft(2a—d)/a|y|—2ae—t|y| dy

02 F<3a—d+l>

=——aoy
2

We leave the details to the reader. From this, Theorem1.4(ii) follows by the same
way as above. [

7. Scaling limit of the process. In this section, we prove Theorem 1.5. Given
the strong localization and the potential confinement, we can basically follow the
argument in [12]. We write B; for B(m;(w), r(t) logt).

PROOF OF THEOREM 1.5. We define the good events by

Gi(s)={ sup [Xu| <r()(logn’**},

0<u<s

Gy = { Sup | Vi (x) — Vi (my (@) — py(x — my(w))] < ¢~ @ 4+2/CGo—¢0,
XE€B;

mi(@)] < r (1) (log1)*/*}.

Note that X{p;) C By on G1(t) N G3. Due to Theorems 1.1 and 1.2, it suffices to
show that for any 7 > 0 and f, a bounded continuous function on C ([0, T'], R%),

lim Q/[f(X):G1() N G2]

B VT, a)\4? ICd, @), 5] ..
_./dm<ﬁ> exp{— T|m| Ry [f(X)]

with an obvious abuse of notation. Let A’(B;) denote the ith smallest eigenvalue
of —A/2+ V,(x) — V,(m;(w)) in B; with the Dirichlet boundary condition and
¢ the L?-normalized nonnegative principal eigenfunction. Let us further denote
by V¥, the L?-normalized nonnegative principal eigenfunctions of —A /24 p; (x —
m;(w)) on RY.
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LEMMA 7.1. (i) A?(B;) = Vo(m(@)) + (a2 + O (t750))t~@=d+2/ Q) 3.
formly ini € {1,2} and w € G;.
(i1) There exists c3 > 0 such that for any o € G,

O(By) — AL (By) > c3t— @442/ Q)

(iii) sup,eg, 19w — Yollz = 0 as t — oo.

PROOF. It may be assumed that m;(w) = 0 by a spatial shift. Let )Lf’ "(U) de-
note the ith smallest eigenvalue of —A /2+ p;(x) in U with the Dirichlet boundary
condition. Recall that when U = R¢, the corresponding eigenfunctions are prod-
ucts of the Hermite polynomials multiplied by the Gaussian density with variance
Jr(@)/2C(d, @). In particular, they are of O(exp{—(log t)z}) near d B;. Thus, by
using the Rayleigh—Ritz variational formula and a standard cut-off argument, one
can show that

(7.1) )\f’t(Bt)=)‘f’(Rd)+O(exp{—(logt)2}).
Since
(7.2) (A2 (Br) = Vi (my (@) — AP (By)| < 1~ @442/ Qo=

on G, the first assertion follows. Moreover, we know
MR — AP (RY) = r () 2MN(RY) — r() 720 (RY)

(7.3)
> C3t—(a—d+2)/(2a)

for some ¢3 > 0 by a scaling and the fact that —A /2 + C(d, «)|x|* has positive
spectral gap. From (7.1)—(7.3), the second assertion follows.

Next, we introduce the Dirichlet form (&,, D(E,)) associated with —A/
2 + pi(x) on L?(R9). Then ¢ € D(&,) since ¢, has compact support and
i |V¢w|2dx < 00. Let us decompose ¢, as vy, ++/1 — y,zwz by using i €

D(E,,) with unit L?-norm and orthogonal to v, with respect to &, (-, -) + (-, -) 12
Note that we have

EoWws ¥2) = (A /2 + p)Wa, ¥2) 12 = A (R (Yo, ¥2) 12

since v, is an eigenfunction. Hence in fact £, (Y, ¥2) = (Y, ¥2);2 =0, and it
follows that

E (Do D) = VW Woo) + (1 — ¥ Ew (W2, ¥2)

74 24 Pt (od 2
=V Alt(R ) + (1 Y )550(1#2, WZ)
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Now for w € G, one can easily find

Eu(Gor do)
1
- 5[|V¢w(x>|2dx

+ / (Voo (%) = Vip (0)) o (x)* dx + o1 @42/ C))

= A9(By) — Vip(0) + ot~ @42/ Cm)
= AP (RY) 4 o(r~@—d+D/C0),

where the last line is due to part (i). On the other hand, by the variational formula
and (7.3),

Eo(Wra, ¥2) = A5 (RY) = A (RY) 4¢3~ (@7 dH2/C0),

Substituting these relations into (7.4), we obtain y,> — 1 as t — oo. Finally, since
both ¢, and ¥, are nonnegative, 3, must converge to 1, and the last assertion is
proved. [J

Let us define T = ¢(@—d+2)/Qa)+e0/2 554
1—7
F1(x,a)):Ex[exp{—/ Vw(Xs)ds}:Gl(t—r)],
0

Fa(x, ®) = ($w, 1)Pw(x) exp{—( — DAT(By)}
for the ease of notation. Note that t > Tr(¢)? for sufficiently large 7. Applying the
Markov property at time 7, we find that the numerator of Q;[f(X):G1(t) N G3]
is

E® Eo[f(ff)eXp{—/ot Vw<xs>ds} LGN Gz}
(1.5) _ E[Eo[fo?) exp{— [ vw<xs>ds}

X Fl(XT,a)):Gl(r)]:Gz].

To replace F| by F> in this expression, we estimate the difference as

Eo[f(f() exp{— /OT Vw(Xs)ds}

« (Fi(Xe, @) — Fa(Xe, ) : G1<r>]\
(7.6)
< ||f||oofp(1,o,x>S;°_1|F1(-,w>— Py, 0)|(x) dx

20

12
< ||f||oo</p<1,0,x)2dx) 1S9, |Fi(-. ) — Fa(- )]
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where p(t, x, y) denotes the transition kernel of the Brownian motion and {S;’}s>0
the semigroup generated by —A /2 + V,, in B; with the Dirichlet boundary con-
dition. Now, it is well known that || SP||;2_, ;2 = exp{—sA{(B;)} and also by con-
sidering eigenfunction expansion, one can deduce from Lemma 7.1(ii) that

< Bl exp{—(t = D)(A] (By) + c31 =@~/
on G». Therefore for sufficiently large ¢,
(1.7) RHS of (7.6) < exp{—m‘f(B,) — %t(“+d_2)/(2“)}.
Coming back to (7.5) and replacing F; by F;, we arrive at

LHS of (7.5) = E[Eo[f(f()%(x,)exp{— /Or Vw(Xs)ds} :Gl(r)}

(7.8) X (g e 0G|
+ Oexp{—1 42/ Eexp{ ~147 ().
Recall that the last term is of 0(Z;) due to Lemma 2.4.

LEMMA 7.2.  Uniformly in w € G2,

Eo[ﬂmw(&)exp{— [ i Vw<xs>ds} : Gl<r>]
(7.9) ~
= ¢~ P Bt (g OYRY [ £(X)] + O(exp{—(logn)?})).

PROOF. Let us use the orthogonal decomposition ¢, = ;e ++/1 — ¥ in
the proof of Lemma 7.1. Denoting the left-hand side of (7.9) by T (¢,,), we have

(7.10) T(¢o) =T (W) ++/ 1 — v2T (¥).

We begin with the first term in the right-hand side. We know y; — 1 by Lem-
ma 7.1(iii) and on G,

T () = Eo[fo?)x/fw(xaexp{— [ ' vw<xs>ds} :Gl(r)}
<exp{—1Vy(m:(w)) + t_g(’/z}

< Eo| FEpuX0exp] = [ pi(Xs —mi@) s} 610
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thanks to our choice of 7. On the other hand, it follows by the Girsanov transform
and Brownian scaling that

Rg“(w)[f(X) . X[O,I‘SO] C r(t)_lB’]
‘/fw(”(t)Xr(t)_zf)
Vo (0)

xexpl = [ pulr X, 2, —mi(@)ds) :Gl<r)].

= e[ £00)

Combining the above estimates and using Lemma 7.1(i), we obtain

YT () = e BT Dy )R [f(X): X\ o0 C )" Br].

Finally, by the very same argument as for the proof of the strong localization, it
follows that

Ry (X e0r) € 1) B) = O(exp{—(logn)?})

on G,. [We have used the second condition in G5 to control v, (0).]
Next, we estimate the second term on the right-hand side of (7.10). This is rather
easy since by the same argument as that for (7.7), it follows

ITW2)| < 1 fllooexp{—(t — (AT (By) + e3¢~ @42/ G0y}

3
= ||f||ooe)<p{—rk‘f(3,) — Etgo}' -

Substituting (7.9) into (7.8) and dropping o(Z;) term, we obtain

O:[f(X):G1(1) N G,]
1 w i (@
~ B[ g, 1) (Y (O RG {1 F 0]

+ O(exp{—(log1)?})): G2].

The term O(exp{—(logt)z}) is negligible in view of Lemma 2.4 and the fact that
o, | < l¢wllL2(,) 111 L2¢p,) grows at most polynomially fast. Therefore we
arrive at the expression

O:[f(X):G1(1) N Ga]

(7.11) N/ZLE[e_“?(B’)(qﬁw, 1): Ga, iy (w) € dm]
t

VO, a)\4* ICd, @), 5| .
X(ﬁn’r(t)) exp 5 Im|” ¢ RG'[ f (X)].
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Since E[e‘“lf)(B’ ) (o, 1) : G2, m;(w) € dm] defines a translation invariant measure
on B(0, (logt)3/ 4), it is a constant multiple of the Lebesgue measure. We can de-
termine the constant asymptotically by setting f = 1, and it follows that the right-
hand side of (7.11) converges to

JCd, a)\? cd,a), | .
fm(W) exp:—,/T|m| RIf(X)]. -

Acknowledgments. The author would like to thank the referee for a careful
reading of the manuscript and for Remark 1.1.

(1]
(2]
(3]
(4]
(5]
(6]
(7]

(8]

(9]

(10]

(11]
[12]

(13]

REFERENCES

BOLTHAUSEN, E. (1994). Localization of a two-dimensional random walk with an attractive
path interaction. Ann. Probab. 22 875-918. MR1288136

CARMONA, R. and LACROIX, J. (1990). Spectral Theory of Random Schridinger Operators.
Birkhauser, Boston, MA. MR1102675

DEUSCHEL, J.-D. and STROOCK, D. W. (1989). Large Deviations. Pure and Applied Mathe-
matics 137. Academic Press, Boston, MA. MR0997938

DONSKER, M. D. and VARADHAN, S. R. S. (1975). Asymptotics for the Wiener sausage.
Comm. Pure Appl. Math. 28 525-565. MR0397901

FUKUSHIMA, R. (2011). Second order asymptotics for Brownian motion in a heavy tailed
Poissonian potential. Markov Process. Related Fields 17 447-482. MR2895560

GARTNER, J. and KONIG, W. (2000). Moment asymptotics for the continuous parabolic An-
derson model. Ann. Appl. Probab. 10 192-217. MR1765208

GARTNER, J., KONIG, W. and MOLCHANOV, S. A. (2000). Almost sure asymptotics for
the continuous parabolic Anderson model. Probab. Theory Related Fields 118 547-573.
MR1808375

GARTNER, J. and MOLCHANOV, S. A. (2000). Moment asymptotics and Lifshitz tails for the
parabolic Anderson model. In Stochastic Models (Ottawa, ON, 1998). CMS Conference
Proceedings 26 141-157. Amer. Math. Soc., Providence, RI. MR1765008

GRUNINGER, G. and KONIG, W. (2009). Potential confinement property of the parabolic An-
derson model. Ann. Inst. H. Poincaré Probab. Stat. 45 840-863. MR2548507

PASTUR, L. A. (1977). The behavior of certain Wiener integrals as ¢t — oo and the density
of states of Schrodinger equations with random potential. Teoret. Mat. Fiz. 32 88-95.
MR0449356

PoVEL, T. (1999). Confinement of Brownian motion among Poissonian obstacles in RY, d > 3.
Probab. Theory Related Fields 114 177-205. MR1701519

SZNITMAN, A.-S. (1991). On the confinement property of two-dimensional Brownian motion
among Poissonian obstacles. Comm. Pure Appl. Math. 44 1137-1170. MR1127055

SZNITMAN, A.-S. (1998). Brownian Motion, Obstacles and Random Media. Springer, Berlin.
MR1717054

TOKYO INSTITUTE OF TECHNOLOGY
2-12-1, OOKAYAMA

MEGURO-KU, TOKYO 152-8551
JAPAN

E-MAIL: ryoki@math.titech.ac.jp


http://www.ams.org/mathscinet-getitem?mr=1288136
http://www.ams.org/mathscinet-getitem?mr=1102675
http://www.ams.org/mathscinet-getitem?mr=0997938
http://www.ams.org/mathscinet-getitem?mr=0397901
http://www.ams.org/mathscinet-getitem?mr=2895560
http://www.ams.org/mathscinet-getitem?mr=1765208
http://www.ams.org/mathscinet-getitem?mr=1808375
http://www.ams.org/mathscinet-getitem?mr=1765008
http://www.ams.org/mathscinet-getitem?mr=2548507
http://www.ams.org/mathscinet-getitem?mr=0449356
http://www.ams.org/mathscinet-getitem?mr=1701519
http://www.ams.org/mathscinet-getitem?mr=1127055
http://www.ams.org/mathscinet-getitem?mr=1717054
mailto:ryoki@math.titech.ac.jp

	Introduction
	The model
	Earlier studies
	Results
	Organization of the paper
	Notation

	Weak localization
	Potential confinement
	Strong localization
	Scaling limit of the occupation time measure
	Fluctuation of the local minimum of the potential
	Scaling limit of the process
	Acknowledgments
	References
	Author's Addresses

