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1. Introduction

A state space model is a statistical model where a Markov process (the state
process) is only partially observed through an observation process. The two
processes are linked in that the values (the states) of the hidden Markov process
govern the distribution of the corresponding observations, which are assumed
to be conditionally independent given the states. In some cases the unobserved
variables can simply not be measured, while in other cases measurement costs
limit the information available (e.g. meteorological and environmental data).
The use of hidden states makes this class of models to an outermost generic
and powerful statistical modeling tool, and state space models are nowadays
successfully applied within a variety of scientific disciplines such as genetics [6],
neurophysiology [2], target tracking [27], and speech recognition [26]. In many
examples, the state process can be considered as a continuous time Markov
process with observations occurring at discrete time points only, and of special
interest is the case where the state process is a diffusion process; we will refer
to such models as partially observed diffusion (POD) processes.

In this paper we discuss the use of sequential Monte Carlo (SMC) methods
(alternatively termed particle methods) for likelihood-based inference in PODs.
Maximum likelihood inference in general state space models is a nontrivial task,
and for PODs the problem is complicated further by the fact that most diffusion
processes lack closed-form transition densities. In cases where the transitions of
the latent process can be simulated it is possible to produce pointwise and con-
sistent estimates of the likelihood function using the standard bootstrap particle
filter [14], in which the particles are assigned importance weights determined
completely by the known local likelihood function. In such a framework, the
likelihood surface can be explored using grid-based methods [16, 22] or stochas-
tic approximation [17]. However, simulating exactly the transitions a diffusion
process is in general infeasible and we are most often referred to discretisation
methods, such as the Euler scheme, imposing a bias of the particle estimates; see
[7]. Moreover, proposing (or mutating), as in the bootstrap filter, the particles
“blindly” without taking into account the information provided by the current
observation will in general lead to serious degeneracy of the particle weights,
especially for models where the observations are informative.

In this contribution we take an approach to likelihood-based inference in
PODs that relies on a novel technique of estimating diffusion process transition
densities via so-called generalised Poisson estimators (GPEs). More specifically,
we show how the expectation-step (E-step) of the ezpectation-maximisation
(EM) algorithm [8] can be approximated efficiently using a GPE-based random
weight particle smoother. There are two main difficulties with applying the EM
algorithm to PODs: firstly, as mentioned, the transition density of the diffusion
process and, as a consequence, the complete data log-likelihood function lack an-
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alytic expressions in general; secondly, computing the intermediate quantity of
the E-step involves the computation of expectations under the smoothing distri-
bution, i.e. the conditional distribution of the hidden states at the time points of
observation given the observed data, which is not—even in the case of a known
transition density—available on closed-form. In this paper we address these
problems by applying the GPE suggested (as a refinement of results obtained
in [4]) in [12] in conjunction with SMC smoothing algorithms. Unfortunately,
it has been observed by several authors (see e.g. [5, Chapter 8]) that applying
standard SMC methods to smoothing may be unreliable for larger observation
sample sizes n, since resampling systematically the particles leads to degeneracy
of the particle paths. As a solution, we adapt the fized-lag smoother proposed
in [21] to the framework of PODs. This technique relies, in the spirit of [18], on
forgetting properties of the conditional hidden chain; by this is meant that the
hidden chain forgets its past when evolving, backwards as well as forwards, con-
ditionally on the given observation sequence. The constructed algorithm avoids
efficiently the problem of particle path degeneracy at the cost of a bias that may
be controlled by a suitable choice of the introduced lag parameter.

In order to obtain a high performance of the particle smoother it is in gen-
eral necessary to mutate the particles according to a kernel that incorporates
the information provided by the current observation; however, such an improved
mutation strategy is not straightforwardly adopted to PODs, since computing
the resulting importance weights involves computing a ratio of the transition
density of the hidden diffusion process (for which a closed-form expression is
missing in general) to the transition density of the chosen proposal kernel. To
cope with this, we follow [12] and replace each evaluation of the latent process
transition density by a draw from the GPE. Thus, the GPE serves two purposes
in our algorithm as it is used, firstly, for computing unbiased estimates of the
importance weights of a particle filter based on a proposal kernel possibly dif-
ferent from the transition kernel of the hidden diffusion process and, secondly,
for estimating the complete data log-likelihood function itself.

The proposed EM intermediate quantity estimator

e approximates efficiently the E-step in a single sweep of the data record,
yielding an algorithm with a computational complexity of order O(nN);

e copes, as it is not based on any Euler discretisation or linearisation tech-
nique, efficiently with model nonlinearities;

e has only limited computer data storage requirements, which is essential in,
e.g., high frequency applications where sometimes very long measurement
sequences are considered;

e is provided with a rigorous convergence result describing its convergence
to the true intermediate quantity. This result is derived via a convergence
result, obtained under minimal assumptions, for the GPE-based particle
smoother.

The paper is organised as follows: In Section 2 we recall the concept of PODs
and discuss likelihood-based inference in such models via the EM-algorithm.
GPEs are described in Section 2.1 (with additional details in Section B) and
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Section 2.2 is devoted to SMC smoothing in general. In Section 2.3 we introduce
the fixed-lag smoother and discuss how the fixed-lag approach can be used
for state estimation in PODs via GPEs. A theoretical result describing the
convergence of the fixed-lag-based estimator is found in Section 2.3.1 and in the
implementation part, Section 3, we illustrate the method on two examples. In
Section 4, the paper is concluded by some final conclusions and remarks. Proofs
are found in Section A.

2. Preliminaries

In the following we assume that all random variables are defined on a common
probability space (2, F,P) and let E denote expectations associated with P.
Denoting by 1 the indicator function and letting X be any random variable on

(Q,F), we will often make use of the short-hand notation E[X; A] = E[X14].

Let X (Xt)t>0 be continuous-time diffusion process taking values in some

state space (X, X'), with X C R9x. More specifically, the dynamics of the process
is governed by the the stochastic differential equation

dXt :u(Xt,H) dt+U(Xt,9) th s (21)

where W & (Wi)¢>0 is Brownian motion. We denote by W) the law of W
given that Wy = =z and let (F;)o<; be the filtration generated by W. The
functions p(-,0) and o(-, ) are assumed to satisfy regularity conditions (locally
Lipschitz with a linear growth bound) that guarantee a weakly unique, global
solution of (2.1). We will consider a framework where the process X is only

partially observed at discrete time points (tx)r>0 through the process YV df
(Yi)r>o0 taking values in some measurable space (Y,)). The observations of Y
are assumed to be, conditionally on the latent process X, independent and such
that the conditional distribution Gy of Y}, given X depends on X, only. In
the following we write, in order to simplify the notation, X} instead of Xy, .
The dynamics of the diffusion as well as the measurement process depend on
some unknown model parameter 6 which is assumed to belong to some compact
parameter space © C R%. Our main target is to estimate # using the maximum
likelihood method. For simplicity we assume that the observation time points
are equally spaced and denote by Qg and x the transition kernel and initial
distribution, respectively, of the time homogeneous Markov chain (Xj)x>0. The
family (Qo(z,-);z € X,0 € O) is assumed to be dominated by the Lebesque-
measure A with corresponding Radon-Nikodym derivatives (go(x,-);z € X, 0 €
©). Moreover, suppose that Gy has a density function gy with respect to some
measure g on (Y,)) such that, for k& > 0,

P(Yi € A|X}) = Age(Xk7y)u(dy) , Ae).

Given a record Yo., = (Yo, Y1,...,Y,,) (this will be our generic notation for vec-
tors) of observations, a consistent estimate of the parameter 6 is ideally formed



1094 J. Olsson and J. Strojby

by maximising the observed data likelihood function £,,(0;Yo.n) = def log L,,(0; Yo.),
where

def .
n(0; Yo:n) / /99 0, Yo) x(dzo) H (wk, Yi) Qo (wh—1, dy) -

A problem with this approach is that we in general cannot compute L, on
closed-form, since this involves the evaluation of a high-dimensional integral
over a complicated integrand. Since the partially observed diffusion model above
is, like more general latent variable models, specified using conditional depen-
dence relations, computation of parameter posterior distributions is facilitated
significantly by maximising instead the complete data log-likelihood function
by means of the EM algorithm. Thus, assume that we have at hand an initial
estimate 6’ of the parameter vector; in the EM algorithm an improved estimate
is obtained by computing and maximising the intermediate quantity

n—1
Q. (0:0') = By | > log go(Xk, X41)| Youn | + Eo Zlogge Xie, Yi)| Yo |
k=0 k=0

(2.2)
with respect to 6’. Here we have written Ey to stress that the expectations
are taken under the dynamics determined by the initial parameter 6’. Under
weak assumptions, repeating recursively this procedure yields a sequence of
parameter estimates that converges to a stationary point 6 of the observed data
log-likelihood [28]. As clear from (2.2), computing Q,, requires the computation
of expectations under the smoothing distribution, i.e. the distribution of the

state sequence Xj., conditionally on the observations Yj.,, given by, for A €
x®rntl)

def S Ja g0(x0,Y0) x(dxo) [Ty 9o(xk, Yi) Qo(xk—1, dxy)

Of special interest is the filter distribution, i.e. the distribution of X, condition-

ally on Yp.,, given by the restriction ¢y, (A) def (X" x A), A € X, of the

smoothing distribution to the last component. It is easily shown that the flow
()52, satisfies the well-known forward smoothing recursion

Ly (6; Yo.1)

A:9) = ——K\ G Yok)
Prr1(A;0) = Tt (0: Yors1)

// 90 (Trt1, Y1) Qo (T, dxptn) ¢ (dwor; 0)
(2.4)
where A € X®#+2) By introducing the (non-Markovian) transition kernel

Ly(xy, A; 0) dZCf/ 96(Trt1, Yig1) Qo(xn, drps1)
A

for z;, € X and A € X, we may rewrite the recursion (2.4) as

[ 4 Lic(z, dyy1;0) dr(dzour; 6)

Prv1(4;6) = IS Lic(2r, diy1;0) ¢x(daor; 0)
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Here the normalised (Markovian) kernel Ly (xy, A; 0)/Li(x, X; 0) is the so-called
optimal kernel describing the distribution of X1 given X = x) and the new
observation Yj1.

In general, a closed-form solution of the recursion (2.4) is not available. A
standard approach is thus to apply some SMC smoothing algorithm (described
in Section 2.2) to approximate the expectations in (2.2). Unfortunately, both
the SMC smoother itself as well as the intermediate quantity (2.2) call for the
transition density gg, which is usually unknown except in a few special cases.
Nevertheless, results obtained by Beskos et al. [4] and Fearnhead et al. [12]
offer a method for estimating this density without bias. A full treatment of
this technique—which is a key ingredient of the estimation technique proposed
here—is beyond the scope of this paper; nevertheless, the main framework and
assumptions are described briefly in the next section. In addition, some more
details can be found in Appendix B.

2.1. Generalised Poisson estimators

aef [* 1
7’](’(1,,9) :/ md’l}

and set X def n(X¢,0). Denote by f~! the inverse of any invertable function f.
By applying It6’s formula we obtain the stochastic differential equation

Define

dX; = B(X;,0)dt + dW; (2.6)

where

o) B ot 000
)

for the transformed process X (Xt +>0. Using again the notation Xk = th,
let Gp be the transition density (with respect to the Lebesgue measure A) of
(Xk)k>0- Then, straightforwardly,

qg(x,x/) :qe(xvx/)m/(x/ve)' : (2.7)
Assume the following;:

(A1) The process (My)i>0, with

M, dZEf exp </t B(Xsae) dj(s +/t ﬂ2(X579) dS) ’
0 0

is a martingale with respect to W*) ;
(A2) B(-,0) is continuously differentiable;
(A3) B%(-,0) + B'(-,0) is bounded from below by some function 1().
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Under these conditions, which are satisfied for a relatively large class of diffu-
sions, the GPE approach developed by [12] makes it possible to construct a ker-
nel Py on X% x B(R4) such that [ v Py(z, ', dv) = go(z,2') for (z,2") € X2. Con-
sequently, and draw Vy(z,z') ~ Py(x,2’,-) is an unbiased estimate of go(x,z’).
Then, letting V,(z,z’) def Vo(x,z')|n' (', 0)| gives, by (2.7), an unbiased esti-
mator also of gp(x,a’). A full description of GPEs is beyond the scope of this
paper; however, its main features are discussed in Appendix B. Similarly, using
a related algorithm developed in [4], it is possible to construct a kernel Py on
X% x B(R) such that [vPy(z,2’,dv) = logge(z,a’) for (z,2') € X2, ie. any
draw Vy(z,2’,0) ~ Py(z,2’,-) is an unbiased estimate of log gy(x,2"). Appeal-
ingly, it is in many cases (see Section 3 for examples) even possible to construct
Py and Py such that the functions 6 — V,(z,2')(w) and 6 — Vj(z,2")(w) are
continuous for any fixed outcome w € €, yielding unbiased estimates of gg(x, 2")
and log gg(z, ") for all 6 € © simultaneously. This useful property makes, as
we will see, the GPE approach well suited to numerical (log-)likelihood function
optimisation.

2.2. GPE-based particle smoothing

Since we in this part deal with the problem of sampling ¢x(+; 0) for a given fized
parameter value, we will throughout this section expunge 6 from the notation.
To begin with, we assume that we know the transition kernel density q.

In order to describe precisely how SMC methods may be used for producing
approximate solutions to the smoothing recursion (2.4), we suppose that we are
given a weighted sample (56; ik wi)fil of particles and associated unnormalised
weights, each particle 56;,@% = (§6|k, . ,f,ilk) being a random vector in XF*1,
approximating ¢y in the sense that

o (f) < Zwkf Ehr) = Or(f) (2.8)

where QF def Eévzl wt normalises the weights, for a large class of estimand
functions f on X**1. Now, in order to form an updated particle sample approx-
imating ¢x41 as a new observation Yy becomes available, a natural approach
is to replace ¢y in (2.5) by its particle approximation (2.8). This yields the
mixture (recall the notation §, for a Dirac mass located at a)

N

n def kak gk ka Lk gk kvdIkJrl)

Py (A) = Z | // Il ‘ 553_W(d$0:k) ,
i=1 Zz 1kak §k|k, k gk\k’ X) :

for A € X®*+2) Now, the aim is to simulate a new set of particles from N,
and then repeat the whole procedure recursively to obtain particle samples
approximating the smoothing distributions at all time steps. However, since we
in general cannot neither simulate draws from the optimal kernel nor compute
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the mixture weights Ly, (5114 > X), we apply importance sampling and draw instead
new particles from the instrumental mixture distribution

N

def Wit

The (A) = Z - ki/) // 50% (dxo.r) Ry (ﬁk\k,dﬂikﬂ) ;
im1 2a0=1 WE Pk

for A € A®F+2) where Ry, is a Markovian proposal kernel and (1})Y , are
positive numbers referred to as adjustment multiplier weights. We will from now
on assume that ¥} = ¥y (,;,) for some nonnegative function Wy, : Xkl 5 RT
and that each kernel Ry has a density r; with respect to A. Simulating a particle
56: Jb1)k1 from wé\g_l is easily done by, firstly, drawing, according to the proba-

bility distribution proportional to (wi i)Y |, a mixture component (or ancestor)

index I} among {1,..., N} and, secondly, extending the selected ancestor with

a draw from the proposal kernel, i.e. letting 58:k+1|k+1 ef (55:’1%%, §£+1|k+1) with

§]i+1‘k+1 Ry, ({k‘k, -). After this, the drawn particle is assigned the importance
weight

def
Wit = Prya (50 k+1|k+1) ; (2.9)

where, for 2.4 € XF+2,

(I)k (ZE i ) def g(xk+17 Yk+1)q($k, Ik+1)
1(Zo:kt1) =
* * Ui (o )re(Th, Trg1)

implying wj, ,; o< dopy,, /dmd, ({8:k+1|k+1). Finally, the weighted particle sample
formed by the updated particles and weights is returned as an approximation
of ¢r11. Moreover, since the filter distribution is the marginal of the smoothing
distribution with respect to the last component, an estimate of ¢y 41 is
formed by the marginal sample (§£+1|k+17wi+1)£\;1'

Proposing and selecting the particles according to the dynamics of the latent
process, i.e. without making use of the information about the current state
provided by the current observation, by letting Ry = @ and ¥y = 1 for all k,
corresponds to the bootstrap particle filter proposed by Gordon et al. [14].

The algorithm, which was developed gradually by, mainly, Handschin and
Mayne [15], Gordon et al. [14], and Pitt and Shephard [25], will be referred to
as the auziliary particle smoother (APS). In the setting of a partially observed
diffusion process we do not have access to a closed-form expression of the transi-
tion density ¢, which is needed when evaluating the importance weight function
®y. 1. However, the GPE makes it possible to estimate this density without bias
via the kernel P. This yields following algorithm, in following referred to as the
GPE-based particle smoother (GPEPS), in which ¢ in the weighting operation
(2.9) is replaced by the Monte Carlo estimate

ar pdet L~
e _E :v 2.10
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where the V¢(z,2')’s are drawn independently from P(z,2’,-). Denote by

B2, (woms1) def 9@y, Yir1)q® (2, Tryn)
k1350t Ui (20:k )7k (Ths Thg1)

: (2.11)

the resulting estimated importance weight function. One iteration of the GPEPS
is described in detail in the following scheme.

Algorithm 1

(* One iteration of GPEPS )
Input: (§6¢k|kvwi)£\;1

1. fori<1to N

. ; i 1§ =N

simulate I}, ~ (wi] />y wﬁd)ﬁ)fil;
. ; I,

simulate 5116+1|k+1 ~ Rk(fk’fka ok

2
3
4. set 56;k+1\k+1 - (gé%k|k’§lic+1\k+1);

5. simulate Vl:a(flic:kﬂ\kﬂ) ~ P®a(§]ig;k+1\k+l’ s
6 compute ®f, | via (2.11);

7 set wp ., q’%ﬂ(fi;kﬂ\kﬂ);

8. return (58;k+1|k+1’w2+1)ij\;1'

Here we have used the notations V% (x, 2) f (Vi(z,2),...,V*(x,2")) and
PO (g, 2’ ) def P(z,2',)® --QP(x,2’,-) (o times). Algorithm 1 is the smooth-
ing mode formulation of the random weight auxiliary particle filter proposed by
Fearnhead et al. [12]. Note that we have, in the scheme above, suppressed the
dependence of the particles and the particle weights on « from the notation for
clarity.

In Algorithm 1 selection is carried through by drawing indices (I})¥ ; multi-
nomially with respect to weights (wiwi / Zévzl wiyt )5\7:1 There are however al-
ternative selection approaches, such as deterministic plus residual multinomial
resampling proposed in [20] and described in detail in Section C. All theoreti-
cal results obtained in the following hold for multinomial resampling as well as
residual plus multinomial resampling. In addition, our results can easily be ex-
tended to so-called branching selection (see Remark 2.1 below); however, since
the number of drawn indices is random in this case, we omit these results for
brevity.

2.2.1. Convergence of the GPEPS

We will describe the convergence, as N tends to infinity, of the self-normalised
Monte Carlo approximations formed by weighted particle samples returned by
Algorithm 1 using the concept of consistency adopted from [10] and defined in
the following. Let (2, B(E)) denote some given state space and ({n 4, wn i)Y,
a E-valued particle sample.
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Definition 2.1. A weighted sample (£, wn i)Y, is consistent for a probability
measure 4 and a set C C LY(E, p) if, as N — oo,

N
OV Y wnif(€n.) = u(f), forall feC, (2.12)
=1

and, additionally,
—1 P
Qy [DaX WN —0. (2.13)
The following assumption is mild but essential when establishing consistency
of the GPEPS scheme.

(A4) For all0 <k <mn, Uy € LY(XF1 ¢p) and Li(-,X) € L1(X, ¢x).

Proposition 2.1. Assume (A1-3) (p. 5) and (A4). In addition, assume that
the initial sample (&}, wi)N | is consistent for (¢o, L (X, ¢0)). Then, for all 1 <
k < n, each sample (§é:k‘k,w};)ij\;1 produced by Algorithm 1 is consistent for
(g, LY(XF*L 61)). The same holds when the multinomial selection schedule is
replaced by deterministic plus residual multinomial selection.

The proof of Proposition 2.1 is postponed to Appendix A.1. Proposition 2.1
provides a qualitative statement about the particle estimates produced by Al-
gorithm 1 by establishing that, for all £ > 0, QS{CV (f) converges in probability
to ¢ (f) for all ¢p-integrable target functions f. Remarkably, convergence is
obtained for any fized GPE sample size a.

Remark 2.1. Proposition 2.1 can, without any additional assumptions and
with only very small changes of the proof, be extended to the cases where
selection is based on Poisson, binomial, or Bernoulli branching (see [10] for a
theoretical analysis of these branching algorithms). In these cases, the particle
sample sizes are random at all time steps. On the other hand, if a constant
number N of particles is targeted at each time step, it holds, for all k, that

Ny /N L5 1 as N tends to infinity, where Ny, is the random particle sample size
at time step k.

In a companion paper [23], Proposition 2.1 is complemented with a quanti-
tative statement about the convergence of Algorithm 1 (when based on multi-
nomial selection) in terms of a central limit theorem (CLT). More specifically,
under the assumption that input particle sample (53:k| & w};)ij\il of Algorithm 1
is asymptotically normal in the sense that

VN@Y (f) — ou(f)) =2 N(0,03(f)), as N — o0,

for some nonnegative functional o7 defined on some “large” class of target func-
tions f, it can be shown inductively [the details are given in 23] that the updated
particle sample obtained using Algorithm 1 satisfies the similar CLT

VNG (f) = ki1 (F) = N(0,02,1(f), as N — oo
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. . 2
Here the asymptotic variance o, ; can be expressed as

on(f) = Uips,kﬂ(f) + o1 ()], (2.14)

where UiPS,k 41(f) is the asymptotic variance [obtained in 11, Theorem 3.2]
of an ideal particle approximation obtained by updating the ancestor sample
(&, e wi)N | using a standard APS where the importance weight functions @,
are assumed to be known on closed-form; moreover,

det Ok (i) [[{f{or)* (2" )0}, (z,2") /Wy (2)} Ry (x, da’) pp.(dx)
[frLi(X)]2 ’

§1§+1(f)

def

with f(¢x)(z) = f(z) — ¢x(f) and
op, (z,2") def <&> /{U q(z,2")}? Pp(z, 2’ dv) , (x,2') € X?,

Tk

being the conditional variance of the estimates of the Radon-Nikodym derivative
dLy/dRy obtained with the GPE. Thus, ignoring its dependence on the mul-
tiplier weights and the target function, the quantity g,f +1( f) can be viewed as
the expected variance of the GPE under the asymptotic proposal distribution of
the particle filter; consequently, the expression (2.14) can be interpreted as the
standard decomposition of variance into expected conditional variance and vari-
ance of conditional expectation. The asymptotic variance (2.14) provides some
guidance for how to select an optimal sample size «; indeed, for a sufficiently
large number of particles,

Var (6 (1)) % 1 (0rsalf) + 20/ (215)

and assuming that it takes time 7qpg to produce a draw from the GPE and time
Taps to select and mutate a particle, the total cost for evolving the particle cloud
one step using Algorithm 1 is N(7aps + arepr). Assuming further that we have
a fixed computational time 7 available, we consider the constrained optimisation
problem

ming, vy %(Uips,k( )+§k( ) ),
N(7aps + atgpr) =
a>0,N>0,

where o and N are treated as continuous variables, having solution

§13 (f)/mcpE

Qopt = 4| —5—F—— .
o UiPS,k(f)/TAPS

The expression above is entirely in line with our expectations: the sample sizes
« and N should be increased resp. decreased if the precision of the GPE is low
relatively the precision of the (ideal) particle smoother (and vice versa) or if
the computational cost of operating the GPE is low compared to the cost of
mutating and selecting the particles.
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2.3. Fixzed-lag smoothing

Unfortunately, it has been observed by several authors that using standard
SMC methods in the smoothing mode may be unreliable for larger observation
sample sizes n, since resampling systematically the particles degenerates the
particle paths [see e.g. 5, Section 8.3]. Indeed, when k < n, most (or possibly
all) marginal particles (fli‘n)ij\il coincide with a large probability, inflicting large
variance when estimating Xj, conditionally to Yj., using these particles. Espe-

cially, returning to the problem of estimating the intermediate quantity Q,, in

(2.2), for any type of additive functional t(xq.,) def Z;é Sk (Thikt1)s (sk)}:;é

being a set of functions (cf. the two terms of (2.2)), we may expect that the

estimator
n—1 N

@) DY whsk(Ehpstyn) (2.16)

k=0 i=1

of E[t(Xo:n)|Yo:n] is poor when n is large. To compensate for this degeneracy the
particle sample size N has to be increased drastically, yielding a computationally
inefficient algorithm.

On the other hand, since we may expect that remote observations are only
weakly dependent, it should hold that, for a large enough integer A,,,

E [sk(Xkke+1)[Yoin] = E [sk( Xkt 1) Yor(an]

where k(A,) of min{k + A,,n}, yielding

n—1 n—1
E[t(XOn”YEJn] = ZE [Sk(Xk:k—i-l”}/O:n] ~ ZE [Sk(Xk:k+1)|YO:k(An)] .
k=0 k=0

(2.17)
Thus, as long as the approximation (2.17) is relatively precise for a A,, which is
smaller than the average particle trajectory collapsing time, i.e. most marginal
particles (§,i|k(An))f\L1 are different for all k&, we should replace (2.16) by the
estimator

n—1 _1 N . .
Z (Q{CV(A”)) Z%(An)sk (fi;kﬂ\k(m)) : (2.18)
k=0 =1

The lag-based approximation (2.18) may be computed recursively in a single
sweep of the data with only limited computer data storage demands, and com-
puting (2.18) is clearly not more computationally demanding than computing
(2.16) (having O(nN) complexity); see Olsson et al. [21] for details. Finally,
using (2.18) in conjunction with the kernel Py for estimating log gg gives us the
following approximation of the intermediate quantity Q,,(6;6"):

|
—

n

N
def N.o’ -1 i,0 a [ 1,0
oN@e:0) =Y (X))  Twitanst (Gihiuanit) - (@19
0 1=1

>
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where, for (z,2') € X2,

si(w,a’30) at Z i (z,2) +log go(a, Yit1)

and

‘701:&(x7$/) ~ pé@a(xv'r/a ) .

In (2.19) we have added 6’ as an index to the particles as well as the associated
weights to indicate that the particle system of the fixed-lag smoother is evolved
under the dynamics determined by the initial parameter value.

2.3.1. Convergence of the intermediate quantity

Under weak assumptions on the functions Uy, the kernels L and P, and the
local likelihoods functions log gg (-, V%) one may establish the convergence of the
GPEPS-based fixed-lag approximation Q% defined in (2.19). Define, for a given
lag A,, and parameters (6, 6"),

n—1
bu(An,0,0") < > /Sk(Ik:kJrlvo) Pr(a,) (ATrkt1,0')
k=0

n—1
—Z/Sk($k:k+1,9) On(drpny1, 0') 5 (2.20)
k=0

then the following result, which is the main result of this section, establishes
the pointwise convergence (in probability as N tends to infinity) of QY to a
limit quantity that differs from the true intermediate quantity Q,, by b,,. Conse-
quently, b, is the bias imposed by the lag. Note that this convergence does not
follow directly from Proposition 2.1, since the latter result states convergence
of the GPEPS for given deterministic target functions only (whereas the terms
of the complete data log-likelihood lack closed-form expressions and thus have
to be replaced by random estimates obtained using the GPE).

Theorem 2.1. Assume (A1-3). Let n >0, (0,0") € ©2, and (A,,a,a) € N3,
Suppose that (A4) holds for Uy (;0"), Li(-;0"), and ¢(-;0') and that the initial
sample ( é’el,wé’e/)f\il is consistent for (¢o(+;0"),L (¢ (+;0"),X)). Moreover, as-
sume that the mappings To.p(a,) + logge(zr, Yi), 0 < k < n, and zo.a,) =
[ 0| Py, 2t dv), 0 < k < n, belong to L1(¢k(An)(~;9’),Xk(A")+1). Then, as
N — o0,
QN (0,6') > Qu(0,0) + b, (A,,0,0)

where the bias by, is defined in (2.20).

The proof of Theorem 2.1 is found in Appendix A.2.
The bias term b,,, which was studied by [21], is controlled by the speed with
which the hidden chain (Xj)r>o forgets its initial distribution when evolving
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conditionally on the observations. Indeed, when the state space X is compact it
can be shown [see 21, for details] that b, is O(np®"), where 0 < p < 1 is the
uniform (with respect to observation records Y., as well as initial distributions
X) mixing coefficient of the conditional chain. From this we deduce that the lag
A, should be increased with n at the minimum rate clogn, ¢ > —1/logp, in
order to keep the bias suppressed. Increasing A,, faster eliminates the bias and
increases the variance of the approximation; see again Olsson et al. [21] for a
detailed study of these issues. Since a similar forgetting property holds also in
the case of a non-compact state space X [9], the same arguments can be applied
for very general models; however, the analysis of the general case is significantly
more involved since the mixing coefficient is neither uniform with respect to
observation records nor initial distributions y in this case.

Remarkably, the convergence stated in Theorem 2.1 holds for any fized sample
sizes («, @). In particular, nothing prevents us from setting « = & = 1, yielding a
fast algorithm; this is indeed the choice made in Section 3. However, more under-
standing of how to select optimally the sample size & can be gained by proceed-
ing as in the discussion following Proposition 2.1. Indeed, let 72 denote the o-
algebra generated by all random numbers of the GPEPS up to time n and write

Var (Q)(6;6)) = E [Var () (6;60")| FY')] + Var (E [ Q) (6;6")| F'])

n—1 , _o N o 2 o
_ N, ,0 1,0
=at ZE (Qk(An)) Z (wk(An)) 0'?59 (gk:k+1|k(An))‘|
k=0 3

n—1

+ Var (Z/Sk (Thik+130) ¢kN(An)(dwk:k+1;9/)> ;
k=0

(2.21)

where 03, (z,2") def J{v—1logqy(z,2")}? Py(z,2', dv), (z,2') € X?, is the condi-
tional variance of the log-density estimator. Note that the second term in the
expression above corresponds to the variance of an ideal fixed-lag approximation
where the terms of the complete data log-likelihood is supposed to be known on
closed-form (and thus involving (s )}Z, instead of (s§)7—4). To obtain the last
equality in (2.21) we used the conditional unbiasedness and independence of the
GPE draws estimating the latent chain log-density. By applying theory derived
in the companion paper [23] it can be established (see Theorem 3.2 in the paper
in question) that the first sum on the RHS of (2.21) behaves asymptotically like
¢2/(aN) where ¢2 can be interpreted as expected GPE variance. Moreover, in a
work in progress we establish a CLT for fixed-lag approximations of type (2.18),
implying that the last term on the RHS of (2.21) behaves asymptotically like
5%/N, where 62 is the asymptotic variance of a fixed-lag approximation of the
intermediate quantity for a known complete data log-likelihood. Consequently,
the arguments of the discussion following Proposition 2.1 apply immediately and
we obtain, for a given available computational time 7, the optimal sample size

_ ¢2 /1R
Qopt = \| 257 >
62 /TaPEPS
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where Tgpr is the average computational time needed for producing a single
unbiased estimate of the log-density and 7qpgps the average time needed for
updating (in terms of selection, mutation, and random weight association) a
single particle of the GPEPS.

3. Simulation study
3.1. Log-growth model

In the first example we estimate the parameters of the so-called log-growth model
dXt = IiXt(l —Xt/’}/) dt-i—UXt th (31)

(discussed in [4]) from simulated data. In our framework, we assume that we
access only noisy observations (Yj)r>o of the process (3.1) according to

Y = Xo.er + €k (3.2)

where (€x) x>0 are i.i.d. Gaussian random variables with zero mean and standard
deviation 50. The noise sequence (eg)r>0 is supposed to be independent of the
Brownian motion (W);>¢ driving the latent process. Applying It6’s formula to

the transformation X, = n(Xy, o), with n(z, o) Lef _ log(z) /o, yields

dX, = B(Xy) +dWy (3.3)

where 3(x) Lof 0/2 — ko + k/(07)exp(—ox). Since § is bounded from above,
we are only required to simulate the minimum of the Brownian path and let
VNVﬁ_ be [ evaluated at this minimum (see Section B for the meaning of Wﬁ_ ).
The minimum of the Brownian bridge has a known law and conditionally on
the minimum the bridge can be simulated retrospectively using Bessel bridges

[see 4]. Our aim is to estimate all the unknown parameters 6 def (K,7v,0) of
(3.1) given a record Yj.000 of observations obtained through simulation under
the parameters 6* = (0.1,1000,0.1).

To get an idea of how the quality of the proposed particle approximation of
the EM intermediate quantity is influenced by the lag, we computed lag-based
approximations of Qa0 (0, §’) evaluated on the diagonal § =6’ = (0.15, 1100, 0.15).
Here the number of particles was fixed to N = 400, while the lag Agp was
varied over the values {1,2,3,4,6,20}. The outcome is displayed in the box-
and-whisker diagram in Figure 1 together with a reference value (the dashed
line) obtained as the arithmetic average of 10 values obtained by executing,
equally many times, the smoother with the relatively large particle sample size
N = 10,000 and lag Aggp = 20 (for which the bias is negligible). As seen in
the figure, the lag-based approximation clearly suffers from bias for small lags;
however, already at the lag Asgy = 4 the bias appears to be eliminated, and
increasing the lag further only adds undesired variance to the estimates. This
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Fic 1. Boz-and-whisker diagram (on logarithmic scale) of estimates of Q200(0,0") for the
partially observed log-growth model (3.1). Here 0 = 0’ = (0.15,1100,0.15) and the estimates
are obtained using GPE-based fized-lag smoothers with varying lags A2o0 = {1,2,3,4,6,20}.
Each box (with adjuvant whisker) contains 200 estimates, where each estimate is based on
N =400 particles. The dotted line is a reference value obtained as the arithmetic average of
the output of 10 independent smoothers using each N = 10,000 particles and lag An = 20.

indicates a quite strong forgetting in the model under consideration due to the
relatively large distance between the observations.

Next, we implemented a full MCEM algorithm providing the likelihood es-
timate of 6 for the same 200 observations. This algorithm combines the Monte
Carlo-based E-step above with a subsequent maximization step and loops the
two 50 times. At the E-step of each iteration, an approximation of the interme-
diate quantity was obtained using a fixed-lag smoother with lag Asgg = 4, i.e.
the optimal lag obtained in the previous, and a particle sample size N, that was,
in order to obtain convergence, increased with the iteration index ¢ according
to Ny = 100+/¢ + 1. To increase the Monte Carlo sample size at a polynomial
rate is in line with the recommendation of [13] for the case of MCMC-based
MCEM. The M-step was carried through using the Nelder-Mead simplex algo-
rithm as implemented in MATLAB’s fminsearch-command and in order to gain
computational speed we used consequently &« = @ = 1. At the mutation step
the random weight fixed-lag smoother used the proposal

Ri(a, A) = - /At4 (“’ — rz(l _”3/7)) da’ (3.4)

axr ax

obtained by discretising the hidden dynamics according to the Euler scheme.
Here t4 denotes the density of the student’s t-distribution with 4 degrees of
freedom. Further the adjustment multiplier weights are set to unity. This full
MCEM algorithm, which was initialised with 6y = (0.7,1500,0.7), was executed
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F1c 2. EM learning curves (on logarithmic scale) for the parameters of the partially observed
log-growth model (3.1). The E-step of the MCEM algorithm was carried through by running
the fized-lag smoother with lag A2oo = 4. Each plot overlays 20 independent realizations and
the histograms refer to the values of the last (i.e. the 50th) EM iteration.

TABLE 1
Means and standard deviations of the MCEM parameter estimates plotted in the histograms
of Figure 2 and Figure 3

Algorithm K 0 o
standard smoother 0.0990 1020 0.0959
std. 0.0064 std. 3.5 std. 0.0031
fixed-lag smoother 0.0994 1020 0.0962
std. 0.0018 std. 2.8 std. 0.0007

repeatedly 20 times, resulting in the bundle of EM learning trajectories plotted
in Figure 2. We have chosen to plot the trajectories on logarithmic scale due
to the large deviation of the initial values. The same figure also displays his-
tograms of the parameter output pertaining to the last (i.e. the 50th) iteration.
As seen in the figure, the learning trajectories converge smoothly around the
parameter values § = (0.099, 1020, 0.096). For a comparison, the same experi-
ment was repeated when the fixed-lag smoother was replaced by the standard
random weight particle smoother using the complete genealogical history of the
particles; see Figure 3. Table 1 displays means and standard deviations of the
20 parameter estimates obtained at the last iteration and evidently the fixed-lag
method outperforms, in terms of standard deviation, the standard method by
about a factor of 4 for the x and o parameters and a factor of 1.25 for the v
parameter. The arithmetic average of the final parameter estimates are more or
less indistinguishable for the two approaches, re-confirming that the choice of
the lag is indeed consistent with the speed of the forgetting of the model.
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Fic 3. The same experiment as in Figure 2 with the difference that the E-step of the MCEM
algorithm was carried through using standard particle smoothing based on the full genealogical
history of the particle trajectories.

3.2. Genetics diffusion model

In a second example we consider noisy observations of the so-called genetics
diffusion model presented in [19] and discussed in [3]. More specifically, we let
the observations be generated according to

AV = (p+vVy)dt + oVi(1 = V) dWy

(3.5)

Yi=Vi + ek,
where the noise sequence (ef)r>0 consists of i.i.d. Gaussian variables with zero
mean and standard deviation 0.1. In this setting we used the proposed MCEM-

algorithm to estimate the unknown parameters 6 dof (1, v,0) given a record
Y0:1000 of observations obtained through simulation under the parameters 6* =
(0.05,0.1, 1). Applying Ito’s formula to the transformation X; = n(V;, o), where

n(v, o) log(v) — log(1 — v))/o, allows for using the GPE for estimating the
transition density of the latent process. In this case, the drift function S of the
transformed process becomes more involved than in the previous example, and
it is neither bounded from above nor below. Thus, we have to draw both VVE
and Wg‘ and a Brownian bridge (W)!_, such that Wﬁ_ < B(W,) < WE for
all 0 < s < ¢; see Section B for a justification of this. For this purpose we ap-
ply the method proposed in [3], which involves sampling first a maximum Winr
and a minimum Wig and then a Brownian bridge such that V~Vlg < WS < Winr
for all 0 < s < t. Since a linear transformation of a Brownian bridge is still

a Brownian bridge, it suffices to consider the case when the path (W,)i_, is

def ¢
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conditioned to start and end in zero. Sampling a lower and upper bound can
then be done by using rejection sampling in the following way: let (a;);>0 with
ap = 0 be an increasing sequence and consider the intervals (—a;, a;]. Since the
probability that a Brownian bridge stays in a specific interval [—K, K| has a
known expression (having the form of an infinite series), it is possible to cal-
culate the probability that it is contained in (—a;, a;] but not in (—a;—1,a;—1];
this means that either its maximum is contained in (a;_1, ;] or its minimum is
contained in (—a;, —a;—1] or both. Thus, we first propose an interval (a;_1, a;];
given this interval, we then propose, with probability 1/2, a maximum condi-
tioned to belong to (a;—1, a;], otherwise a minimum in (—a;, —a;—1]. Since the
distributions of the maximum and minimum are known on closed-form, this is
easily done. Next, we propose a Brownian bridge by decomposing around the
proposed maximum (minimum) as in the previous example. The resulting path
(VNVS)‘;:O is accepted, with a probability depending on the path in question, only

if it remains in the interval; see [3] for details. Finally, we set 1§ ﬂi def (V~V1§)

For brevity, we do not repeat the extensive simulation study of the previous
example in order to extract the optimal lag; instead we hedge—ad hoc—with
the value A, = 20. Since the state space R(0, 1) is compact, we may propose
the particles simply by using the uniform distribution over (0, 1) as independent
sampler. As in the previous example, we set « = @ = 1. The MCEM-algorithm,
in which the M-step was again carried through using the Nelder-Mead simplex
algorithm, was executed 25 iterations and as in the previous example the particle
sample size was increased with the iteration index as N, = 100+/¢ + 1. Figure 4
displays the resulting EM learning curves.
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Fic 4. Convergence of o (continuous line, left y-axis), v (dashed line, right y-axis) and p
(dotted line, right y-axis).
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4. Conclusion

We have proposed an EM-based method for estimating unknown parameters of
PODs. The method combines recent approaches to efficient estimation of the
joint smoothing distribution in hidden Markov models with recently proposed
techniques of estimating, without bias, transition densities of a large class of dif-
fusion processes via GPEs. Interestingly, the GPE provides a way of producing
unbiased estimates of the transition densities simultaneously for all parame-
ter values; this is critical when carrying through the maximisation-step of the
resulting EM-algorithm. For models having forgetting properties, the degener-
acy of the particle trajectories can be efficiently avoided by means of fixed-lag
smoothing [18, 21]. The decrease of variance gained by the fixed-lag approxi-
mation is obtained at the cost of a bias; the bias is however easily controlled
by increasing logarithmically the size of the lag with the size of the observation
record, yielding an algorithm of O(N) computational complexity. We have pro-
vided a detailed study of the convergence of the GPE-based particle smoother as
well as the full intermediate quantity of EM. The results were obtained under,
what we believe, minimal assumptions and may, since we analyse separately the
GPE-based mutation step (Lemma A.1), be extended to any selection schedule
for which consistency has been established in the literature. In this way, our
GPEPS convergence results differ significantly from that presented in [12]. The
method was successfully demonstrated on two examples.

Finally we should mention that there exist alternative techniques, either
Monte Carlo-based [see e.g. 24] or based on basis expansions [1], for approx-
imating the transition density. Nevertheless, none of these approaches produce
unbiased estimates. The former is, while quite general, computationally very de-
manding and the latter is only valid for very short time intervals (recall that the
performance of the GPE is independent of the size of the time grid). Sometimes
more direct numerical approaches, such as solving the Fokker-Plank equations
or taking the Fourier inverse of the characteristic function of the SDE, are
possible; however, these methods often tend to be computationally expensive.
Anyway, the theoretical results obtained by us presume only unbiasedness of
the transition density estimator, and thus other approximation schemes may be
applicable within our framework.
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Appendix A: Proofs

The proofs of Proposition 2.1 and Theorem 2.1 rely on recent results on limit
theorems for weighted samples obtained by [10]. Since we in this section deal
exclusively with asymptotic properties of the sample as the sample size tends
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to infinity, we let, when not specified differently, the limit notation — refer to
an increasing number N of particles only. In addition, we let also the particles
and the associated weights be indexed by NN for clearness. The following kernel
notation will be useful in the following: Let u be a measure on (£, B(2)), f a
measurable function on (£, B(£)), and K a kernel from (£, B(E)) to (£, B(E));
then we set

MW“/(@@m

and

K™ [ 1@ K.

The following definition specifies the structure that we want any class of esti-
mand functions to have.

Definition A.1. A set C of measurable functions on Z is proper if the following
holds.

(i) Cis a linear space; that is, if f and g belong to C and (o, 8) € R?, then
af +pg € C
(i1) if g € C and f is measurable with |f| < |g|, then f € C;
(i) for all ¢ € R, the constant function £ — ¢ belongs to C.

We will frequently make use of the following lemma obtained by Douc and
Moulines [10]. Let (Q,F,P) be a probability space and (Fy )N, N > 1, a
triangular array of sub-o-fields of F such that Fn ;-1 C Fn,; forall1 <i< N
and N > 1. In addition, let (Uy;)N.,, N > 1, be a triangular array of random
variables such that each Uy ; is F Nyl—measurable.

Theorem A.1 ([10]). Assume that E[|Un ;|| Fn,j—1] < 00, P-a.s., for all N >1
and 1 < j < N. Suppose that

(i) as A — oo,

]SVu>pP Z]E Un || Fnj1] =N —0; (A1)

(i) in addition, for all € >0,
al P
> E[Un ;i 1Un ;| > €l Fnjo1] — 0 (A.2)
j=1
as N — oco. Then

i i .
(37U = Y E[Un| Fivgoa]| =5 0.
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A.1. Proof of Proposition 2.1

Algorithm 1 is conveniently analysed within a more general framework of ran-
dom weight mutation (RWM). Assume that we are given a E-valued, weighted
particle sample (£y,;, wn i)Y, which is consistent for some measure v on B(E)
and let L be a finite transition kernel from (Z,B(E)) to (E, B(E)). We wish
to transform (£x;,wn)Y, into another sample (Ey,@n i)Y, targeting the
measure

vL(A)
VL(E)

u(4) = AeBE),

by means of the RWM operation described below. The input parameters are: a
proposal kernel R such that R(&,-) dominates L(&,-) for all £ € E, a random
weight kernel S from (2 x E ._., B(Ex E)) to (R, B(R")) targeting dL/dR in the
sense that, for all (£,€) € E x &,

[osiéan = HES@.

and, finally, a Monte Carlo sample size o € N.

Algorithm 2

(* random weight mutation x)

Input: (¢vi,wni)Y., R, S, a

1. fori<1to N

2. do simulate gN,i ~ R(EN,);

3. simulate Vlta(&vyi, gN,i) ~ S®a(§N1i, éN,i; ');
4 Onyi 4 wnia Y VEEN EN )

5. return (éNyi,QNyi)f\Ll.

The sample (EN,Z-, @n.i)N, returned by the algorithm is taken as an approx-
imation of u. In order to evaluate the quality of this sample, define the set

CE{rel ws): L If) e} ; (A.3)

then the following result stating consistency for weighted samples produced by
Algorithm 2 is instrumental when establishing Proposition 2.1.

Lemma A.1. Assume the weighted sample (En i, wn i)Y | s consistent for (v, Q)
and that the function L(-,Z) belongs to C. Then the set C defined in (A.3) and
the weighted particle sample (§N,Z,WN,1)Z_1 produced by Algorithm 2 are proper
resp. (p, C)-consistent for any fized o € N.

Proof. Properness of the set Cis straightforwardly established: To check Prop-
erty (i) in Definition A.1, suppose that f and g belong to C and let (o, B) € R?;
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then
/ af (&) + Bg(©)l S(,&,dv) R(-, d&)
< lof / / F@)[vS(.& dv) R(-, dE)

+ 18] / / 9(E)|0 (&, dv) R(-, )
— alL( 1) + IBILC lgl)

where the function on the right hand side belongs to C by construction of C and
the fact that C is a linear space. That the integral on the left hand side belongs
to C is now a consequence of Property (ii) in Definition A.1. Properties (ii) and
(iii) are checked in a similar manner.

To establish Condition (2.12) in Definition 2.1 it is enough to show that, for
all feC,

N
_ . : P
Q' Do if (En.i) — vL(f) ; (A4)
i=1
indeed, since C contains the unity mapping € — 1 (as C is proper), (A.4) implies

that
N

O > an — vL(E), (A.5)
i=1
from which Condition (2.12) in Definition 2.1 follows by Slutsky’s lemma. Thus,
we define the triangular array Un def (:JNJf(éNyi)/QN, N >1,1<1i<N,
and sub-o-fields Fy def o{(éni,wn.i)X 1}, N > 1. We then get, by applying the
tower property of conditional expectations and the consistency of the ancestor
sample,

N
> E[Un.| Fn]
i=1

N a ~
= Q5 ZWN,iE lE lal Z VE(Eni En)
=1

=1

ENis ]:N‘| Fléns)

-

N
= O3 Y wnaL(én ) = vL(f)

i=1

N ~. ~ ~
0t wws / G / 0 8(Ena € dv) R(Ex.1, dE)
=1

since L(-, f) < L(-,|f]) € C. To show that Zil Un,; tends to Zfil E[Un .| Fn]
in probability, implying (A.4), we apply Theorem A.1. In order to establish
the first condition of that theorem we reuse the arguments above and use that
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L(-,|f]) € C, yielding the limit

S E[|Unl| Fn] = vL(f]) -

i=1

Now, since convergence in probability implies tightness, we conclude that Con-
dition (i) in Theorem A.1 is fulfilled.

To verify (ii), define, for some € > 0, Ay ef sz\il E[|Un.il; 1Un.i| > €| Fn].
Since, as the ancestor sample is assumed to be consistent, maxj<;<y wn,i/Qn
vanishes in probability as N tends to infinity, the same holds for the product
An1{Cmaxi<;<ywn,; > €2}, where C' > 0 is an arbitrary constant. On the
other hand,

ANl {C’ max wNﬁigeQN}
<i<N
N
_QN ZWN1/|

Now, since, for all £ € &,

Fn

UNils [FEnl D VEEnirén) = aC
=1

/ i 0189 (En i, €, dviia) R(En i, dE) -
IF(OI 320, vezal

/ @) /f(é)IZ SO Edna) RIEA) < LD

where L(-,|f]) € C, we conclude, using Property (ii) of Definition A.1, that the
mapping
e (@1 [ 0S®(E €, dvva) R(E, dE)
IF(©)I 30—y vezal

on = belongs to C as well. Thus, consistency of the ancestor sample implies that

N

Y E

i=1

Fn

Unals [ (€m0 Z V(€N éni) = aC
=1

d 3 S®(€, €, dvia) R(E,dE) v(€) . (A6
S ffuerf o aSTEEd) REDHO . (40)

In addition, since the constant C' may be chosen arbitrarily large, the limit
(A.6) can be made arbitrarily small by the dominated convergence theorem. We
hence conclude that Ay tends to zero in probability as N tends to infinity. This
establishes (A.4).

In order to establish (2.13) it is, by Slutsky’s theorem and (A.5), enough to
prove that

oy lr<nzzg§va1 0. (A7)
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Thus, take again a constant C' > 0 and write

Q;,l max wy ;1 {ZV §N17§N1)>0‘C}

1<i<N
=1
N « ~
<O ) ol {Z VE(En,i, En) > ac} . (A8)
=1 =1

To prove that the right hand side of (A.8) converges, we introduce the trian-

gula’r a‘rra‘y UN’L _f C:)N ’L]]-{Z[ 1 Vé(é‘N,ivéN,i) Z QC}/QNv N Z 17 1 S Z S Na

and let the sub-o-fields Fn, N > 1, be defined as above. Next, we use again
Theorem A.1. To verify the first condition, take conditional expectation with
respect to Fy and reuse (A.6) with f being the unity function; this yields

ZE Uvil 7 5 [ / L PSOE ) RUE dE) vl

implying (i). To verify (ii), take an € > 0 and define Ay def El LE[lUn,il; [UNi| >

€|Fn]. Then

N
AN :Q;[1 ZMN’iE

i=1

V1 (EninEni)i Oni > €, Z Vi(Eniréni) > aC
=1

Fn

3

implying that, for an arbitrary constant C’ > 0, following the lines of (A.6),

Q

An1 {C" max wn,; < eQN}
1<i<N
§N17§N1 § §N17§N1 _a(C\/C/)

N
< Q;Vl Z wNJ-IE
i=1 (=1

P v1.59 & V1o ~ y ' '
—>/// oL ve>a(CVvC) 15%%(E, €, dura) R(E, dE) v(dE) (A.9)

On the other hand,

-

(e}
Q' max @ vt L Eng) <aC by <00t max w —)O
N <i<N Nl ; (Ei-€n.1) = N N N

Thus, since the limit (A.9) can be made arbitrarily small by increasing C’, we
conclude that Ay tends to zero as N tends to infinity. This in turn implies that
the upper bound in (A.8) tends to

/// Uls®a(€7éa dvl:a)R(gvdg) I/(dg) . (AlO)
e vezal

Finally, we complete the proof by noting that (A.10) can be made arbitrarily
small by increasing C'. O
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We now use Lemma A.1 to prove consistency of Monte Carlo estimates pro-

duced by the GPEPS. For this purpose, let Eg:kw def 555}6“@, 1 < i < N, denote the
selected particles obtained in Step (2) of Algorithm 1. Consequently, the sample
(&, K )L, is obtained by resampling the ancestor particles (& K )i multino-
mially with respect to the normalised adjusted weights (wiz/)i / Zévzl wiwﬁ)?f:l.
This operation will in the following be referred to as selection. Using this nota-
tion and terminology it is now possible to describe one iteration of the GPEPS
by the following three transformations:

; i\N I: Weighting ; i i\N
(Eommpr Wh)imt — (o VaWr)iz1 —

II: Selectio = N III: Mutatio
T (G DI (

1=

i i \N
§O:k+1|k+17wk+1)i:1 .

Here the third operation refers to the random weight mutation procedure de-
scribed in Algorithm 2.

To prove Proposition 2.1 we proceed by induction and assume that
(§é:k‘k,w}'€)ij\;1 is consistent for (¢, L*(X**1 ¢;)). Next, we show how consis-
tency is preserved through one iteration of the algorithm by analysing separately
Steps (I-1IT).

Step 1. Define the modulated smoothing measure

def Px(Prla)

Dr(Vi)(A) = P TR A€ x®mtl) .

then the weighting operation in Step I can be viewed as a transformation ac-
cording Algorithm 2 with E = X!, = = X"+, and

V=0,

1= ok (V) ,

R(«To:ka A) = 6mo,k(A) )

L(zo.x, A) = Yi(zo.1) 510:k(A) )
S(IO:kvaB;ka A) = 5\I'k($6k)(A) .

Thus, by applying Lemma A.1 we conclude that (fé:klk, Yiwi)N | is consistent
for ¢ (¥y) and the (proper) set

{f € LN(@r(Wr), XY s Wyl f| € LY (g, XM} = LM (g1 (W), X"

Step II. Applying Theorem 3 in [10] gives immediately that (g_é;k‘k, DY, is
consistent for [¢r (¥y), L1 (¢ (¥}), X" +1)] for both the selection schedules (C.1)
and (C.2).
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Step III. Also the third step is handled using Lemma A.1. In this case, we
set B = Xt 2 = X"*2 and

v=¢r(Vk)
B= Prt1
R(xo:k, A) = [ o, (dx) Ri (), dayy)
L(zox, A) = fA q)k(xé):kJrl) Ozoun (d%;k) Ry (z), dI;c+1) )
S(x0:k, $6;k+1aA)
= [ La{vg(@h i1, Yar1)/ [Wr (@) 7k (@ 2 )P (s Ty, )

where P is the GPE described in Section 2.1 (and in more detail in Appendix B).
Thus, using Lemma A.1 yields that (53:k+1|k+1,w}'€+1)f\;1 is consistent for ¢
and the set

{f € L' usr, XET2) 1 LCL IF]) € Lo (Wa), X | = L (g1, XMH2)

Finally, we complete the proof by noting that the induction hypothesis is fulfilled
for k£ = 0 by assumption.

A.2. Proof of Theorem 2.1

Decompose the error according to
Qi:[(ea 9/) - Qn(ev 9/)
n—1 _1 N
N6’ 0" & (00
(Qk(An)) Zwk(An)Sk (gk:kJrl\k(An)’e)
i=1
- /Sk(ﬂ?k:kﬂ;@) Pr(a,) (dﬂﬁk:kﬂ;@/)]

+bn (A, 0,60), (A1)

k=0

where the bracket terms are errors originating from the GPEPS and the second
term b,,, defined in (2.20), is the cost of introducing the fixed lag. By combining
Proposition 2.1 with Slutsky’s theorem we conclude that

NE

N
’ —1 . .l
N,0 7,0 7,0
(ka >) > Wi, logge (5k\k<An>=Y’f)
=1

—>Z/10g99 xkuyk (bk (d(Ek, )7 (A12)

E
Il

0

as To.g(a,) — logge(zk, Yi) belongs to L' (dy(a, ) (- 60), XE(AR)F1Y by assump-
tion. Thus, the second term of the intermediate quantity estimator (2.19) is
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consistent. In order to establish consistency of the complete estimator it re-
mains to prove that

n—1 N

_AN,0’ i,0’ = i,0
(an(An)) Wi(An )Z (fk k+1|k(An ))
k=0 =1 /=1

n—1
= Z/log% (Th, Try1) Oran) (dorpyr;0) . (A13)
k=0

. - def 4, i.0’ def
To do this, we define Uy ,; = wkeAn) S, V%{,;i_kllk& )/oﬂk(A ) and Fn =
a{({é’z A k(A ),wz(eA )Y, } and appeal to Theorem A.1 and Proposition 2.1.

Since logqg(:tk,ka < [ |v| Po(zg, xht1, dv) for all xp.,11 € X2, the mapping
Tor(an) — 10g qo(zk, zq1) belongs to L (¢y(a,)(0'), XFADFTL) Hence,

ZE [Un,i|Fn] = (QN& ) Zwk(A log go (fk k- 1lk(An ))
—>/log%(ﬂﬁk,ﬂﬁkﬂ)¢k(An)(diEk:k+1;9/), (A.14)

from which we conclude that (A.13) may be established by verifying the two
assumptions of Theorem A.1. Following (A.14) and using again that xq.5(a,)

v|Pp (2, T i1, dv) belongs to LY (dpa, (-6 , XF(A2)+) By assumption, we
(An)
conclude that

ZE (U] [F] —>//|U|Pe (Th, Tht1, dV) dpa,) (doprt1;0')

=1

which verifies Assumption (i) (by tlghtness of sequences converging in probabil-

ity). To verify (ii), let € > 0 and set Ay f Zi:l E[|Un.i|;1Un .| > €| Fn]. Then,
for any constant C' > 0, by consistency of the particle sample,

1 0 N0’ P
An1l {6'121122)5\](%(A ) > in )} — 0. (A.15)

On the other hand,
n 0 N6’
ANl {C’lli<xllzg§vwk(A ) < EQk(An)}
N
= Z Z (§k E+1|k(A, ))
i=1 /=1
N

No \ 7! 00
(Qk An)) Z%’(An) ) 1| PR (2, Tt1, dvra) -
i=1 [0, we|>Ca

QI

|UN1 2 C@

-
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Now, since, for all 2.1 € X2,
/ i |v1| P (wk, Thog1, dvi:a) < /|’U|P0(«Tka$k+ladv)a
[ >0 we|>Ca

we get, using Proposition 2.1,

PN L A
(QN,@ ) S wif / (1] PO (25, 2011, dvr.a)
k(An k(A, _ 2] ) +1 1:a
En)) ZHE) Ji5s  vizca
— / / ] o1| PE% (21, Th1, dvria) drea,y (drppi1; ) . (A16)
‘Z?:1 UE‘ZC@

We now note that the limit in (A.16) can be made arbitrarily small by in-
creasing C. This verifies condition (ii) in Theorem A.1, which completes the
proof of (A.13). Finally, combining (A.13) with (A.12) completes the proof of
Theorem 2.1.

Appendix B: More on the GPE

The outline of this section follows Beskos et al. [4] and Fearnhead et al. [12],
and we limit our scope to the one-dimensional case; multivariate extensions
are treated by Beskos et al. [3]. Let (C0,t],C[0,t]) be the measurable space of
continuous functions on [0, ¢] and denote by S‘(gm) the law of X on (C0,],C[0,1])
for the initial condition Xo = Wy = z. Also, let W(te.2') he the law, on the

same space, of the Brownian bridge process W = (Wy)o<s<¢ starting in z at

time zero and ending in 2’ at time ¢. Similarly, denote by Sét,w,z’) the law of the
diffusion bridge obtained when X is conditioned to start at Xo = Wy = = and
to finish at X; = 2’. Recall the definition (2.1) of 3(-,6) and let

Alu,0) % /u B(v, ) dv

be any antiderivative of 3(-, ). The role of Assumptions (A1-A3) is to guaran-

tee that S((f’z’zl) is absolutely continuous with respect to Wtee) with Radon-
Nikodym derivative

dS(m,w',t)
dV\\}g(m,m’,t) (’U})
_ Nl ) , Ul
=20 o (A0 - A 0) — 5 [ Hwn)as) L B)

where w € C[0, ] and N; denotes the density function of the zero mean normal
distribution with variance t. Now, define, for u € R, the drift functional

d:cf Bz(u, 9) + Bl(u, 9) B

$(u.6) :

1),
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where [(6) is the lower bound given in Assumption (43). The transition density
Go can, using (B.1), be expressed as

Go(z, 2, t) = Ny(2/ — x) exp (A(2',0) — A(z,0) — 1(0)t)

oo fotn )0

Accordingly, we wish to calculate expectations of the form

[ (= [ stwaas) wiesaw). (B.2)

Now assume that it is possible to simulate simultaneously a pair (Wf_ , Wf"’ ) of

random variables and a trajectory (W,)’_, such that
W < f(W. )<VVJr for all s € [0,1] ;

in practice this will most often be carried through by first simulating a maximum
and a minimum of the Brownian bridge process W and hereafter interpolating,
using Bessel bridges, the rest of the bridge conditionally on these. Let x be a
discrete random variable having, conditionally on Wfi, probability distribution

pt(|Wji) Then it is easily established that the GPE

K K

XTW;E) é_Hl[va* — F(y,)]

exp(—=W;t) p
pe

(associated with p;) is an unbiased estimator of (B.2). Here (¢¢)¢>1 are mutually

independent variables that are uniformly distributed over [0, t] and independent

of F;. Note that the distribution p, can be chosen freely, yielding a whole class

of GPEs, and an optimal choice is discussed by Fearnhead et al. [12]. In all

applications considered in this paper we will use let x be Poisson-distributed.
Using the Girsanov theorem, it can be shown that

(a' — )’

1
log Gy (x,2") = -5 log(27t) — 5

+ A(2/,0) — A(x,6) — 1(6)t — / ( /0 " o(ws, 0) ds) @0 (q) . (B.3)

Since the right hand side of (B.1) can be bounded from above and below,
a rejection sampler producing samples from the diffusion bridge can be con-
structed. This is possible as the right hand side of (B.1) is proportional to

the probability that a marked Poisson process on [0,¢] x [0,1] with intensity

et sup,{o(z); V~V¢_ <xz< WJ} is below the graph s — (b(VVs; 0)/r. However,

while observing the path for all s is impossible, a finite construction can be de-
vised by sampling the Brownian bridge at points specified by the marked Poisson
process; we refer to Beskos et al. [4] for details. The algorithm is described by
the following.
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Algorithm 3

(* Sampling a skeleton of a diffusion bridge *)

1. simulate an outcome (x¢,%¢)5_; of the marked Poisson process with inten-
sity r and x ~ Po(r);

conditional on W(;t, simulate (W, )5 ;;

2
3. if o(Wy,)/r <y

4. then return (W,,)5_,
5 else go to (1)

By interpolating the returned skeleton (W, )5_,, samples W, with (W)t_, ~
S(””’””l’t), can be obtained for any 0 < u < t. Given samples from the diffusion
bridge, an unbiased estimator of (B.3) can be straightforwardly constructed in
the following way. Let 1 ~ Unif (0, ¢) be independent of ;. Then —t¢(V~V¢, 0) is
an unbiased estimator of f(fot d(ws, 0) ds) ST (dw) since

E {tqs(m, 9)} ) [E [tqs(m, 9)‘ ]—‘tH

_IE/Ot (Ws,0)ds = / </0t d(ws, 0) ds) SE0 (dw) .

Finally, plugging this estimator into (B.3) yields an unbiased estimator of log ¢;.

Appendix C: Residual resampling

In the selection operation in Step 2 of Algorithm 1, each particle index is drawn
from the probability distribution formed by the weights (wy17./ Zévzl wﬁwﬁ)é\le.
Consequently, letting M; denote the number of times that index ¢ was drawn,
this selection operation may be alternatively expressed as

. N
J alyd
(MY, M)~ M |, [ =% . (C.1)
Yoy whvf
L=1"k7k/ j=1

In the deterministic plus residual multinomial resampling approach one sets

instead M} ef | Nwii /SO0 wiel | + Hi with

(Hy,...,HY)
N i)yl i olyi Nt N
N N
~ Mult Z< Nw’“d;’“ Z>< JS w’“w’;/ ]ZH;‘W’Q ’ ) , (C.2)
=\ e Wi 2=t (INwp/ D g Wity =1
where |x] denotes the integer part of a real number z and (z) Ly |z]. In

this selection schedule, index i is first copied | Nwiit/ Eévzl wiapt | times; the

remaining Zfil (Nwiyt/ Zévzl wtipt) indices are hereafter drawn multinomially



with respect to weights proportional to the residuals ((Nwii /ST | whapt))
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N
i=1"

In [10] it is proved that deterministic plus residual resampling preserves consis-
tency as well as asymptotic normality of the particle sample.
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