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ROBUST RECOVERY OF MULTIPLE SUBSPACES BY
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BY GILAD LERMAN AND TENG ZHANG
University of Minnesota

We assume i.i.d. data sampled from a mixture distribution with K com-
ponents along fixed d-dimensional linear subspaces and an additional out-
lier component. For p > 0, we study the simultaneous recovery of the K
fixed subspaces by minimizing the /p-averaged distances of the sampled
data points from any K subspaces. Under some conditions, we show that
if 0 < p <1, then all underlying subspaces can be precisely recovered by I,
minimization with overwhelming probability. On the other hand, if K > 1
and p > 1, then the underlying subspaces cannot be recovered or even nearly
recovered by [, minimization. The results of this paper partially explain the
successes and failures of the basic approach of /,, energy minimization for
modeling data by multiple subspaces.

1. Introduction. In the last decade, many algorithms have been developed
to model data by multiple subspaces. Such hybrid linear modeling (HLM) was
motivated by concrete problems in computer vision as well as by nonlinear di-
mensionality reduction. HLM is the simplest geometric framework for nonlinear
dimensionality reduction. Nevertheless, very little theory has been developed to
justify the performance of existing methods. Here we give a rigorous analysis of
the recovery of multiple subspaces via an energy minimization.

One can model a data set X with K subspaces obtained by minimizing the
following energy over the subspaces Ly, ..., Lg:

K
(D e,(X,Li,...,.Lg) = Zdist”(x, ULi),

xeX i=1

where dist(-, -) denotes the Euclidean distance and p > 0 is a fixed parameter. For
simplicity, we assume that L1, ..., Lx are linear subspaces of the same dimen-
sion d, and we refer to them as d-subspaces (generalizations are discussed in Sec-
tions 5.6 and 5.7). We also assume that the data set A" contains i.i.d. samples from
a mixture distribution p with K components along fixed d-subspaces and an addi-
tional outlier component. The recovery problem asks whether with overwhelming
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probability the minimization of (1) recovers the underlying subspaces of u. We
show here that when p < 1 the answer to this problem is positive, whereas when
p > 1 itis negative.

Recovery problems are common in statistics, for example, recovering a sin-
gle subspace in least squares type problems or recovering multiple centers as in
K-means. However, our recent setting requires novel developments. One issue is
the strong geometric nature of our problem, resulting from an optimization on a
product space of Grassmannians. The other is the difficulty of approximating the
problem by convex optimization (as we clarify in Section 5.1). Thus, even though
it is an elementary problem in statistical learning, it requires the development of
techniques which are currently not widely common in statistics.

1.1. Background and related work. Many algorithms have been developed for
HLM (see, e.g., [1, 5, 8-11, 13, 14, 20-26]), and they find diverse applications
in several areas, such as motion segmentation in computer vision, hybrid linear
representation of images, classification of face images and temporal segmentation
of video sequences (see, e.g., [14, 23, 26]). HLM is the simplest nonlinear data
modeling and fits within the broader frameworks of modeling data by mixture of
manifolds [3] and by Whitney’s stratified space [4].

The K-subspaces algorithm [5, 10, 22] is the most basic heuristic for HLM,
and it suggests an iterative procedure attempting to minimize the energy (1) with
p = 2. It generalizes the K -means algorithm, which models data by K centers, that
is, 0-dimensional affine subspaces. Numerical experiments by Zhang et al. [25]
have shown that the K-subspaces algorithm is in general not robust to outliers,
whereas a different method aiming to minimize (1) with p = 1 seems to be robust
to outliers.

There has been little investigation into performance guarantees of the various
HLM algorithms. Nevertheless, the accuracy of segmentation under some sam-
pling assumptions was analyzed for two spectral-type HLM algorithms in [7]
and [3], where [3] also quantified the tolerance to outliers ([3] considers only the
asymptotic case, though applies to modeling by multiple manifolds). For the K-
means algorithm (which only applies to O-dimensional affine subspaces), Pollard
has established strong consistency [16] and a central limit theorem [17].

In [12], we analyzed the /,,-recovery of the “most significant” subspace among
multiple subspaces and outliers with spherically symmetric underlying distribu-
tions. We assume here a similar (though weaker) underlying model and rely on
some of the estimates already developed there.

1.2. Basic conventions and notation. We denote by G(D, d) the Grassman-
nian, that is, the manifold of d-subspaces of RP. We measure distances between F
and G in G(D, d) by the metric

d
(2 dist(F,G) = | > 67,
i=1
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where {6; },4:1 are the principal angles between F and G. We use this distance since
there is a simple formula for the geodesic lines on the Grassmannian equipped
with this distance (see, e.g., [12], equation 12), which is applied in this paper. We
distinguish elements in the K -fold product space G(D, d)X by the I, norm, that
is,

3) distgr (L1, .., L), (L1, .. Lx)) = max (disto(Li, L)),

.....

Following [15], Section 3.9, we denote by yp 4 the “uniform” distribution on
G(D, d).

We denote by a vV b and a A b the maximum and minimum of a and b, re-
spectively. We designate the support of a distribution u by supp(u). By saying
“with overwhelming probability” or, in short, “w.0.p.,” we mean that the underly-
ing probability is at least I — Ce ™"/, where C is a constant independent of N.

1.3. Setting of this paper. We assume an i.i.d. data set X € R? of size N
sampled from a mixture distribution representing a hybrid linear model around
distinct d-subspaces, {L:‘}I.K: 1- We in fact consider two different types of models,
but both of them have the same basic structure.

We assume K distributions, u;, each supported on a corresponding and distinct
d-subspace, L;-", a noise level ¢ > 0, and an outlier distribution, denoted by .
Furthermore, for each 1 <i < K we have a distinct noise distribution v; o with
bounded support in the orthogonal complement L?. We assume that the pth mo-
ments of {||v,~,g||}iK:1 are smaller than e” forall 0 < p <1 (p < 1 is only needed
when we consider /;, minimization with p < 1). Moreover, if ¢ =0, then {vi,0}£ 1
are the Dirac ¢ distributions supported on the origin within the corresponding sub-
spaces orthogonal to {L;-“}I.K: 1

We assume that the underlying distributions, {,u,-}iK: o» have bounded supports
(or possibly sub-Gaussian as explained in Section 5.3). In order to simplify our
estimates, we further assume that supp(u;) € B(0,1) for0 <i < K.

From these pieces we construct the mixture distribution g,

K
C)) [e =000+ ) Cifki X Vig,
i=1

where og >0, o; >0V1 <i <K and Z,K=O o; = 1. If ¢ =0, then for convenience
we replace the notation p, by u, that is,

K
(%) = 0opo+ Y ailki.

i=1
Within this basic framework, we analyze two different models. For ¢ > 0 and .
as in (4), we say that u. is a weakly spherically symmetric HLM distribution with
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noise level ¢ if the {u; 1K i—; are generated by rotations (in RP)ofa single distribu-

tion /1, such that & ({0}) < 1, supp(ix) CB(0, 1) N L for some d- subspace LcRP
and [1 is spherically symmetric within L (i.e., invariant to rotations within L).

Our second model has weaker assumptions on the distributions of inliers and a
slightly stronger assumption on the distribution of outliers. For ¢ > 0 and u. as
in (4), we say that u. is a weak HLM distribution with noise level ¢ if u;({0}) < 1
V1 <i <K, supp(us) € B(0, 1) and for some r > 0O the uniform distribution on
B(0, r) is absolutely continuous w.r.t. the restriction of g to B(0, r).

Our theory uses the constant 79 = 1o(d, p, {Mi},K: 1)- We delay its definition to
the proofs [see (11)], but use it in the formulation of Theorems 1.1 and 1.2.

1.4. Statistical problems of this paper. We address here two statistical prob-
lems. The simpler one is implicit in this introduction, though clear from the proofs.
It asks whether the underlying subspaces {L*}K | can be recovered when ¢ =0
by minimizing E, (dist” (x, UI.K 1 Li)) over {L; }K | € G(D,d). The main prob-
lem can be formulated using the empirical distribution ppy of i.i.d. sample of
size N from w. It asks whether {L*}K | can be recovered (w.0.p.) by minimiz-

ing K, (dist”(x, Ul:1 L;)), which is equivalent to minimizing (1). In the noisy
case, we extend these problems to near recovery. When K > 1 and d > 1, these
problems are nontrivial and require complicated geometric estimates.

1.5. Main theory. We first formulate the exact recovery of {L*}K
unique global minimizer of the /,, energy (1) when 0 < p <1.

| as the

THEOREM 1.1. Assume that u is a weakly spherically symmetric HLM distri-
bution on RP without noise (¢ = 0) and with underlying subspaces {L7} lK: 1 € RP
and mixture coefficients {ai}iK: o- Let X be an i.id. data set sampled from w. If
O<p<land

. i . *NP P
(6) oy < 10 i:T.l.r.l,Kal (1 A 1<1rlnj12 distg (L}, LJ) /2 )
then w.o.p. the set {L}, ..., L%} is the unique global minimizer of the energy (1)

among all d-subspaces in RP.

Theorem 1.1 extends to the noisy case by allowing near-recovery as follows
(a counterexample for asymptotic exact recovery is shown in Section 3.2).

THEOREM 1.2. Assume that ¢ > 0 and (. is a weakly spherically symmetric
HLM distribution of noise level ¢ on RP with K d-subspaces {L;“}I.K: 1 € RP and

mixture coefficients {ai}iK:o- Let X be an i.i.d. data sampled from p.. If0 < p <1
and

1/p
-1/p ; *\D 9P _
(7) e<3 (fo.i:T}EKa, (1A1<1}1]12 distg (L}, L) /2) ao) ,
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then any minimizer of (1) in G(D, d)X has a distance smaller than

—1/p
- K y_al/p, ; o .
(8) f=fE K, d p{o}i—)=3 (Tolg}lgnKaj ao) €

from one of the permutations of (L7, ..., Ly) with overwhelming probability.

At last, we formulate the impossibility to recover {L*} lK: | by [, minimization
when p > 1 (the constants §g and kg in our formulation are estimated in Sec-
tion 4.5.5).

THEOREM 1.3. Assume ani.i.d. sample of K d-subspaces {L;-"}l-Kzl Cc G(D,d)
from the “uniform” distribution on G(D,d), yp 4. For ¢ > 0 and the sample
{L;“}I-K: 1» let e be a weak HLM distribution with noise level & and let X be an
i.i.d. data set of size N sampled from pg. If p > 1 and K > 1, then for almost ev-
ery {L;"}I-K | (w.rt. )/LI{ &) there exist positive constants 8o and ko, independent of N,

such that for any ¢ < 8o the minimizer of (1), Li,..., Lk, satisfies w.o.p.:

) distgx (L1, ..., Lg), (LT, ..., L%)) > ko.

The above theorems have direct implications for HLM with spherically sym-
metric sampling along the subspaces. Theorems 1.1 and 1.2 clarify to some extent
the robustness of two recent algorithms for HLM, which use the /; energy (1):
Median K -Flats (MKF) [25] and Local Best-fit Flats (LBF) [27]. Theorem 1.3 ex-
plains why common HLM strategies that use the [, energy (1) (e.g., K -subspaces)
are generally not robust to outliers.

1.6. Structure of the paper. Theorems 1.1, 1.2 and 1.3 are proved in Sections
2, 3 and 4, respectively. Section 5 discusses possible extensions as well as limita-
tions of our theory and suggests some open directions.

2. Proof of Theorem 1.1.

2.1. Preliminaries. We view the energy e;,(X,Li,...,Lg) as a function de-
fined on G(D, d YK while being conditioned on the fixed data set X. Therefore, the
minimizer of ¢, (X, Ly, ..., Lk) is an element (L}, ...,L%) in G(D, d)X . Since
any permutation of its K coordinates in G(D, d) results in another minimizer, we
sometimes say that the set {L], ..., L} is a minimizer [instead of (L}, ..., L})]I.

We denote el, x,Lq,...,Lg) = elp({x}, Li,...,Lg) and view it as a function
on R? x G(D, &)K.

We denote the set of all permutations of (1,2, ..., K) by Pg. We designate an
open ball in G(D, d) by Bg(L, r) as opposed to the Euclidean open ball in RP,
B(x,r).



ROBUST RECOVERY OF MULTIPLE SUBSPACES 2691

We partition & into the subsets {Xi}iK: o With {Ni}l.K: o points sampled according
to the distributions {u; }l.K: 0-
We define

(10) Y, () =mxeR?: -t < x"v| <1),

where v is an arbitrarily fixed unit vector in L} [due to the spherical symmetry
of wp within LY, (10) is independent of v]. We note that since {Mi}iK: | are gen-
erated by a single distribution, v, (1) = ¥, () V2 <i < K. The invertibility of
Yy, is established in [12], Appendix A.2, and an estimate of v, for a uniform
distribution on a d-dimensional ball appears in [12], Appendix A.1.

Theorem 1.1 uses the constant Ty, which we can now define as follows:

A= o) - 277y (1 + K — D ({01)/(2K))P
B (T /d)P '

In the special case where w1 is the uniform distribution on B(0, 1) N Ly, then
the estimate of v, in [12], Section A.1, implies the following lower bound for 7:

(1) 1o

1
= 20+ . KP . 43p/2"

70

Consequently, Theorem 1.1 holds in this case if 7o in (6) is replaced by 1/(2P*!.
KP.q3r/ 2). Furthermore, it follows from basic scaling arguments that if (| is the
uniform distribution on B(0, ;) N L; and supp(ro) € B(0, r2), where r; and r
are any positive numbers, then

P
4

= 20+ Kp.43p/2. ré"

70

2.2. Auxiliary lemmata. The following lemmata are used throughout this
proof (Lemma 2.1 is proved in the Appendix and Lemma 2.2 in [12], Ap-
pendix A.2).

LEMMA 2.1. Suppose that Ll,ﬁl,...,ﬁK e G(D,d), p>0and n is a
spherically symmetric distribution in B(0, 1) NLy. If min; < j <k distg (L1, I:j) > ¢,
then

Ey, (er, (x, Li,...,Lg)) > toe?.

LEMMA 2.2. Foranyx e RP andL,1, € G(D, d),

|dist(x, L1) — dist(x, L2)| < [Ix]| distg(L1, L2).
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2.3. Proof in expectation. We verify Theorem 1.1 “in expectation,” whereas
later sections extend the proof to hold w.o.p. We use the following notation w.r.t.
the fixed d-subspaces L}, L3, ..., L%, Li,La, ..., Ly € G(D, d):

(12) (i) =argmindistg(L},L;)  VI<i<K
1<j<K
and
(13) do= min _ distgx (L} ,...,L5), L1, .... L))
i1,i2,.., ik €Pk

The “expected version” of Theorem 1.1 is formulated and proved as follows.

PROPOSITION 2.1. Suppose that Li,....,Lg are arbitrary subspaces in
G(D,d),0< p <1, and I is defined w.rt. {Li}l.K:1 and the underlying subspaces
{L;-"}I.KZI. If(IQ1),...,1(K)) is a permutation of (1, ..., K), then

" Euer,(x,Li,....Lx) —Euer, (x. L}, ..., Ly)
: o p
> (‘Eolél}lélKO(j ao)do.
On the other hand, if (I(1), ..., 1(K)) is not a permutation of (1, ..., K), then

Eue, (x,Li,....Lx) —Eue, (x, L}, ..., L)
(15)

Zto( min aj)( mingisté(L;",Lj)ﬂ) —ap.

l=j<K I=i,j

PROOF. We define

M = argmaxdistg (L}, L; ;).

1<i<K

Assume first that (1 (1), ..., I(K)) is a permutation of (1, ..., K). Using the defi-
nition of 7, we have

I;I}iSIlK diStG(Lj;,[, Lj) = diStG(L*M, L](M))

(16) ZdiStGK((LT,...,LT(), (I_A,](l),...,I:I(K)))
=dp.
Combining (16) with Lemma 2.1, we obtain that

- Euyer,x,Li,....Lx) —Euy e, (x, LY, ....L})
=EMMelp(X’ I:l, ey I:K) > ‘[()dé).
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For any x € Ay, let m(x) = arg minj <; <x dist(x, Lj.‘), m(x) = argminj <; <g dist(x,
ﬁi) and note that

elp(X7f‘1?"‘7f‘K)_el;(X’LT7"‘7 *K)
(18) > dist(x, I:,h(x)) dlSt(X L ,(m(x)))
z = ”X“p diStG(Lrﬁ(x)v L}k—l(nA,l(x)))
> —|x||Pd) > —d},

where the second inequality in (18) uses Lemma 2.2. Therefore,

(19) Euper, (. L1, ..., Lg) — Epeer, (x, L, ..., L) > —d.
At last, we observe that
Euer,(x,Li,....Lx) —Eue, (x, LY, ..., Ly)
(20) > apy (Byuyer, %, Li, ..., Lg) —Eyuye, (x, L}, ..., L))
+ao(Epger, (x, L1, ..., Lx) —Eyper, (x, L}, ..., LY)).

The proposition in this case thus follows from (17), (19) and (20).
Next, we assume that /(1), ..., I (K) is not a permutation of 1,2, ..., K. In this
case, there exist 1 <np,ny < K such that I (n1) = I (n2) and, consequently,
2 min_distg(L},, L; i) = 2distg (L}, LI(M))

<]<

> distG (L}, Lyny) + distg (L, Lrny))
(21)
> distg (L, , L)

> min distg(L], L*)

1<i,j<K

Combining (21) and Lemma 2.1 [applied with & = min|<; j<x distg(L}, L’j’f) /21,
we obtain that

Euyer,®,Li,....Lx) —Euy e, (x, L, ..., Ly)
(22)

)4
ES
> ro(l<rlmr<1 distg (L], Lj)/2> .
Finally, since the support of ¢ is contained in B(0, 1), we note that
(23) Euoer, . L1, ..., Lg) —Eyper, (x, L}, ..., Li) = —1.

The proposition is thus concluded from (20), (22) and (23). O
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2.4. Proof in a local ball by calculus on the Grassmannian. We cannot di-
rectly extend (14) to an estimate w.o.p., since its lower bound is a multiplication
of d(')’ , which approaches zero as the set {L; }iK: | approaches {L} lK: |- We will need
to exclude a ball in G(D, d)X around {L;"}iK: | before such an extension. We thus
prove here that {L;-k}iK: | 1s a unique global minimizer w.o.p. in a local ball. In
Section 2.5 we extend Proposition 2.1 to an estimate w.o.p. outside this ball and
conclude the theorem.

We show that there exists a sufficiently small number y; such that {L*} lK: |18
the unique global minimizer w.o.p. of el, in Bc,((L;"l, e L;"K), y1). Since er, is
permutation invariant, it is also the unique global minimizer in

U  Bo(@.....L). v).

i1,i2,....ik €Pk

In order to simplify notation in this part of the proof, we will adopt WLOG the
convention that the RHS of (3) occurs at i = 1, that is,
(24) distg (L}, L) = max_(distg (L], L)

.....

Following this convention and the fact that ¢;, (Zikzz A, Ly, ..., Lx) =0, it
is enough to prove that (L,...,L%) is the unique global minimizer w.o.p. of
elp(Xo UA,Li,...,Lx) in Bg((L], ..., L%), y1), for sufficiently small y;.

Let g := distg(L’i‘, I:l). For each 1 <i < K, we parametrize according to arc
length the geodesic lines from L} to I:,- by functions L;(¢), 1 <i < K, on the
interval [0, fo] such that

(25) L;(0)=L} and L;(r)=L.

We will prove that for sufficiently small y; > 0,

d
(26) dt—P(el” (XUX,Li(r),...,Lg(1))) >0 forall 0 <t < y; w.o.p.
This will clearly imply our desired result.

Our proof of (26) is based on the following estimate:

> —x].
=0

d
(27) g & L@, ... Ly 1))

In order to establish (27), we denote j = argmin;<;<k dist(x,L}) and apply
Lemma 2.2 to obtain that
— lim dist(x, L;(¢))? —dist(x, L;(0))?
(=0 1—0 tP
distg(L;(¢), L;(0))?
124

d
dt_P(el"(X’ Li(),...,Lg(2)))

(28)

> —|Ix]| lim
t—0
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‘We also note that for all 0 <t <1y,

distg(L; (1), L;(0)7 _ distg(L1(1), L1(0)” _

(29) 7 7

1.

Indeed, if t = ¢g, the inequality in (29) follows from (24) and the equality follows
from (25). Moreover, both of them extend to 0 < ¢ < 7y by the underlying property
of arc length parametrization. Equation (27) thus follows from (28) and (29).
Combining (27) with Hoeffding’s inequality, we obtain that
d
(30) (e, (X0, Li@).... Lg0)| ==Y Ixl=—N  wop.

xXeX)

t=0

We similarly derive an equation analogous to (30) when replacing Xy with &
by applying some arguments of the proof of Lemma 2.1 and Hoeffding’s inequality
as follows:

d

g e (XL, . Le ()

d
= 5(6[1 (Xl, Ll(t)))

=0 t=0

(31)
> 9| N W.0.p.
At last, combining (30), (31) and (6), we obtain that there exists y| = y{(D,
d, K, p,ag, o) such that w.o.p.

d
dt_p(elp(XO U, Li@),..., LK(Z‘)))

Using the arguments of the proof of [12], equation (35), we conclude that there
exists a constant y; = y1(D,d, K, p, ag, a1, minp<;<g dist(L}, L), o, 1) > 0
such that (26) holds.

> (toa; —ao)N > y(N.
t=0

2.5. Conclusion of Theorem 1.1. In order to conclude the theorem, it is
enough to prove that {L],...,L%} is the unique global minimizer w.o.p. of
elp(.)(o Ui, Ly, ...,Lg) in the set

32) GP(D,a’,yl)::G(D,d)K\ U  Ba(@i,....Li). v

i1,i2,..,iKk €Pk

Combining Proposition 2.1, the fact that dyp > y; [which follows from the def-
inition of dgy in (13)], Hoeffding’s inequality and (6), we obtain that there exists
2 =v2(D.d, K, p, e, minj<j<g o, minj <jxj<g dist(Ly, LY), no, w1) > 0 such

that for any fixed (L1, ...,Lg) € GP(D, d, y1),
(33) er,(X,Li,....Lg) — e, (X,L},....,Lk) >N wop.

Following the proof of [12], Theorem 1.1 [i.e., covering GP(D, d, y1) by balls],
we easily extend (33) w.o.p. for all K subspaces in the set GP(D, d, y1) (instead
of fixed ones) and thus conclude the theorem.
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3. Proof of Theorem 1.2 and a counterexample to asymptotic recovery.

3.1. Proof of Theorem 1.2. Following the argument of [12], Section 3.5.1, we
reduce the verification of Theorem 1.2 to proving that there exists a constant y3 > 0
such that if for all permutations iy, ...,ix € Pk, I:l, e, ﬁK € G(D, d) satisfy
that distgx (L} ..., Lf ), (L1.....Lk)) > f, then

(34 Eule,(x.Li,....Lg)) > Epuler, (X, L}, ..., L)) + y3 + 267,

In view of Proposition 2.1, in order to conclude (34), it is sufficient to verify
that

. L » )
(35) (‘L’o 12}1;11( aj ao)f > Y3+ 2¢
and
(36) To min «; min disté(L?‘, L’;)/Zp —ag > y3 + 2P,

I<j<K 7 1<i,j<K
Setting y3 = ¢ /2, (35) follows from (8) and (36) follows from (7).

3.1.1. Remark on the size of e. 1f

1/
(37) e>nVd3 VP (zy min aj—ag) /2,
1<j<k
then f > mw+/d/2, so that there is no restriction on the minimizer of (1) in

G(D, d)X. It thus makes sense to further restrict ¢ to be at least lower than the
right-hand side of (37).

3.2. A counterexample to exact asymptotic recovery with noise. One may ask
if it is possible in the noisy setting (¢ > 0) to recover the underlying subspaces as
the number of sampled points, N, approaches infinity. The answer to this ques-
tion is positive when K =1 (see, e.g., [2], Section 11.6, [18]) or d = 0 (see [17]).
However, it is often negative when d > 1 and K > 1, as we demonstrate in Fig-
ure 1(a) and explain below. In this example, D =2, K =2,d =1, agp = 0 and the
two underlying distributions @ and p (corresponding to the two underlying lines
L} and L3) are uniformly distributed in the two gray regions demonstrated in this
figure (the region around L7 is a rectangle and the region around L3 is a union of
two disjoint rectangles).

In order to verify that this is indeed a counterexample, we use a Voronoi-type
region, which allows us to reduce approximation by multiple subspaces to approx-
imation by a single subspace on it. Such regions {Yi},K: 1» Which are frequently
used in Section 4, are obtained by a Voronoi diagram (restricted to the unit ball) of
given d-subspaces {L,-};K:1 C G(D, d) as follows:

Y;(Ly,...,Lg)
(38)
= {(x € B(0, 1) :dist(x, L;) < dist(x,L;) Vj:1 < j #i < K}.
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L3

S = ——i
L
(a) (b)

FI1G. 1. A counterexample showing that exact recovery with noise is impossible even asymptotically.
(a) Gray regions of uniform distributions around the two underlying lines. (b) The gray region is the
intersection of Y| with the uniform distribution region around L‘f. The best Ip linein Y1 is Ly.

These regions are useful to us due to the following elementary proposition, whose
trivial proof is described in the Appendix.

PROPOSITION 3.1. IfL),...,Lsx € G(D,d), v is a probability measure on
RP and
(L,....Lx) = arg min E,(er,(x,Ly, ..., Lg)),
(Ly,..., Lx)eG(D,d)X
then
39) L} = argmin ]E,,(elp(x,Ll)I(x €Y (L}, L), ...,LK))).

L1eG(D.d)

We claim that for any fixed p > 0, the distance between {L}, L3} and the global
minimizer of (1) in the setting of this example is bounded from below w.o.p. by
a positive constant independent of the sample size, N, for sufficiently large N.
Equivalently, we claim that the distance between {L}, L7} and the global mini-
mizer of E,, (dist?(x, Ulel L;)) is positive, where . is the underlying mixture
distribution for this example. In view of Proposition 3.1, we only need to show a
positive distance between L} and the minimizer of E;, (¢; » x,L)I(x€Y)), where
Y1 =Y (L}, L%). We refer to this minimizer as the best /,, line for Y and denote
it by L; (while arbitrarily fixing p). We note that for any p > 0, the integral of
[, distances of points in the part of Y| above L] from the line L} is smaller than
the similar integral in the bottom part. Therefore, L, is different than L} and the
respective orientation of the two lines is demonstrated in Figure 1(b). The claim is
thus concluded.
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4. Proof of Theorem 1.3.
4.1. Preliminaries.

4.1.1. Notation. We designate the projection from R? onto its subspace L by
Pr. and the corresponding orthogonal projection by PLL. We define

(40) DL, = PLX) P )7 dist(x, L)P~2.

We frequently use the Voronoi-type regions {Y; } - defined in (38) with respect
to the subspaces {L*}K , and possibly two additional arbitrary subspaces denoted

by L2 € G(D,d) and L, e G(D, d). We will use the following short notation for
1<i<K:

@4l) Y, =Y:(L: Lo s, .. L), Yi=Y,(L}, Ly L%, .. LY
and
(42) Y =YL}, L5, L5, ..., L%).

We denote by Y; the closure of Y;, that is,

43)  Yi={xeB(0,1):dist(x, L)) <dist(x, L) ¥j:1 < j #i < K}.

Similarly, the closure of Y, is denoted by \'e

Let L£; denote the kth-dimensional Lebesgue measure. We denote d* = d A
(D —d) and let 64+ (L7, L*) be the d*th largest principal angle between the d-
subspaces L} and L* Our analys1s uses the distribution u = agug + Z —1 il
even though the underlylng distribution of our model is u.. For L, L* € G(D, d),
we define the “orthogonal subtraction” & as follows:

L*oL=L*N(@LNL".
4.1.2. Auxiliary lemmata. Using the notation above, we formulate two lem-
mata, which will be used throughout this proof. The proof of Lemma 4.1 is identi-

cal to that of [12], Proposition 2.2 (while replacing sums by expectations), whereas
Lemma 4.2 is proved in the Appendix.

LEMMA 4.1. Forany L* € G(D, d) and distribution |, a necessary condition
for L* to be a local minimum of E,,(I,,(x,L)) is

(44) E,(Disx.p) =0
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The next lemma quantifies the sensitivity of the region Y ;, where 1 < j < K,
to perturbations in the subspace L;, where 1 <i # j < K. WLOG we formulate it
with j =1 and i = 2 [note that we use the short notation of (41)].

LEMMA 4.2. Ifﬁg, L}, L3, ..., Lk are subspaces in G(D, d) such that L, #*
L3,

(45) rjrgrzl(@d* (L2, L7) >0, 15?%ijn51<(9d*(]“;k’ L7) >0
and

(46) O+ (Lo, L) Vv 04+ (L3, L) < Jmin_ 6 (L, LY,
then

(47) Lpo((YI\YD U1\ YD) >0,

4.2. A special case. The proof of Theorem 1.3 is rather involved. In order to
develop a simple intuition, we provide an elementary proof of the very special case
where d =1, p =2 and K = 2. For simplicity we also assume that D = 2, though
our argument easily extends to D > 2. Figure 2 shows the two underlying lines L}
and L; and their corresponding regions Y and Y;. We note that the best /5 lines
[in G(D, 1)] for ug restricted to Y and Y, are the central axes of those regions.
Since a > 0, the best /5 lines [in G(D, 1)] for u restricted to Y and Y, (denoted
by L; and L, resp.) must reside between the best 5 lines for 11 restricted to Y
and Y, and L} and L3, respectively. In particular, they are different from L} and L3

as demonstrated in the figure. Therefore, I, (e;, (x, L}, L3)) > E, (e}, (X, Li,Lo)).
This implies that w.o.p. e;, (X', L}, L}) > e, (X, Li,Ly).

Loy L3

FI1G. 2. [llustrative proof of Theorem 1.3 in the special case where p =2,d =1, D =2 and K =2.
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4.3. Reduction of the statement of Theorem 1.3 to simpler formulations.

4.3.1. Reduction 1. Using the Voronoi-type regions {Yi}iKzl. We will show
here that the following equation implies Theorem 1.3:

@8)  ypa(IL7}L) CG(D.d):Ey(I(x € Y))Drr x p) =0V1 < j < K) =0.

First, we apply the argument of [12], Section 3.6.1 (which requires the assump-
tion specified in Section 1.3 that the first moments of {||v; .|| }I.K: | are smaller than ¢)
to obtain that Theorem 1.3 follows by the equation

v (L) G, d): (L, ... Ly)
(49)
= argmin E, (e, (x, Ly, ..., LK))) =0.
(Ly,....Lg)
Next, applying Proposition 3.1, we conclude that (49) is a direct consequence
of the equation:

yg,d ({L;-"},-Kzl cG(D,d) :Lj = argmin Ey (e, (x, L)1 (x€Y))
(50) LeG(D,d)

v1§ng)=o.

Furthermore, applying Lemma 4.1 with u = u|y;, we obtain that (50) follows by
the equation

5D 4L CGD.d):Eu(I(x€Yj)Dirx ;) =0¥1 < j < K) =0.

At last we conclude the desired reduction by noting that (51) and (48) are equiv-
alent [indeed, the only relevant components of the distribution w in (51) are o and
w j and the corresponding expectation according to j ; is zero].

4.3.2. Reduction II: From K subspaces to a single subspace. We reduce (48)
so that its underlying condition involves a single subspace as follows:

yp.a(L3 € G(D, d): Lmin 6 (L7, L7) > 0,

(52)

argmin O+ (L}, L) = 2, B, (1 (x € Y1)DLs ) = 0) —0.

2<i<K !
We remark that some of the underlying technical conditions of (52) appear in (45)
and (46) and will be better understood later when applying Lemma 4.2.

We verify this reduction as follows. WLOG (52) can be formulated by replac-

ing L3 with L}, for some 3 < k < K, while letting argminy<;<g 64+(L], L) = k.
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Combining this observation with elementary properties of distributions, we have
that

vb.a(ILHS CG(D. d): By (I(x € Y))Ds x ) =0 V1 < j < K)

< L min 64+«(LF, L% > 0,
Z]Gmd)m palle:, mmin  Oa(Li, L)

argmin &g+ (L], LY) =k
2<i<K

By (1(x € YDDL; v ) = O1{Li hisizeki ) A 7' (L5 Y zisst=i)

+y{{d({L;*‘}{<=ch(D,d) | min B+ (LF, Lj)=0)=0.

4.4. Concluding the casesd =1 andd =D — 1. We assume first that d = 1.
We conclude the theorem in this case by proving (52) and then extend the analysis
tothecased =D — 1.

4.4.1. Reduction of (52) using additional condition on the Grassmannian. We
fix vi to be one of the two unit vectors spanning L] and denote by u; the

unit vector spanning (L} +L3) N LTJ- having orientation such that for any point

xel}: xTu)xTvy) > 0. We will prove that (52) follows from the following
equation, which introduces a restriction on the Grassmannian:

* . : * *
;/D,d(L2 €GD.d): min 6L, L) >0,

(53) argminfy+ (L], LY) =2,
2<i<K

Epuo(I(x € YD)Dy: ) = O0/(L} +L3) NLj* =Sp(up)) =

We define the following subset of the sphere SP~!:Qp = {x e P~ 1:x L
v}, and a distribution @ on ¢ such that for any A € Qp:w(A) = yp (L3 €

G(D,d): (L7 +L3)N L"‘L € Sp(A)). Using this notation, (53) implies (52) as fol-
lows:

yD,d<L§ € G(D,d): rr;m O+ (L7, L*) > 0, argmin 6y« (L], L}) =

I<i#j< 2<i<K
Epuo(I(X€YDDLsx ) = 0)

= p.a(L5: min  64+(LY,L%) > 0, argmin 6y« (L}, L) =2
/Qoy ( 2 izij=K v roieK ;

Eyio(I(x € Y1)Dy: x ) =01(L} +L5) NLTH = Sp(un) d(w ()
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4.4.2. Proof of (53). We will show that at most one element satisfies the un-
derlying condition of (53) (i.e., it is a member of the set for which yp 4 is evalu-
ated). Assume, on the contrary, that there are two subspaces I:z and L satisfying
this condition with corresponding angles 6 = 64+(L*,L,) and 6 = 64«(L*, Ly) in
[0, /2], where WLOG 6>6. Using the notation of (41), we have that

Epuo(Ix € Y\ YDDLrx ) = Euo(T(x € Y1\ Y1)DLx )
(54) =2 (Euo(I(x € YD)DL: x p) — By (I (x € Y1DLx )
=0-0=0.
Consequently,
(55 Eu(Ixe Y\ YD)V Drry pur) — By (I(x € Y1\ Y1)V{ DLs x pur) =0.

Defining

uj
Ou, v, (X) = arctan
V] - X

and

Y, 5 ={xeB(©, 1):dist(x, L) < Jmin, dist(x, L 1

we express the regions Y 1 and Y 1 as follows:
(56) Yi=Y,5N{xeB(0,1):0/2—7/2 <0y v,(x) <0/2},
(57) Yi=Y,5N{xeB(0,1):0/2—m/2 <6y, (x) <6/2}.

Figure 3 clarifies (56) and (57) in the special case where d =1 and K = 2.
Combining (56) and (57) with the definition of D x , in (40), we obtain that

(58) Y1\ YicC{xeB(@,1):v/ xx"u; = dist(x, LT)(Z_p)VlTDLT’X,pul >0}
and
(59) Y \\?1 C {xeB(0, 1) :VlTxxTul = dist(x, LT)(Z_p)VlTDLT’X’pul <0}.

It follows from Lemma 4.2 that ED((Yl \ Yl) U (Yl \ \71)) > (0 and, conse-
quently, for any r > 0, Lp(B(©0, ) N (Y1 \ Y1) U X1\ Y1) > 0 (indeed, if
X € Yy, then c-x e Y for any 0 < ¢ < 1/|x]|; thus, the distribution in the latter
inequality is just a scaling by 7 of the distribution in the former one). Since there
exists 7 > 0 such that the restriction of £p to B(0, r) is absolutely continuous with
respect to 1o, we also have that 1o(B(0, r) N ((Y; \SA(]) U (Y] \ Y1))) > 0. How-
ever, this contradicts (55), (58) and (59), that is, it proves (53) and therefore the
theorem in the current special case.
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up LQ

?1\?1—>

FI1G. 3. The regions ?1 and Y1 and the relation to 0 and 6 whend =1 and K = 2.

4.4.3. The case d = D — 1. We note that the proof of the above case (d = 1)
can be adapted to the case where d = D — 1. This is done by letting v; be one of
the two unit vectors spanning LT N (LT N L;)l [note that dim(L}) = D — 1 and
dim(L} NL3) =d — 2 so that dim(L} N (L7 N L;)l) = 1] and u; be the unit vector
of (LT+L)N LlL with a similar orientation as in the case where d = 1.

4.5. Conclusion: The case where d # 1 andd #+ D — 1.

4.5.1. Reduction of (52) using additional condition on the Grassmannian.
The following reduction is analogous to the one of Section 4.4.1. Denoting by
B(RP,RP) the space of linear operators from RP to itself, we define

Q) = {(P1, P,) € BRP,RP)?:3L € G(D, d) not orthogonal to L,
s.t. dim(L¥ o L) > 1, PTZfPLPLT =P, PJ;fTPLPJ;f = P}
and the distribution w1 on €27 as follows: for any set A C Q,
@1(A) = yp.a(L € G(D.d): (P, PLPLy, Pz’ PLP:) € A).
Using this notation, we reduce (52) as follows:

yp.a(L3 € G(D, d):L} ¥ L3, dim(LiNL3Y) > 1,

i O +(LF, L% 0, in6,+ (LT, L) =2,
1<igyzk ¢ (Li- L) > E;rgzr;l}(n @l x

Epy(I(x € YD)Dys x ) =0

(60)

(Ply Py Py, P Py Prs) = (Pr, Py) € 1) =0
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Indeed,

yD,d(Lﬁ e G(D,d): | min Ked* (L¥, Lj) > 0, argmin 6y« (L], L) =2,

<i#j< ' 2<i<K

Epuo(I(x € Y1)Dy: x ) =0)
< f ¥p.a(L5 : L7 is not orthogonal to L,
Q)

: * * : * *
dim(L} ©L5) > 1, 1<{I;léljn§K9d*(Li , LJ-) >0,

argminfg+ (LT, L) =2,
2<i<K

Euo(I(x € Y1)DLr x p) =0
(Pl Py Puy, Py’ PuyPiz) = (P1, P2) € Q1) d(1 (P, P2))

+yp.a(Ls € G(D,d):dim(L¥ 6 L%) < 1,0or L LL}) =040=0.

4.5.2. Bulk of the proof. We prove (60) by using the following two lemmata,
which are proved below (Sections 4.5.3 and 4.5.4).

LEMMA 4.3. Ifdim(L} ©L%) > 2 and L7 is not orthogonal to L}, then the set
Z={LeG(D.d): Pi;(Ps — PL)PL; =0, Pz (Pus — P Pi; =0)
is infinite.

LEMMA 4.4. [fLy,1p € G(D, d) satisfy Lo # Lo, 64+ (Lo, L1 Vs (L5, LY) <
mins < <k Oa+ (LF, LY), Py (Pp, — Pp,) Py =0 and Piz(Py, — Pp ) Pis =0, then

either ﬁz or Ly will not satisfy the condition in (60).

To conclude (60), we rewrite it as follows: yp 4(A|B) =0, where A and B are
clear from the context. We note that Lemma 4.3 implies that there are infinitely
many subspaces L3 in B. On the other hand, Lemma 4.4 implies that there is only
one subspace L3 in A. These observations clearly prove (60). We remark that the
idea of this proof is somewhat similar to that of the previous case where d = 1
or d = D — 1. In this case, Lemma 4.3 is analogous to the fact that there is a
degree of freedom in choosing L in (53) [since we can choose any 6,+(L}, L) <
min3<; <k 64+ (LT, L])]. Moreover, Lemma 4.4 is analogous to the fact that there
were not two subspaces L, and Ly satisfying the underlying condition of (53).



ROBUST RECOVERY OF MULTIPLE SUBSPACES 2705

4.5.3. Proof of Lemma 4.3. We denote L; = L} © (L7 NL}) and L, = Lo
(L7 NL3). The idea of the proof is to construct a one-to-one function g: S D-1n
L, — Z. Then, using this function and the fact that dim(L,) = dim(L}) —dim(L5N
L¥) > 2, we conclude that Z, which contains g(S?~! N L), is infinite.

For any ug € sb-1n L2, we arbitrarily fix vo = vg(ug) as one of the two unit
vectors spanning LN (Lz e Sp(uo))L The vector v exists since

dim(L1 N (L2 =) Sp(uo)) ) > dim(L)) + dim((Lz =) Sp(uo)) ) —
=d+D—-d+1)—D=1.
We define the function g as follows:
g(ug) = Sp(ug — 2(v§ uo)vo, L © Sp(uy)).
We first claim that the image of g is contained in Z. Indeed, we note that
1) Py(ug) — Prs = (uo — 2(vEug)vo)" (o — 2(vE ug)vo) — ulug
T
= —2(vdup) (V) (wo — (v ug)vo) + (up — (v up)vo)” vo).
Combining (61) with the following two facts: vo € L} and up — (Vg ug)Vvo € LTL,
we obtain that g(ug) € Z.

At last, we prove that g is one-to-one and thus conclude the proof. If, on the
contrary, there exist uy, up € SP=1'N1, such that u; #up and g(u;) = g(uy),
then g(up) = Sp(g(uy), g(uz)) 2 (L © Sp(uy)) + (L3 © Sp(uz)) 2 L3. Since
dim(g(u;)) = dim(L3), we conclude that g(u;) = L. On the other hand, we claim
that for any ug € sP=InL,: g(ug) # L3 and thus obtam a contradiction. Indeed,
since ug € Ly, vp € L; and L} is not orthogonal to L3, we have that Vg uy %0

and, consequently, ug — (Vg up)Vvo # ug. Applying the latter observation in (61),
we obtain that Pg ) # PL§ and, consequently, g(ug) #LJ.

4.54. Proof of Lemma 4.4. We assume, on the contrary, that both L, and L,
satisfy the underlying condition of (52) and conclude a contradiction.

We arbitrarily fix here xeY 1\ Y 1 [using the notation of (41)]. We note that
dist(x, L]) < dist(x, ) and dist(x, L}) < argminz<; <k dist(x, L}). Since x ¢ Y1,

we have that dist(x, L) > dist(x, L,) and, thus,

(62) dist(x, L) < dist(x, L]) < dist(x, ﬁz).
Consequently,
(63) x" (P, — P )x = dist(x, L)% — dist(x, L)% < 0.

o . . . 5 J_
We partition Pﬁ — Py, into four parts: Py (Pﬁ2 - PLz)PLT’ PLT (P —Pp ) L*,
PL’{(PL Py ) * and P (PI:2 — PLZ)PL’{' The first two are zero, and the last
two are adJomt to each other; we thus only consider PL»IF(Pﬁ2 — Pﬂz)PLLT. Let its



2706 G. LERMAN AND T. ZHANG

SVD be

d
(64) Pre(Pp, — Pﬁz)PL»; =UZV=) ouv;.
i=1

We can express the SVD of P =P, using (64) and the partition above as follows:

d
(65) P — P, =Y oi(wv] +vu)).
i=1

Combining (63) and (65), we obtain that

(66) Zo,'uiTxxTvi =x! <Z o; (uivl-T + Vl'lliT))X/2 < 0.

i=1 i=1

We define a function f:RP*P — R such that for any A € RP*P: f(A) =
> cr,-uiT Av;. Using (66) and the fact that {u,-}f:1 e L] and {v,-}fl:1 e L, we
deduce that

FDL; xp) = distx, LDP ™) f (P (0) Pz (0)T)

(67) =dist(x, LD Y o] Py Pz (0" vi

i=1
n
= dist(x, LT)(”_Z) Z O’illl-TXXTV,' <0.
i=I
Similarly, for any point x € Y7 \ Y1,

(68) FDL: ) > 0.

Combining (54), (67), (68), Lemma 4.2 and the linearity of f, we conclude the
following contradiction establishing the current lemma:

0= f(Eu(Ixe Y1\ Y1)DLix ) —Euy(I(x €Y1\ YD x )

69 = (Eu(IxeYi\YDDLix ) — f(Ey(Ixe Y1\ YDDL: )
> 0.

4.5.5. Remark on the sizes of 8o and ko. The constants §g and ko depend on
other parameters of the underlying weak HLM model, in particular, the underlying
subspaces {L;k}l.K: |- For example, one can bound both «¢ and éy from below by the
following number:

max (Eu (er,(x, L) (x€Y))

1<i<K

=, min By(e, (6 LI (x € Y1)/ @p).
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If p > 2, then a simpler lower bound on both «( and Jg is

Imax;<;<x By (DLex o (x € Y03
pdD2pP+3 ’

5. Discussion. We studied the effectiveness of /, minimization for recover-
ing (or nearly recovering) all underlying K subspaces for i.i.d. samples from two
different types of HLM distributions. In particular, we demonstrated a phase tran-
sition phenomenon around p = 1.

We discuss here implications, extensions and limitations of this theory as well
as some open directions.

5.1. Obstacles for convex recovery of multiple subspaces. There are some re-
cent methods for robust single subspace recovery by convex optimization (see,
e.g., [6]). Such methods minimize a real-valued convex function 4 on a convex
set H (e.g., set of matrices), which can be mapped on G(D, d). However, such a
minimization cannot be done for multiple subspaces. Indeed, in that case one must
minimize a multivariate function 4 :HX — R for convex H. Clearly, the func-
tion £ must be invariant to permutations of coordinates. Let g be a mapping of
H onto G(D, d). It follows from the assumption that the minimization of 4 leads
to the underlying subspaces {L;‘}iK= | and the permutation-invariance of 4 that the

set of minimizers of A coincides with all permutations of X, X2, ..., Xk, where
% € g~ I(LY) forall 1 <i < K. Since h is convex, (XX %i/K,..., YK %:/K)
is also a minimizer of /4. Consequently, ZiK=1 X;/K € g_l(L’J‘f) foralll1 < j <K,
and, thus, g(ZlK:l X;/K) =L} =---=L}%, which is a contradiction.

Furthermore, a minimization on G(D, d)X cannot even be geodesically convex.
Indeed, the maximum of a geodesically convex function on a compact, geodesi-
cally convex set is attained on the boundary. However, G(D, d)X is compact,
geodesically convex and has no boundary, so any function defined on G(D, d)X is
not geodesically convex.

5.2. Implications for a single subspace recovery. 1In[12], we discussed the re-
covery of a single subspace. Theorems 1.1 and 1.2 apply to this case when K = 1.
Unlike [12] which assumed that p¢ was spherically symmetric (while having pos-
sibly additional “outliers” along other subspaces, distributed according to {u;} lK: 2)s
here we have a very weak requirement from g (which represents all outliers).
However, here there is a strong restriction on the fraction of outliers, g, whereas
in [12] there was no requirement, except for op < 1.

5.3. Extending our theory to more general distributions. In Theorems 1.1 and
1.2, the strict spherical symmetry of {u; }iK: ; (within {L; }Z.K: 1» Tesp.) can be replaced
by approximate spherical symmetry of {M,‘}iK: |- Thatis, foreach 1 <i < K and L;
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and p; as before, we form a new distribution 1}, with the same support as u; such
that the derivative of ! w.r.t. u; is bounded away from 0 and co. We then replace
i with M;- This new setting will require replacing {o; }K 1 in (6)—(8) by {4; «; }l =1
where §; = §; (,u,;, wi) for 1 <i < K (§; is the lowest value of the derivative of /Ll
w.r.t. ;).

Furthermore, the boundedness of the support of the distributions {u; } ZK: o can be
weakened by assuming that these distributions are sub-Gaussian. Indeed, this will
mainly require changing Hoeffding’s inequality with [19], Proposition 2.1.9.

5.4. Distributions resulting in counterexamples for our theory. There are sev-
eral typical cases with settings different than above, where the underlying sub-
spaces cannot be recovered by minimizing the energy (1) for all p > 0.

The first typical example is when there is an outlier with sufficiently large
magnitude so that the minimizer of (1) contains a subspace passing through
this outlier, which is different than any of the underlying subspaces. Our set-
ting avoids such a counterexample by requiring (6). We briefly provide the idea
as follows: an arbitrarily large outlier in our setting of supports within B(0, 1)
means, for example, that the outlier has magnitude one and the inliers are sup-
ported within B(0, ¢), where ¢ is arbitrarily small. Therefore, 1 (¢) = 1, so that
l//ml((l + Q2K — D1 ({0))/2K) < ¢, 1 (1) = & and, consequently, 79 < &”. In
view of (6), we control the fraction of outliers as a function of ¢”. In partlcular
for a fixed sample size and sufficiently small &, no outliers are allowed by this
condition.

The second example is when the distribution of outliers lies on another sub-
space, Lz‘) € G(D,d) and ap > minj<;<xg «;, so that Lg is contained in the mini-
mizer of (1). Our setting avoids this counterexample by assuming an upper bound
on the percentage of outliers in terms of the minimal percentage of inliers [see (6)].

For the last example we assume for simplicity that D =2,d =1, K =2 and
underlying uniform distributions (of outliers and along the two underlying lines)
restricted to the unit disk. We further assume that the two lines have angles ¢ and
—e w.r.t. the x-axis. By choosing ¢ sufficiently small the x-axis and y-axis provide
a smaller value for the energy (1) than the underlying lines. We note that in this
case (6) does not hold [due to the small size of distg (L}, Lj)].

5.5. Another phase transition at p = 1: Many local minima for 0 < p < 1.
Our previous work [12], proof of Proposition 2.1, implies that if 0 < p < 1 and
there exist distinct subspaces {L,-}l.K: 1 €G(D,d) such that Sp(X NL;) =L; for
all 1 <i <K, then {Li}iK: | is a local minimizer of the energy (1). We note that
many subspaces satisfy this condition (in particular, w.o.p. d-subspaces spanned by
randomly sampled d vectors). Therefore, /,, minimization for multiple subspaces
with 0 < p < 1 will often lead to plenty of local minima.

This wealth of local minima clearly does not occur when p =1 (or p > 1). It
will be interesting, though difficult, to carefully analyze the number and depth of
local minima for p > 1.
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5.6. The case of affine subspaces. Our analysis was restricted to linear sub-
spaces, though we believe that it can be extended to affine subspaces. Indeed, we
can consider the affine Grassmannian [15], which distinguishes between subspaces
according to both their offsets with respect to the origin (i.e., distances to closest
linear subspaces of the same dimension) and their orientations (based on principal
angles of the shifted linear subspaces). By assuming only affine subspaces inter-
secting a fixed ball, we can have a compact space. We can also generalize (70)
(with a different function v, ) and the estimates on 8y and ko in Section 4.5.5 to
the case of affine subspaces. We remark, though, that it is not obvious whether the
metric on the affine Grassmannian is relevant for our applications, since it mixes
two different quantities of different units (i.e., offset values and orientations) so
that one can arbitrarily weigh their contributions. Also, the common strategy of
using homogenous coordinates which transform d-dimensional affine subspaces
in R? to (d + 1)-dimensional linear subspaces in R?*! is not useful to us since it
distorts the structure of both noise and outliers.

The minimization of the energy (1) over affine subspaces seems to result in more
local minima than in the linear case, which can partially explain why numerical
heuristics for minimizing (1) do not perform as well with affine subspaces as they
do with linear ones. We are interested in further explanation of this phenomenon.

5.77. The case of mixed dimensions. It will be interesting to try to extend
our analysis to linear subspaces of mixed dimensions dy, ..., dk, known in ad-
vance. We believe that it is possible to extend Theorem 1.1 and its proof to this
case. For this purpose, we suggest using the same distance for subspaces of the
same dimension and defining the distance distg(L1, L) between linear subspaces
L; and L, of different dimensions (with some abuse of notation) as follows: if
dim(L{) < dim(Ly), then distg(L1, Ly) = ming ¢, dim(.)=dim(,) distg (L1, L).

5.8. Further performance guarantees for l,-based HLM algorithms. We are
interested in extending our theory to analyze heuristics (like the K -subspaces)
which try to minimize the /, energy of (1) in practice.

5.9. Asymptotic rates of convergence and sample complexity. In Section 3.2
we demonstrated simple instances when noise is present and one cannot asymp-
totically recover the underlying subspaces by [, minimization for all p > 0. One
may still inquire about the existence of asymptotic limit different than the under-
lying subspaces and quantify the rate of convergence (depending on the mixture
model parameters) to that limit. That is, assume that {f,l , f,z} is the minimizer
of E,,(I,(x, L1, L)) and (LY, L)'} is the minimizer of E,, (/,(x, L1, L»)), where
un is an empirical distribution of i.i.d. sample of N points from . We first ask
whether dist({I:l,I:z}, {ﬁN, fév}) — 0 as N — oo. If true, then we ask about the
asymptotic rates of convergence. This will then allow a definition of a sample
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complexity for multiple subspaces as the number of samples required to achieve a
prediction error within ¢ of the exact recovery of the K d-subspaces.

APPENDIX: SUPPLEMENTARY DETAILS

A.1. Proof of Lemma 2.1. We will use the following inequality for any 1 <
j < K, which is proved in [12], Section A.1.1:

p1(x € B(0, 1) N L} :dist(x, L;) < Bdistg(L}, L))

<Yy (%ﬁﬁ) VB > 0.

(70)

We denote 81 = ﬁw;ll (w) (the existence of 1///:11 (W)
follows the same proof as in [12], Section A.1.1) and combine (70) with the fact
that distg(L],L;) > e forany 1 < j < K to obtain that

p1(x € B(0, 1) NLY\ {0} :dist(x, L1) < Bie)
= u1(x € B(0, 1) NL}\ {0} :dist(x, L1) < By distg (LY, L))
@K - Do)
= 2K

I — 1 ({0})
2K

n{0})

Consequently,

K
n1 (x €B(0,1) ﬂLT:dist(x, U ﬁ1> > ,318)
j=1

K

>1—pu({0) — > ui(xe B0, 1) NL}\ {0} :dist(x, L;) < Bie)
i=1

> (1= mop)/2,
and, thus, by Chebyshev’s inequality the lemma is concluded as follows:
Eu, (e, (x,L1)) = ple? /2

=27y N+ 2K = Dui({0)/(2K)Pe?
B (m/d)P

= 19¢?.
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A.2. Proof of Proposition 3.1. The proof is an immediate consequence of
the following inequality, which uses an arbitrary L; € G(D, d) and the notation
Y. =YL, ....L), 1<i<K:

0 <Ey(er,(x, L1, L), ..., L)) —E,(er, (x, L, ..., Lg))
<E,(IxeYDe,x,LD)+ Y E,(I(xeY)e,(x L))
2<i<K
- Y E(I(xeY)e,(x,L)))

1<i<K
=E,(I(x e Y)er, (x,L1)) —E, (I (x € Y))ey, (x, L))).
A.3. Proof of Lemma 4.2: Geometric sensitivity. We will first show that
there exists xg € B(0, 1) such that
(71) dist(xo, L}) = dist(xp, L3) < min_dist(xo, L}).
3<i<K

We verify (71) in two cases: d* =d and d* = D — d. We will then prove that (71)
implies (47). Throughout the proof we denote the principal vectors of L and L}

by {ff,-}d*l and {v,-}?;, respectively.

i=
A.3.1. PartI: Proof of (71) when d* =d. We define
X0 = (Vax + Va) [ IIVax + vax|
and arbitrarily fix ip > 3 and vg € L;.“O. We will show that
(72) ang(xo, vo) > 64+ (L5,L})/2
and consequently conclude (71) as follows:
dist(xg, Ll’-‘o) > sin(ang(xo, vo)) > sin(6g+ (L3, L})/2) = dist(xo, L)
= dist(xo, L3).

We can easily verify a weaker version of (72) where the inequality is not nec-
essarily strict. Indeed, using elementary geometric estimates and the fact that the
intersections of the d-subspaces {L;“}iK | are empty [which follows from (45)], we

obtain that

ang(Xo, vo) > ang(vg+, vo) — ang(vax, Xo) > g+ (L}, LT) — 04+(L3, LT)/2
> 04 (L3, L) — 6 (L3, L) /2 = e (L5, L) /2.

At last, we show that (73) cannot be an equality. Indeed, if the first inequal-
ity in (73) is an equality, then vg, vz« and X are on a geodesic line within the
sphere SP~!. Combining this with the assumption that all other inequalities in
(73) are equalities, we obtain that ang(Xg, vo) = 64+(L3,L])/2 = ang(Xp, vg+) =
ang(xo, V4+). This implies that either vo = V4* or vo = vg+, which contradicts (45).

(73)
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A.3.2. Part 1I: Proof of (71) when d* = D —d. Tt follows from basic dimen-
sion equalities of subspaces and (45) that forall 2 <i < K :dim(L}UL}) = D and
dim(L} NL}) =2d — D. We denote by Ky the integer in {0, ..., K} such that for
any 3 <i < Ko:L7NL=L7NLJ and for any i > Ko:L] NL} #L} NLJ (the
existence of K may require reordering of the indices of the subspaces {L} ZK: 3). In
order to define xq in the current case, we let x| = (Vgx +Vg+)/||[Vg+ + vg+||, X2 be an
arbitrarily fixed unit vector in LT N (L5 \ Uk, <i<x L), €0 = dist(x2, Ug,<i<x L)
and

X0 = X2/2 + g0x1/5.
We first claim that

(74) dist(xp, L}) = dist(xo, L5) < min dist(xo,Ljf).
3<j<Ko

Indeed, we can remove L} N L} from the subspaces {L;k}iK:O1 and obtain subspaces
of dimension D — d intersecting each other at the origin. We can then rewrite (74)

by replacing {L;-“}iK:O1 with their reduced version and x¢ with x;. The argument of
Section A.3.1 thus proves this equation.
We conclude (71) by combining (74) with the following observation:

dist(xp, L}) = eo dist(x1, L})/5 < &9/5 < dist(x2/2, U L’;) —&0/5
Ko<j<K
(75)

5dist(x2/2+eoxl/5, U Ljf) = min _dist(xp, L}).
Ko<j<K Ko<i<K

A.3.3. Part III: Deriving (47) from (71) in a simple case. We note that (71)
implies that

(76) xoe(Y1UY2U(Y1mYz))m(?lu?ZU(im:{z))
and, consequently,
(77) B(x0,8) C (YIUY2U (Y1 NY2)N(Y1UY2U (X1 NY2)).

We wi_ll deduce here (47) from (77) in the simpler case: 32{1 N 3:(2 N B(xo, &) #
YiNY,NB(xg, ). _ _

Using (77) and the fact that Lp(Y1NY2) =0, we may choose y € (?1 N ?2 N
B(x0,¢)) N (Y1 UY2); WLOG we assume instead of the latter condition that y €
Y1NY2NB(x, €))NY;. By slightly perturbing y we can choose another point yg
such that yo € Yo and yp € Y1 \ Y. It follows frqm the continuit)Az of the distAance
function that there exists a small n > O such that (Y{\Y)DUY(\Y)2Y\Y;D
B(yo, n), which proves (47).
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A.3.4. Part IV: Deriving (47) from (71) in the complementary case. At last,

we assume that \?1 N 3?2 NB(xg,€) = Y1 NY> NB(xg, €). We show here that it
leads to the contradiction: L, =LJ.
We note that the sets of solutions in B(xg, €) of the equations x! (PL»f — PLg)x =

0 and XT(PL»{ - Pﬁz)x =0 are Y1 N Y2 NB(xp, &) and Y| N Y2 N B(xo, ),
respectively. In view of (77), these solution sets coincide. They are (D — 1)-
manifolds and, thus, their (D — 1)-dimensional tangent spaces at Xg, that is,
X (PL; — Pr3) = 0 and x) (Pi; — P,) =0, also coincide. Consequently, we
have that Xg (PLT — PL;) = toxg (PLT — Pﬁz) for some ty # 0. Similarly, for any
x; € Y1 N Y, NB(xo, €), we have XlT(PLT — Py = tlxlT(PLT — Pﬁz) for some
11 # 0. We note that 1; = 19 by the following argument: ;x| (P; — P )Xo =
XlT(PLT - PLz)X() = t()X]T(PLT — P]:Z)XO- Therefore, there exists ¢ % 0 such that for
any xj € ?1 N ?2 N B(xp, &),

(78) X{(PLT — PLE) = Z‘X{(PLT — P]:Z).

Since the tangent space of 3;(1 N 32{2 N B(xp, &) [or, equivalently, xT(PLT —
Pﬁz)x = 0] at xg has dimension D — 1, the subspace L} = Sp(\A{l N SA{Z NB(xp, €))

[i.e., the closure of all finite linear combinations of vectors in \A(] N ?2 NB(xp, €)]
has dimension at least D — 1. In view of (78), L satisfies

(79 Prs(Ppy — Pry) =t P (Pus — Pp ).

Due to the symmetry of (Pur — Pﬁz) and (Pux — Pry), we have the following
equivalent formulation of (79):

(80) (Pu; — Pug) Py = (Puy — Py Prs.

Furthermore, using the fact that (PLT — Pﬁz) and (PLT — PLE“) have trace 0, we
obtain that

tr(PL»fL (PLT — PLz)PLSL) = - tr(PL(’;(PLT — PL;)PL?‘))
(81) = —t 'tr(PLS(PLT — P]:Q)PLS)
=t- tr(PLgl(PLT — PLZ)PL?;L).
Since PLSJ_ is at most one-dimensional, (81) can be rewritten as
(82) PLZF)J_(PLT _ PL;)PLSJ_ =t1- (PLSJ'(PLT —_ PI:Z)PLSJ_)

Combining (79), (80) and (82), we obtain that (PLT — Pﬁz) = t(PLT — PLz), equiv-
alently,

(83) Py, =(1—1)Ps + 1P
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We conclude the desired contradiction in two different cases. Assume first that
t < 1 and let vo be an arbitrary unit vector in L}. We note that Vg Pﬁzvo =1 as

well as (1 — t)Vg Privo = 1-— tvg Prxvo = 1 —¢. Consequently, Vg Privo = 1, that
is, vo € L] and, thus, we obtain the following contradiction with (45): L} = L,
[in view of (83), this is equivalent with f,z = LJ]. Next, assume that t > 1
and, as before, vg is an arbitrary unit vector in L;J-. In this case, Vg PI:2V() =

(1 - t)vg PLTV() + tvg PL;V() < 0+ 0 =0. Therefore, vg € 1:2l and we obtain the
following contradiction with (45): L% = I:z. Equation (47) is thus proved.

Acknowledgments. Our collaboration with Arthur Szlam on efficient and fast
algorithms for hybrid linear modeling (especially via geometric /; minimization)
inspired this investigation. We thank John Wright for interesting discussions and
J. Tyler Whitehouse for commenting on an earlier version of this manuscript.
Thanks to the Institute for Mathematics and its Applications (IMA), in particu-
lar, Doug Arnold and Fadil Santosa, for holding a workshop on multi-manifold
modeling that G. Lerman co-organized and T. Zhang participated in. G. Lerman
thanks David Donoho for inviting him for a visit to Stanford University in Fall
2003 and for stimulating discussions at that time on the intellectual responsibil-
ities of mathematicians analyzing massive and high-dimensional data as well as
general advice. Those discussions effected G. Lerman’s research program and his
mentorship (T. Zhang is a Ph.D. candidate advised by G. Lerman).

REFERENCES

[1] ALDROUBI, A., CABRELLI, C. and MOLTER, U. (2008). Optimal non-linear models for spar-
sity and sampling. J. Fourier Anal. Appl. 14 793-812. MR2461607

[2] ANDERSON, T. W. (1984). An Introduction to Multivariate Statistical Analysis, 2nd ed. Wiley,
New York. MR0771294

[3] ARIAS-CASTRO, E., CHEN, G. and LERMAN, G. (2011). Spectral clustering based on local
linear approximations. Electron. J. Statist. 5 1537-1587.

[4] BENDICH, P., WANG, B. and MUKHERJEE, S. (2010). Towards stratification learning through
homology inference. Available at http://arxiv.org/abs/1008.3572.

[S] BRADLEY, P. S. and MANGASARIAN, O. L. (2000). k-plane clustering. J. Global Optim. 16
23-32. MR1770524

[6] CANDES, E.J., L1, X., MA, Y. and WRIGHT, J. (2009). Robust principal component analysis?
Unpublished manuscript. Available at arXiv:0912.3599.

[7] CHEN, G. and LERMAN, G. (2009). Foundations of a multi-way spectral clustering framework
for hybrid linear modeling. Found. Comput. Math. 9 517-558. MR2534403

[8] CHEN, G. and LERMAN, G. (2009). Spectral curvature clustering (SCC). Int. J. Comput. Vision
81 317-330.

[9] COSTEIRA, J. and KANADE, T. (1998). A multibody factorization method for independently
moving objects. Int. J. Comput. Vis. 29 159-179.

[10] Ho, J., YANG, M., LM, J., LEE, K. and KRIEGMAN, D. (2003). Clustering appearances
of objects under varying illumination conditions. In Proceedings of International Con-
ference on Computer Vision and Pattern Recognition 1 11-18. IEEE Computer Society,
Madison, WI.


http://www.ams.org/mathscinet-getitem?mr=2461607
http://www.ams.org/mathscinet-getitem?mr=0771294
http://arxiv.org/abs/1008.3572
http://www.ams.org/mathscinet-getitem?mr=1770524
http://arxiv.org/abs/0912.3599
http://www.ams.org/mathscinet-getitem?mr=2534403

(11]

(12]

(13]

(14]

(15]

(16]
[17]

(18]

(19]
(20]
[21]
[22]
(23]
[24]

[25]

[26]

(27]

ROBUST RECOVERY OF MULTIPLE SUBSPACES 2715

KANATANI, K. (2001). Motion segmentation by subspace separation and model selection. In
Proc. of 8th ICCV 3 586-591. IEEE, Vancouver, Canada.

LERMAN, G. and ZHANG, T. (2010). /,-Recovery of the most significant subspace among
multiple subspaces with outliers. Unpublished manuscript. Available at http://arxiv.org/
abs/1012.4116.

MA, Y., DERKSEN, H., HONG, W. and WRIGHT, J. (2007). Segmentation of multivariate
mixed data via lossy coding and compression. IEEE Transactions on Pattern Analysis
and Machine Intelligence 29 1546-1562.

MA, Y., YANG, A. Y., DERKSEN, H. and FOSsuUM, R. (2008). Estimation of subspace arrange-
ments with applications in modeling and segmenting mixed data. SIAM Rev. 50 413-458.
MR2429444

MATTILA, P. (1995). Geometry of Sets and Measures in Euclidean Spaces: Fractals and Recti-
fiability. Cambridge Studies in Advanced Mathematics 44. Cambridge Univ. Press, Cam-
bridge. MR1333890

POLLARD, D. (1981). Strong consistency of k-means clustering. Ann. Statist. 9 135-140.
MRO0600539

POLLARD, D. (1982). A central limit theorem for k-means clustering. Ann. Probab. 10 919—
926. MR0672292

SHAWE-TAYLOR, J., WILLIAMS, C. K. I., CRISTIANINI, N. and KANDOLA, J. (2005). On
the eigenspectrum of the Gram matrix and the generalization error of kernel-PCA. IEEE
Trans. Inform. Theory 51 2510-2522. MR2246374

TAo, T. (2011). Topics in random matrix theory. Available at http://terrytao.files.wordpress.
com/2011/02/matrix-book.pdf.

TIPPING, M. and BISHOP, C. (1999). Mixtures of probabilistic principal component analysers.
Neural Comput. 11 443-482.

TORR, P. H. S. (1998). Geometric motion segmentation and model selection. R. Soc. Lond.
Philos. Trans. Ser. A Math. Phys. Eng. Sci. 356 1321-1340. MR1627069

TSENG, P. (2000). Nearest g-flat to m points. J. Optim. Theory Appl. 105 249-252.
MR1757267

VIDAL, R., MA, Y. and SASTRY, S. (2005). Generalized principal component analysis
(GPCA). IEEE Trans. Pattern Anal. Mach. Intell. 27 1945-1959.

YAN, J. and POLLEFEYS, M. (2006). A general framework for motion segmentation: Indepen-
dent, articulated, rigid, non-rigid, degenerate and nondegenerate. In ECCV 4 94-106.

ZHANG, T., SZLAM, A. and LERMAN, G. (2009). Median K -flats for hybrid linear model-
ing with many outliers. In Computer Vision Workshops (ICCV Workshops), IEEE 12th
International Conference on Computer Vision 234-241. IEEE, Tokyo, Japan.

ZHANG, T., SZLAM, A., WANG, Y. and LERMAN, G. (2010). Hybrid linear modeling via local
best-fit flats. Available at http://arxiv.org/abs/1010.3460.

ZHANG, T., SZLAM, A., WANG, Y. and LERMAN, G. (2010). Randomized hybrid linear mod-
eling by local best-fit flats. In IEEE Conference on Computer Vision and Pattern Recog-
nition (CVPR) 1927-1934. IEEE, San Francisco, CA.

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF MINNESOTA

127 VINCENT HALL

206 CHURCH STREET SE

MINNEAPOLIS, MINNESOTA 55455

USA

E-MAIL: lerman@umn.edu
zhang620 @umn.edu


http://arxiv.org/abs/1012.4116
http://www.ams.org/mathscinet-getitem?mr=2429444
http://www.ams.org/mathscinet-getitem?mr=1333890
http://www.ams.org/mathscinet-getitem?mr=0600539
http://www.ams.org/mathscinet-getitem?mr=0672292
http://www.ams.org/mathscinet-getitem?mr=2246374
http://terrytao.files.wordpress.com/2011/02/matrix-book.pdf
http://www.ams.org/mathscinet-getitem?mr=1627069
http://www.ams.org/mathscinet-getitem?mr=1757267
http://arxiv.org/abs/1010.3460
mailto:lerman@umn.edu
mailto:zhang620@umn.edu
http://arxiv.org/abs/1012.4116
http://terrytao.files.wordpress.com/2011/02/matrix-book.pdf

	Introduction
	Background and related work
	Basic conventions and notation
	Setting of this paper
	Statistical problems of this paper
	Main theory
	Structure of the paper

	Proof of Theorem 1.1
	Preliminaries
	Auxiliary lemmata
	Proof in expectation
	Proof in a local ball by calculus on the Grassmannian
	Conclusion of Theorem 1.1

	Proof of Theorem 1.2 and a counterexample to asymptotic recovery
	Proof of Theorem 1.2
	Remark on the size of epsilon

	A counterexample to exact asymptotic recovery with noise

	Proof of Theorem 1.3
	Preliminaries
	Notation
	Auxiliary lemmata

	A special case
	Reduction of the statement of Theorem 1.3 to simpler formulations
	Reduction I: Using the Voronoi-type regions {Yi}i=1K
	Reduction II: From K subspaces to a single subspace

	Concluding the cases d=1 and d=D-1
	Reduction of (52) using additional condition on the Grassmannian
	Proof of (53)
	The case d=D-1

	Conclusion: The case where d <>1 and d <>D-1
	Reduction of (52) using additional condition on the Grassmannian
	Bulk of the proof
	Proof of Lemma 4.3
	Proof of Lemma 4.4
	Remark on the sizes of delta0 and kappa0


	Discussion
	Obstacles for convex recovery of multiple subspaces
	Implications for a single subspace recovery
	Extending our theory to more general distributions
	Distributions resulting in counterexamples for our theory
	Another phase transition at p=1: Many local minima for 0<p<1
	The case of affine subspaces
	The case of mixed dimensions
	Further performance guarantees for lp-based HLM algorithms
	Asymptotic rates of convergence and sample complexity

	Appendix: Supplementary details
	Proof of Lemma 2.1
	Proof of Proposition 3.1
	Proof of Lemma 4.2: Geometric sensitivity
	Part I: Proof of (71) when d*=d
	Part II: Proof of (71) when d*=D-d
	Part III: Deriving (47) from (71) in a simple case
	Part IV: Deriving (47) from (71) in the complementary case


	Acknowledgments
	References
	Author's Addresses

