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RANDOM INTERLACEMENTS AND THE GAUSSIAN FREE FIELD

By ALAIN-SOL SZNITMAN1
ETH Zurich

We consider continuous time random interlacements on Zd, d >3, and
characterize the distribution of the corresponding stationary random field
of occupation times. When d = 3, we relate this random field to the two-
dimensional Gaussian free field pinned at the origin by looking at scaled
differences of occupation times of long rods by random interlacements at
appropriately tuned levels. In the main asymptotic regime, a scaling factor
appears in the limit, which is independent of the free field, and distributed as
the time-marginal of a zero-dimensional Bessel process. For arbitrary d > 3,
we also relate the field of occupation times at a level tending to infinity, to the
d-dimensional Gaussian free field.

0. Introduction. In this article we consider continuous time random inter-
lacements on Z¢, d > 3, where each doubly infinite trajectory modulo time-shift
in the interlacement is decorated by i.i.d. exponential variables with parameter 1
which specify the time spent by the trajectory at each step. We are interested in
the random field of occupation times, that is, the total time spent at each site of
Z4 by the collection of trajectories with label at most u in the interlacement point
process.

When d = 3, we relate this stationary random field to the two-dimensional
Gaussian free field pinned at the origin by looking at the properly scaled field
of differences of occupation times of long rods of size N, when the level u is
either proportional to log N/N or much larger than log N/N. The choice of u
proportional to log N/N corresponds to a nondegenerate probability that the in-
terlacement at level u meets a given rod. In the asymptotic regime it brings into
play an independent proportionality factor of the Gaussian free field, which is dis-
tributed as a certain time-marginal of a zero-dimensional Bessel process. This ran-
dom factor disappears from the description of the limiting random field, when
instead u N /log N tends to infinity.

For arbitrary d > 3, we also relate the properly scaled field of differences of
occupation times of sites by the interlacement at a level u tending to infinity, with
the Gaussian free field on Z¢.

Rather than discussing our results any further, we first present the model and
refer to Section 1 for additional details. We consider the spaces W+ and W of
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infinite and doubly infinite 74 x (0, 00)-valued sequences, with d > 3, such that
the Z¢-valued components form an infinite, respectively, doubly infinite, nearest
neighbor trajectory spending finite time in any finite subset of Z?, and such that
the (0, co)-valued components have an infinite sum in the case of W+, and infinite
“forward” and “backward” sums, when restricted to positive and negative indices,
in the case of W.

We write X,,, 0,,, with n > 0, or n € Z, for the respective 7Z4- and (0, oco)-valued
canonical coordinates on W+ and W. We denote by Py, x € Z¢, the law on W+
endowed with the canonical o-algebra, under which X;,, n > 0, are distributed as
simple random walk starting at x, and o,, n > 0, are i.i.d. exponential variables
with parameter 1, independent from the X,,, n > 0. We write ' W* for the space W
modulo time-shift, that is, W* = W / ~, where for w, w in W w ~ W’ means that
w() =w'(- + k) for some k € Z. We denote by m*: : W — W* the canonical map,
and endow W* with the o -algebra consisting of sets with an inverse image under

7* belonging to the canonical o -algebra of w.

The continuous time interlacement point process on 74, d > 3, is a Poisson
point process on W x R, . Its intensity measure has the form V(dw™*) du, where v
is the o -finite measure on W* such that for any finite subset K of Z¢, the restriction
of ¥ to the subset of W* made of @* for which the Zd valued tra]ectory modulo
time-shift enters K, is equal to 7* o Q K » the image of Q k under 7 *, where Q K 18
the finite measure specified by:

(1) Q k(X0 = x) = eg(x), with eg the equilibrium measure of K;
see (1.4);
0.1)
(i1) when ek (x) > 0, conditionally on X¢ = x, (X;)n>0, (X—n)n>0,

(on)nez are independent, respectively, distributed as simple random walk
starting at x, as simple random walk starting at x conditioned never to
return to K and as a doubly infinite sequence of independent exponential
variables with parameter 1.

The existence and uniqueness of such a measure ¥ can be shown just as in Sec-
tion 1 of [19]. The canonical continuous time interlacement point process is then
constructed on a space (2, A, IP), similar to (1.16) of [19], withw =} ;- 8(@?’,”)
denoting a generic element of the set 2. We also refer to Remark 2.4(4) which
explains how Z?, d > 3, can be replaced with a transient weighted graph, and con-
tinuous time random interlacements on a transient weighted graph are constructed.

In the present work our main interest focuses on the collection of (continuous)
occupation times

Leu(@) =YY" ou(@) X, (@) =x,u; <u}  forxeZ! u>0
i>0neZ
0.2)
where w = 28(@7#0 € Q and 7*(w;) = w; for each i > 0.

i>0
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We compute the Laplace functional of this random field and show in Theorem 2.3
that when V is a nonnegative function on Z¢ with finite support, one has the iden-
tity

(0.3) E[exp{— > V(x)Lx,u}] :exp{—u

xezd

u>0,

Dbl c;l'[erV(x)}
YreierVx) )

where, in the above formula, / runs over the collection of subsets of the support
of V, g; denotes the determinant of the Green function g(-, -) restricted to [ x I
[see (1.1)] and ¢; the sum of the coefficients of the matrix of cofactors of the above
matrix. Both quantities are positive and [see (2.13)] their ratio ¢y /g coincides with
the capacity of I, that is, the total mass of the equilibrium measure e; of /. We
refer to (2.26) for the extension of this formula to the case where Z¢ is replaced by
a transient weighted graph. One can also consider the discrete occupation times,
where o, is replaced by 1 in (0.2); however, this random field turns out to be
somewhat less convenient to handle than (Ly )z« for the kind of questions we
investigate here; see Remark 2.4(5).

The continuous time interlacement point process is related to the Poisson point
process of Markov loops initiated in [18], which later found various incarnations
(see, e.g., Theorem 2.1 of [3], Sections 4 and 3 of [5], and [9], Chapter 9 of [8])
and was extensively analyzed in [10, 11]. Heuristically random interlacements cor-
respond to a “restriction to loops going through infinity” of this Poisson point pro-
cess; see [11], page 85. It has been shown in Theorem 13 of [10] (see also [11],
page 61) that the field of occupation times of the Poisson point process of Markov
loops on a finite weighted graph with nondegenerate killing, at a suitable choice
of the level is distributed as half the square of the Gaussian free field on the finite
graph. No such identity holds in our context when considering a fixed level u; see
Remark 2.4. However, and this is the main object of this article, we present limit-
ing procedures which relate the field of occupation times of random interlacements
to the Gaussian free field.

The link with the two-dimensional Gaussian free field comes as follows. We
look at the occupation times of long vertical rods in Z>, by random interlacements
at properly tuned levels. Let us incidentally mention that the consideration of long
rods in the context of random interlacements has been helpful in several instances,
for example, Section 3 of [15] or Section 5 of [20]. They typically have been used
as a tool in the detection of long -crossings in planes, left by the trajectories of
the random interlacements at level u, and have enabled us to quantify the rarity of
such crossings when u is small. Here the rods in question are the subsets of Z>,

04) Jy={x=0keZ1<k<N} foryeZ?andN > 1,
and the corresponding Z>-stationary field of occupation times is given by

(0.5) Lyu=> Lyu,  yeZ*ux=0.

xeldy



RANDOM INTERLACEMENTS AND THE GAUSSIAN FREE FIELD 2403

We choose the levels (uy)n~1 and (u;\,)N>1, so that

log N log N
o8 witha >0, (i) %:0(145\,).

(0.6) (1) uy=«

The choice in (0.6)(i) corresponds to a nondegenerate limiting probability
exp{—7Fa} that the interlacement at level uy does not meet any given rod Jy
[see (4.74)] whereas the choice in (0.6)(ii) induces a vanishing limit for the corre-
sponding probability.

If we now introduce the Gaussian free field pinned at the origin, or more pre-
cisely [see (1.29)] a centered Gaussian field (wy)yeZZ’ with covariance 3(a(y) +
a(y’) —a(y’ —y)), y,y' € Z?, where a(-) is the potential kernel of the two-
dimensional simple random walk [see (1.6)] and R an independent nonnegative
random variable, having the law BES? (\/«, %) of a zero-dimensional Bessel pro-

cess at time % starting in /o at time O [see (1.30)] we show in Theorems 4.2
and 4.9 that when N tends to infinity,

L
0.7) ( LAV ) converges in distribution to the flat field with value R?
yez?

log N
and that
L - L
<WN—0’“N) converges in distribution to the random
08) J1og N yez?

field (RYry)yez2-
In the case (0.6) (ii) we instead find that when N goes to infinity,

L.,
0.9) ( y’u/N ) converges in distribution to the flat field with value 1
Nu N/ yez?

and that
Ey,u/N - EO,M,N

/
Nu'y

(0.10) (

) converges in distribution to (Yy) ¢72-
yeZ?

There is an important connection between random interlacements and the struc-
ture left locally by a random walk on a large torus; see [22, 23]. In this light one
may wonder whether some of the above results have counterparts in the case of a
simple random walk on a large two-dimensional torus. We refer to Remark 4.10(1)
for more on this issue. Some consequences of the above limit results for discrete
occupation times of long rods can also be found in Remark 4.10(2).

In this article, we provide yet a further link between random interlacements
and the Gaussian free field, by considering the occupation times of random inter-
lacements at a level u tending to infinity. If (yy) <z« stands for the Gaussian free
field on Z¢, d > 3, that is, the centered Gaussian field with covariance function



2404 A.-S. SZNITMAN

Elyeyy] = g(x,x"), x,x’ € Z¢, we show in Theorem 5.1 that when u tends to
infinity,

1 e
(—Lx?u> converges in distribution toward the flat
xezd

u
(0.11)
field with value 1
and that
Lx,u - Lx,O . C . .
(0.12) T i converges in distribution toward (yx — Y0) cc74 -
xXe

We refer to Remark 5.2 for the extension of these results to the case of random
interlacements on a transient weighted graph and to discrete occupation times.
Let us say a few words concerning proofs. We provide in Theorem 2.1 an ex-
pression for the characteristic function of ) .74 V(x)Ly ,, with V finitely sup-
ported, which shows that close to the origin it can be expressed as the exponential
of an analytic function. This identity on the one hand leads to (0.3); see Theo-
rem 2.3. On the other hand, this identity underlies the general line of attack, which
we employ when proving the limit theorems corresponding to (0.7)—(0.10) and
(0.11), (0.12). Namely we investigate the asymptotic behavior of the power series
representing the above mentioned analytic functions. The proof of (0.8) is by far
the most delicate. We analyze the large N asymptotics of the power series, ex-
pressing the logarithm of the characteristic function of }_, 72 W(y)Ly 4, close

to the origin, with W finitely supported on Z2, and such that 3 y W(y) =0. This
asymptotic analysis relies on certain cancellations, which take place and enable us
to control the coefficients of the power series. In the crucial Theorem 4.1 we bound
these coefficients, show the asymptotic vanishing of odd coefficients and compute
the (nonvanishing) limit of even coefficients. This theorem contains enough in-
formation to yield both (0.8) and (0.10); see Theorem 4.2. Once (0.8), (0.10) are
proved, (0.7), (0.9) follow in a simpler fashion and in essence only require the
consideration of one single rod, say Jg. The proof of (0.11), (0.12) in Theorem 5.1
follows a similar pattern, but is substantially simpler.

Let us now describe how this article is organized.

In Section 1 we provide additional notation and collect some results concern-
ing potential theory, the two-dimensional free field and zero-dimensional Bessel
processes.

Section 2 contains the identity for the characteristic functional of the field of
occupation times in Theorem 2.1 and the proof of formula (0.3) for the Laplace
functional in Theorem 2.3. The extension of these results to the set-up of weighted
graphs can be found in Remark 2.4(4).

In Section 3 we collect estimates as preparation for the study in the next section
of occupation times of long rods in Z?.

Section 4 presents the limiting results (0.7)—(0.10) (see Theorems 4.2 and 4.9)
relating random interlacements in Z> to the two-dimensional free field. The heart
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of the matter lies in Theorem 4.1, where controls over the relevant power series are
derived.

In Section 5 we prove (0.11), (0.12) in Theorem 5.1 and provide in Remark 5.2
the extension of these results to the case of transient weighted graphs, and to dis-
crete occupation times.

Finally let us explain our convention concerning constants. We denote with
¢, c’, ¢, ¢ positive constants changing from place to place. Numbered constants
refer to the value corresponding to their first appearance in the text. In Sections 1,
2 and 5 constants only depend on d. In Section 3, where d = 3, they depend on A
in (3.1), and in Section 3, where d = 3 as well, on A and W; see (4.3). Otherwise
dependence of constants on additional parameters appears in the notation.

1. Notation and some useful facts. In this section we provide some addi-
tional notation and recall various useful facts concerning random walks, discrete
potential theory, the two-dimensional free field and zero-dimensional Bessel pro-
cesses.

We let N = {0, 1, ...} denote the set of natural numbers. When u is a nonnega-
tive real number we let [1] stand for the integer part of u. Given a finite set A, we
denote by |A| its cardinality. We write | - | for the Euclidean norm on R?, d > 1.
For A, A’ C Z%, we denote by d(A, A’) = inf{|x — x'|; x € A, x’ € A’} the mutual
distance of A and A’. When A = {x}, we write d(x, A") in place of d(A, A") for
simplicity. We write U CC Z¢, to indicate that U is a finite subset of Z?. Given
f, g square summable functions on Z¢ we write (f, g) = Y rezd f(x)g(x) for their
scalar product. When U C Z¢, and f is a function on U, we routinely identify f
with the function on Z?, which vanishes outside U and coincides with f on U.
We denote the sup-norm of such a function with || f|| (), and sometimes with
Il flloo, When there is no ambiguity.

Given U C 74, we write Hy =inf{n > 0; X,, e U}, fIU =inf{n > 1; X,, e U}
and Ty = inf{n > 0; X,, ¢ U} for the entrance time of U, the hitting time of U, and
the exit time from U. When p is a measure on 74, we denote by P, the measure
> xezd p(x) Py, and by E, the corresponding expectation. So far Py, x € 74, has
only been defined when d > 3; see above (0.1). When d =1 or 2, this notation
simply stands for the canonical law of simple random walk starting at x, and X,,,
n > 0, for the canonical process.

When d > 3, we denote by g(-, -) the Green function

(1.1) g(x,x/)=ZPx[Xn=x’] for x, x" in Z4.

n>0
It is a symmetric function, and due to translation invariance one has
(1.2) glx,x)=g(x' —x)=g(x —x")  where g(-) =g(-, 0).
Classically one knows that g(-) < g(0), and that (see [7], page 31)
(1.3) JAVIxDTUD <g(x)<c(lvix)™YD  forxezd.
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When K cC Z4, the equilibrium measure of K and the capacity of K, that is, the
total mass of ek, are denoted by

ex (x) = Py[Hg = 00]l g (x) forx€Z? and

cap(K)= Y Px[Hg = oo].

xeZd

(1.4)

One can express the probability to enter K via the formula

(1.5) P[Hg <oo0]= ) g(x,x)ex(x) for x € Z¢.

x'eK

We will also consider the two-dimensional potential kernel (see (1.40), page 37
of [7], or pages 121, 122, 148 of [17])

n
(1.6) a(y):nlggoZPo[Xj=0]—P0[Xj=y] for y € Z2.
j=0

It is a nonnegative function on Z?, which is symmetric and satisfies (cf. Proposi-
tion P2, page 123 of [17])

(1.7) lim a(y +y) —a(') =0 for any y € Z2.
V=00
In Sections 3 and 4 [see also (0.4)] we consider long vertical rods, which are the
subsets of Z3 defined for y € Z? and N > 1, by
(1.8) Jy={xJCZ  whereJ={1,...,N}.

The next lemma collects limit statements concerning the potentials of long rods,
and in particular relates the difference of such potentials to the two-dimensional
potential kernel.

LEMMA 1.1 (d=3,N > 1,y € Z?).

1 3
1. lim ———— 0,2) = — ith z € 7 and (0 73].
(1.9) %“zloglegNg“’Z)) - withzeZand (0,2) €7’

Forx=(0,z)in Joand y € 72, one has

3
(1.10) > gx) = ) glx.x")=3a() —by(y,2),

x'eJy x"ely
where by is a nonnegative function on Z* x J such that
bN(y’ Z) 5 Wy(d(z, JC))

(1.11)
where rli)rglo Yy(r)=0 for each y € 77.
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PROOF. Claim (1.9) is an immediate consequence of the fact that Z{V % ~
log N, as N goes to infinity and (cf. Theorem 1.5.4, page 31 of [7])

3
(1.12) g)~—|x|”'  asx — oo.
21

We now turn to the proof of (1.10), (1.11). We denote by I~’ and Z independent
continuous time random walks on Z? and Z with respective jump rates 2 and 1,
starting at the respective origins of Z2 and Z. So (Y.,Z) is a continuous time
random walk on Z3, starting at the origin, with jump rate equal to 3, and the left-
hand side of (1.10) equals

oo ~ oo ~
3E[f l{YS:O,Zs-i—ze]}ds—/ l{Ys:y,ZS+zeJ}ds}
0 0

independence

OO ~ ~ ~
(1.13) = 3/0 (PlYy=0]— PlYs=y)P[Zs+z€ J]lds
=3 — D),
where we have set

I =/°° PI¥, = 0] P[F, = ylds,
(1.14) Ooo
b =/0 (P[¥, = 0] — P[¥, = Y P[Zs + 2 ¢ J1ds,

and we note that the integrand in /; is nonnegative as a direct application of the
Chapman—Kolmogorov equation at time 5 and the Cauchy—Schwarz inequality. If
we let Yy, k > 0 and T, k > 0, (with Ty = 0), stand for the discrete skeleton of Y .
and its successive jump times, we see that for 7 > 0,

T ~ ~
| PiF =01 PIT, = y1ds
0

= Z E[(Txs1 AT — T AT)1{Y; =0}]

k>0
(1.15)

— E[(Tig1 AT — Ti AT)1{Y, = y}]
PN S B[ Tyt AT — Ty A TI(P[Yg = 0] — P[¥; = y]).
k>0

Observe that Ty4; — Ty is an exponential variable with parameter 2, which is in-
dependent from Ty, so that for k > 0

0
(1.16) a1 FE[T AT —T AT = E[Tk <T, 2/ s AT — Ty)e 2 ds]
0
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decreases to zero as k tends to infinity and increases to % as T tends to co. We set
Sp = ZOgjfk P[Y; =0] — P[Y; = y], for k > 0, so that by (1.6), limy s = a(y).
After summation by parts in the last member of (1.15), we find that

T ~ ~
a1 [P =01 PIT = y1ds = Y (ar - an s
0 k=0
Using the observations below (1.16) we see that the left-hand side of (1.17) tends
to %a(y) as T goes to infinity, so that
(1.18) I = 3a(y).

As for I, which is nonnegative due to the remark below (1.14), we see that 3/, <
Vy(d(z, J9)), where we have set

(1.19)  Yry(r) = 3/000(P[i =0] — P[Y, =y P[|Zs| > rlds  forr>0.

If is plain that v/, is a nonincreasing function, which tends to zero at infinity by
dominated convergence. This completes the proof of Lemma 1.1. [J

We now turn to the discussion of the two-dimensional massless Gaussian free
field pinned at the origin. For this purpose we begin by the consideration of
the more traditional two-dimensional massless Gaussian free field with Dirich-
let boundary conditions outside the square Uy = [—L, L%, with L > 1; see, for
instance, [2]. It is a centered Gaussian field ¢y 1, y € 72, with covariance function

(1.20) Elpy. Loy 1=8(v,y)  fory,y eZ?

where g7 (-, ) stands for the Green function of the two-dimensional random walk
killed when exiting Uy,

(121) gLy, ¥)= Eyl:z Xy =y k< TUL}:| for y, y' € Z*.
k>0

Writing Hy in place of Hjg) [see above (1.1)] it follows from the strong Markov
property and (1.20), (1.21), that for any y € Z?,

@y,L — Py[Ho < Ty, lgo, L 1s orthogonal to ¢ 1 .
Hence defining for any y € R,
(1.22) @y 1(y) =gy — Py[Ho < Ty lpoL + PylHo < Ty, ly.  yeZ?

the law of the above random field is a regular conditional probability for the law
of (¢y,1) given its value at the origin ¢g ; = y. The next lemma will provide two
possible interpretations for the centered Gaussian field we consider in the sequel,
in terms of the two-dimensional massless Gaussian free field.
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LEMMA 1.2. Fory,y' inZ?, one has
a(y)+a(y) —a(y' —y) = lim El(¢y. = 90.0)(@y L = ¢0.0)]
(1.23)
= lim E[®, 1(0)®, (0)].
L—>oo
PROOF. By (1.20) we see that
El(¢y,L — ®0.L)(@y.L — ¢0,1)]
=gr(y,y) +8(0,0)— g0, y) — g2(0, y")
=gr(y,y) — 810, y)+g.(0,0) — g1(0,y")
— (e, y) —gr(y. y)).

(1.24)

From Proposition 1.6.3, page 39 of [7], one knows that for yi, y» in Up,

(1.25) gL,y = Y. PylXr, =y1a(y’ —y2) —alyi —y),
y'edUyr

so that by (1.7) and a(0) = 0, we find that
(1.26) Lli_)moo gL(y1, y1) — gL (y1, y2) =a(y1 — y2) for y1, y» € Z*.

Coming back to (1.24) and keeping in mind the symmetry of gy (-, ), the first
equality of (1.23) follows. As for the second equality, we note that

(1.27) @y 1(0) =9y, — 9o, + Py[Ho> Ty, leo,L.

By the strong Markov property and the symmetry of gz (-, -) one has

(1.26)

Py[Ho > Ty, 1=(g2(0,0) — g2.(0,))/8(0,0) < ¢()/gr(0,0),
and by (1.20) one finds that
(1.28) Elgj,.1=g.(0,0).

Since limy, g7 (0, 0) = oo, it follows that the last term of (1.27) converges to 0 in
L? as L tends to infinity, and the second equality of (1.23) now follows. [J

We thus introduce on some auxiliary probability space

Yy, y € 77, a centered Gaussian field with covariance function
E[yy ¥yl =3(a(y) +a(y) —a(y' = ).y, y' € Z%.

Up to an inessential multiplicative factor +/3, we can thus interpret Yy, y € 72, as
the field of “increments at the origin” of the two-dimensional massless free field,
or as the two-dimensional massless free field pinned at the origin.

(1.29)
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The last topic of this section concerns zero-dimensional Bessel processes. We
denote by BES®(a, 7) the law at time 7 > 0 of a zero-dimensional Bessel process
starting from a > 0. If R is a random variable with distribution BES’(q, 1), the
Laplace transform of R? is given by the formula (see [14], page 411, or [6], pa-
ge 239)

ra?
1+4+2tA

We also denote by BESQO (a2, 1) the law of RZ; this is the distribution of a zero-
dimensional square Bessel process at time 7, starting from a at time 0.

(1.30) Ele™*R'] = exp{— } for A > 0.

2. Laplace functional of occupation times. In this section we obtain a for-
mula for the Laplace functional of the occupation times L ,, which proves (0.3);
see Theorem 2.3. As a by-product we note the absence for fixed u of a global fac-
torization for the field Ly , — Loy, x € Z4, similar to that of the limit law in (0.8),
even through each individual variable Ly , — Lo, is distributed as the product of a
time-marginal of a zero-dimensional Bessel process with an independent centered
Gaussian variable; see Remark 2.4(2). Preparatory Theorem 2.1 will be repeatedly
used in the sequel and shows in particular that the characteristic function of a finite
linear combination of the variables Ly ,, x € 74 is analytic in the neighborhood
of the origin. This will play an important role in Section 4.

We denote by G the linear operator

.1 Gf) =Y gx,x)f(x),  xeZ,

x'eZd
which is well defined when Y,/ g(x, x")| f(x")| < oo, and in particular when f
vanishes outside a finite set. When V is a function on Z¢ vanishing outside a
finite set, we write GV for the composition of G with the multiplication operator
by V, so that GV naturally operates on L>®(Z%) (we recall that || - ||« denotes the
corresponding sup-norm; see the beginning of Section 1).

THEOREM 2.1. IfV has support in K CC Z¢, then for |V ||lso < c(K),

(2.2) IGViLesre <1

and for any u > 0,

(2.3) E[exp{ > V(x)Lx,u}] =exp{u(V, (I - GV)~'1)}.
xezd

PROOF. Claim (2.2) is immediate. As for (2.3), we note that defining for x €
74, u > 0, the function on W* [see above (0.1) for notation]

e (@") = Zon(@)l{Xn(zﬁ):x} for any w € 4 with 7* (W) = w*,

nez
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we have the identity

Lyw(@) =) ye(@)) Hu; < u)

(2.4)
for =" 8(zru, € Q2. x € 2%, u>0.
i

The interlacement point process w is Poisson with intensity measure V(dw™) du
under PP, and hence when V is supported in K cC Z¢ and ||V|s < ¢(K), we
have

E[exp{ Z V(x)Lyx .y ”

xeZ4

= IE[exp{/W*xIR+ Zd V(@) y: (@) 1{v <u}dow(@*, U)”
X€Z

(2.5) =explu /; (eZXEZd V(x)yx(@*) _ l)dﬁ(@*)}
w

©.h exp{uEey [ezxezd V) a0 0k {Xe=x} _ 1]}

=exp{uE., [exp{fooo V(Ys)ds} — 1“,

where for s > 0, w € W, we have set

X, () = Xx(W)  whenog(@) + -+ 041 (W) <5 < 09(W) + - - - + o (W)

(by convention the term bounding s from below vanishes when k = 0), that is, X,
is the natural continuous time random walk on 74 with jump parameter 1 defined
on W,. Thus for ||V < c(K) we find by a classical calculation that

Eep [efom V(Ys)ds]

e[S )]

2.6) n=0
N ,§)E6K |:/(A)<sl<...<sn<oo V(Xs1) - V(X)) dsy - 'dsnj|
=cap(K) + Z Z ex O[(GV)"1](x),

n>1xekK

using Fubini’s theorem and the Markov property in the last step. Since V vanishes
outside K, it also follows from (1.5) that for n > 1, one has

27 D exk®MUGV)'1I(x) =Y VGV ') = (V,(GV)" D).
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As a result we see that when ||V |0 < ¢(K),

28)  Eu[eld VEID 113"V, (GV)y" ') = (v, —GV)7M).

n>1

Inserting this identity in the last line of (2.5) completes the proof of Theorem 2.1.
g

REMARK 2.2. As a staightforward consequence of Theorem 2.1, see that for
any finitely supported real valued function V on Z¢ and u > 0, the random vari-
able ) .74 V(x)Ly , has a characteristic function which coincides in the neigh-
borhood of the origin with the exponential of an analytic function. So this char-
acteristic function is analytic in the sense of Chapter 7 of [12]. Particularly with
Theorem 7.1.1, page 193 of [12], one has the identity

(2.9) E[exp{z > V(x)Lyy H =®y,(z), z€S,

where in the above formula S stands for the maximal vertical strip in C to which
the function z — exp{u _,>; 7" (V, (G V)"~11)} can be an analytically extended,
and @y, for this extension [i.e., for z € S, exp{z>_, V(x)L, ,} is integrable, and
the equality (2.9) holds]. This fact will be very helpful and repeatedly used in the
sequel.

We now derive an alternative expression for the right-hand side of (2.3) and
need some additional notation for this purpose.

For I cC Z® nonempty, we denote by G; the matrix g(x,x’), x,x" € I. It is
well known to be positive definite (see, e.g., Lemma 3.3.6 of [13]), and we intro-
duce

(2.10) gr =det(Gy) > 0,

where the right-hand side does not depend on the identification of I with
{1,..., 1|} we use. We also set by convention g; = 1, when I = ¢. Further we
introduce

(2.11) ¢; = the sum of all coefficients of the matrix of cofactors of G,

and note that ¢; does not depend on the identification of I with {1,...,|/|} we
employ; for instance, ¢;/g; coincides with the sum of all coefficients of the inverse
matrix of G;. The above also shows that

(2.12) c;>0 when I cC Z? is nonempty.

We extend the notation to the case I = ¢ with the convention ¢y = 0. It is known
(see [17], page 301) that

(2.13) cap(I)=cy/g;  forall I ccZ.

We are now ready for the main result of this section.
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THEOREM 2.3. When V has support in K CC Z2, then for |V ||loo < ¢(K),
u>0,

i g Zre
(2.14) E[CXP{ ;V(x)Lx,u”—exp{ MZICKgIV[ ,

where V; def [Myc;V(x) (Vi =1, by convention when I = ¢).
In addition (2.14) holds whenever V is nonnegative and vanishes outside K .

PROOF. By Theorem 2.1 we know that for ||V ||cc < c(K), the left-hand side
of (2.14) equals exp{—u(V, (I + GV)~'1)}. With no loss of generality we assume

that |K| > 2. We identify K with {1, ..., n}, where n = | K|, via an enumeration
X1,...,%xp of K. Writing v, = V (x¢), we see that
n
(2.15) (V.+GV) )= > Cpeve/detd+GV),
k,t=1

where G stands for the n x n matrix g(xx, x¢), 1 <k,£ <n, V for the diagonal
matrix with coefficients vy, 1 < £ < n, on the diagonal, I for the identity matrix
and C for the matrix of cofactors of I+ GV. Observe that for 1 <k, £ < n, one has

(2.16) Cy.o = det((I+ GV)~Y),

where (I + GV)*¢ stands for the n x n matrix, where the kth line and the ¢th
column of I 4+ GV have been replaced by 0, except for the coefficient at their
intersection, which is replaced by 1.

Given an n x n matrix A = (ax,¢), we develop the determinant of A according
to the classical formula

n
(2.17) detA = "sign(o) [ | ak.o o).
o k=1

where o runs over the permutations of {1, ..., n}, and sign(o) denotes the signa-
ture of o.

We now develop the determinant det(I + GV). For each subset J C {1, ..., n}
we collect the terms corresponding to permutations o of {1,...,n} such that
o (k) =k, for k € J, the choice of 1 in each term (1 4+ g(0)vg), k € J, and for
any k ¢ J such that o (k) =k, the choice of g(0)vy instead. Thus for each such J,
setting J= {1,...,n}\ J, the sum of these terms equals det(GljX 7) [1sejve. Thus

summing over all subsets J of {1, ..., n} we find
(2.18) detd+GV)= ) g/ V.
ICK

We now turn to the numerator of the right-hand side of (2.15). We use the conven-
tion {k, £} = {k} = {{}, when k = £. As above we develop the determinant det((I+
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GV)K): see (2.16), (2.17). We can assume that the permutations o of {1,...,n}
entering the development satisfy o (k) = €. Foreach J C {1, ..., n}\ {k, £}, we col-
lect the terms corresponding to permutations o such that o (m) = m, form € J, the
choice of 1 in each term (1 4 g(0)v,,), for m € J, and for any m ¢ J U {k, £} with
o (m) = m, the choice of g(0)v,, instead. Setting J= {1,...,n}\ J, we see that
the sum of these terms for a fixed given J as above equals IT,, ¢ 7\ (¢} Vm det(G?ﬁ 7

where Gl}ﬁ 7 stands for the matrix where the kth line and the £th column of the

matrix Gy, 7 (i.e., G restricted to J x J)are replaced by zero except for the coef-
ficient at their intersection, which is replaced by 1. Thus summing over all possible
JC{1,...,n}\ {k,¢}and all k, £ in {1, ..., n}, we obtain

Y Ceeve = 30 30 [ vndetGri)

k=1 k.4=1H>{k,}ymeH

(2.19) = Y Tl Y detGyp

¢AHC{l,...nymeH  klecH

2.11
( -1 ) Z Vies

(using the convention ¢y = 0 in the last equality).

Combining (2.15), (2.16), (2.18) we obtain (2.14). Finally in the case of a
nonnegative V' with support in K, we note that E[exp{—z>_, V(x)L, ,}] is an-
alytic in the strip Rez > 0, and coincides for small positive z with the function
exp{—uY jex c1Viz!') Y ek g1 Viz!!!}, which is analytic in the neighborhood
of the positive half-line. Both functions thus coincide for z = 1, and our last claim
follows. [J

REMARK 2.4. (1) Choosing V = Alg,withA>0and K CC 74, we deduce
from (2.14) by letting A tend to infinity that

P[L, , =0, for allxeK]:exp{—uc—K} for u > 0.
8K

Introducing the interlacement at level u,

T"(w)={x € 74 for some i > 0 such that u; <u, w; enters x}
ifo=2 8@ u:
i>0

and taking (2.13) into account, we recover the well-known formula (see (2.16) of

[19])
(220) P[Z“NK =¢] =exp{—ucap(K)}  foru>0,K ccZ.
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(2) Choosing V = Al{y), with A >0 and x € 74, Theorem 2.3 now yields that

Au
221 Elexp{—AL, J=expl———2 L fora>o,
2.21) [exp{—ALy )] exp{ 1+g(0)k} orh =
and in view of (1.30) we find that

0
(2.22) Ly, is BESQ" <u %) distributed.

If x, x’ € Z9 are distinct, choosing V = z(1(y} — 1)) in (2.14) with z small and
real and extending the identity to z =it, t € R, with the help of (2.9), we find that

E[exp{it(Lx/,u - Lx,u)}]

(g(0) — g’ —x))r? }
1+ (g(0)2 — g(x’ — x)»)12
In view of (1.30) we thus find that

(2.23)
fort e R.

= exp{ —2u

Ly, — Ly, has the law of Ry, where R and  are independent, re-

(2.24)  spectively, BES®(\/u, g(())++(x—x/))’ and centered Gaussian with vari-
ance 4(g(0) — g(x — x')) distributed.

Let us, however, point out that in the case of three distinct points x, x", x” in Z¢,
the law of the random vector (Ly/ , — Ly 4, Ly» , — Ly ;) does not coincide with
that of the scalar multiplication of a two-dimensional Gaussian vector by an inde-
pendent BESO(a, 7)-variable, when u > 0. Indeed one has

]P)[Lx/,u — Ly, > 0, Lx”,u —Ly,= 0]>P[Z" > x/, AN {x, x//} =¢]>0

as a consequence of (2.20) and the fact that cap({x, x", x”’}) > cap({x, x”}). But
for the above mentioned distribution both components necessarily vanish simul-
taneously on a set of full measure, and the above probability would equal zero if
such an identity in law was to hold. We will, however, see in Section 5 how Ly ,,
x € Z4, can be related to the d-dimensional Gaussian free field, by letting u tend
to infinity, instead of keeping u fixed.

(3) Random interlacements can be related to the Poissonian gas of Markov
loops; see [10, 11]. Heuristically they correspond to “loops passing through in-
finity;” see [11], page 85. The identity for Markov loops corresponding to (2.3) of
Theorem 2.1 above can be found in Corollary 1 of Chapter 4, Section 1 and Propo-
sition 7 of Chapter 2, Section 4 of [11]. The presence of a logarithm and a trace in
the expressions leading to Proposition 7 of [11] is emblematic of the Markov loop
measure and can be contrasted with the expression in (2.8) for random interlace-
ments [which is then inserted in the last line of (2.5)]. In the case of a Poissonian
gas of Markov loops on a finite weighted graph with a suitable killing, it is shown
in Theorem 13 of [10] that the occupation field of the gas of loops at level %
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(playing the role of u in the context of [10]) is distributed as half the square of a
centered Gaussian free field with covariance the corresponding Green density. For
similar reasons as in (2) above, no such identity holds for random interlacements
at any fixed level u. We will, however, present in the next two sections limiting
procedures that relate random interlacements to the Gaussian free field.

(4) As we now explain, the results of this section can be extended to the case of
continuous time random interlacements on a transient weighted graph. One consid-
ers a countable connected graph E which is locally finite and endowed with non-
negative symmetric weights p, »» = p,/ , which are positive exactly when {x, x'}
belongs to the edge set £ of E. One assumes that the induced random walk with
transition probability py v = px x//p(x), where p(x) =} /cg Px.v', IS transient.
Random interlacements can be constructed on such a transient weighted graph;
see [19], Remark 1.4, and [21]. Continuous time random interlacements can also
be constructed, in essence by the same procedure described in the Introduction,
endowing the discrete doubly infinite paths with i.i.d. exponential variables of pa-
rameter 1. The corresponding expression for the measure Qx, for K finite subset
of E, remains the same as in (0.1); simply, the expression for ek (-) the equilibrium
measure of K, which appears in (1.4), now has to be multiplied by the factor p(x)
in the present context.

The occupation time variables Ly ,, x € E, u > 0, are defined by a similar
formula as in (0.2), but the expression on the right-hand side of (0.2) is now divided
by p(x). The linear operator G corresponding to (2.1) operates, say, on functions
f on E with finite support, via the formula

Gfx)= ) g, x) fF(xNp"), x€E,
x'eE
where g(-, -) now stands for the Green density, which is obtained by dividing the
expression corresponding to the right-hand side of (1.1) by p(x’).
The proof of Theorem 2.1 can be adapted to this context to show that when K is

a finite subset of £, and V has support in K, then for || V|| () sufficiently small,
||GV||L00(E)%LOO(E) < 1, and for any u > 0,

(2.25) E[exp{ > V(x)Lx,up(x)” =exp{u(V, (I —GV)~'1)},

xeE

where now (f, g) stands for }_ g f(x)g(x)p(x) (Whenever this sum is absolutely
convergent). Likewise the proof of Theorem 2.3 is easily adapted, and one finds
that for V as above, u > 0,

Zlg[{ e V(x)
Yorck &illxerV(x)

with g7 and ¢y defined as in (2.10), (2.11) [with g(-, -) now denoting the Green
density].

(2.26) E[exp{— > V(x)Lx,M” = exp{—u

xek
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(5) One can define the stationary field of discrete occupation times £y ,, X € Z¢,
u > 0, analogously to L ,, simply replacing o, by 1 in (0.2). When V is a function
on Z“ with support contained in K CC Z¢, it follows that 1 — e~V is a function
supported in K with values in (—o00, 1), and one has the identity

(2.27) E[exp{z V(xX) s ” = E[exp{Z(l —e VONL, ” u>0,

X

as can be seen by integrating out the exponential variables in the right member of
(2.27) (of course both members of the above equality may be infinite). As a result,
Theorems 2.1 and 2.3 also yield identities concerning the Laplace functional of

(EX,M)XGZ‘Z .

3. Preparation for the study of long rods. In this section we introduce no-
tation specific to Z> and provide estimates in Lemmas 3.1 and 3.2, which will
be recurrently used in the next section, when we investigate the occupation times
spent by interlacements at a suitably scaled level in long rods. These controls will
play an important role in the asymptotic analysis of the power series entering the
characteristic functions of these occupation times. Throughout this section we as-
sume that d = 3, and constants depend on the finite subset A of Z? introduced in
(3.1) below. The notation || - || refers to the supremum norm || - || Lo (p), where B
appears in (3.1).

We consider A CC Z? containing 0 and N > 1. We also define

3.1 B=AxJ where J ={1,..., N}.

We write 75> and nz for the respective 7?- and Z-projections on Z° identified
with Z? x Z. Given a function F on B, we write (F) for the function obtained
by averaging F on horizontal layers and (F'), for the average of F' on the layer
A x {z}, so that
1 .
3.2) <F>(x)=<F>z=m Z F((y,2) for x € B with 7 (x) = z.
yeA

We also introduce the function

(3.3) [Flo(x) = F((0,2z)) for x in B with 77(x) = z.

It is plain that for any function F on B,

3.4 (F—(F))=0

and that

3.5) F=(F) when F only depends on the Z-component.

We consider nonempty sub-intervals of J,

(3.6) LhchClJ with L=d(lp, J\ 1) >1
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(we refer to the beginning of Section 1 for notation). We write
(3.7) Co=AxhCCi=AxLCB.

We recall the convention concerning constants and the notation | - || stated at
the beginning of this section. The estimates in the next lemma reflect the decay at
infinity of the Green function [see (1.12)] and the fact that the discrete gradient of
g(+) has an improved decay at infinity; see (3.15) below.

LEMMA 3.1. For any function F on B, one has:

(3.8) G Flloo < clog NI F|lco:

(3.9) 1, Glp\c) Flloo Sclog($>lll’lloo;

(3.10) IGFlloo <cllFlloo  when (F)=0;
(3.11) I1c,Gl\ci Flloo = %HIB\ClFHOO when (F) = 0;
(3.12) IGF =[G Flolloo < ¢l Flloos

C
(3.13) |llcy(Glp\c, F —[Glp\c, Flo)lloo < ZHIB\ClF“oo-

PROOF. We begin with (3.9) and note that for x € Co,

(1.3) 1
= c( > ;)HFHOO

L<k<N

(Glpe, )@ =] Y gk x)FK)

x'eB\C;

N +1
sclog(T)nFnoo,

whence (3.9). The bound (3.8) is proved in the same fashion.
We then turn to the proof of (3.11) and note that when (F') =0, for x € Cp one
has with the notation x" = (y', z'), X = (7, Z') [so that 77(x") = 77(x) = 7']

(Glpe,)(x) = Y g xXHFah= Y Y gxx)F)
x'€B\Cq ZeJ\I1 yeA
(3.14) <F>=:°|71| Y'Y e, X)(F&) - F®)

ZeJ\I, y',yeA
1 —
= = 2 X (g — g MF (.
| | Z7eJ\I, y',yeA
From Theorem 1.5.5, page 32 of [7], one knows that

clal
1+ |x|?

(3.15)  lg(x +a)—gkx)| < for x € 73, |a| < diam(A),
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where diam(A) stands for the diameter of A. As a result we see that

1

(3.16)  [(Glp\¢c,F)(0)| =clllp\c, Flloo Z s

k>L

||1B\c1F||oo,

whence (3.11). One proves (3.10) analogously.
As for (3.13) we note that with the notation xo = (0, z) when x = (y, z), we
have for x € Cy,

I(Glpc,F = [Glpe, Flo@)| = | Y (g(x,x") —g(xo,x))F(x)
x'eB\C
(3.15)
(3.17) < cZ k2||1B\C1F”oo
L>k

C
< z”lB\C]F”oo,

whence (3.13). The bound (3.12) is proved analogously. []
We conclude this section with the following lemma.

LEMMA 3.2. For F, H functions on B, one has

(B.18)  I(F(GH))lo =cllFllccllHlloo ~ when (F)=0o0r (H)=0.

PROOF. The case (H) = 0 is immediate thanks to (3.10). In the case where
(F) =0, we write for z € J, with the notation x = (y, z), x = (¥, z),

(F(GH)). = Y Fx) Y g, x)HK)

|A| yeA x'eB

(3.19) = Y (F)—F®) Y gx,xVH(x)

TA 12
|A| 52 —
1 _
= AP > (g, x)) = g(x, x"))F(x)H (x").
v,yeEA,x'eB

By (3.15) we thus find that with the notation 77 (x") = 7/,

I(F(GILI)HZSL'2 > 1 F ool H [l oo

A
| y,yeA,x'eB

= || Fllooll H oo,

1+ |z —7/|?
(3.20)

and (3.18) follows. [
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4. Occupation times of long rods in Z3. In this section we relate the field of
occupation times of long rods in Z3 by random interlacements at a suitably scaled
level [see (4.1) below] with the two-dimensional free field pinned at the origin
introduced in (1.29). The main results are stated in Theorems 4.2 and 4.9. The ap-
proach is roughly the following. By Theorem 2.1 we can express the characteristic
functionals of the scaled fields of occupation times of the long rods as exponen-
tials of certain power series. The main task is to control the asymptotic behavior of
these power series. This analysis is carried out in the central Theorem 4.1 as well
as in the simpler Theorem 4.8. Throughout this section we assume that d = 3. The
constants depend on the finite subset A of Z? [cf. (3.1) and above (4.3)] as well
as on the function W with support in A that appears in (4.3). As in Section 3 we
denote by || - || the supremum norm || - ||z (p), with B as in (3.1).

We consider o > 0, and a positive sequence yy tending to infinity. We will
analyze the random fields of occupation times of the long rods J,, y € Z?, with
Jy={xJ={y} x{1,....,N} C 73, by random interlacements at the scaled
levels

log N , log N

“4.1) Uy = o and uy =ynN with N > 1.

The corresponding occupation times of the rods Jy, y € 72, are

4.2) LynN=)_ Leuy =2 Lw,

xeldy xeldy

Let us point out that sequences of levels converging faster to zero than u y are not
interesting in the present context; see Remark 4.3 below.

As in Section 3, we consider some A CC 72 containing 0. Further we introduce
a function W on Z? such that:

4.3) (i) W(y) =0 outside A; (ii) Z W(y)=0
y
We define the functions on 72,
1
V =—WH)l ,
N (x) JogN M1y(2)
4.4) :
Vy(x)=——=Vy(x)  withx=(y,2),
N v VN
so that
def
(4.5) Ly= Tou N Z VN () Ly uy
yez?
and similarly
(4.6) Ly S w22

/ : : ]/\’( ) xu/ *
N
y€Z2 XGZE
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It follows from Theorem 2.1 and Remark 2.2 that

4.7) Elexp{zLn}] = exp{ Z aN(n)z”} for |z <ry in C
n>1

with ry > 0 and

(4.8) an() =un(Vy, (GVy)" 1) forn > 1.

As a result of the centering condition (4.3)(ii) we have

(4.9) an (1) =0.

In a similar fashion we have

(4.10) Elexp{zLy}] = exp{ > a;v(n)z”} for |z| <rj inC
n>1

with ry, > 0 and

@@ 1 12402
= '~y

@A.11) dymn) =uy(Vi, (GV)" ) _vy @) forn=1.

The heart of the matter for the proof of Theorem 4.2 lies in the analysis of the
large N behavior of the coefficients ay(n), n > 1. There is a dichotomy between
the case of odd n, with an asymptotic vanishing of ay(n), and even n, with a
positive limit of ay(n), as N goes to infinity. The crucial controls are contained
in the next theorem. We recall the convention concerning constants stated at the
beginning of this section.
THEOREM 4.1.
(4.12) lay (n)| < acy foralln>1,N > 1,

(4.13) forany k >0 lil{/naN(Zk +1)=0,

k—1
(4.14) forany k > 1 limay (2k) = gc‘J(W)(ic‘J(W)) ,
N 2 21

where we have set [see (1.6) for notation]

(4.15) EW)==3Y W)W a(y' —y).
¥y

Note that due to (4.3)(ii) we can express £(W) in terms of the two-dimensional
Gaussian free field vy, y € 72, introduced in (1.29), via the formula

(4.16) 5(W):E[<Z W(y)wy)z].
yez?
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Before turning to the proof of Theorem 4.1, we first explain how this theorem
enables us to derive the convergence in law of the appropriately scaled fields
Lyn—LonN,YE Z? and E’y’N — 56’1\,, y € Z?. We tacitly endow R% with the
product topology, so that the convergence stated in Theorem 4.2 actually corre-
sponds to the convergence in distribution of all finite-dimensional marginals of the
relevant random fields. The main result of this section is the next theorem, which
proves (0.8) and (0.10).

THEOREM 4.2.
Ly N—Lon

As N goes to infinity, ( N

random field (RYry) ye72,

@.17) )yeZZ’ converges in distribution to the

where R and (y) ¢z are independent and

(4.18) R is BES*(Ja, 5>)-distributed,
(4.19) (Yy)yez2 is the centered Gaussian field introduced in (1.29).

Moreover,

‘C/‘ N_£6 N
as N goes to infinity, (—= ’

N Nuly
(w)’)yezz'

(4.20) )yeze converges in distribution to

PROOF (assuming Theorem 4.1). We begin with the proof of (4.17). We con-
sider W as in (4.3) and Ly as in (4.5). By (4.7), (4.12) and Remark 2.2, we see
that exp{zL y} is integrable for any z with cg| Rez| < 1, and that

4.21) E[exp{zﬁN}]:exp{ZaN(n)z”} for any |z| < ¢, in C.

n>1

In particular (4.12) implies that
(4.22) sup E[cosh(rLy)] < o0 when r < co_l.
N

As a result the laws of the variables Ly are tight, and the variables exp{zLy},
N > 1, with [Rez| <r < ¢; ! are uniformly integrable. If along some subse-
quence N, k > 1, the variables Ly, converge in distribution to £, it follows from

Theorem 5.4, page 32 in [1], that for |z| < cal,
Elexp{zL}] = li]£n Elexp{zLn,}]

(4.23) = li]?nexp{ZaNk (n)z"}

n>1

= eXp{%é’(W)zz/(l - %E(W)zz)}
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using Theorem 4.1 in the last equality. This determines the characteristic function
of the law of £, and by (1.30) shows that S has same distribution as Ry where
R, are independent variables with R BESO(ﬁ , %)—distributed, and ¢ a cen-
tered Gaussian variable with zero mean and variance £(W). This proves that for
any W as in (4.3), Ly converges in distribution to Ry as above, when N tends to
infinity. In view of (4.16), this completes the proof of (4.17).

The proof of (4.20) is analogous. Due to (4.11), we know that a}\, (n) =
éyli,_"/ 2aN(n), and in particular a}\,(2) = éaN(Z) converges to %E (W), whereas
for n # 2, aj(n) converges to zero as N goes to infinity. We can use the same
arguments as above and find that £, converges in distribution to a variable £’
such that for small |z| in C, E[exp{zL'}] = exp{%S(W)zz}. The claim (4.20) then
follows immediately. [J

REMARK 4.3. For the kind of limit theorems discussed here, sequences of
levels converging to zero faster than u lead to trivial results, as we now explain.
In a standard way (see, e.g., Remark 3.1(3) in [16]), one has the bound cap(Jy) <
Crongy for all y € Z2. Tf we pick u}; so that uf, = o(*%™), then (2.20) implies that
for all y € Z?, with probability tending to 1 as N goes to infinity, the interlacement
at level u’y, does not intersect Jy. In particular, if we define E’y/’ y in analogy to
Ly n in (4.2) with u?(, in place of uy, the random field (E’y” N)yezz converges in
distribution to the constant field equal to zero, as N goes to infinity.

PROOF OF THEOREM 4.1. We recall the convention concerning constants and
the notation || - || stated at the beginning of this section. The linear operators
under consideration throughout the proof will be restricted to the space of functions
vanishing outside B. The centering condition (4.3)(ii) and the ensuing identity
(Va) =0 play a crucial role. We will first prove (4.12), (4.13). Our first step is to
control the norm of the operators (G V)2,

LEMMA 4 .4.
(4.24) (G VN)? || Lo (By—Lo(B) < C1.

PROOF. Given a function F on B, we write in the notation of (3.2), (3.3)
(GVN)’)F=A1+Ay+ A3 where

A1 =GVNG(VNF — (VN F)),
(4.25)

A2 =GVn[G(VNF)lo,

A3 =GVN(G(VNF) = [G(VNF)]o).
With the help of Lemma 3.1 we see that

(3.8), (4.4) (3.10), (4.4)
(426) [Aile = ¢JIgN|GVNF = (VNF))lloo = cllFlloo-
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Since (VN[G (VN F)]o) =0, we also find that

@2 sl =Y G F) e S .
/log N
Finally we have
(3.8), (4.4)

IAsllec = ¢/log NIIG(VNF —[G{VNF)10)lloo

(4.28)
(3.12), (4.4)
< <l Flce-

Collecting (4.25)—(4.28), the claim (4.24) now follows. [

Before proving (4.12), (4.13) we still need the following lemma, which shows
that the kernel of the linear operator F — (Vy F), is almost invariant under
(GVn)2. We will later see [cf. (4.61)] that the function F = 1, which belongs

to this kernel, is in an appropriate sense, close to being an eigenvector of (G Vy)2.

LEMMA 4.5. When F is a function on B, one has

3

(4.29) VN (GVN)* F)lloo < 2l (Vi F)lloo + W”F”oo-

PROOF. We use (4.25) and write
(4.30) (VN(GVN)’F) = (VA1) + (Vy A2) + (VN A3).
With the help of Lemma 3.2 we find that

(3.18) c
{VNAD o =< W”VNG(VNF_<VNF>)”OO
4.31
( ) (3.10) c
=< W”F”oo,
(3.18) c (3.8)
(4.32)  [(VNA2) oo = W”VN[G<VNF>]0”OO < cl{VNF)llo
and that
(3.18) c
[{(VNA3) oo = m||VN(G<VNF>_[G(VNFHO)HOO
4.33
( ) (3.12) c
= Gogny !l

Collecting (4.30)—(4.33), we obtain (4.29). [
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We now prove (4.12), (4.13). As a result of (4.24), (4.29) we see that for k > 1
and F a function on B, one has

(4.29), (4.24) _
VNGV Fllle = (VN (GVW)**VF)|

(4.34) s
+W 1 ||F||oo
and by induction
< SINVNF)lloo + W(c "o+ ETDIF o

Ck
(log N)3/2
Keeping in mind that (V) = 0, we thus see that for k > 1,

< AIVNF)lloo + I F [l oo

4.1), 4.8) alog N
lan 2k + 1] ¢ Ng (V. (GVi)* 1)
(4.35) < alog NIA|{(VN(GVN) 1)l
(434 ack|A|
JIogN'

Together with (4.9), this proves (4.13) as well as (4.12) for odd n. When n = 2k,
with k£ > 1, we note that

alog N

lay (2k)| = [(Viv, (GVN)(G V)¢ D)

_alogN

(4.36) (GVN, VN (GVy)**D1)| (by symmetry of G)

(3.10), (4.24)
< alog N|AJIGVNlloo [V (GVA)** DT 0 T < ek,
The proof of (4.12) is now complete.
There remains to prove (4.14), that is, to analyze the large N behavior of the
even coefficients ay (2k). To motivate the next lemma we recall that
4.8y o log N 32) alog N
437 av@'E = GV B IR A Y (VG V..

zeJ

LEMMA 4.6. There exists a function I'(-) on N tending to 0 at infinity such

that
1
(4.38) log N(VNGVy), = 5%4—]%(2) forzelJ

with | fy(2)| < T(d(z, J)).
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Moreover if one defines

_ 3
(439) = > g((0,2))  sothat limzy = - by (1.9),

2log N =N

one has the identity on B
1
(4.40) (GVy)*1p —yEW)1p = @GUN omz) + kn,

where for x = (y, z) € B,

c

(4.41) lkn [(x) < log N

log(N/d(z, J9)).

PROOF. We begin with the proof of (4.38). We note that for z € J, x = (v, 2)
in B and x’ = (y’, /) in B, one has

1
log N(VNGVN): = = > WHg, XYW ()
| |y€A,x/€B

i) 1 / / /
@6 > W(gk, x) —gx, (v, )W)

|A y,yeN, 7/ e]
1
(4.42) = Y. WOMWG) Y (e’ —x) —g((0,2' = 2)))
v,y EA Z’eJ
1 3
2 oW o (byo! — 32 - Sal' - )
1Al TEA 2

@15 1EW)
= 2TAl + fn(2),

where we have set
1

n@ = Al

Y WOWObN( —y,z)  forzel.
y.Y'eA

The estimate in the second line of (4.38) is now an immediate consequence of
(1.11). This completes the proof of (4.38).
We then turn to the proof of (4.40), (4.41). We write

443)  (GVN)215=G(VNGVy) +G(VNGVN — (VNGVA) 4y + an.

We know that

(3.10) 3.10)
< c|VNGVpNlloo = c¢/logN,

(4.44) llazllco
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and by (4.38) we find that

1EW) Glp 1

_ ! G
“=57A TlogN T iogn GV 072

(4.45)

1
=tvEW)lp+ ——G(fyomg) +rn,
log N

where for x = (y, z) € B we have set
1E(W) Glg IS(W)

(446) ) =5 2o Z g((0,7' - 2)).

—7|<N

We thus see that (recall J, = {y} x J)

vl < —— |G ( )H G, — (Gl

r X

M= 1og Al o gN Jo = 15 2o 0lleo

C
(4.47) + > 80,7 —2)
10gN |z/—z|<N,z'¢J
(3.10), (3.12), (1.3) )
< ©_log(N/d(z. J%)).

log N
Collecting (4.43)—(4.47) we have completed the proof of (4.40), (4.41). [

As aresult of (4.37), (4.38) we see that

(4.48) an(2) = —€<W>+TZfN<z)—> Zew),
zeJ

This proves (4.14) in the case k = 1. To handle the case k > 1, we will need
to control the propagation of boundary effects corresponding to terms with Z-
component close to the complement of J, when proving the convergence of
an (k) = a' %N (Vy, (GVN)**~'1) for N — oo. The next lemma will be useful
for this purpose. We first introduce some notation.

We consider nonempty sub-intervals of J,

(4.49) hechchClJ

and define

(4.50) Lo=d(lo, J\ L)) > 1, Ly=d(h,J\I) =1,
as well as

4.51) Co=Ax1hCCi=Ax1=C,=Ax1 CB.

We have the following variation on Lemma 4.4.
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LEMMA 4.7. For F a function on B, one has

I1c,(GVN)?Flloo

1 1 1 (N +1)?
<calllc, Flloo +¢5 +—+10gN1g LoL, | F | oo

(4.52

PROOF. By Lemma 4.4 we can assume that F vanishes on C,. We use the
decomposition (4.25) of (G V)2 F. We find that

ITcyAilloo =11ceGVNG(VNF — (VN F))ll 0o
<1cy,GVNlc,G(VNF — (VNF))llo
+111c,GVnlp\c,G(VNF — (VN F)) |l

(4.53)
(3.8), (3.9)
< ¢/logN|1c,G(VNF —(VNF)) oo

N+1
lo G(VNF — (VN F
+\/10g_ g( - )n (VN F = (Vi Do
(311) (3.10) ¢ c N +1
< NPl 1—(—)||F||oo
ogN\ Lo

using the fact that F' vanishes on C; in the last step. In a similar fashion we find
that

ITcyAzlloo = 111, G VNIG (VN F)lolloo
(3.10), 31D ¢
<

I1c,[G(VNF)Iolloo

- J91og N
(4.54) g
c
_|_7 1 G(VyF
(39).38) ¢ N+1 c
< 1 F - F )
e og( i oo + 7= Il

where once again we have used that F' vanishes on C; in the last step. Finally we
have

[LcyAslloo = l[1c,GVN(G(VNF) = [G{VN F)]0)llco

(3.8), (3.9)
wss) < ¢ /logN|[1¢,(G(VNF) — [G(VNF)]0)lloo
’ c

_.l_
J1og N

(313)(312) c c N +1
— + lo < > F
< || lloo logN g Lo I F oo

N +1
10g< Lo )HIB\Cl(G(VNF)_[G(VNFHO)HOO




RANDOM INTERLACEMENTS AND THE GAUSSIAN FREE FIELD 2429

using that F vanishes on C; in the last step.
Collecting (4.53)—(4.55), we obtain (4.52). U

We now introduce the following sequence of possibly empty sub-intervals of J:

Je={i > 1; 1 +4k[Ne VIEN] <j < N — 4k[Ne VIeN])
(4.56)
for k > 0.

There is some freedom in the above definition. The proof below would work
with minor changes if one replaces NeVioeN by N!7¢¥, with ey — 0, and
enlogN — oo.

Setting By = A x Ji, we find that for any k > 1, when N > c(k),

G#Br CBr—1 &~ CBICB
and that with the notation (4.39)

[18,(GVI* 15 — (anEW) 15)|

k—1
< S s ((GVIX™ D ey EWy)F D1,
@57 "0
— (GVN)™(anEWN 1)
k—1
<Y anEWNETD 1 GV GV — nEW) 1) .
m=0

We set Fy = (GVN)ZIB —tnE(W)1p, and now want to bound |13, . , (GVN)Z’" X
Fn oo With the help of (4.52), when 0 < m < k. To this end we introduce fn with
a similar definition as in (4.56), simply replacing 4k by 2m + 2, so that J,,, 41 C
fm C Jn play the role of Iy € I C I in (4.49). We note that d(Jy;, 41, J \ fm) and
d(Jn, J \ J,) are bigger than cN e~ VIeN | Ag a result the expression inside the
parenthesis after cs in (4.52) is smaller than

2
eN-tovioen | 10g<(N+ D eZ«/lOgN> <<
log N N2 ~ JlogN

It thus follows that for 0 <m < k

(4.52), (4.24) _
g, (GVAM)* Fyllo < ca|lp, (GVM* ™ VEy|
(4.58)
c'l"_l
+ c6ll Fy lloo

Jlog N
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and by induction

Co _ _ _
< lllp Fnlloo + logN(cT e 4+ D Py lloo
m Cm
<cy 1B Fnlloo + 710gN||FN||oo-

Coming back to the last line of (4.57), we see that for k > 1, N > c(k), each
term under the sum, thanks to the above bound and (4.39), is smaller than
c(k)(I1g, Fnlloo + ﬁllﬂvllo@). Hence we see that for k > 1 and N > c(k),

1
2k k
459 |15,((GVW)™ 15 — (tnEW)) 15) |5 < c(k)(nlBlFNuoo + ﬁ)
where we have used the bound || Fy ||co < ¢, which follows from (4.24) and (4.39).
Note that the form of the correction term (log N)~'/2 in (4.59) mainly reflects our
choice for the intervals Ji in (4.56). In view of Lemma 4.6, we also find that

(4.40) G(fy onz)
g Fnllo < |lBy——F—
log N 00
(4.60)
+ I13knlloc — O as N — oo,

where we have used the bounds in the second line of (4.38) and (4.41) to conclude
in the last step. Since Ty converges to % [see (4.39)], we can infer from (4.59),
(4.60) that

def

3 k
Ay = 1Bk((GVN)2’<13 — <—€(W)) 13)H —0
2 0o N

(4.61)
for each k > 1.

We can now use this estimate to study the asymptotic behavior of ay (2(k + 1)) as
N goes to infinity. Indeed one has

3 k
an(2(k + 1)) — (Eé(W)> aN(Z)‘

k
(4.62) - alOgNKVN, GVy ((GVN)ZkIB _ (iS(W)> 13)>‘
N 27

=1+ D,

where in the last step, using the symmetry of G, we have set

log N 3 k
n=a 5% (Gvy. Vit (V> 10 - (5oe0) 1) )|
N 2
log N 3 k
h=a2 ‘(GVN,VNIB\Bk((GVN)ZkIB—(EE(W)> 13))'.
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We then observe that

(3.10) 4.61)
I <calog N|IGVyllooll Vi lloc AN < caAg N ~ 0

and that
|B \ Bl
N

(4.24)
I < alogN|[|GVy|leollVNlloo X c(k) X

310 J\J
(3.10) (ke | |>|k|04-_;6))0.

‘We have thus shown that
3 k

(4.63) li]{]n aN(Z(k + 1)) — (2—5(W)) aN(Z)’ =0 for any k > 1.
T

Combined with (4.48) this completes the proof of (4.14) and hence of Theorem 4.1.
O

Our next objective 1s to study the convergence in distribution of the random

fields (log N) yez? and ( N ;v )yezz as N goes to infinity, where we recall the nota-

tion from (4.1), (4.2). The task is simplified by the fact that we have already proved
Theorem 4.2: we only need to investigate the convergence in distribution of these
random fields at the origin. We now focus on the case where A = {0}, and Jy plays
the role of B. We further define

1 - 1~
(4.64) VN(x)— 1, (x), Vi) =—Vy(x) forxeZ’
log N YN

and set

1 1
—Ly N-
log N Nu'y 0.N

Just as in (4.7), (4.10), we know by Theorem 2.1 that

(4.65) Ly= Lon. Ly=

(4.66) E[exp{zEN}] = exp{ Z ZiN(n)z"} for |z] <7y in C

n>1

with ry > 0 and where we have set
(4.67) anm) =un(Vy, (GV)"" ') forn>1

and that

(4.68) Elexp{zLy}] = exp{ Z 5}V(n)z"} for |z] <7 inC

n>1



2432 A.-S. SZNITMAN

with ry, > 0 and

O 1
4.69)  aym) =uy(V§, (GVO)" )= —pi™aym)  forn=>1.
o

The heart of the matter for the proof of Theorem 4.9 below lies in the control of
the large N behavior of the sequence dy (n), n > 1.
THEOREM 4.8.

(4.70) 0<an(n) <ach forn>1,N > 1,
3 n—1

4.71) foranyn > 1 li}{/n?zN(n) = a(—) .
T

We first explain how Theorems 4.2 and 4.8 enable us to infer the convergence
in law of the appropriately scaled fields £y n, y € 72, and E/y’ N>V E 72.

THEOREM 4.9.

As N goes to infinity, (ﬁyﬁ) yezz converges in distribution to a flat ran-
dom field with constant valued distributed as R? with R as in (4.18).

4

L
4.73) As N goes to infinity, (NLM‘fV) yezz converges in distribution to a flat ran-
. N
dom field with value 1.

(4.72)

PROOF (assuming Theorem 4.8). A repetition of the arguments used in the
proof of Theorem 4.2 shows that Ly converges in distribution to a nonnegative
random variable £ with Laplace transform

oA
1430/

so that by (1.30), L is BESQO (a, %)—distributed, that is, has the same distribution
as V2 in the notation of (4.18).

Moreover we know from Theorem 4.2 that for any y € Z?, when N goes to
infinity, @(ﬁy, ~N — Lo, n) converges to zero in distribution, and (4.72) follows.

In the case of (4.73) we note instead that the arguments used in the proof of
Theorem 4.2 now show that Z?v converges in distribution to a nonnegative random
variable with Laplace transform e*, 1 >0, that is, to the constant 1. Since by
Theorem 4.2, N+4;v(£,y, v — Lo, ) converges in distribution to zero for any y € 72,
we obtain (4.73).

(4.74) Elexp{—AL}] = exp{— } for » > 0,

PROOF OF THEOREM 4.8. We now write || - ||co for the supremum norm on
B = Jy, and the linear operators we consider are restricted to functions that vanish
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outside B. The fact that ay (n) is nonnegative is plain; see (4.64), (4.67). More-
over the right-hand inequality in (4.70) is a direct consequence of (3.8). This
proves (4.70).

We now turn to the proof of (4.71). For k > 1, we 1ntr0duce Bk = {0} x J, w1th
Ji as in (4.56), so that forany £k > 1, and N > c(k), ¢ # Bk C Bk 1C---C Bl
B.Inamuch simpler fashion than (4.59) we now find that [see (4.39) for notation]

- ~ 1
@75 |15, (GVW)* 15— Qentip)]., < c(k)<||1§l Fylloo + W),

where we have set

Fy=(GVy)15 —2tylz=GVy —2ty15.
It already follows from the definitions of VN and 7y in (4.64), (4.39) that
(4.76) lim |15, Fylloo =O0.

We thus see that for k > 1,

N ~ ~
(V. (GVy)F 1)

= a(21i]{]n tN>k_l = a(%)k_l

limay (k) =limo
N N
“4.77)

and this proves (4.71). O

REMARK 4.10. (1) There is an important connection between random in-
terlacements at level u and the structure left by a random walk on a large torus
(Z/N 7)? (here d = 3), at a microscopic scale of order 1 (see [23]) or even at a
mesoscopic scale of order N!~¢, with 0 < & < 1 (see [22]) when the walk runs
for times of order uN¢. This naturally raises the question whether the above lim-
iting results might also be relevant for the field of occupation times left close to
the origin, by continuous time simple random walk with uniform starting point on
a large two-dimensional torus (Z/N 7)%, at times of order a N2 logN (=unyN 3
or at much larger times u’y N 3. Let us incidentally point out that the time scale
aN?log N is much smaller than the cover time of the torus which has order
%Nz(log N)2; see [4].

(2) We can consider the discrete occupation times £y ,, X € Z¢, u > 0 [see Re-
mark 2.4(5)] and define £y y and £ y, for y € Z?, N > 1, as in (4.2), simply
replacing Ly , by £ .

—-g
Theorems 4.2 and 4.9 enable us to show that (%) yezz converges in dis-

N 7
tribution to a centered Gaussian field which vanishes at the origin. However, this
limiting field is different from (v,) yez? in (4.20).
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The heart of the matter lies in the fact that for any W(-) as in (4.3), when N
tends to infinity,

!

€y e . : .
Zyezz W(y) N converges in distribution to a Gaussian variable with
variance (W) — Zyez2 W (y)?

(4.78)

[in the case of L’ v the limiting variance instead equals EW)].
Indeed it follows from (2.27) that forreal z and N > 1,

Wi(y)
yEZZ:z N »N

=E[exp{ Z (1— e_ZW(y)/\/W)E'y,NH,

yez?

(4.79)

and for |z| <r and N > ¢, we can use Taylor’s expansion and write

2
| — e WO/Nty — WO 1, W(y/) (
NM?V 2 NMN

+8y(Z, N))’

where |¢y(z, N)| < % and limy &,(z, N) =0, foreach y € 72, |z <r.
Inserting the above identity in (4.79) shows that for |z| < r and N > c, the left-
hand side of (4.79) equals

(4.80) E[exp{z y V) Z W(y)2 (1+¢y(z N))L, ”

yez2,/Nl/tN

By the end of the proof of Theorem 4.2 we know that for |z| < c,

li}{/nIE[exp{z > \;V% /yN” :exp{gé’(W)}.
ve

72

A straightforward uniform integrability argument combined with (4.73) and (4.80)
shows that for real z with |z| < ¢,

(4.81) li}{/nE[exp{zygz:z\;V% yN”=exp{§8(W) %Z:zW(y) }

Similar arguments as in the proof of Theorem 4.2 now yield (4.78).

Note incidentally that Theorems 4.2 and 4.9 are not quite sufficient to study the
Ly, N Lo.n

gN . . .. . .
(4.80)], to handle this case we would in essence need a limiting result for the joint

law of the two random fields that appear in (4.17) and (4.72). U

limit in law of ( )yezz2- As shown by the above proof [see in particular
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5. Occupation times at high level u. In this section we relate occupation
times at a high level u of the random interlacements with the d-dimensional Gaus-
sian free field. The limit # — oo bypasses the obstructions present when one con-
siders a fixed level u; see Remark 2.4(2). Our main result appears in Theorem 5.1.
It has a similar flavor to (4.20) of Theorem 4.2 and (4.73) of Theorem 4.9. More-
over it can rather straightforwardly be extended to the case of random interlace-
ments on transient weighted graphs; see Remark 5.2. However, we keep the set-up
of Z4, d > 3, for the main body of this section, not to overburden notation.

We consider on an auxiliary probability space

Oy, X € 74, a centered Gaussian field with covariance function

D Elpepr] = g’ — x) + £(0) — g(x) — g(x'), for x, x” € Z¢.

This field has the same distribution as the field (yx — o)z« of increments at
the origin of the d-dimensional Gaussian free field, (yx),cz«, that is, the centered
Gaussian field with covariance function E[yyyy/] = g(x, x'), for x, x" € Z4.

We can now state the main result of this section.

THEOREM 5.1. As u — 00,

(5.2) (L"'L\/#’) cezd converges in distribution to the Gaussian random field
(@x)eza n (5.1)
and

(5.3) (—L X, u) converges in distribution to the constant field equal to 1.
u xezd

PROOF. We follow the same strategy as in the previous section, the problem
is, however, much simpler now. It clearly suffices to prove (5.2) and (5.3) with u
replaced by a sequence u such that

5.4 uy >1 for N >1 and liAr/nuNzoo.

We thus consider a function V on Z¢ such that

(5.5 V is finitely supported and Z V(x)=0.
xezd
We define
(5.6) Ly= ) ! V(X)Lyxuy for N > 1.
xezd V2uy ’

It follows from Theorem 2.1 and Remark 2.2 that for some fixed r > O,

(5.7 Elexp{zLy}] = exp{ > cN(n)z”} for |z| <rin C,

n>1
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where we have set forn, N > 1,

(5.8) en(n) =2""2u) PV (G V).
In view of (5.5) we have

(5.9) en(1) =0.

By (5.4), (5.8) it is also plain that for n > 2,

(5.10) len(m)] < e (V)"

with c(V)) a positive constant depending on V and d, by our convention. Moreover
we find that

(5.11) lij{,ncN(n)zo forn > 2

and

(5.12) en @ =3(V.6V) 0V ZE (S vy )2]
' 2 27 \& wa

The same arguments as in the proof of Theorem 4.2 show that

Ly converges in distribution to a centered Gaussian variable with vari-
ance E[(X, V(x)¢x)*]

Since V in (5.5) and u y in (5.4) are arbitrary, claim (5.2) follows. We then turn to
the proof of (5.3). It follows by (2.21) that for A > 0,

slooliyton] = ol -rr@am)

A

(5.13)

(5.14)

— e as N — oo.

This shows that ﬁLo,u v converges in distribution to the constant 1 as N goes to
infinity. Since due to (5.2), for any x € 74, #(Lx,u ~v — Lo,uy) tends to zero in

distribution, as N goes to infinity, our claim follows. [

REMARK 5.2. (1) The results of the present section can straightforwardly be
extended to the set-up of continuous time random interlacements on a transient
weighted graph E, as we now explain. We keep the same notation and assump-
tions as in Remark 2.4(4). We introduce a base point xg € E. In place of (5.1) we
consider

¢y, x € E, a centered Gaussian field with covariance function

5.15
(5.15) Elpxpy]=g(x, x") + g(xo, x0) — g(x0, x) — g(x0,x"), x,x" € E,

where g(-, -) now stands for the Green density.
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This field has the same distribution as the field of increments (yy — yx,)xek, Of
the Gaussian free field (yy)reg attached to the transient weighted graph, that is, the
centered Gaussian field with covariance function E[y,yy] = g(x,x’), x,x' € E.

With the help of (2.25), (2.26), the arguments employed in the proof of Theo-
rem 5.1 now show that as u — oo,

(5.16) (Ldﬁ”’) xeE converges in distribution to the Gaussian random field
‘Px)er
and that

5.17) (—L x,u) converges in distribution to the constant field equal to 1.
u xeE

(2) In the case of the discrete occupation times £ ,, x € 74, u > 0, the same
arguments used in Remark 4.10(2) show that when u — oo,

<£x,u - Ex,O
v 2u

where (vy),cza is the centered Gaussian field vanishing at the origin such that for
any V asin (5.5), one has in the notation of (5.1)

(5.19) E[( Zd V(x)v,C)z} + % Zd V(x)? = E[( Zd V(x)wx)z].
XEZ XEZ XEZ

Moreover looking at the Laplace functional, one sees with the help of (2.27) and
(5.3) that for u — oo,

1
(5.20) (—Ex, u) converges in distribution to the constant field equal to 1.
u xeZ4

(5.18) ) converges in distribution to (Vy),¢z4,
xezd
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