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DOWNSIDE RISK MINIMIZATION VIA A LARGE
DEVIATIONS APPROACH!'

By HIDEO NAGAI
Osaka University

We consider minimizing the probability of falling below a target growth
rate of the wealth process up to a time horizon 7T in an incomplete market
model, and then study the asymptotic behavior of minimizing probability as
T — oo. This problem can be closely related to an ergodic risk-sensitive
stochastic control problem in the risk-averse case. Indeed, in our main theo-
rem, we relate the former problem concerning the asymptotics for risk mini-
mization to the latter as its dual. As a result, we obtain an expression of the
limit value of the probability as the Legendre transform of the value of the
control problem, which is characterized as the solution to an H-J-B equation
of ergodic type, in the case of a Markovian incomplete market model.

1. Introduction. Risk management is a main topic in the study of finance. In
the present paper, we consider the problem of minimizing the downside risk asso-
ciated with an investor’s total wealth in a certain incomplete market model. More
precisely, let S be the price of a riskless asset with the dynamics dS° = r,S? dt,
(Stl, ..., S/") the prices of the risky assets, and N,i, i =0,...,m, the number of
shares of ith security. Then the total wealth that the investor possesses is defined
as

m
Vi=> NS},

i=0
and we assume a self-financing condition,

m . .

dV, =) N/dS;.

i=0

When setting the proportion of the portfolio invested in the ith security as h; =

NS}
v we have

Vi mh"d—sf

= F—
Vi iz S

’
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DOWNSIDE RISK MINIMIZATION 609

and the total wealth is denoted by V; = V;(h), which is the solution to this stochas-
tic differential equation for a given strategy h,. Let us consider minimizing the
probability

1 Vr(h)
(1.1) P(?log S(T) 5/()

for a given target growth rate « by selecting portfolio choice h. Let us make
clear the meaning of the probability. If we choose strategy (h?, hl, ... kM) =
(1,0,...,0), then we have

dlogV; = v,
Thus, the probability is always 1 for large time 7 and « > 0. Accordingly, in
considering the above minimization, we investigate the extent for which we can
improve the probability by selecting a strategy, as compared with the trivial strat-
egy of investing the total wealth in a riskless asset. The latter strategy is considered
the benchmark in terms of finance.
We shall consider the asymptotic behavior of the probability

dv, ds? 0
= —0’ =dlogs$;.
t

1 1 Vr(h
(1.2) lim —inflogP(—log Tf) ) 5K>.
T — 00 h. T ST
According to the theory of large deviation, it is natural to relate (1.2) to
1
(1.3) #(y):= lim — inflog E[e"'os(Vr (/5P
T—00 T h
for y < 0. Namely, as T — oo,
1, 1 Vr(h) . .
—inflog P{ =1 — — f k—
7 \ntlog (T 0g 5 e ( oo,/c]) — ke(l—noo,/(]ilil()){y X))

is expected to hold since the Legendre transform 7 (k) of x (y),

(k) = sup{yk — x (¥},
y<0
is regarded as the rate function of the asymptotics, if x(y) is a convex function;
cf. [10]. Note that we can see from Holder’s inequality that log E [(Vg—(()h))y] =
T

log E[e? log(Vr )/ Sg)] is a convex function of y, but this does not always imply the
convexity of its infimum

Vr(h)\”
(1.4) i]nflogE|:< zg )> :|=i}llflogE[eylog(VT(h)/Sg)].
1. T .

Therefore, the convexity of x (y) cannot be determined immediately and the above
idea does not directly apply. In the present paper, we will find the convexity of
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X (y) by identifying the solution of the H-J-B equation of ergodic type with the
limit value (1.3); cf. Proposition 4.2 and Corollary 4.1. Then we shall see that
the duality relation between (1.2) and (1.3) holds under suitable conditions, as
expected; cf. Theorem 2.4.

Minimization (1.4), which is equivalent to power utility maximization, could be
regarded as a risk-sensitive control problem. The infinite time horizon counterpart
of (1.4) without a benchmark,

(1.5) inf lim 1 log E[e?l0gVT (W],

- T—o00 T
has been extensively studied as risk-sensitive control (e.g., [4, 5, 13-15, 20, 21,
24, 28, 30]), and a benchmarked case has recently been reported in [9]. From the
viewpoint of stochastic control theory, it may appear more natural, compared with
the above relationship between (1.2) and (1.3), to relate

1
(1.6) inf lim — log E[eylog(VT(hwsg)]
- T—ooo T
to
o L Ve
(1.7) inf lim —lOgP(—log 5,(),
h 1500 T T S%

which is considered in the present paper as well; cf. Theorem 2.5.
We note that the problem relating (1.2) to (1.3) is thought to be equivalent to
considering

1 1
lim — inflog P( — log V7 (h) <
lim —inflog (T og Vr( )_K)

T—00

and

7()i= lm - inflog E[e 108V ®)]
T—o0 T h

without a benchmark. However, the arguments in this article may be simpler than

in the case without a benchmark (cf. Remark 2.2).

In previous papers [19, 29], we studied similar asymptotic behavior without
benchmarks for linear Gaussian models in relation to the asymptotics of risk-
sensitive portfolio optimization. Indeed, we established a duality relation between
these problems, and as a result, an explicit expression of the limit value of the
probability minimizing downside risk for each case of full and partial information.
To obtain those results, the key analysis involved Poisson equations derived by
taking derivatives with respect to y of the H-J-B equations of ergodic type corre-
sponding to risk-sensitive control over an infinite time horizon. Since the solutions
of the H-J-B equations can be explicitly expressed as quadratic functions by us-
ing the solutions of the Riccati equations for linear Gaussian models, analysis of
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the differentiability of the solutions of the Riccati equations with respect to y was
essential in those works.

In the present paper, we shall consider general diffusion market models and
discuss the above-mentioned duality relation between the asymptotics of the min-
imization of downside risk and the risk-sensitive stochastic control for large time.
Since the solutions of H-J-B equations of ergodic type do not always have ex-
plicit expressions, we need to consider, in general, the differentiablity with respect
to y of H-J-B equations of ergodic type. The analysis is presented in Sections 5
and 6 based on the results concerning H-J-B equations of ergodic type and related
stochastic control problems given in Sections 3 and 4. Here, we mention the ongo-
ing work of Hata and Sheu [22], which is closely related to the present paper and
examines similar problems under the assumptions that o(x) in (2.2) in Section 2 is
bounded and that 8(x)*x < —c|x|? for |x| > R in place of (2.19). We shall explain
more precisely the relationships between these papers in Remark 2.3.

We note that maximization of an upside chance probability for the long term was
studied by Pham [31, 32] for continuous time models, and then by Stettner [34] for
discrete time models, in relation to risk-sensitive portfolio optimization in the risk-
seeking case. By regarding the maximization problem as large deviation control,
Pham established a duality relation between these two types of problems. Explicit
calculation of the limit value is given in the case of 1-dimensional Gaussian mod-
els. The problem was later extended to a nonlinear case by Hata and Sekine [20,
21] and also to the partial information case by Hata and Iida [18] for 1-dimensional
Gaussian models. See also related works [6, 7, 35]. However, asymptotic estimates
of downside risk probabilities and upside chance probabilities cannot be obtained
in parallel. Indeed, obtaining the estimates of downside risk is rather difficult than
those of upside chance and further analysis of H-J-B equations is required to show
the estimates as was shown in [19]. Further note that large deviations control (1.7)
is an unconventional optimization problem, and thus we need to employ a new
approach to study it.

2. Setting up and main results. Consider a market model with m + 1 secu-
rities and n factors, where the bond price is governed by the ordinary differential
equation

@2.1) ds’t) =r(x)s°wyar,  5°0) =s°.
The other security prices and factors are assumed to satisfy the stochastic differ-
ential equations

n—+m
dS' () =S' (O ' (X dt + > ol (X)) dW} 1,
k=1

2.2) . .
S'(0) =s', i=1,....,m,
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and

dX; = B(X;)dt + A(X;)dW;,
2.3)
X(0) =x,

where W, = (Wtk) k=1,...,(n+m) 18 a standard m + n-dimensional Brownian motion
process on a probability space (€2, F, P). Let N; be the number of the shares of
the ith security. Then, the total wealth that the investor possesses is defined as

m
Vi=Y N/S;
i=0

and the proportion of the portfolio invested in the ith security is

. NiS!
b = ;/t’, i=0,1,2,...,m.

N, = (N2, N, N2, ...,N™) [or, h, = (h), ..., h"™)] is called self-financing if

mo.. . m Vthi .
dVi =Y N;dS;=Y" 5 ds’.
i=0 i=0 *~1

Thus, under the self-financing condition, we have

Wi 0 (x )dt—l—ihi ol (X )dr+nina’1(x )dw;
Vi o i=1 z t j=1 a t
m. ) n+m .
=r(X,)dt + Zh;{(al (X)) —r(X))dt+ ) o} (Xt)dW,’}.
i=1 j=1
Here we note that %, is defined as an m-vector consisting of 4/, ..., k" since

hY =1— 3" hi holds by definition.
The filtration that must be satisfied by admissible investment strategies

Gi=0(Sw), X(u),u <t)

is relevant in the present problem, and we introduce the following definition.

DEFINITION 2.1.  h(t)o<:<7 is said to be an investment strategy if 4 (¢) is an
R™ valued G;-progressively measurable stochastic process such that

P<fOT |h(s)|>ds < oo) =1.
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The set of all investment strategies is denoted by H(T'). For a given h € H(T),
the process V; = V;(h) representing the total wealth of the investor at time ¢ is
determined by the stochastic differential equation shown above.

dv,
Tt = r(X;)dt 4+ h(t)*(@(X;) — r(X)1)dt + h(t)*o (X;) dW,,
(2.4) !
Vo = vo,

where1=(1,1,..., 1)*.

We are interested in the asymptotics of minimization of a downside risk for a
given constant x in comparison with investing the whole portfolio in a riskless
security as the benchmark

(2.5) J (k) = li L P(ll Vi) _ )
. K).= 11m — m (0] — 10 K ].
T>oo T heH(T) £ T £ S(; -

We also examine downside risk minimization with the benchmark S° over an infi-
nite time horizon,

1 1 Vr(h)
(2.6) Joo(k) := inf lim —log P —l 02— =K
heHT 500 T ST
where

H={h;heH(T),VT}.

J (k) will be shown to be related to the following risk-sensitive asset allocation
problem with benchmark S°. Namely, for a given constant < 0, let us consider
the asymptotics

1
2.7) x(y)= lim — mf J(v x;h; T),
T—oo0 I heA(

where

VT(h) v 0
(2.8) J(v, x; h; T)=10gE[( S? ) ]:1OgE[ey10g(VT(h)/ST)]’

and & ranges over the set A(7T') of all admissible investment strategies defined by
A(T) = {h € H(T); E[e? 0 oK dWem (/D [y oo™ Xohuds] 1),

Then we shall see that (2.5) could be considered the dual problem to (2.7), while
(2.6) is the dual problem to risk-sensitive asset allocation over an infinite time
horizon,

2.9) Xoo()/)—hmf lim ?J(v x;h; T),

T—>oo
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where
A={h;he A(T);VT}.
We shall consider these problems under the assumptions that

(2.10) « and B are globally Lipschitz, A € CZ%, o,r € Cé, o, f e c!

and

@.11) {cns@ SEMmE=all a.a>0EeR",
clgl® <¢foo* ()¢ <eltl”, ¢ eR™,

hold. In considering these problems, we first introduce the value function

(2.12) v(r.x) = inf i log E[e?10eVr—1(/Sp_)].

Note that

eV 108V — o o Ji (X4 3 (Xe)=(1/Dhj00™ (Xo)hs} sty o hio(Xa)dWs

where &(x) = a(x) — r(x)1. Therefore

¥ 108 Vr—IogSp) _ ¥ oy Ji n(Xeho) sty Ji o (X0 dWe—(y?/2) [§ Hjo0™ (Xo)hsds
where
%A l—y * *
nx,h)=h"a(x) — Th oo (x)h.
By introducing a probability measure
ph (A) = E[e)’ fOT h¥o (Xs)dWs—(y?/2) foT hioo*(Xs)hsds . A],
the dynamics of the factor process can be written as
dX; = {(B(X) +yro*(X)h}dt + M(X)dW}',  Xo=x,
with the new Brownian motion process W,h defined by
t

whi=w, — y/o o*(X,)hy ds,

and the value function written as
T—t
2.13 t,x)=yl inf log E"[e?Jo " 1Xsho)ds],
(2.13) v(t.x)=yloguo+ inf logE"[e ]
The H-J-B equation for the value function v (¢, x) is
ad 1 1
a—: + 5 ul23 D] + 5 (Dv)"3A* Dy
+inf{[f + yAc*h]*Dv + yn(x, h)} =0,

v(T, x) =y loguo,
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which is also written as

dv 1 * 2 * 1 * Y
@2.14) | 3, + 7 0D D*] + 7 Dv+ =(DV)"aN, 3" Dv — Uy =0,

v(T, x) =y logvo,

where
B, =B+ —L—ro*(oo®) @,
l—y
Ny_1 =1+ Lcr*(crcr*)_lcr
1—
and
14 N 1A
U, = —ma*(ao*) a.
REMARK 2.1.

inf {[yAc*h]*Dv + yn(x, h)}
heR™

1—
= inf {[y,\o*h]*Du YY) o 4 yh*&}
€ m

= inf
heR™

{_V(l—y)

1 *
[h — CLRRC +0A*Dv)]
2 11—y

1
x oo*[h 1 (oo™ @+ aA*Dv)]
-Y

+ 2(1#—3/)(& o)D) (oo™) " (@ + ak*Dv)}.

Therefore, the function

1
h(t,x):= = (00*) Y& + o A*Dv)

defines the generator of the optimal diffusion L for infre acry J (v, x5 h; T):

7 . 1 * 2 14
Ly = S ular D2y + [ﬁ+

l—y

k
ro*(oo®) & + oA*Dv):| Dy,
which is seen in Proposition 2.1.

Set v = —v. Then,

ot

v 1 _ S ~ )
.15 15, 700" D]+ ;D0 = —(DD)*AN, 3" Dv + Uy =0,
v(T, x) = —ylogup.

615
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Since I —o*(o0*) "o > 0, which is easily seen by taking & = o*¢ + p, with
orthogonal to the range of o*, and seeing that £*(I — o*(c0*)"lo)& = u*u, we
have

(2.16) — I<N'<I

As for existence of a solution to (2.15) satisfying sufficient regularities, we have
the following results; cf. [3, 28].

THEOREM 2.1 ([3, 28]). Assume (2.10) and (2.11). Then H-J-B equation
(2.15) has a solution such that

v(t,x)+ylogvy >0,

_ v v 3% » »oon
U,E,a, axkax- elL (O’T;LIOC(R ))s 1 <Vp<OO,
J
3?0 3% 3o 330 »

YL R ) ) € Lp O, T; L Rn s
017 xc 01" D dx, 0x B dx; 01 < L ¢ toc (R7)

a_v <O’
ot —
and
_ ov
VO — ko < C(IVQy 13, +1Qy 13, + IVGAD,
+1VByl2o + 1By 3, + Uy l2p + VU, |25 + 1)
forxe B, andt €[0,T), where Q, :AN;IA*, ko = W, c>0,|flp=

SUP(x:xeB,,) | f(x)|, C is a universal constant and B, = {x € R"; |x| < p}.

For fz(z, x), we consider the stochastic differential equation
dX, ={B(X,) +yro*(Xph(t, X)}dt + A(X)dW}',  Xo=x,

and define / (= fz(t, X;) for the solution X; of the stochastic differential equation.
Note that the solution of this stochastic differential equation is obtained by the
change of measure from the solution of (2.3). Indeed, we can see that Vv has at
most linear growth under assumptions (2.10) and (2.11) from the above gradient
estimates, and therefore,

E[e? J0 h6:X0"0 (X0 dWa= (/D) [y s Xo)*00* (Xh(s. Xo) ds] — |

holds. Thus
Ph(A) 1= E[e? 0 h6:X0) 0 (X dWs—(v?/2) [ h(s. Xe) o0 (X)h(s. Xo) ds, 4]



DOWNSIDE RISK MINIMIZATION 617

defines a probability measure. Under this measure, X, turns out to be a solution of
the above stochastic differential equation.

The following is a verification theorem, the proof of which is almost the same
as the proof of Proposition 2.1, [28], and thus is omitted here.

PROPOSITION 2.1 ([28]). Assume (2.10) and (2.11). Then bV = h, == h(,
X,) € A(T) and it is optimal

2.17) v(0, x) = i}r;flog E[e}/(log Vr(h)—logsg)] _ logE[eV(lOg Vr (h)—log 9 1

Let us consider an H-J-B equation of ergodic type that is thought to be the limit
equation of (2.14). Namely,

2.18)  x =3ulAA*D*w] + B Dw + S(Dw)* AN, 'A*Dw — U,,.
Set
G(x) :=B(x) — ro* (oo™ la(x),

and assume that

(2.19) G(x)*x < —cglx|* + ¢, G ¢ >0,
and
(2.20) &* (o) & > 0o as |x| — oo.

Under these assumptions, we have a solution to the H-J-B equation of ergodic type,
and the proof is given in Proposition 3.1 in Section 3.

PROPOSITION 2.2. Assume (2.10), (2.11), (2.19) and (2.20). Then (2.18) has
a solution (x, w™)) such that w € C*(R"),
w(x) > —o0 as |x| — oo

and the solution satisfying this condition is unique up to additive constants with
respect to w.

We further assume that
(2.21) a*(oo®) & = colx|* — ¢}, co, ¢y > 0.

Then we have the following theorem, and the proof is given after Proposition 4.2
in Section 4.

THEOREM 2.2. Under assumptions (2.10), (2.11), (2.19) and (2.21), we have

. .1
X(y)= lim ;v(O,x;T)zx(y)-

T— 00
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The following results are important to prove our main results, and the proofs are
given in Lemma 6.3, Lemma 7.1 and Corollary 4.1.

THEOREM 2.3. Let (x, w") be a solution to (2.18). Then under the assump-
tions of Theorem 2.2, x (v) and w'Y) are differentiable with respect to y and x (y)
is convex. Their derivatives satisfy

1
X' (v) = s A D w, 1+ (B + (Dw))*AN, 'A*) Dw,,
(2.22)

+ m{& +or*Dw Y (oo*) " Ha + o Dw™),

)
where w, = a'gy . Furthermore,

lim x'(y)=0.
y——00

REMARK 2.2. It is important to know the limit value lim,, , x'(y) since
it determines the left endpoint of the interval of the target growth rate «, which
makes J (x) finite. Here we compare the results above with those to be expected
for the case without a benchmark, considering asymptotics

X (y) = lim 1 inflog E[e? e VT (W],
Tooo I h
The H-J-B equation of ergodic type of this problem becomes
X = S t{A* D] + B DU + F(DW)* AN, 'A*Dib — Uy, + yr(x),
and we can obtain its derivative

1
X =3 AL Db, ] + (B + (DW)*AN, '2*) Dy,

1 ~ * 1y, Yk xy—1g2 * .Y
+—2{a+ak Dw} (co™) {a+ocA"Dw}+r
2(1=y)

through almost the same arguments as the current ones provided to obtain the
results in the present article. The difference appears in considering the asymptotics
of x'(y) as y — —o0. Indeed,

lim x'(y)= lim /r(x)ihy(dx) <00
y—>—00 y—>—00

could be seen as in [22], where 11, (dx) is the invariant measure of [ -diffusion
process and L is defined by

Ly = 2 a{A * D2y ]+ (By + AN, 'A% Db)* Dy
Note that L corresponds to L defined by (4.16) in the present paper and can be

shown to be ergodic under suitable conditions in a manner similar to the proof of
Proposition 4.3.
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Now we can state our main theorems. The proofs are given in Sections 7 and 8.

THEOREM 2.4.  Under the assumptions of Theorem 2.2, for 0 <k < x'(0—),

(2.23) J)=— _inf ]SUP{Vk — X} =—sup{yk — x()}

€(—00,k y<0 y<0

Moreover, for y () such that x'(y (k)) =k € (0, x'(0-)), take a strategy fz,(y(K)’T)
defined in Proposition 2.1. Then,

1 1 Vo (B ). T)
J(k)= lim —logP(—logM < /c).
T—ooo T T S(%
Fork <0,

J (k) = —sup{yk — X (y)} = —oo.
y<0

For the solution w = w) to H-J-B equation ergodic type (2.18), let us set

hx)= (60®) & + o A*Dw)(x).

l—y

Further consider the stochastic differential equation
(224) dX;={B(X;) + yro*(X)h(X,)}dt + )L(Xt)de_’, Xo==x,

and define ﬁﬁ”“” := h(X,) for the solution X, of the stochastic differential equa-
tion. Then we have the following theorem.

THEOREM 2.5. Under the assumptions of Theorem 2.2, let 0 < k < x'(0—)
and y (k) be the same as above. We also assume that

(2.25) (Dw(y))*ka*(aa*)_lGk*Dw(V) <&*(oo®)la, y =y ().
Then

Joo(k) =J(k)=— inf sup{yk — x(y)} =—sup{yx — x(y)}
kE(—OO,IC]y<O }/<0

and
1 Vi (R ()
J()= lim —log P(log — g = KT).
T—oo T St

REMARK 2.3. In our previous paper [19], we studied similar problems with-
out benchmarks in the case of linear Gaussian models. Specifically, we discussed
the case where a(x) = Ax +a, B(x) =Bx+b,0(x) =0, A(x)=rand r(x) =r,
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in which A, B, o and X (resp., a and b) are all constant matrices (resp., vectors),
and r is a constant. Under the main assumption that

G :=B — ic*(00*) ' Ais stable,

which corresponds to (2.19) above, we obtained results similar to Theorems 2.4
and 2.5. The present paper is a natural extension to general diffusion incomplete
market models. On the other hand, Hata and Sheu [22] treat the case where o (x)
is bounded, and B(x)*x < —clx|? for |x| > R, in which linear Gaussian models
are excluded. In that case, U, becomes bounded and they employ quite different
methods from ours to analyze H-J-B equation (2.18), while assumption (2.21) is
crucial in our settings. For that reason our theorems do not include the case where
o (x) is bounded.

REMARK 2.4. The generator of the optimal diffusion process governed by
(2.24) for risk-sensitive control problem (2.9) is defined by
1
Loty := 5 AV D2y ] + [ﬁ; + IL(Dw)*Ao*(aa*)—‘m\*]Dx//.
-V
On the other hand, in proving Theorem 2.2 we introduce another type of stochastic

control problem (4.9) with (4.7). The generator of the optimal diffusion process
for this problem is defined by (4.16).

Ly = 3 u[AA"D* Y1+ [B; + (Dw)*AN, 'A*1 Dy,

where w is a solution to H-J-B equation (2.18) of ergodic type. Then we note that
L is related to L, through the gauge transform,

[e™"Loce”lo =[L— (yn—x())]e.

Further, we see that V¥, := e" is an eigenfunction of Lo, + y7

(Loo +YMV¥oo =X ¥V

for the principal eigenvalue x(y); cf. [11]. Note that L is ergodic as is seen in
Proposition 4.3, while L is not always ergodic.

EXAMPLE. We assume (2.10) and (2.11) and that 8(x) = B(x)x + b(x),
o(x) = A(x)x +a(x) with an m x n (resp., n X n) matrix-valued bounded function
A (resp., B), and an m (resp., n)-vector-valued bounded function a (resp., ) such
that:

(i) A*A(x)>CI,,3C > 0;
(ii) the real parts of all eigenvalues of (B* — A*A)(x) is less than —Cp,
CB > 0;
(iii) Range(A* — o™ A) C Kernel(o).
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In this case
G(x)*x = B(x)*x —&*(oo™) ' A*(x)x
= (B(x)x +b(x))" — (A(X)x +ax) —r(x)1)* (eo™) or*(x)x
= (B(x)x + b(x))"x — x*A*(x)((aa*)_lak* —A)(x)x
+x*A*A()x — (a(x) —r(x)1) (eo®) Lo  (x)x
= x*(B* — A*A)(x)x + b(x)*x — (a(x) — r(x)1)* (co®) " Tor* (x)x,
and we see that (2.19) holds. Furthermore, (2.21) holds because of (i).
3. H-J-B equations of ergodic type. Instead of (2.18), we shall study an H-
J-B equation of ergodic type for w = —w).
(3.1) —x = 3 t{AA*D*] + B3 Db — S(DW)*AN, ' A* Db + Uy,
PROPOSITION 3.1. Assume (2.10), (2.11), (2.19) and (2.20). Then (3.1) has a
solution (x, W) such that w € C*(R"),
w(x) —> o0 as |x| — oo,
and the solution satisfying this condition is unique up to additive constants with

respect to w.

REMARK 3.1. The following notation is useful for the task at hand. Set ¥ :=
(00*)"lo. Then
¥ =0*o™) 7!, TY* = (oo™, THEEY IS =0 (00 0.

Moreover, we see that

1
=N, = % N, =1—-yZ*EE) 'S =1-yo*(0co*) o
v
To prove Proposition 3.1, we first consider the H-J-B equation of discounted
type,
(32)  eve = 3u[Ar*D*v.] + B Dvy — 1(Dve)*AN; 'A* D, + Uy,
Note that (3.2) can be written as

eve = 5 t{AA*D*ve] + G*Dve — 3(A*Dve — £%@)*N, ' (W* D, — £*@)
(3.3)
+ jaTT*a.
Then, we consider the linear equation

(3.4) ege = Lo + 3@ %4,
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where
Lo = %tr[kk*szp] + G*Dg.

Under assumptions (2.10), (2.11) and (2.19), (3.4) has a solution ¢, € CZ(R™).
Indeed, set Y1 (x) =c|x |2, ¢ > 0. Then, by taking c to be sufficiently large, we can
see that there exists Rg such that for R > Ry,

Ly +34E%*& <0 in Bj.
Therefore, when setting
M 1. A
D.(x)=— +Y1(x), M = sup |Ly(x) + z@ XX a(x)|,
€ )CGBR 2

@, (x) turns out to be a supersolution to (3.4), and we can see that there exists a
solution ¢, € C2(R™) to (3.4) such that 0 < Y < ®g(x) since v =0 is a subsolu-
tion.

We note that ¢.(x) is a supersolution to (3.2) which is the same equation as
(3.3).

LEMMA 3.1. Under the assumptions of Proposition 3.1, (3.2) has a solution
such that vy € C*(R™) and 0 < v, < @,.

PROOF. In proving the existence of the solution, we introduce a Dirichlet
problem on Bg, R > 0:
eve = 3 tr{AA*D?v] + B Dve — 3(Dve)* AN, 'A*Dv + U, in Bg,
(3.5)
Ve (X) = @, X € 0BRg.

Owing to Theorem 8.3 ([25], Chapter 4), Dirichlet problem (3.4) has a solution v,.
We extend v, to the whole Euclidean space as

U{;‘('x)’ X € BR’
v = .
&R Ve, x € By.

Then we can see that v, g is nonincreasing with respect to R. Indeed, for R < R/,
Vg, g 18 a supersolution to (3.3) in B/, and we have

€(Ve,R — Ve, R)
> 3 A D (ve, g — Ve, g)] + B D (Ve R — Ve, R')
— 3(Dve R)*AN, ' A*Dvg g + 5 (Dve g)*AN, ' A*Dvg g in By
= S trIAA* D (ve g — ve,r)] + By D (ve.R — Ve, )

— 3(Dve g 4+ Dvg g)*AN; ' 1A* D (ve, g — ve 1)



DOWNSIDE RISK MINIMIZATION 623

Therefore, from the maximum principle (cf. Theorem 3.1 in [16]) we see that
(3.6) Ve,R — Ve,g’ = 0

since vg, g (x) = vg g/ (x), x € 9 Bg/. We further note that

3.7 Ve, =0

for each R because y(x) = 0 is a subsolution to (3.2), and the maximum principle
again applies.
Similar to the proof of Lemma 2.6 in [23], we have the following gradient esti-
R

mate: for each R and r < 5

(3.8) Vve rllLo(B,) < My,

where M, is a constant independent of R, . Thus, when taking a sequence R,
such that R, 1 00, vg g, forms a family of uniformly bounded and equicontinuous
functions. Thus we can choose a subsequence v, R, converging to a continuous
function v,. Furthermore, since

(3.9) 10e, Ry 715, < M.

for a positive constant M, independent of R, and ¢, it converges weakly in
HI})C(R”) to v, by taking a subsequence if necessary. By similar arguments to
Lemma 6.8 in [23], the convergence can be strengthened as Vv, g, converges
strongly in leoc(R”) to Vu. As a result we can see from the regularity theorems
that we have a solution v, € CZ(R") to (3.2). Since Ve, R < @, for each R > 0 from

the maximum principle as well as (3.7), we see that 0 < v, < ¢@,. [

Set
Ys(x) = 68|x|2’ §>0.

Then, by taking & to be sufficiently small, we can see that there exists R such that
for R > Ry,

Lis(x) < —1 in Bg.

Therefore, we see that L and 5 satisfy assumption (A.3) in the last section. Set
K (x; ¥s) = —Ls,

Fy = {u(x) € Wl (R"; e)scils;,‘lgp llZs(zcx))l = OO}

and

Fx = {f(x) € Lig.(R"); eiii‘;ip Kl({c(ixzfla) - OO}‘
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Then for f € Fk there exists a solution ¢ € Fy to
O=Le+ f
if and only if

/ F0m(dx) =0,

where m(dx) is an invariant measure for L; cf. Proposition A.4 in in the Appendix.
Therefore, setting

(3.10) X0 = / %&EE*&(x)m(dx),
there exists a solution ¢g € Fy, to
X0 = Loy + 3&ZE*a(x),
and it is known that ¢, converges to xo as ¢ — 0 uniformly on each compact set.
Now we can prove Proposition 3.1.
PROOF OF PROPOSITION 3.1. We first note that
0<ve <
because of Lemma 3.1. Therefore, we have
llevell oo,y < Kr,
where K, is a constant independent of . Moreover,
VvellLo(s,) < K,

for a positive constant K, independent of ¢ in view of (3.8). Thus, similarly to the
proof of Theorem 3.1 in [23], we can prove the existence of the solution (—yx, w)

to (3.1) such that w € Wli’cp . From regularity theorems we see that w € CZ(R™).
The proof of uniqueness is similar to the proof of Lemma 3.2 in [26]. [

Now we have the following proposition.

PROPOSITION 3.2. Under the assumptions of Proposition 3.1, the solution w
to (3.1) satisfies
(3.11) Vo) < e(lx + 1),

where c is a positive constant. If we further assume (2.21), then, for each yg < 0,
there exists a positive constant c(yg) such that the nonnegative solution w(x) =

w(x;y), ¥ < yo, satisfies
(3.12) wx) > co)lxl?, x| =3R.
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PROOF. Set Q, := AN)le*. Then we shall prove for each xo € R" that

_ 1
Vi (xo) < K(IVlef 510 B +18, P

1By

r

(3.13)

WUyl + VU, |+ 104 (9, +c)

for positive constants K and ¢, where | f|, = | f|Lo(B, (x))- Note that (3.13) im-
plies (3.11) because of our assumptions on the coefficients o, A, 8, o and r.

We have x(y) <0 since eve, > 0 and sve —> —x(¥) < xo as € — 0. In the
following B,, Q, and U, are abbreviated to B, Q and U, respectively. | - |, is
abbreviated to | - |.

By differentiating (3.1) with respect to xi, we have
Gl 0= %()\)\*)ijDijkw + %(AA*)ZJDijw + B Djjw + B Diw
— Diw QY D jrw — 1 D;w Q) Djw + Uy

Set

n
F=|Vwl*=)" |Dywl|*.
k=1

Then we have
1 , . .
—E(XX*)IJDUF — ,BlDiF —+ QUDiijF

= —(A5Y DjrwDigw
— Dyw{(AA*)Y Dijew + 28" Digw — 2QY Djw Djw}

= — (A5 DjrwDiw
+ Dew {2 Dijw + 28, Diw — Diw Q) Djw 42Uy}

1 . , 1 . c 5 €65 5

< —%{(A)\*)UDUW} - E(ML*)UDjkaikw + %le + ?|D w]

+2|VB||IVw|* + |V} Vw]® +2|VU||Vw|

S_

. y 2
(—2x — 2B Diw + D;w QU Djw — 2U)? + =2 |Vuw|?
2ncy )

+2|VB||IVw|* + VO I} Vw|* +2|VU||Vw].
Here we have used (3.14) and the matrix inequality

(tr[AB])?> < nC tr[AB?]
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for symmetric matrix B and nonnegative definite symmetric matrix A, where C is
the maximum eigenvalue of A. Set

= x> \?
r(x)::{(r—z_l)’ lx —xol <7,

0, |x — x0| >r.

Then tr[AA*D37] > —‘:—Zcz, (DT)*AA*Dt < lf%r and |Dt|? < i?—f%r. Let x
be the maximum point of TF in B,(xp). Then D(zF)(x) = 0 and tr[AL* x
D?*(t F)](x) < 0. Therefore, from the maximum principle we have

0= =5 Dij(tF) = B Di(t F) + QY DjwDi(x F)
. _l iy, R/l ijp. .
=7{ =3 DijF = B'DiF + 0V DjwD; F

1 *\1] *\1] i ij
— 5Dyt F = AU DD F — (B' Dit) F + (@Y Djw Do) F

L s gD w0 Dw— 20 + 22 1P
<t (=2x =2B8'Diw + Diw Q" D;w —2U)" + [Vw]|
2ncy é

+2|VB||IVw|? + |[VO ) IVw|® + 2|VU||Vw|]

(AN DiTDjT

Lo aij i ij
—F E(kk)'D,‘j‘L’— . — B Dit+ Q0YDjwD;t .

Since ﬁkk* < Q < AA*, by taking § to be sufficiently small,
2 - _Hp* * l 2 2 l 2
c(y)|Dw|” < —=2B*Dw + (Dw)*QDw + 5 1BI” < (c2+ D|Dw|"+ | 1+ 5 1Bl

for a positive constant

(3.15) c(y) = —2

1 —

—§>0.
14

Therefore, it follows that

2
0< —t(—2ﬁ*Dw + (Dw)*QDw + %Iﬂlz)
+ 2r<—2ﬂ*Dw + (Dw)*QDw + élﬂlz) (éI,BI2 +2U + 2)()

1 2
- t(g|ﬁ|2+2U +2x) + T QIVBIIVw[* + [VO[|Vw|® 4+ 2|VU||Vw])

2nc 16¢ 4./c 4./c
+ 5 F 22F+lﬂlﬁrmﬂﬁﬂguﬂ/2
r r Jer Jer
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2 4 2 1 2| (1 42
< —tc(y)IVw|* +2t3(c2+ 1)Vw|* + l-l-— 18I g|,3| +2U
2nc 16¢ 4
+(—22+—2)F+|ﬂ| W ipp WO 6 pa
r Jer Jer
+t(Q2|VB|F + |[VQ|F? +2|VU|F'/?).
We can assume F' > |,B|2 and F > |VU|; thus,
2_ 12 1 [
0<—c(y)tF 42 C2+2+§ tF —|,3| +2U
2ncy  16¢p
+(_2+ ) 4 g 4J/c2 2p \/_ |Q|F*>
ERRE var T e
+TQIVBIF +|VQIF? +2F?).

Accordingly, we have

NG

\/_
1 1 2ncy  16cy 418/
2 24— (=187 2U> 2IVAI.
+2(car 245 )(F18P+20) + 252+ 2+ TELE Loy

Therefore, we obtain

0< —c(y)’cF + (IVQI + Ve +2)(rF>1/2

=2 (1 )? (|v i/{_f )2

+Ca<§|,3|2+2U) +—+ M +2|VBI,

—c(y)2

with ¢s =2(c2 +2 + %) and universal constant ¢ > 0. Including the case where
|B>> F,|VU| > F, we obtain

F(x0) =t(x0) F(x0) < (T F)(x)
< ¢ (|VQ|2+i|Q|2+c)
~c(y)? r?

cs |/3|
c(y )2
and (3.13) has been proved.

Now let us prove (3.12). For each p > 0 take a point x, € R" such that |x,| = p
Set

+

1
(Iﬂl +U+—+|VB|+ ;) +|VU|,

4|x — 2
R(x):cp(l—%> 1nDp_{x |x —x,| < '(2)}
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where ¢, is a positive constant determined later. Then, R(x) > 0in D, and R(x) =
OondD,. Set

z(x) =w(x) — R(x).
Then,
z(x) =w(x) >0, xe€aD,.
Note that
EXAN, Ve <ol6?,  EeR.
Then we have

1
—x - 5tr[)\)\*Dzz] — B*Dz
1 -\ % —1y%x .7 1 * 2 *
= =5 (D®)"AN, 1A Db + Uy + 2 t[A2"D*R] + B* DR
1 — * —14x% — 1 * —14%
= ——D(@W+ R)*AN,'A*D( — R) — ~(DR)*AN, 'A*DR + U,
2 Y 2 Y
1
+ 5ur[/\/\*D2R]+5*DR

1 1
> — D@ + RY*AN;'\*Dz — %2|DR|2 +Uy+ 3 t[AA*D*R] + B*DR.
Noting that |8, (x)| < cp, x € D,, for a positive constant independent of y,

1 1
—X =5 tf[AA*D?z] — B*Dz + D@+ R)*AN,'2*Dz

4
> —ZIDRP + U (x) — —Ltr[2A*] — 4ecp
2 P

8coc? — 2 4
> — 2+ 4 c0<ﬁ + 1> _ 2% dceey
p?  2(1—y) 4 p?
; —y0c0p> | —¥oco

> (8 % 44l v 4 ) +
> —| 38— Con— cC .
e 2 P81 —y)  2(1— o)

By setting ¢, = c(y0)p? with c(yp) such that 8cac(yo)? + 4ec(y) < 8;1)/—0;2) and

dcone(yy) < 2(717’—_0;((’)), we see that
—3u[AA*D*7] — B*Dz+ 3D + RY*AN, 'A*Dz>M >0  inD,

for some positive constant and sufficiently large p. Then z is superharmonic in D,,
and z(x) > 0,x € 9D,. Therefore z(x) > 0, x € D,, from which we have

2(xp) =w(xp) —cp > 0.

Hence, w(x,) > c(yo),oz. O
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4. H-J-B equations and related stochastic control problems. Let us come
back to H-J-B equation (2.15). According to assumption (2.10), we have a positive
constant cg such that

1By (0)* < cp(x|* +1).
We strengthen condition (2.20) to (2.21). Then we have the following lemma.

LEMMA 4.1. Assume (2.10), (2.11), (2.21) and vy = 1. Then for each t < T
there exist positive constants k = k(T —t) and k' = k'(T — t) such that

4.1) o(t,x; T) > kx> — k'
PROOF. Choose a positive constant ¢ such that
cy — %Cﬁ >0,
and set b = ¢, — 5cg, where ¢, = 2(1 y) , and set
R(t,x):= Ex *P(t)x +q(1),

where P(t) is a solution to the Riccati equation

“2)  P(r)— (1 Czy + %)P(t)InP(t) I, =0, P(T)=0,

and ¢(¢) is a solution to the ordinary equation

. C cc
@3) 0+ 31 [P ()] — Tﬁ ~¢, =0,  ¢(T)=—yloguy,

/

. Set

/o [§Y4
where ¢}, = _2(10—;/)

z(t,x) :==v(t,x) — R(¢, x).
Then

07 1
— = — —u[AA*D%z] — B*D
ar g " DRl =By D

1 =\ % —1q %= dR 1 * 2 *
=§(Dv) )»Ny A Dv—I-U},—i-E—i-Etr[)u)u D“R]+ B"DR
= —10(5 + R*AN;'A*D(@ —R) — lDR*,\N—IA*DR +U
) 14 2 14 4

dR 1 * 2 *
+ — + - tr[AA"D“R] + B"DR
ot 2
1 1 _ 1)

+ ;x P(t)x+q(t)+—tr[P(t) ﬁy,By C(DR)*DR.
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Therefore,
0z 1tr[m*Dzz] — B*Dz + 1D(a + RY*AN;'A\*Dz
ot 2 2 Y
> b — 1( 2 4 l)x*P(t)InP(t)x 4 (c — ﬂ)mz
—2 2\l—y "¢ o2
+q) + 2 ulPO)] - =L~
2 2 v

Thus we see that z(z, x) is super harmonic in [0, T) x R", and z(T, x) = 0. There-
fore we have z(¢, x) = v(t, x) — R(¢t, x) > 0, that is,

0(t,x) > R(t,x) = 3x*P()x + q ().
Since P(t) is positive definite,

o(t, x) > klx|> — K, k=k(T —t),k' =k'(T —1) > 0. O

Let us rewrite (2.15) as

a1
0= — + — tr[AA*D?*5] + G*Dv
o1 + > il v] + v

1 1
@4 — (DY - @) N (Db — £76) + 4" T,

v(T, x) =—yloguyg.
Noting that

1
—E(A*Dﬁ — Z*®)*N, ' 0*Dv — T*&)

1
= inf {—z*Nyz —7*X*a + (Az)*Dﬁ}

ZeRn+m

1
— inf [E{z + N, ' (A* Do — £*@)}* Ny {z + N, ' (W Dv — T*&))

ZER”+m
1
— 5(/\*Da — z*&)*N;I(A*Dﬁ — 2*&)},

we can rewrite it again as

or 2

dv 1 * 2= * = . * =

0=—+ -tr[AA*D“0]+ G*Dv+ inf {(A2)*Dv+ ¢(x,2)},

(45) zeRntm
(T, x)=—yloguyg,

where

¢(x,2) = $7"Nyz — ¥ T*a + 1a* =24, N, =1-yZ*(ET" 'z,
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This H-J-B equation corresponds to the following stochastic control problem, the
value of which is defined as

T
4.6) inf E[/ w(Ys,Zs)ds—ylogv0:|,
Z.€eA(T) 0

where Y; is a controlled process governed by the stochastic differential equation
4.7 dY; =r(Y)dW; +{G(Y:) + A(Y1) Z:} dt, Yo=x,

with control Z; € A(T). Here, A(T) is the set of all R"*"™ valued progressively
measurable processes such that

T
EU |Zs|2ds} < 0.
0

To study this problem, we introduce a value function for 0 <t < T,

T—1
ve(t,x) = inf E[/ (Y5, Zs)ds — y log vo}.
Z.€e A(T—1) 0

By the verification theorem, the solution v to (4.5) can be identified with the value
function v,. Indeed, set

2(s,x) = =N, Q*Dv — T*@) (s, x),
which attains the infimum in (4.5), and consider the stochastic differential equation
(4.8) dY, = A(Y)dW; +{G(Y)) + A(Y) Z(t, Y)}Ydt,  Yy=x.

From the estimates obtained in Theorem 2.1, we see that (4.8) has a unique solu-
tion. It is also seen by using It6’s theorem that

T A A
v(0,x) = E[/ (Y5, Zs)ds — y log vo}
0
holds, where Z s = Z(S, )?S). In a similar way, we can see that
T
50,5 < E| [ (Ve 20 ds — v loguo|
0
for each Z. € A(T), hence, 5(0, x) = v4(0, x).

Let us consider the following stochastic control problem with the averaging cost
criterion:

1 T
4.9) p(y) = inf limsup —E[/ o (Y, Zs)ds},
ZeA T T 0



632 H. NAGAI

where Y; is a controlled process governed by controlled stochastic differential
equation (4.7) with control Z;. The solution Y; of (4.7) is sometimes written as

Y,(Z) to make clear the dependence on control Z;, and the set A of all admissible
controls is defined as follows:

A= {Z.; Z, is an R"*™ valued progressively measurable process such that

1 T
lim sup ?EHY;Z)IZ] =0, E[/O |Zs|2ds} < oo,VT}.

T—o00

Corresponding to this stochastic control problem, H-J-B equation of ergodic type
(3.1) can be written as

(4.10) —X(y):%tr[kk*DZIZ)]—i-G*Dd)—i- inf {(A2)*Dw + ¢(x, 2)}.

z€ Rn+m

We then set
(4.11) 2(x) = =N, Q* D — T*&) (x),
and consider stochastic differential equation

dY, = (Y))dW, +{G(Y}) + A(Y)i(Y)} di
(4.12) = A(Y))dW; +{B, — AN 'V Dw)(Y,) d1,
Yo = x.

We shall prove the following proposition.
PROPOSITION 4.1. —x(y) =p(y) and
1 r _ .
(4.13) pr) = fim | [ o Zoas|
T—ooT 0
where Zs = 2(Y5).
For the proof of this proposition, we prepare the following lemma.

LEMMA 4.2. Under assumptions (2.10), (2.11), (2.19) and (2.21) the follow-
ing estimates hold. For each y| < yy < 0 there exist positive constants § > 0 and
C > 0 independent of T and y with y1 <y < yo such that

(4.14) E[e"D] < C
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and also
(4.15) E["P] < C.
PROOF. Let us set
w6 Ly = La2A*D*y] + (G + A2)*Dyr
= 5 t[AV*D*Y] + (B, — AN, ' A*Dw)* Dy
Then we have
—x(¥) =L+ o(x,2(x))
- 1
=L+ S (A"Db - )N, Db — 2*8)
1
+ (WD — T*Q)*N'TFa + 5&22*&
r - 1 * vy \kAaT— 1k 1y 14 ~ * A
=Lw+-A"Dw)"N, A"Dw — ——a XX Q.
2 v 2(1—y)
Therefore, by applying 1t6’s formula, we have
_ - _ - . _ 5 -
e(Sw(Yz) _ e5w(YO) — (S/ {LII)(Y;) + E(Du_))*kk*Du_)}e‘sw(Ys)ds
0
ro _
+ 3[ P (DW)*A(Yy) d Wy
0
! 1
= (sf {—x — —(DW)*AN; '\*Dw
0 2 v
Y ~ * A $ — \ % BN ATy Sw v
+ ——aX¥"a+ =(Dw)"AL"Dw e’* (Y;) ds
2(1—y) 2
ro _
+ 5/ P (DW)*A(Yy) dW.
0
Thus, for p > 0,
d(esw(i,)epsz) — Pt deaw(?,) +p86p8165111(1_/,)dt
1
- el’f”a{—x - E(Dﬁ))*)\Ny_lk*Du’)
14 A~ * A $ — \ % * - SW v
+ ——aXXa+ =(Dw)" A" Dw + p e’ (Yy)dt
2(1—y) 2

4 8eP3 SVE (DY (Y, dW,.
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Taking into account (2.21) and (2.16), for § > 0 such that § < lc_‘y, we have

v

—x — l(Dzz))*,\N—lx*Dzz) +—
2 v 2(1=y)

)
DD 5(Duv)*m*Dzz; +p
< —ki|x|* + k2

for ki, k» > 0. Thus, we obtain

e(SlI)(Y[)'i‘pSl‘ < e(SIZ)(x) +8/t epas-f—aﬁi(ig){_kllyslz +k2}ds
0

1 - )
+8Aew”M”WDwVMKﬂm@

Therefore, taking
T =g :=inf{t; |¥;] = R},
and setting

k3= sup w(y),
Iyl<Vka/ki

we see that

E[$ 70T +p3ann] < i +5EU’” P HSBTEN 172 +k2}ds]
a 0
5 INT sstsi (T
= +5k2E[/o e 5)1{|Ys|2§k2/kl}dsi|
_ INT
< W) 4 5k2e8k3E|:/ ePds ds]
0
=) k2e5k3E|:l(ep3(”\r) — 1)]
p
By letting R tend to co, we have
E[eaa)(l?,)+p5z] < ) +k286k3l(ep8t —1).
B p
Hence,
E[eaw(f,)] < PO | g 0k l(l _ Pty
p
S (x) sy 1
<e + kpe® —.

Finally, we see that (4.15) follows from (4.14) because of (3.12). [
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PROOF OF PROPOSITION 4.1. From (4.10) it follows that
—x () < S tu{AX*D*®] 4+ G* D + (A2)*DW + ¢(x, 2)

for each z € R . Therefore, for each control Z; we have

T T
w(Y;) —w(x) :/o (Dw(Ys))*)\(Ys)dWs+/0 {G(Ys) + A (Yy) Zs ) Dw(Yy) ds
1 T KD =
—|—5/0 tr[AA*D“w](Y,) ds

T T
> fo (DB(Y,)*A(Yy) dWy — xT — /0 (Y, Zy)ds.
Thus,

T
D) — (T < EUO o(Ys, Z,)ds + w(YT)],

from which we obtain

1 T
_x < imsup 7EU (Vs Z,)ds + w(YT)]

T—o00

1
= limsup — E[f go(Y;,Z)ds]

T—o00

since |w(y)|? §_c|y|2 + ¢/. Namely, we have —x (y) < p(y). On the other hand,
by taking Z; = Z;, we have

i T i i T
BT — D) = /0 (DB(F,) A(Ty) dWy — xT — fo (V. Zy) ds,
and thus
T _ _
ﬁ)(x)—XTzE[/(; go(Ys,Zs)ds—i-zI)(YT)].

Lemma 4.2 implies

—x = limsup — E[/ oYy, Zs )ds} >p,

T—o0

and we see that —x (y) = p(y). O
Let us define

@17 x() _hmsup— 1nf E[/ oYy, Z )dsi| _hmsup—v(O x;T).

T—o00 T—o0

Then we can see that

X=pWy)=—xW).
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PROPOSITION 4.2. Assume (2.10), (2.11), (2.19) and (2.21). Then
xX)=py)=—x).

The proof of Theorem 2.2 follows directly from this proposition since x (y) =
—x (y) because of Proposition 2.1.

For the proof of the present proposition, we prepare some lemmas.

For each T > 0, we take the controlled process Y, = ?,(T) defined by (4.8) and
control 3(z, Y, ,(T)). Taking a sequence {7},} such that

1
7= lim —5(0,x: T,) = lim —E[/ (P 2, v ))dr],
0

T,—~o00 Iy T,—o0 Iy

we have the following lemma.

LEMMA 4.3. Under the assumptions of Proposition 4.2, for each t > 0 we
have

(4.18) liminf — E[|¥; [*]=0.
n

T,—oo T,
PROOF. Set

Ly = S u[AA* D21 + (G + A2(1, x)) Dy

Then
(T —t,Yr_; T) — (0, x; T)
T—t T—t
—/ ( +L(s Y))ds+/ (Dv)(s, Y)dW
- - .
- fo o(Fs, 205, V) ds + [O (Dis, T M(Fy) dWs.
Therefore,

T,—t n ~ ~
900, x; Tp,) = E|: / (YT 2(s, YD)y ds + o(T, — 1, V™ Tn)]
0 n

Since
lim su LE Tt 5T s (Tn -
p p(Yy', 2(s, Yy ds | > &,
T,—oo In 0
we have
1
(4.19) liminf — E[o(T, — 1, Y1 T,)] = 0.

T,—oo Ty
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Noting that v(T, — t,x;T,) > k|x|*> — k. k = k(t) and kK’ = k'(z), because of
Lemma 4.1, we obtain

0 < liminf — kE[]Y(T”

T,—oo T,

<o,
and our lemma has been proved. [

LEMMA 4.4. Under the assumptions of Proposition 4.2, there exists a subse-
quence {T,} C {T,} such that

lim _E[\Y<T>| 1=
T)—o00 T

PROOF.

T ~ A
POP =70 =2 [ (D) E) aw,
T—t
T ~ A A A
2 [ EDIGED) 4 TN, 1) ds
—t
T A
+ tr[)»)»(Ys(T))]ds.
T—t
Therefore,

v (1)121 — p(T) |2 4 y (1) y (1) v s (o vy
E(77 )= BN P+ 2| [ FD(GED) + A D)e(s. ) ds

—1
T A
+ [ apaP®)] ds].
T—t
By using the gradient estimates in Theorem 2.1 and (2.19) we obtain

Y G() + Y A(is,y) <c(yl?+ 1)

for some positive constant ¢ and

T A
E(77P) < ENFD P+ ce| [ [50P as]
—t

< E[|7{1)] ]—l—c’E[/TT

oI 2(s. 7)) s
since (2.21) is assumed and

S 1, * IS 2 * gk A 1, * A

ox,z(t,x)) = Ez(t,X) N,z(t,x) —2(t,x)"E*a + 50{22 a

1
= E(A*Dﬁ — 2*&)*N, (\*Dv — £*@)
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]

1,
+ (A*Dv— X*a)* N, Iy*a + 5
1 =\ —1l %= 4 A * A
=—(Dv)"AN, 'A"Dv — ——ax X" a.
2 Y 2(1-y)
By It6’s formula,

O(T. Y7 T) = 0(T —t,Yr—i; T)
T A R T ~ ~
[ etseTnds+ [ D3 ) Rd)dW,
—t —t
and we have
T A A A
B[ oz 00 ds| = BB — 1 8Tl
—t
Take a subsequence {7} C {T},} such that

1 o
lim —E[v(T t,Yr i T)H]1=0
T,—00 "

and

(T)
lim E =0.
1 T/ [| ]

/
T,—00 n

Then we have

1 ~(T'
0<11msup? [|Y(T){ ] =< hm FEUY(T"_) 2]

T’*)OO n n
o
+¢ lim —E[/ o7 3(s, Y(”))ds}:

T/—o00 T) T)—t

and thus the lemma has been proved. [J

PROOF OF PROPOSITION 4.2. For each ¢ there exists 7, such that
E[|f}fg)|2] <eT,, w(x) < Ty,
1 LA A
‘)Z — —E[f (p(YS(TS),ZS(TE))ds] <e¢
T 0

Set

and consider Y, ,('5) defined by
ay? =a (Y aw, +{G(Y) + a(¥ )z dr, v =x.



DOWNSIDE RISK MINIMIZATION 639
Then, for t > T,
y® = Y(8)+/ Y©)aw, +f (Y ) ds
and
d|YO P =2v,) () aw, +2(7) G (r) + /Tt G(Y)dt

+ A (v, P)] dr.

Therefore,

t
=2 [ e O ) v,

t
+ [ "2V ) G(V) + p V[ + ular (1))} ds
Te

t t
<oy 42 /T ePS (YO (Y O) dW, + /T P [~k |[YOP + k) ds

for some positive constants k1, k; > 0. By using stopping time arguments, for ¢ >
T., we have

t
E[e”|Y? ] < E[e?™ |vr, "] + E[ / Py ds}
T,

k
= B[ 1OP]+ e e,

Thus, we see that

k>
B0 P) < B P+ 2

from which we obtain lim sup,_>OO E[Y, ©)2] = 0. Hence, Z® € A. Now, by
applying Itd’s formula, we have

T,
B(v() = b0 = [ (DB Mr) aw,
+/ G(Y®) + (Y 2OV Dw(Y ) ds
+ = / [AA*D*w](Y ) ds

& T8
> /0 (DB M) dWs = 2T, = [0, 2) s
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Therefore,

Te
i)~ 1T B [ o(r.20)as + a(rf?) |
from which we have

e U p®
—x = FE[/O o (v, Zs(”)ds} + o E[o(rr)]

&€

<e+x+ce

for some positive constant ¢ > 0. Therefore, —x < x + ce for any ¢, and we have
—x < x. This completes the proof of the proposition. []

The following is a direct consequence of Proposition 4.1.

COROLLARY 4.1. Under the assumptions of Proposition 4.2, p(y) is a con-
cave function on (—00, 0), and x (y) is a convex function.

Indeed,
1 * YV o« % ky—1 Kk A lA * A
(,0=§Z Z—Eza(aa) az—zZa—l—EaEEa

is a concave function of y, and the infimum of a family of concave functions p(y)
is concave.

PROPOSITION 4.3.  Under the assumptions of Proposition 3.1, L is ergodic.

PROOF.
_ry
2(1—vy)

as |x| = oo, and Lw < —c, |x| > 1 and ¢ > 0. Moreover, w(x) — 00, |x| — o0,
and the Hasminskii conditions (cf. [17]) hold. [

r - 1 =\ k —1q% .7 ~ % * A
Lw:—E(Dw)ANyka+ LY — x > —0o0

5. Derived Poisson equation. We are going to consider a Poisson equation
formally obtained by differentiating H-J-B equation (3.1) of ergodic type with re-
spect to y. Namely, we consider

1
—0(y) = Etl'[)n)n*l)zu] + G*Du — (\*Dw — 2*&)*N;1A*Du

1
— m()\*Dw — T*)*THE T ISV Dw — T*4).
—y
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Since
1
—W(A*Dw — 2*&)*2*(22*)—12()\*1)@ —¥*a)
1
- —m(ok*Di} — &) (oo™ oA Dw — &),
we can write
- 1
5.1) —-6(y)=Lu— ———(cA*Dw — &)*(00*)_1(GA*D11) - Q).

2(1 —y)?

Note that L is ergodic in light of Proposition 4.3, and the pair (u, 6(y)) of a func-
tion u and a constant 6(y) is the solution to (5.1). Let us set

D= Bg, = {x € R"; || < Ro},
and let Ry be sufficiently large so that

14

1
K (x;w) = 5(Dua)*uvy—l)\*Dw ST
-y

(5.2)

*EX*a+ x >0,

x € DF,

for Y <w< 0, which is possible because of assumption (2.21). Therefore, we see
that L and w satisfy assumption (A.3) in the Appendix and also

| )]
Ssup ———— < 00
xepe K(x:w)

’

for

1
fO = )Z(GK*DU_) — &) (oo™ oA Dw — @).
1%

C2(1—
In the following we always take a solution w to (3.1) such that w(x) > 0. Thus,
according to Proposition A.4 we can show the existence of the solution (u, 8(y))
to (5.1).

COROLLARY 5.1. Egquation (5.1) has a solution (u, 0(y)) such that

|ue] 2
sup — < 00, ueWwy?r,
xeDe W

and
0 y)= 7(1 )/) oA"Dw —«o o0 (9 Dw—« my y dV.

Moreover, this solution u is unique up to additive constants.
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PROOF. It can be clearly seen that

1
Z(T)/)Z(G)\*Dw —&)*(0o®) oA Dw — &) € Fg

and Proposition A.4 applies. [J
6. Differentiability of H-J-B equation.

LEMMA 6.1.  Under the assumptions of Proposition 4.2,

6.1) fe‘”x\zmy(dx) <e,

where ¢ and § are positive constants independent of y1 <y <y < 0.

_ PROOF. Inequality (6.1) is a direct consequence of (4.15) in Lemma 4.2 since
Y; is an ergodic diffusion process with the invariant measure m,, (dx). U

In the following, we always work under the assumptions of Theorem 2.2 (Propo-
sition 4.2).

LEMMA 6.2. Let (W), x () and (YD), x(y + A)) be solutions to (3.1)
with y and y + A, respectively, such that W™ (0) = w2 (0) = ¢,, > 0. Then

w8 converges to w") in Hll)c strongly and uniformly on each compact set.

PROOF. We have
H’D(HA) | L(Byy) = 2r ”VQ(HA) ||L°O(B2r) =al.n)
and
‘w()/-i-A)(x) — p+a) M| < lx—yl ”VII)(V+A) ”Loo(BZr) <aly,r),
x7 y G Ber

for each r in light of (3.11) and (3.15), where c¢;(y, r) is a positive constant inde-
pendent of A, i = 1, 2. Therefore it follows that {2} A is bounded in H'(B>,)
and converges to some w in H ' (B,,) weakly for each r and also uniformly on each
compact set by taking a subsequence if necessary. Note that x (y + A) converges
to x (y) because x (y) is convex on (—o0, 0) and thus continuous. Take a function
T € C{°(Byy) suchthat 7(x) =1,x € By, and 0 < 7 < 1. With YT — )7, we
test

—x(y + 8) = u[ar D2t 4 px L DA

— 3 (DB A ANL VDD Uy A
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and obtain

—f x(y + A)(u?“’*m —W)tdx
By,
1 y
_ _/B SO DD, (@) — i)e) d
2r

+/ By DY TR (VT — )T dx
BZr

1
-5 (DB Y)Y AN L A DR (Y — )T dx
BZr

+ | Upsa(@?t® — i)z dx,
BZr

Zi_pi 1y 3(AHY
where B, =B, —52_; 5.7 Therefore,

1 .
/ S YD, (@A —B)D; (WA — )T dx
BZr
1 .
_ _/ ST DD, () — )t dx
BZr
1 g
—/ (A D YT DT (WA — ) dx
BZr

+f By ADDWY TR (@YY — )7 dx
By,

1
-5 (DB YD) AN L A Dw TS (YY) — )7 dx
Boy

+f Upsa(@? D — )t dx +f Xy + A) (@Y — )T dx.
B, By

Since all terms of the right-hand side converge to 0, we see that D(w+2) — )
converges strongly to 0 in L?(B,) and w*2) to i strongly in H'(B,). Thus,
we obtain our present lemma because (w, x (y)) satisfies (3.1), and the solution is
unique up to additive constants with respect to w. [J

LEMMA 6.3.  Let uY*™®) 0(y + A)) be a solution to

(6.2) —0(y +A) =Ly + AuV T 4 frTA)

where
1

2(1 —y — A)?
x THETH IS DY T — £*).

FOHR = _ (A DT — x*q)*
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Then, as |A| — 0, (y + A) converges to 6(y) and uY+t2) converges to u™) in
Hll)c strongly and uniformly on each compact set, where (uY),0(y)) is a solution

to (5.1).

PROOF. Note that | f¥+2) (x)| < ¢(1 + |x|?), 3¢ > 0, and that f@+2) (x) —
f@) almost everywhere by taking a subsequence, if necessary, since w®+%)
converges strongly in ngc to w) by Lemma 6.2. Moreover, we note that
{mya(dx)} = {my,a(x)dx} is tight because of Lemma 6.1. Therefore, it con-
verges weakly to some probability measure m(dx) by taking a subsequence if
necessary. The limit can be identified with m,, (dx) =m,, (x) dx, and m,, (x) is the
only function satisfying (A.24) for i(y) and fmy(x) dx = 1. Thus my 4 A(x)dx
converges to m,, (x) dx weakly. Therefore,

Oy +A) = — / FOED (omy 4 a(x) dx

converges to 6(y).
On the other hand, since u”*2) is a solution to (6.2) it satisfies

lur 8]

SUp A

- < 00,
xeDe W

and we have | *t2)| < ¢(1 + |x|?). Therefore, we see that ¥ %) is locally
bounded by a constant independent of A. Then, by testing (6.2) with ut2 ¢ we
can see that [Ju? T2 H(B,) 1s bounded for each r. Therefore, by taking a sub-
sequence if necessary, 2 converges in HllOC weakly to a function i, which
turns out to be the solution #) to (5.1). By similar arguments as in the proof
of Lemma 6.2, we can see it converges in Hl})c strongly. Furthermore, by Theo-
rem 9.11 in [16], we see that

||”(V+A) I W2p(B,) = C(””(y+A) ”LP(Bz,) + ”f(HA) +0(y + A)”LP(BZ,))
<C(Jur+® | oo By + | F7+ oy + M) 1o (s,

for each r > 0, where C is a constant depending on ci,c2 and the L*(B»,)
norms of the coefficients of L(y + A). Thus, by the Sobolev imbedding theo-
rem, {uY )} is equicontinuous, and thus u*+2) converges uniformly to «) on
each compact set. [

LEMMA 6.4. Let (0", x(y)) and (0™, x(y + A)) be solutions to (3.1)

with y and y + A, respectively. Set x® = W and ¢ = M.

Then

lim x® =9
Alm X ()
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and

IAhIm ) =u (v), x €R".

Here, uY),0(y)) is the solution to (5.1).

PROOF. Here we abbreviate u") to u. From (3.1) it follows that

—x(r+8)+x¥)

— ,B;Du‘)()’) (D 7 (J/+A)) )»N_I AN DD p (v +2)
+ l(Dw()’)) )\.N;l)\.*DII)(y) +Upsa — U,
:% [A.A.*Dz( (y+4) —II)(V))]—{—,B D( (y+4) _ —(}/))
—(D ‘(V)) AN, IA*D( (y+4A) _ -(y)) — %(Dw(”))*AN),_IA*Dw(V)
+ (DB AN W DDA — H(DW YTV AN A DT
+ (By+a = By) DY + Uy n — Uy
= L(y)( y+4A) _ -(V))
— 2D( T w(}/)) )»N 1 )»*D( (y+4) _ w()/))
+ (By+a — By) DT z(DwW)) AN A = N7 D®
— (DD ) ANy = N OAFDBY D U, — Uy,
Therefore we have
(6.3) @ =Lee® + [V @) - D).
where

-1 A=l
fl(A)(x) — MDQ)(Y+A) + %(D@(y))*XMA*D@(N
-1 _
WNypa =N, D Uysa—U,

VDA
A

_ (Du')(V))*k
and

g™ () = iD(u_J(H—A) — @ DYAN W D@ Y — ).

Note that fl(A) is dominated by ¢(1 + |x|?) with a certain positive constant ¢ and
that it converges almost everywhere to f) by taking a subsequence, if necessary,
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because
9 1
ﬂ:—zxz*&,
dy  (I—y)
AN ! 1
r_ = STHEDHTE,
dy (I'=y)
aU.
Y —— PIRIOID 40 WD
dy 2(1—yp)?
Therefore,
oy e _
6.4) —x! ._/fl (x)my(dx)ﬁ/f(x)my(dx)— 0(y),  |A]— 0.

Moreover, for A > 0,

A
(6.5) i ==,
Let us consider the equation

(6:6) — Y =Lou®™ + 12

We shall see that uiA) —u — 0 as A — 0 by specifying suitable ambiguity
constants. For that, set

A A A
(®i=u® —u, F® = g - ™ —0).

Then we have

_ HoN
L(y)z® + F® =0, W e Wl%)’cp, s;p |11)T < 00.

By considering constructing the solution to this equation according to the proof of

Proposition A.4 in the Appendix, we see that z(») — 0 as A — 0. To begin, let

W) be the solution to (A.19) for Ly = I:(y), f= F@®) and £ the solution to

(A.20) for Lo=L(y), f = F® and ¥ = W® The operator T is defined as

TF®x)=e®™(x), xely,

and the operator P is defined in the same way as in (A.10) by replacing Ly with

I:(y) in (A.4) and (A.9). Then starting with ;éA) =y, n(()A) =& we define

the sequence g“k(A), n,(cA), k=1,2,..., successively as the solution to (A.9) with

¢ = n,(ﬁ)l and Lg = I:(y), and as the solution to (A.4) with & = g“k(A) and Lg =

L(y), respectively. Then we obtain

o o0
M=) ’71(<A)’r1 =Y PHTF*)x)
k=0 k=0
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and the estimate for ﬁ(A),
B 1
”77(A) ||L°°(F1) = K”TF(A) ||L°°(F1) 1—e—P

To estimate [|7 F || oo(r,), we set SI(A) to be the solution to

C

{ Le™ +F® =0, D,

A
51( )|r =0,

and £\ = £ — ™ Then £{® satisfies

C

{ Liye® = D’
A
é)h=wmmu

and we have
A A
”52( )HLOO(FI) = Hsz( )”LOO(DC) <[w® HLOO(F) <K|F® HLOO(DI)
for some constant K| > 0. On the other hand, to estimate ||& 1(A) | Loo(r,), we set
51(A) =B (™), a>1.

We can assume that D is sufficiently large so that

1 a—1
—U., — —(DOYY AN Do) — YNV D) <« —
U, 2(Dw )" AN, "2*Dw x(y)+ = (DY) A Dw' < —M,

x €D,
for some M > 0. Since
Z(y)é_-](A) _ (w(y))ai(y)v(A) +aU(A)(w(V))a_li(y)w(V)
Dw
(A) * AN
+a(Dv ) art = )( )
D@\ * D™
_ (A) * - (¥))%
tale—1Du ( ) ) 2o @)%
v(Q) satisfies
- DI\ *
L(y)v(A)—i-a( u() )M*DUW
w)
B} —1 F(2)
() L% =V 3 3% () L (A —
+—5 ){L(y)w = (Dw')"Ar* Dw }v =@

vy =0.
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Noting that
. —1
L™ + (Do) an* Do)
w()’)

=-U, - %(Dzb(y))*AN]jlk*Dw( —x(y) + —1(1) WY D)
<—M, x €D,
we have
|v(A)(x)| <K2sup FO
(wr)e’
and thus

) FOL e
3 HLOO(Fl)—KZSup( (},))aH(w )“LOO(Fl)'

Moreover, él(A) = v®@"))* — 0 uniformly on each compact set as A — 0.

Therefore, £(*) — 0 uniformly on each compact set and we also obtain the esti-
mates

|F)|
& @ “LOO(Fl) =K ||F @ ||L°°(D1) + K> SuP D)) ||( )a ||L°°(F1)

and

i} |F®
||77(A) I Lo = K| ||F(A) ||L°O(D1) +K; 51‘;? w0 ”(w(y))a”LOO(l"l)'

Let £ (®) be the solution to (A.26) for Lo = L(y), f = F® and ij = 7). Then
£ — 0 uniformly as A — 0 since [|72)| is estimated as shown above. Let 7(2)
be the solution to (A.20) for Lo = L(y), f = F® and ¥ = ™) Then, as above,
7™ — 0 uniformly on each compact set as A — 0. Since z(*») =¢®) in D; and
z®) =74 in D¢, we conclude that z(») — 0 uniformly on each compact set.

In a similar manner, we have

(,By+A - ,3)/)* Dw(y)
A
N—l _ N*l
+ —(DII)(V))*)\VTM)\*DII)(V) +

—xV =Ly + 8¢ +

[S—

Uyta = Uy
A

[\

+ iD(w()/+A) —(}/)) )»N 1 A*D( y+4A) _ a}(y))'
By setting
* —1_ -1
A b
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we have
6.7) —xV =Ly + 8™ + {2 0) + g ().

Since my a(x)dx converges to m, (x)dx weakly, and fz(A) converges almost
everywhere to f(x) by taking a subsequence if necessary, as above, we have

K2 = [ AV myardx > [ fm,@dr=-60)

as |A| — 0.

(6.8)

Moreover, for A > 0,

A
(69) 0" = —x®.
We consider

(6.10) o

=Ly +8us® + 2.

Then, in the same manner as above, we see that u2 A ) 0,as |A| — 0,

by specifying ambiguity constants. Since uY+2) converges to u, ugA) does the
same.
From (6.4), (6.5), (6.8) and (6.9), it follows that

6.11 lim —y @) = —0(y).
(6.11) Alrjr(l) X ()

The converse inequalities of (6.5) and (6.9) hold for A < 0, and we have
6.11 lim —x ) = —6(y).
(6.11) m = x )

Hence, we see that —x (&) — —9()/) as |A| — 0. From (6.3) and (6.6), we have

XY+ x® =L@\ —¢®) 4 ¢®

and through arguments similar to those above, we see that

(6.11") lirAniiélf(u%A)(x) — ™) >0,

since g(A)(x) >0 for A > 0 and X(A) — XI(A) — 0 as |A| — 0. Similarly, from
(6.7) and (6.10), we have

A A
( ) x® = L(y A)(u (A) C(A)) g
and see that

6.11) limsup(us® (x) — ¢ (x)) <0.
ALO

Therefore,

im @ (x) =
Hm &) = ul).
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We likewise have

lim sup(uﬁA) x)—¢®w) <0
A10

and

liminf(us™ (x) — £ (x)) = 0
i in (uy (x) =P () =

since g(A)(x) <0 for A < 0. Therefore, we obtain

li (A) —
Al%i (x) =u(x)
and Lemma 6.4 follows. [

REMARK 6.1. Since u =u) = 8)/ is a solution to (5.1), it has a polynomial
growth order. More precisely, we have

@) <C+x», 3IC>0;

cf. Corollary 5.1 and (3.11). Furthermore, we can see that also has a polynomial

growth order for each /. Indeed, u; : 38 L satisfies

0=1D;i(a" Dju;) + B' Diu; — Dy f + L D;(a) Dju) + B Dju,
where
a’ (x) = OV (x),
B/ (x) = B (x) — 3Di (1)) — O.N, ' WD),

1
f=s—S5ODw—T*)*THETH (D — T*a),
2(1—vy)
.. 9 ij . 8Bi
allJ: a ’ Bi = .
0x] 0x;
Therefore, if we set f; = ——aljD u,i #1,and f; = ——all Dju — f, then u; sat-

isfies

1 .. . .
(6.14) /(Ea”Djul — f,~>§xi dx + f(B’D,-ul + B/ Diu)sdx =0
for each & € Wé’z(Bp(xo)), p >0, xp € R". We note that

||fi||Lp/2(Bp(xO)), ||Bi||L1>/2(Bp(x0)), ||BziDiu||Lp/2(Bp(x0)) < u(xo) < C(1+|xo|™),
3C > 0, mgy > 0,
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which can be seen in light of our assumptions since u is a solution to (5.1), and
w is a solution to (3.1). Equation (6.14) corresponds to (13.4) in [25], Chapter 3,
Section 13. Therefore, by the same arguments as in that work,

[ vuPeax < y(m)[/
Ag,p A

is seen to hold, where ¢ is a cut-off function supported by B, (xo), Ax,p ={x €
B, (x0); u;(x) > k}, and y(xo) is a constant dominated by C(1 + |xo|"!), C >
0,m; > 0. From this inequality we obtain inequality (5.12) for u = u; in [25],
Chapter 2, Section 5. Hence, similarly to the proof of Lemma 5.4 in [25], Chap-
ter 2, we see that u; has a polynomial growth order.

(wr — 02V Pdx + (& + 1)|Ak,p|l—2/"]

k.p

7. Proof of Theorem 2.4. We first state the following lemma.

LEMMA 7.1. Under the assumptions of Theorem 2.3,

(7.1) x'(—00) == ygryoox/()/) =0.

PROOF. Note that
0< lim_x'(y) < x'(v0)
y——00

for 9 < 0 and that x'(y) is nondecreasing. Therefore, x'(—o0) exists. Further-

more,
1 v
x(y) :__/ (6 dt + x (vo)

14 vy 14

and limy, , %”) = 0 since —xo < x(y) < 0. Here, xo is a constant defined by
(3.10). Hence, we obtain (7.1). O

We next give the proof of Theorem 2.4. For y < 0, we have

log Vr(h) — log S9 Ve (h)\"
logP< og Vr(h) = log T§K>:10gP(( 7 )> >e7’KT>

0
T S0

VN e
Slog{E[( 9 ) ]e ’ T}
Vr(h)\”
:logEK S(% )]—yKT.
Therefore,

log V7 (h) — log S Vr(h)\”
irhlflogP<Og r(h) = log TSK)SiI}:f]OgEI:( it )) :|—)/KT

T 59

<v(0,x;T) —y«T,
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from which we obtain

log Vr(h) — log StO
T

A

— < _
hTrglOI})fTugflogP( SK) <x(y)—y«
for all y < 0. Hence, we have

log Vo (h) — log S°
og Vr(h) —log S §K>§inf{x()/)—3/’<}~
T y<0

1
liminf — il}}flog P(

T—o00

The converse inequality is more difficult to prove. Take a constant « and ¢ > 0
such that ¥ — & > 0. Then there exists y, such that

(7.2) Vig’%{x(y) —yk =)} =x(e) — Vex' (ve).

We write y, as y for simplicity in the following. Let us introduce a probability
measure P defined by

dP

SO MMy
dp

Gr

where

t

M/ =/ {L&*z +(Dw)*uv;1}(xs)dws.

oll—y
Then W, = W, —fé{%ﬁ)*&—l—N}jlk*Dw}(Xs)ds is a martingale under the prob-
ability measure P and

dX; = B(Xy)dt + 1(X;)dW;
(7.3)
= {,3 + ILAE*& + ,\Nylx*Dw}(X,)dz +A(X;)dW,.
-Y

Note that (X, 15) has the same law as the diffusion process (Y, P) governed by
stochastic differential equation (4.12). We further note H-J-B equation of ergodic
type (2.18) can be written as

(7.4) x(y) = Lw — 5(Dw)*AN; 'A*Dw — U,

by using L defined by (4.16). On the other hand, (5.1) is written as

x'(v) = Lw +;(ak*Dw+&)*(00*)“(0A*Dw+&)
21 —y)?

(715) =1L S(VDw + T*F)* (TN T E(WVDw + T*&)

wy + s
Y 2(1-y)
=: Zwy + Vi(x),
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owing to Lemma 6.3, where w,, = a—w Now we have
log Vr (k) — log 8%

T 1 T
:10gv+/ {h;‘&(XS) — Ehjao*(Xs)hs}ds—l—/ h;kU(XS)dWS
0 0
T -
:10gv+/ hio (Xs)dWy
0
T * A 1 * * y * * A
—i—f {hsa(Xs) — ~ho0"(Xs)hy + ——h ;o X a(Xy)
0 2 l—y
+hjaN;1x*Dw(Xs)}ds
T -
:logv+f h:O’(XS)dW;

+/ { (h¥a(Xs) + hioAi* Dw (X, ))—%h*w (Xs)hs }

1 * 3
=logv+/ {hs -3 (aa*)_l(&+oA*Dw)} o (Xs)dWy
0 -y
T 1 * -
+/ 1—{(00*)_1(&+ak*Dw)} o (Xs)dW;
o 1—vy

1 (T
M-
2 Jo

*
(oo™~ (& +0A*Dw)}
l—y

1
X ao*{hs 7 (oo™~ (& + ak*Dw)} ds

+(7)/)2f @+ o *Dw)* (co™) (@ + oA Dw)(X,) ds

h 1 h
=logv+ My — §<M )T

+/ —{<<m )7 @+ o1 Dw)) o (X,) dW,

+ / Vi(Xs) ds,
0

and we set

h ! 1 y—1 4 * - T
M, ::/0 {hs— 7 _y(aa ) (a+or Dw)} o(Xs)dW;.



654 H. NAGAI

Note that k — & = x’(y). Then it follows that
~ /1
P(;(log Vr(h) —log Sg) > /c)

AL (s Loa :
+ (f( T_§< )T)>§>
+P( f —{(cm) Y& + or*Dw)) o (Xs) d W >§)

Taking Lemma 4.2 into account, we have

s( 1 T 1 xy—1 2 * * T E
P(?f 1f{(aa )Y (@4 ol Dw)} o (X)dW, > 3)

82T2 [/ V1(X)ds}

C
<
Y
for some positive constant C and
p l Mh— 1<Mh> > & <e—sT/3E[eM§—(1/2)<Mh>T] <~ tT/3
r\"T 2T 3) = = '

Thus, by using the following lemma, we can see that

A

~ /1
(7.6) P(?(log Vr(h) —log %) > K> <
for sufficiently large T'.

LEMMA 7.2. For sufficiently large T we have

P(k’g”+ /Vl(X>ds>x(y)+ )sg

PROOF. By Itd’s formula,

Wy, (X1) — Wy, (Xo)

T _ T -
- fo (L)w, (X,))ds + /0 (Vw, (X)) A(X,) d W,

T T -
——/0 V1(Xs)dS+X'(J/)T+f0 (Vwy (X)) A(Xy) dWs.
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Therefore,

1T , 1
?/0 ViXs)ds = X' () + o {wy (6) = wy (X))

1 /T -
+?,/0 (wa(Xs))*A(XS)dWS.
Thus,

-/ 1 1 T P
P(Tlogv+?f0 V1(Xs)dS>x'(V)+§>

— (L ! Xt + 2 [ Vi, (X aW, > &
= (? Ogv_*'?{wy(x)_wy( T)}+TK) ( wy( s)) s>§)

| /\

1 1 e
<?10gv>9)+P(T{wy(x)—wy(XT)}>§>
/1 rT . ooF €
+P(?f0 (Y, (Xy)) dWs>§>

81
2TZE[Iwy(x) wy(XT)I 1+ = 2T2 [/ (Dw,y) )L)L*Dwy(X)dsi|

Hence, by taking T and R to be sufficiently large, we obtain our present lemma
because of Lemma 4.2; cf. Remark 6.1. U

Let us complete the proof of Theorem 2.4 for 0 < x < x’(0—). Set

~ t -
M/ =/0 {L&*z + (Dw)*ANy_l}(Xs)dWs

L—y
and
Al ={-M] > —&T},
Ap={-5M")r = (x(¥) —yx'(¥) — )T},
1 0
Az = { (log Vr(h) — logST)SK}.
Then

P(%(log Vr(h) — $3) < K)

E[ Y =(1/2M 7 (1ogVT(h) S%)f/c}

E[e—W—(l/zanr; AL N Ay As]

v

XN =vX'W=2T pA, N Ay N As)
e(x(y)fyx/(y)fZS)T{l p(A ) — P(A ) — P(A3)}

Y

Y
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We have seen that 15(A§) < ¢ holds for sufficiently large T in (7.6), and it is
straightforward to see that likewise P(A{) < ¢ for sufficiently large T'. Therefore,
taking the following lemma into account as well, we have

1 ,
P(?(log Vr(h) —log §%) < /c) > U=y M=29T (1 _3¢)  Vh e H(T),

for sufficiently large 7', and

log Vr (h) — log S -
K
T <

1
lim — inf 10gP<
T—oo I heH(T)

)z 2 —vx' () -2
=x)—yk —¢&)—2¢
> inf{x(y) —y —e)}—2e¢
y <0
for each ¢. Since x (y) is smooth and convex, J (k) =inf, .o{x(y) — y«}, k >0,
is strictly concave, and thus continuous. Hence,

_ 0
(logVTWT log S7 SK)Z inf (x () —yx}. O
y<

1
lim — inf logP
T—oo I heH(T)

LEMMA 7.3. Under the assumptions of Theorem 2.4,
P(3(M")r = =(x() —yX'(r) —€)T) <¢
holds for sufficiently large T .

PROOEF. First note that
1 -1 1 —1\2 14 * xy—1
—N_ ' —=(N =—— 33X )
>Ny 2( y ) 20— )2 ( )
and

y % y?

20—y) 20—-y)? 20-p)?
Then, from (7.4) and (7.5), we have

- 1
X)) =y X' () =Lw = ywy) = S(Dw)*AN; 2" Dw = Uy = y Vi(x)

_ |
= Lw —yw,) = 5(Dw)"aN; '3 Dw - (li/w(xz*&)mw

1
+ 5(Dw)"‘x(zvy—1 — (N, D)2 Dw — y?2(1 — y)*a =¥
=L(w— YWwy)

N Y sra N W) (Y sra 4 NS D
2 1_)/ o y w 1_)/ o y w .
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Set
14

1 * A —14 % * Y * A —14 %
Then
1 t
Sy, = [ vaxds.
2 0
By Itd’s formula, we have

(w —ywy)(Xs) — (w — ywy)(Xo)

t_ t ~
=/0 L) — yw, ) (X,) ds +/0 D(w — yw,)(Xs)*A(Xs) dW,

t t ~
={X(V)—)/x/()/)}t+/0 Vz(Xs)dS-i-/O D(w — ywy)(X,)*1(Xs) dW.

Thus,

~ /1
P(5<MV>T ) — X ONT > eT)
_ ﬁ((w —yw ) (X7) = (W = yw,)(x)

— /Ot D(w — ywy)(Xs)*A(Xy) dWy > 8T>

= f’((w —ywy)(X7) > %) + 13(—(11) —yw,)(x) > %)

~ ! ~ eT
+8(= [ D=y x> ).
Hence, we obtain the present lemma in the same way as Lemma 7.2. [J

For ¥ < 0, we shall prove Theorem 2.4. By convexity, we have
XED2xW+ X (=1=y),  y<-1L
That is,
X)) =y < x D+ X' +y(x'(v) — k).

x'(y) is monotonically nondecreasing, and x'(y) — 0 as y — —oo. Therefore,
we see that

x(y) —yk — —0o0 asy — —oo.
Hence,

inf {x (y) — yk} = —o0.
y<0
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On the other hand, by taking 7 = 0, we have V7 (h) = vexp(rT) and

_ 0
P<log VT(h; log S7 SK) _0

for sufficiently large 7. Thus, J (k) = —o0.

8. Proof of Theorem 2.5. For a given constant 0 < k < x'(0—), take y (k)
such that x'(y (k)) = k, namely,

yig{){x(y) —yk}t=xy k) —y k.

Then, since
log V7 (h) — log S Vr(h)\?®
inflogP( 0g Vr(h) — log 57 5/() finflogE[< Tf) )) ]—y(K)KT,
h. T h. S7
we have

) 1. Vo (h)\ Y )
J(k) < lim ?1}13f10gE[( gg )> }—y(/c)/c.

T—o0 T
Therefore, if we prove that

1 Vr(h) 140) 1 VT(h(V(K))) Y (k)
lim —inflogE[( ) :|= lim —10gE|:<—> ]
T— 00 h. SO T—oo T SO

(8.1) T r

= x(y (),

then we complete the proof of the present theorem because

1 Vi (R )y ¥ )
< < lim —logE|{ ———— —
J() = Joo ) = im - log [( S0 ) ] y (KKK

and J (k) = inf, .o{x (y) — y«} by Theorem 2.4. (8.1) is proved in the following
proposition.

PROPOSITION 8.1. Under the assumptions of Theorem 2.5, (8.1) holds.

_ PROOF. Let w = w¥ ) be a solution to (2.18) for y = y (k) and i_zfy) =
h(X;), where X; is the solution to (2.24). Noting that

_ _ 1—1vy - _
n(x, k) = h*é — Tyh*aa*h
(8.2)

1 1
=— G%co*d— ———(Dw)*Ac*(co™) lo A Duw,
2(1—vy) 2(0—y)
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we have

w(X;) —w(Xo)
_/ { [AA*D*w] + (B + yro*h)* Dw}(X )ds
+/ (Dw)*A(X) dW?
0
! 1 * *
:/0 {Etr[kk D*w] + B Dw
+ %(Dw)*kd*(aa*)_lak*Dw}(XS) ds
t _
+/ (Dw)*A(Xy) dW!
—/ {X +U, + (1 )(Dw) Ao (o) o Dw
— E(Dw)*kA*Dw}(Xs)ds
t _
+/ (Dw)*1(Xy)dW?
0
:/t{x —yn(Xs, h) — (Dw)*kk*Dw(Xs)}ds
0

+ /Ot(Dw)*)»(Xs)de.
Thus,
EMeld Vn(Xs,ﬁﬁy))ds]
_ ER[ AT —u X+ (D s (X0 dWE=(1/2) (D)2 Dux s

Let us introduce a new measure P defined by

ap :efOT(Dw)*k(Xs)def(l/Z)fOT(Dw)*AA*Dw(XS)ds
dph

Then
o - t
W, =w" —/ A*Dw(X,)ds
0

is a Brownian motion process under P and

dX, = {B(X)) + yAo*h(X,) + M Dw(X,)} dt + A X,) dW,.
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Therefore,

e—w(XT) _ ,mw(x)

e

T v
= —/ e VX (Dw)*A(X,) d W,
0
T 1 -
+f e—w<Xs){—§trm*Dzw] — (B+yro*h)*Dw
0
1 * *
—E(Dw) M Dw ¢ (X;)ds

T v

== [ D) A X AWy
0

T 1
—/ e_w(XS){—tr[AA*DZw] + BiDw
0 2 v
+ T— Y (Dw)*Ao*(co™) " lor* Dw
-Y

1 * *
—i—E(Dw) AN Dw}(xs)ds

T . T -
= —/ e X (Dw)*A(X,) d W —/ e Xy —yn(Xs, A7) ) ds.
0 0
Then, by the arguments using the stopping time, we have
EMeld X i s

— exT+w(X)E[e—w(XT)]

T
=eXT+w(x)E|:e_w(x) +/ e "M yn(Xs, h) — x}dS]-
A P
Hence, we obtain

lim ! log E" [efOT V"(X“}_lgy))ds] =x)

T—o00

by taking into account (2.25) and (8.2). The converse inequality holds since ﬁﬁ” €
AT). O

APPENDIX

Let Lo be an elliptic operator defined by

1 . .
Lou:= 5 a" () Diju+ 3 b’ (x) Diu
i,j i

(A.1) .
=5 Z Di(a"” (x)Dju) + ZEi(x)Diu,
LJ i
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where a'/ (x) and b’ (x) are Lipschitz continuous functions such that
(A2) kolyl> < y*a(x)y <kilyl>  ¥ye RY ko, ki1 >0

and b’ = b' — %Z ;D jaf i, We assume that there exists a positive function ¥ €
C%(R") such that

Y(x) — o0, as |x| - oo,
A3) | —Loy - %(Dll/)*aDl// >0,  x€B%.IRy>0,c,>0,
Loy < —1, xeB,CQO.

Set K (x;¥) = — Loy,

Fy = {u € Wli’cp;esssupw < oo},

xereO Xx)

Fg = {f € Lf&;esssupM < oo}
xEB;‘eO K(x;v)

and
D= Bg, = {x € R"; |x| < Ro)}.

Then we consider the following exterior Dirichlet problem for a given bounded
continuous function 2 on I' = 9D:

(Ad) {—L0§=O, xeD',
Elr=h.

PROPOSITION A.1. Exterior Dirichlet problem (A.4) has a unique bounded
solution & € leo’cp NL®, 1< p<oo.
PROOF. We first show uniqueness. Note that
—Loy =K(x;¢¥) >0, x e D°,
and set £ = uy. Then
0= Lo§ = (—Low)y — (Loy)n — (D) aDyr.

Therefore, p satisfies

Dy \* L
—Lopn — (—w> aDp — ﬂu =0,
(A.5) A v
ulr=— and wu(x)—0 as |x| — oo.

4
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Let 11 and py be solutions to (A.5). Then g := ) — uo satisfies

Dy \* Loy
(A6) { ~hos (7) abg ==y 8=0
glr=0 and gkx)—0 as |x| — oo.

To prove uniqueness, it is sufficient to show that the solution g to (A.6) is trivial.
For each ¢ > 0, there exists R, such that |g| <&, Bfeg- Take R > R, V Rgy. Then we
see that /

lg] <e, Br NDC,

since ¥ > 0 and K (x; ¥) > 0in D¢. Thus, we see that g = 0 because ¢ is arbitrary.
Let us show the existence of the solution to (A.4). We can assume /& > 0. Con-
sider the following Dirichlet problem for R > Ry:

(A7) CLoge =0 BenD

ErRlr =h, Erlapr = 0.
Then we have
(A.8) IER N Lo (BrnDe) < IRl Loo (T -

It is clear that £g < &g and R < R’ by the maximum principle. Therefore, there
exists € € L°(R" N D) and

R —> &, &1l Lo (Dey < 1Al Loo(ry-
When taking
D* cCc D C BgN D",
we see that
IR w20 ey < ClERN o3y < € NERI ooy < IRl Loo(T)-

Thus, &g converges to & weakly in W]L’Cq. Regularity theorems show that § Wli’cq.
g

Let us take a bounded domain D; such that D C D; and a bounded Borel func-
tion ¢ on I'y = dD;. We consider a Dirichlet problem
{ —Lo¢ =0, Dy,
¢Iry =@,
which admits a solution ¢ € W2P(Dy) N L. For this solution, we consider

exterior Dirichlet problem (A.4) with &~ = ¢. Then we introduce an operator
P:B(I'1) — B(I'y) defined by

(A.10) Po(x) =§(x), xely,

(A9)
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where £(x) is the solution to (A.4) with 4 = ¢. In a similar manner to Lemma 5.1
in [1], Chapter II, we have

sup Ax,y(B) <1,
BeB(I'y),x,yel’y

where
Ax,y(B) = Pyp(x) — Pxp(y), B e B(T).

Moreover, we have the following proposition; cf. Theorem 4.1, Chapter Il in [1].

PROPOSITION A.2. Operator P defined above satisfies the following proper-
ties.

(A.11) I P@llLoory) < l@lloe), Pl(x) =1,
and for some § > 0,
(A.12) Pyxp(x) — Pxp(y) <1-34, x,y €Dy, BeBT).

Furthermore, there exists a probability measure 7 (dx) on (I'y, B(I'1)) such that

< K|@llL~e"",

\P"qb(x) - f ()7 (dx)

(A.13) 5
p=logi—5 K=1"%

and

(A.14) /d)(x)n(dx) :fP(]}(x)JT(dx)

for any bounded Borel function ¢.

Consider an exterior Dirichlet problem for a given function f € Fk:

(A.15) { —Lou=f, xeD,
ulr =0.

Then we have the following proposition.
PROPOSITION A.3. For a given function f € Fk, there exists a unique solu-
tionu € Wlf)’cp, 1 < p < o0, to (A.15) such that

| ()]

sup <
xepe Y(x)
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PROOF. Assume that f >0, f € Fx. For R > Ry we consider a Dirichlet
problem on Bg N D°:

(A.16) {—L()MR:f, x € Bg ﬂﬁc,
urlr =0, urlapg =0.

There exists a unique solution ug € Woz’p(BR NDY). Set

| f ()]
cf=esssup ———
xepe K(x; W)
Then we have
(A.17) O<ugr=<cyy.

To see that, set ig :==ug — cr. Then
—Loug =—Loug +crLoy
=f—c/K(x;¢¥) <0, D N Bg.
Therefore,
iig <0, DN Bg,

. ~ . . . ~C ~
since g is subharmonic in D N Bg and ur <0 on I' U d Bg. Hence, we have

UR <cry.
On the other hand,

—Loup=f >0, Bpr NnD".
Hence, up is superharmonic and ug =0 on I' N d Bg. Thus,
ug >0, Br N 50,

and (A.17) holds.
If f<0,f¢€Fg and cy =esssup,cpe K](Cx L then, through the same argu-
ments for — f, we obtain

—cpy <upx <0,
where —uj is the corresponding solution to (A.16). Therefore, for general f =
ft — f~, wehave
—CcfYy Sur <cfy.

Let u}; be a solution to (A.16) for f*. Then, u}; is nondecreasing with respect
to R because of the maximum principle. Indeed, for R < R’, we have

—Lo(uhy —u}) =0, BrND",

u};/—u;ZO, I' UdBg.
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Since u}? is dominated by ¢ s, there exists u™ such that
ut(x)= lim uj(x),  ut(x)|r=0.
R— o0
Let us show that u ™ (x) satisfies
—Lout = f+, D"
Set
D*:=BgrND°, D ccD*UaD*
Then we have
2, pipr < el pspe 4+ 1LF Tl pip)
= C/(||u+||oo;D* + ||f+||p;D*-
For D" C D’ injection W>?(D') — Wh4(D"),1 < ¢ < %, is compact. There-
fore, u}y — ut weakly in Wli)’cq for each 1 < ¢ < oo and u™ is a weak solution
to
{ —Lut=ft, R'NnD",
utlr =0.
By the regularity theorem u™ € WI%)’CP ,Vp> 1.
Similarly, we have u~ € Wé’cp , which is a solution to
{ —Lou"=f", R'ND,
u |r=0.
Now let us prove uniqueness. For i = 1,2, we assume that u; is a solution to
(A.15) such that
2,
—CcrY <uj <cry, u; € Wlocp.

Then u = u| — uy satisfies

{ —Lou=0, D,

(A.18) 2,p
ulr =0, —2cry <u=2cpy,ue Wy .

We shall prove that u satisfying (A.18) is trivial, u = 0. For this purpose, we set
u=vy%, a=1+c¢c, > 1,
where ¢, > 0 is the constant that appears in (A.3). Since —Lou = 0 we have
Dy \* av a—1 N
Lov + Za(— aDv+ —{ Loy + ——(Dy¥)"aDyr; =0.
v v v
Note that

a—1 * a—1 *
—Loy — T(Dlﬁ) aDy=K(x;y) — T(Dlﬁ) aDy =0
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for |x| > 1 under assumption (A.3). Moreover,
v=La—>0 as |x| — oo.

4

Hence, from the maximum principle, we see that v = 0 as in the proof of Proposi-
tion A.1. O

Let f be a function on R" such that f is bounded in D and f € Fx (D), and
D1 a bounded domain such that D C D;. We consider

—LoV = D
(A.19) {xwr(::o,f’ b
and
(A.20) { —Lot=f  R'ND,
§lr=V|r.

Then we set

Tf(x)=5§(x), xely,
and

T

(A.21) v(f) Jr, T/ (0)n(do)

~ Jr, Tl(o)n(do)

We further consider

(A.22) Z € wir sup — < 00.

loc .
xeDe

[_Lozzf’ 2|
Z

Then, as in the proof of Theorem 5.3, in [1], Chapter II, we obtain the following
proposition. Here, we only give the proof of the existence of the solution for use
in Section 6.

PROPOSITION A.4. Equation (A.22) has a solution unique up to additive con-
stants if and only if v(f) = 0. Moreover,

(A23) v(f) = [mG)f G dy
form e LY(R™), m >0 and —Lim =0 in distribution sense
loc °

(A.24) /m(y)(—Loz)dy =0, e WHP

such that z € Fy and —Loz € Fg. Furthermore, m(x) is the only function in L!
satisfying (A.24) and

/m(x)dx =1.
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PROOF OF EXISTENCE. Let {o = V¥ and no = &, where W (resp., &) is the
solution to (A.19) [resp., (A.20)]. Foreach k =1, 2, ... define ¢ and n; as follows.
Let ¢ be the solution to (A.9) for ¢ = ni_1, and ni the solution to (A.4) for h = .
Then

no()Ir, =Tf(x), m()r, =P (Tfx), n=12,...
Since fl‘l Tf(x)m(dx) =0, we have
[P (Tf))| < KITfliLerye ™
by (A.13). Set 7, (x) = 37 _ 7k (x), £u(x) = Y{_ Sk (x). Then
fnley =Tf + P(Tf)+---+ P(TS).
Therefore, we see that there exists 7 € C(I'1) such that ||, — nllper,) — 0,
n — 0. Moreover, we have
- 1
17 llLoer)) < K||Tf||L°°(F1)m-
Note that g:n is the solution to

Culry = Mn—1lry»

and 7], the solution to (A.20) with W (x) = &,. Noting that
180 — EmllLoe ) < 18n — Smllzooqryy < iin—1 — fim—1llLoo(ry)s

we see that g:n converges in C (D;) and weakly in WIL’C‘] since its Wli’cp norm
is bounded; cf. Theorem 9.11 in [16]. By the regularity theorems, the limit
¢ e W2P 0 C(Dy) and satisfies

loc

(A.26) {TLO{ =5 Dy
¢lry =1.

On the other hand, 7}, — & is the solution to (A.4) with h = ¢, — ¥|r = Yo lr
and

n—1
don;

J=0

N9

j=1

=<
L)

< |Mn=1llLoery)-
Lo (Ty)

170 —&llLoery <

Thus, we see that
170 — &l ey < lMn—1llLoory),

and 7, converges in C (D) and weakly in Wlt’cq (D°). The limit 7 € leo’cp DN
C(D¢) and satisfies (A.20) with W = Z. Setting z = ¢ in D; and z = 7 in D¢, we
have a solution to (A.22). [
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