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ON SAMPLING OF STATIONARY INCREMENT PROCESSES

By J. M. P. ALBIN?
Chalmers University of Technology

Under a complex technical condition, similar to such used in extreme
value theory, we find the ratq(s)*l at which a stochastic process
with stationary increment§ should be sampled, for the sampled process
&(l-/q(e)]q(e)) to deviate fromé by at moste, with a given probability,
asymptotically ag | 0. The canonical application is to discretization errors
in computer simulation of stochastic processes.

1. Introduction. Let {£(7)};c[0,1; be a stationary increment (SI) process. In
Section 4, under Conditio® from Section 2, we prove that, for suitable functions
g1, g2, w, F > 0, a constant > 0 and an open interval C R, denoting|x| =
supk eZ:k < x},

im P SUR¢o,yl§ (1) —&§(L1/q1(e)1q1(e))] — ¢ I B
el0 w(e)
(1.1)
forx e J.
lim P SUR¢p0,17 16 () — &(L1/g2(8)1q2(e))| — ¢ <) =T
el0 w(e)
1.2)
forx e J.

Methods of proof relate to Albin (1998), for the analysis of single sampling
intervals, and to Albin (1990), when assembling these to the limits (1.1) and (1.2).
The main inspirations for those works in turn were Berman (1982, 1992) and
Pickands (1969a, b) together with Leadbetter, Lindgren and Rootzén [(1983),
Chapters 12 and 13], respectively.

In Section 3 we discuss Conditio® and the role of (1.1) and (1.2) in
applications.

Versions of (1.1) and (1.2) have a history for Gaussian processes; see
Belyaev and Simonyan (1979), Piterbarg and Seleznjev (1994), Seleznjev (1996)
and Husler (1999). Section 5 features applications to stable processes. Future
applications could be to light-tailed Lévy processes and Ornstein—Uhlenbeck
processes [cf. Albin (2003a, b)].
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Albeit similar in appearance, (1.2) has little if any relation to the small ball
problem, to estimat®{sup.o 1;16(#)| < ¢} ase | 0 [e.g., Kuelbs and Li (1993)],
as (1.1) is unrelated to estimatesRiup (o 1) & (#) < ¢} [e.g., Marcus (2000)].

2. Condition &. The conditions (2.1)—(2.8) on the procg&&)};<o.1 listed
below will be collectively referred to as Conditi@h(i), withi =1 ori = 2:

@) Let g = q(e),qg = q(e),g = g(e) and w = w(e) be strictly positive
functions on(0, co), with g (g), w(e) | 0 ase | 0, and with eithegg =1 or Q1 =
lim;y01/g = oo, and eithelg = g or Qo =lim, 04/ = oo. Setl = (0, Q1) or
=0, 01].

(b) Leté& be S, separable and measurable, defined on a complete probability
space. Depending on whether (1.1) or (1.2) is in focusépet &1 . or &, = &2 ¢,
where

£1:(t) =[6(qt) —&(qlt —0)) —e]/w
&2:(t) =[16(qt) —&(qlt —0))| — e]/w

(c)_Pick an open sef CR with0e J, a_continuous functiod : J g (0, 00)
with F(0) = 1, and an integrable functio@ : [0, Q1) — (0, o) with G(0) = 1.
Assume that, for & s/Q2 < Q1 —r < Q1 andx € J,

CPE—rG—si)>x) — (s
2.1 | _ S\
2.1) im G/d)a <”+ )

(d) Assume that, fof" € I andx € J,

fort > 0.

i [TV Pl = rd) > x)
£10.Jo Pl&:(D) > 0]

(2.2) .
= F(x)/o G(r)dr=F(x)E(T:G) > 0.

(e) Assume that, for € N, r € (0, Q1), t € (0,7 Q2)" and (independently of)
xel,

(23 lim P{ﬂ{ssa— rg+64) > x}|g (1= rg) > x} = P (0).
i=1
(f) If 02 =00, assume that, foranye J, a.e.forr €I,

rq/q
(2.4) lim limsup [ P{&@A—gr+gs) > x|&(1—gr) > x}ds =0.
T—oo ¢l0 T
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(9) Assume that, for € I andx < x in J, with ¢ denoting the direct upper
Riemann integral of nonnegative functions [e.g., Asmussen (1987)],

limlimsup——
a0 o " aP(E (D) > 0}

TA/)
(2.5) « 7§ P{ SUp & ((L—1G — sag)*) > x.
0 s€[0,1]

Eo(L—1§) v E((L— 13 — ag)t) sﬁ%}dt o0,

(h) If I =(0, 01), assume that, faf € I andx € J,

(2.6) inf limsup. oo elT A Q.4 LD > X)
AUR G/Q)P(E(D) > 0]

(i) Assume that, fol" € I andx € J,

(2.7) limlimsup  sup Y aPled _f@ > %, Gen = sé) >,
hO 210 rsel0.7a(1/q) oo PlEe(1—rq) > O}P{5:(1—sg) > O}

(j) GivenT €1,x € J anda, h > 0, assume that, forany, ..., s;, f1,...,t €
[0, 1/g1NUpei(n —Tg,nlwiths; 1 —s; > ag,tjy1—t; > ag andn —s; > h/q,

lim P{ m{Se(Sk) <x}, m{fs(l‘e) < X}}
A V] =1
2.8)

- P{ M{&:Gs0) < x}}P{ M{&:G) < x}} =0.

k=1 (=1

THEOREM1. IftheCondition &(i) holds, for ani € {1, 2}, then (1.i) holdsfor
some constant « > 0.

3. Discussion. The idea behind (1.1) and (1.2) is to use extreme value
technology, for the extreme valugs+ xw},c,; of the processes(qr) — &(q |t —
0]) and|&é(gt) — &E(g|t — Q)])|, whereq = g(g) is chosen small enough to make
¢ an “extremely large” value for these processes 9. Conditions (2.1)—(2.8)
emerge from inserting(gt) —&(g |t — 0]) and|&(gt) — &(g |t — 0])] in analogous
conditions from extremes [e.g., Albin (1990, 1998)]. What makes life difficult here
is that these processes depend on the levaeid do not possess any invariances
like self-similarity (SS) or SI.

However, foré SSSI, (1.1) and (1.2) are easily transformed to more conven-
tional extreme value problems, involving processes that do not depend on the level.
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Schemes from extremes are natural take-off points to check Condiiion
Basically, we refer readers to the literature on extremes for that purpose (but see
Section 5). In fact, very much can be written on how to check (2.1)—(2.8) [see, e.g.,
Albin (1998) for a hint on this]. We plan to return to this in the future.

We discuss Conditio® (i) for i = 1; the case wheh= 2 is very similar.

Condition (2.1) implies that

3.1) P{&:(1) > 0} =P{é(q) —£(0) > e}~ (q/q)g  ase |0

and that

im Eieg >)(;i _ P{S(q) —£0) —¢ oy §(q) —§0) —¢ - 0}
(32) el e > B w w
= F(x).

This means tha§(¢) — £(0) belongs to a domain of attraction of extremes [e.qg.,
Albin (1990), Section 1], modulo the fact that this random variable depenéds on
In addition to (3.1) and (3.2), (2.1) requires tlgais chosen in such a way that

(3.3) im P —gr) > x}

=Fx)G Fend
20 PlE(D) >0 F(x)G(r)  whereG eL".

Arguably, in the presence of (3.2), this is a reasonable requirement.
In the presence of (2.1), condition (2.2) is just a technicality. Notice that,
by (2.1) and Fatou’s lemma, (2.2) for a certdir= T implies (2.2) forT <T.
Typically, (2.3) is verified by means of establishing that

(34) {(E(L—rg+1DIEL—rd) >x)}oo> (L@Oh=0  ase |0,
for some stochastic proce&s (¢)};~0. This together with (2.1) implies (2.3), since

limsupP{&,(1—rg +1t4) =x|&.(1—rg) > x}
el0

< limsuplim SUpP{Eé‘(l_ rq +1q) €~(x — 58, x+ 81}
50 0 P{£.(1—rG) > x}

_ _ — t
=i Fx—8)-Fux+0|G(r+—)|=0
msupFe =)~ Fe+ a1 6(r+ )|

In particular, (2.3) implies that

(3.5) “%P{Ee(l—riﬁrlé) > x5 (1—rq) > x} = Pr(1).
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Assuming that (2.3) is established via (3.4), a formal argument gives

rq/q
Iiirg)/A P{&(1—gr+gs) > x | &(1—gr) > x}ds
el0J7T

= [P >x}ds=E{ [ 1(x,oo>(;x<s>)ds}
T T

when Q> = oo: the interpretation of (2.4) is thus one about asymptotically small
mean sojourn times above the lexelfor the process, at infinity.

Condition (2.5) is typically verified by bounds on incrementspfsee, e.g.,
Section 5). For example, (2.5) holds if, for some const&htgd > 0 ande > 1,

(3:6) Pl&(1—rG+sq) <x—8,&(1—r§) >x} < K5 ‘s*P(&.() > 0}
for ¢ large enough, with uniformity in. When (2.1) and (3.4) holds, we have

i PlE(L=rg+54) <x = 6.6:(1—r) > x)
c10 P& (1) > 0]

For F andG “nice,” the interpretation of (3.6) thus is [recall that(0) > x]
P{e(s) <x — 8} < K879s°.

Condition (2.5) is often easier to verify fdr= (0, Q1) than for7 = (0, Q1].
The price for this is that (2.6) is required, to take caré&.@f) for r close to zero.
Condition (2.7) is a mixing conditon. It requires in essence that

P{ee(1—rg) > x,8(n —s5q) > x} < KP{&(1—rg) > O}P{&:(n — sg) > O}

for some constark > 0. Condition (2.8) is also a mixing conditon that is imposed
for process values that are farther apart than those in (2.7).

In most applicationsQ, = 1 so thalg = g, sinceQ» = oo usually corresponds
to rather pathological processes: for example, for fractional Brownian motion,
one hasQ> = oo for the index of self-similarityH < (O, %), while Q> =1 for
H e [%, 1) [see Piterbarg and Seleznjev (1994) and Seleznjev (1996)].

For 0, =1, the functiong;, w andg = g are typically determined from (3.1),
(3.2) and (3.3), respectively (in that order). K@ = oo four functions are sought,
and an additional equation is required, for example, (3.5). Of course, a rigorous
use of Theorem 1 requires a verification of the entire Condifion

The following two examples are canonical for the role of (1.1) in applications:

= F(x)G(r)P{¢(s) <x — 8}

ExAamMPLE 1. In a computer simulation a largest deviatidn= ¢ + xw(¢)
between the discretized simulated procéss$-/q(s)]q(¢)) and the process
{E(D)}se0.1) itself is tolerated, with a certain probability = e =), For this,
the sampling rate should lags) 1, asymptotically as | 0 (same thing a8 | 0).
Here the deviation is measured “two-sided” in (1.2), and “one-sided” in (1.1).



SAMPLING OF STOCHASTIC PROCESSES 2021
An applied risk application can be to estimate a high quantile

(3.7) P{ sup (1) > u} <2p for u large andp small.
te[0,1]

This is solved using computer simulations, to find such that

[1/q(e)] _
P{ U {E(kq)>u—d}}:p=1—e_"”x) whered = ¢ + xw(e),

k=0
for ¢ small enough that the limit (1.1) is accurate, because then (1.1) gives

P{ sup &(t) > u}

te[0,1]
[1/q(e)]
< P{ U ke >u— d}}
k=0

+ P{ sup [£(1) — £(L1/4(e)q(e))] > ¢ +xw<e>}

te[0,1]
§p+1—e_"f(x) =2p.
ExXxaMPLE 2. In a theoretical risk application, the problem is again to

solve (3.7). Lett be stationary, withé(0) belonging to a domain of attraction,
that is,

(3.8) im CEO >u+yb@)
u=oo P{E(0) > u}

for some functionsgi, H > 0. Picking a—y € J N (—o0, 0), (3.7) is solved taking

=H(y) fory e J,

yw(u)=¢e¢+xw(e) and (q(—lg) + 1)H(_y)p{g(0) su=p=1-— e—KF(x)’

for ¢ small enough and large enough that the limits (1.1) and (3.8) are accurate,
because then we have, for suchndu, by stationarity, (1.1) and (3.8),

P{ sup &(t) > u}

t€[0,1]

[1/q(2)]
< P{ U (Ekg)>u- yli)(u)}}

k=0

+ P{tes[gg][s(r) - s([ﬁ};(s))] - e+ o)

< (i + 1)P{g(0) S u—yiu)) +1—e F® —2p
q(€)
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We conclude this section with an example featuring, possibly, the only nontrivial
process for which the probability in (1.1) can be calculated explicitly.

ExaMPLE 3. LetB be Brownian motion (arbitrarily startedly = B — B(0)
and

g2 1 1 2Var{w (D)}i\1*
(&)= ————|4In[ =) +In(4In| - 2In( ————
e Var{W<1>}[ () +n(ein( ) + 2in( NGz )]
By self-similarity and other elementary properties of Brownian motion, we get
P{ sup B(t) — qujq) 55}
te[0,1] q

[1/4]
= <P{ sup W) < e}) P{ sup W) < 8}

te[0,9] t€[0,1-1/q]q]

— (1— 2P(W(q) > &}) ¥ (1— 2P{W(1— EJQ) . g})

~ (1_ E p{ } 1+0(1)))1/q e

4. Proof of Theorem 1. The sojourn time

sA(L/)
L(s; x) E/O L(x.00) (£ (1 — Gr)) dr, (s,x)el x J,

satisfies

(4.1) E{L.(T;x)} ~P{£:(1) > 0}F(x)E(T;G)  ase |0

for T € I andx € J [by (2.2) and Fubini’s theorem]. By the elementary identity

TA(L/§) 3
Ly o0y (Le (T ) /O 1oy} (L (53 3)) Lo (Ec (1 — G9)) dis
= 1(y,oo) (LE(T; x))y
for T € I andy > 0, it therefore follows that
q (>°Sf- .
5/ P{qLS(T; x)/q > z}a’z
f ((Le(T: %) — Gy/d) > 2} d5

(4.2)  =E{(L(T:x)—4y/3)1y/4.00)(Le(T; %))}
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= E{l@»/q,oo)(Le(T; X))
TAL/) ~
: /o [1 = L—oc.gy/qr (Le(s: )] L 00) (8 (1~ G5)) ds}
TAL/q) )
= E{'/O 1(@)’/@00)([18(5;X))l(x’oo)(%‘(]__qs)) dS}

ALY R .
= [ PaLsi /3 > 5.6 = Gs) > x)ds.
Using (2.1) and (2.2), we get density convergence
Ple:1—gs)>x} GG

el0  E{Le(T;x)) E(T;G)

Hence (4.2) together with Scheffé’s theorem [Scheffé (1947)] show that| &
/°° P{GL:(T; x) > gz}
vy (G/PELLAT; x)}

fors €[0,T).

TA(/q) 5G/§ ) A
:/0 P{/o 1(x700)(§e(1—qs+61t))dt>y

L Ple—gs) > x)
E(Le(T: )]

TAQG [ [sild o
~ fo P{ fo Loy (Eo(L— Gs +G0)di > y
G(s)
X —
E(T; G)

Picking al >0, (2.3) gives convergence of moments

(sG/@AT o n
E{ ( /0 Loy (E (L — Gs +G1) dr)

= P[ﬂ{ssa—c;swn) > x)
i=1

[0.(s3/)ATT"

Ec(L—gs) > x}

(4.3)

sg<1—c;s>>x}

se<1—és>>x}

E(1—gs) >x}dt

— _ Pyt dt ase | Oforn eN.
[0,(s@Q)AT]"

Here we have, with obvious notation,

(54/AT .
(/O 1(x,oo)($s(l_qs +qt))dt

(1= 5) > x)

d ,
— some random variablg 7
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(since the left-hand side is boundedBy. Using this in (4.3), we get

iminf [~ PLe(T: ) > 43}
el0 Jy (q/@E{LT;x)}

TA(L/9) ~ G(s)
(4.4) > /o Pt > 5 6

=A#(T;y) 1+ A(T;y)  asT 1 oo.

On the other hand, using (2.4)d> = oo, by (4.3) and Markov’s inequality,

lim sup OOP{NCYI:E(T;X)>6?1}
elo Jy  (@/PE{L:(T; x)}

_ TAL/G) 53/4 o
<limsup P{/ Loy (Ee(X—Gs +qt))dt > 8
el0 JO (sq/PNT

(11— 675) > x}
G(s)
X —
E(T; G)
TA(L/9) G(s)

4.5 +limsu P{¢, 7>y —46}) —
(4.5) o p 0 T=Y ET.G)

TAQ/D) /sé/é Ple(1—gs +40) > xl&s(1=Gs) > x)
0 (sG/PAT 8

<limsup
el0

G(s)
X —
E(T: G)

+A7(T;y—9)
— 0+ A(T;y—0)  asT — oo ands | O (in that order).

By (4.5) and elementary arguments, we have Ifar I andx € J,

fiminf oo Rel0.TAasg S 7 19) > x)
&40 (G/@E{L:(T; x))

(4.6) > E[l—“msup ®PL(T: ) > 1) ]
Y el0 Jy  (G/PE{LA(T; x)}
— lim Supw asy \L 0

yl0 y
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in a suitable way. Here the left limit is strictly positive, since by a version of (4.5),
% P{GL.(T; i
|ImSUp Eq,\{;‘( ,x)>qZ}
e10 Jy+x (@/QE{L(T;x)}

_ TAL/G) (sG/AT .
<limsup P{/ Loy (§e (X —Gs +q1))dt >y
el0 JO 0

Ec(1—gs) > x}

L _G©)
E(T;G)
_ TAL/G) rsd/q o .
+ lim sup / PEQ—gs+qt) > x| (1 —gs) > x}dt
¢l,0 JO (sq/PAT
G(s)
X —
E(T; G)

1 ~
<0+ > for T € (0, y] large enough.

On the other hand, we have, for< X <x in J andy > 0, by (4.4),as | O,
P{Supe[O,T/\(l/(j)] §(1—1q) > x}
(q/@E{Le(T; %)}
1
= —== o
(@G /DE{L:(T; X)}

y
X/ F’{{ sup Se(l—tc})>x}U{ciLe(T;i)N}z}
0 1[0, TA (/)]

L(THAD/(ag)]
U U @ -kad) > 5} dz
k=0
- }[1_/00 P{~6?€8(T;J?) >f1Z} dz}
v (@/QE{L(T; D)
L<<T4>Azl>/<m?” P(GL(T; %) <Gy, 6: (1~ kag) > )
Pt (@/PE(L(T; )

y

+

1
P _p sup & (1—1q) > x,
(G/QE{Le(T; X)} [fe[o,TA(l/é)] ’
L(THAD/(@d)]
4.7) N (& —kag) <}

k=0
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Sl—A(T;y—O)

+o(1)

PGL:(T; %) <4y, 6:(1) > &}
(G /DE{L:(T: X)}
L(TPAD/(@d)]

k
+ kgl /k_l[P{qu(T; %) <qy,
£(1—tag) v E((1— (t +Dag)") > i}
x ((§/§)E(Le(T; %)) "
+ P{£.(1— kag) > %,
£ (L—tag) v E((L—(t +Dag)t) < i}
x ((G/)E{Ls(T: ©)}) Y dt
1
T G DELT: 7))
L(TPHAL)/(aq)]
X Z P{ sup & (1—tag) > x,
=0 telk.k+1]

£(1—kag) v E((1— (k+Dag)™) < x}

Sl—A(T;y—O)Jr

o(1)

P{GL:(T;%) =gy, §(1) > x}

+ limsup . A
el0 (q/9E{L:(T; %)}
LT/\(]-/(})J P ~L ¥y < A 1_ ~ ~
+ lim sup2 tg e(f’x)_qy,és(~ 19> 5
elo 70 aE{L(T; %)}
+ limsup

£l0 aB{L:(T; x)}

TA(L/g) . R ~
X ?g P{ sup &((1—1tg —sag)t) > &,
0 s€[0,1]

£e(L—14) v &((1— 1G —ag)*) fi}dr
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+limsup——————
o PaE(L (T %))

TA(L/9) . R
X % P{ sup &((1—tg —sag)™) > x,
0 s€[0,1]

E(L—13) v E((1— 1§ —ad)™) < x} dr.

Here lim sup of the left-hand side is finite, since the first term on the right-hand side
is trivially finite, the second by (4.1) and the weak convergence used in (4.4), the
third by (2.2) and (4.1) and the fourth and fifth, for= 0 small enough, by (2.1),
(4.1) and (2.5). Hence the right-hand side limit in (4.6) is finite. Sendifd and
X 1 xin (4.7),and using (2.1), (4.1) and (2.5)—(2.6), we see that the following two
limits exist and coincide:
@8) lim R0 @b M) = 12 AT g

£l0 (q/DE{L(T; x)} 10 y
In addition, it follows thatx = sup,.; «k(T) < co. Moreover, by inspection
of (4.7),forT e I andx < x in J,

L 1 ~
I|mI|msup—P{ sup  &(Q—1g) > x,
al0 ¢10 9 |te[0,TA1/d)]
(4.9)
L(THAD/(ag)]
N {sea—kac})sf}}:o.

k=0
By (2.7), (4.8) and (4.9), we have, foe [0,1), £ < x in J andT eI,

{ LE+h)/q] L(TPHAD)/(ag)]

U U e — ke >)e}}

n=li/gl+1 k=0

h L(T@HAD) /(ag)]
L}/ZQJP[ U {Es(l—kaé)>)?}}

k=0

liminf liminf =P
hi0  &l0 h

> liminf liminf
0 &l0
LE+h)/q] LE+R)/q]L(T§)AL)/(a§)]
— limsuplimsup— )"
hi0 el0 msz/qH—l n=m+1 k,=0

P{&.(m —kaq) > X,&:(n — Laq) > X}

(4.10) > k(T)F(x) 4 o(1)
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— limsuplim sup
hl0 el0

sup W gPlE (L —rg) > £, E(n — 5§) > X)
rsel0.TA/d) =y PlEe(1—rq) > O}P{§:(1—sq) > O}
L(THAD/(@d)) A 2
5 ( P{A";‘gfl—kaq) > 0})
= (q/9)P{s:(1) > O}
=k (T)F(x) +0(1) = k(T)F(x) asa | 0,

since (2.1), (2.2) and (2.5) show that the sum on the last row is bounded@s
To finish the proof, notice that, giveéh e I andx € J, (2.8) yields

l1/h]  Lmh—h?)/q] [(T§HArD/(@§)]—-1
lim | P N N N {Sg(n—kac})fx}}
e m=1n=|(m—1h/q]+1 k=0

(4.11)
{ L(h—h?)/q] L (T§)AD)/(ag)|—1
—-P

[1/h]
N {£-(n — kag) SX}} } —0.

n=1 k=0
Using (4.11) together with (4.10), we readily obtain, fot J,

IimsupP{ sup Sg(r)gx}

) rel0,1/4]
< inf limsup
Tel dl,o
L(h—h?)/q] L(T@AD)/(ag)] -1
(4.12) lim sup(l— hlim sup—P[
hi0 evo N n=1 k=0

L1/h]
{5e(n — kaq) > x}}>

—(MFE — g~ F@® _, o=cF0)  a55 | x.

<infe
Tel

On the other hand, (4.11) together with (4.8) and (4.9) similarly gives; tov,

liminf P{ sup gg(r)gx}
{0 rel0,1/4]

> inf liminf

Tel alO

|1/h]  Lmh—=h?)/q) |(T§)AD)/(ag))-1

4.13 liminf liminf P —kad) <x

(4.13)  liminf limir {ﬂ N N et —kag) <)
m=1ln=|(m—-1h/q|+1 k=0
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> inf liminf

Tel alO

[1/h]
U tem—kag) > x}})

liminf liminf (1 ——P
k=0

L(TPHAD)/(ag)]
hl0  el0 q [

> inf < MF® _ ,~F@) _, ,~F ()

Tel

Clearly, (4.12) and (4.13) add up to (4.1) or (4.2), depending on whether
or2. [

asx 1 x.

5. Stable processes. We give two examples with strictlyx-stable Lévy
motions, and prove (1.1) for totally skeweldnear fractional «-stable motion
(LFSM).

Let{L(¢)};cr be a separable-stable Lévy motion withL (1) ~ S, (|2, B, w),
wherea € (0,2), 8 e[-1,1]andu e R,withy=0ifea #1andg =0if « = 1.
[See Samorodnitsky and Tagqu (1994) on basic facts and notatian-$table
processes.]

It is tempting to try to extend Example 3 to a general SS Lévy proEess

EXAMPLE 4. Forpg # —1, Willekens (1987) showed that [see also Berman
(1986)]

(5.1) P{ sup L(r) > u} ~P{L(D) > u}~3Ce(L+Bu™  asu— oo,
te[0,1]

whereC, = (f(j’o x~®sin(x)dx)~L. Hence, sincé& is SS with index Yo (1/«-S9),

P{ SUp [L(t) — Ly()] < s}
t€[0,1]

= (P{ sup L(t) < s})Ll/qJP{ sup L(t) < s}

1€[0,q] 1€[0,1-11/q1q]
~(1—-P{LQ) > e/ql/oz})Ll/qJ
— exp{—1Co(1+ p)e™®}  asq | Ofore > Ol

[Itis an exercise in subexponentiality to use this in turn to recover (5.1).] Here

has jumps with positive probability. Hence the sampling problem does not really

make sense: we are in fact computing the distribution of the largest positive jump.
Further, again by (5.1), and in the case when 1 andg = —1 also using that

} P{L(h) > u}

<— forh,u >0

(5.2) P{ sup L(t) >ug < PIL() = 0)

te[0,h]
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[e.g., Albin (1993), equation 1.2], together with (5.3), we similarly get
(1= P{LD)| > e/qY}) ™

> P{ sup [L(t1) — Ly(1)| < 8}
1€[0,1]

1+1/q
> (1_ p{ sup L(1) > e/ql/“} - P{ nf L(t) < —e/ql/“})
lG[O,l] 16[0,1]

~ (1= P{LQ)| > &/q¥/})H/4]

— eXp{—Cqe™ %} asq | 0.

For one case not covered by Example 4, that is, (1.1pfer —1, Theorem 1
applies:

EXxAMPLE 5. Leta > 1 andB = —1. Denote

o 1 1 2 —a/(2ha)
q(s)z%[Zalh(—) —(3—2a)|n(2a|n(—)) —2In<77§a)] ,
bg o £ e ba o

where
aZ)‘“ o
b2 = and iy = .
* 7 2(a — 1) cogma/2)|Pre—1 T 2 —1)
Recall that, ag — oo [e.g., Samorodnitsky and Taqqu (1994), equation 1.2.11],

P{Sq(0,—1,0) > u} =P{S¢(1,-1,0) > u/c}

(5.3)
_PIN@©, b)) > (/o))
NG .
Takingw =¢/(2aAy In(1/¢)) andg =g =aw/e (Q1 =00 andQ> =1), (5.3)
gives (2.1) and (2.2) fof., = L1, with F =G =¢~", J =R and/ = (0, c0).
Let ¢ be a standard exponential random variable independdnt 8ince

(Le(l—GrILe(Q—Gr) > x) 5 £ +x,
by (2.1), we now get (2.3) by observing that,sa$ 0,
{(Le(T+g@ —r)ILe(X—gr) > x)},c 0.
d {L(qcﬁ)
w

4+ (Lo Gn)Le(1—Gr) > x)}

d To
He(leo T +x+¢] o r
2 te(0,r]

te(0,r]
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Using (2.1) together with (5.2), we get (2.6) in the following way:

im SupP{SUpre[TA(l/(]),(l/(j)) Le(l—rg) > x}
€0 P{L:(1) > O}

. P{L.,(1-Tg) > x}
<limsup —
elo P{L(qg—Tqq) > O0}P{L:(1) >0}

e—T—x
= —
P{L(1) > 0}

Using /«-SS and (5.2), (5.3), (2.5) follows from the fact that, fox y + §,

0 asT — oo.

- P{ sup Le((1—rGg—sq)")>y+8,L(l—rg—ag)t) < y}
aP{L¢(1) > O} s€[0,a]
1 o0
<—— P{ sup L.((1—rg—sq)*
Pl = 02|, Sup Le(A=rd =50

—Le(A1=rg —ad)") > s +k,

Lo(@=rg-ad)*) >y~ k-1]

_\~PlL@dq) > G+ HwiP{L:(D) >y —k—1}

iy, aP{L(1) > O}P{L.(1) > 0}

_ v PlL(cos(ra)/2)]) > (1/2)(8 + k)/a"*}P{L:(1) > y —k — 1}

=0 aP{L(1) > O}P{L.(1) > 0}

—0 uniformly inr

ase | 0 anda | O, since, by (5.3),
P{L:(D) >y—k—-1}
P{L(1) > 0}
Finally, (2.7) and (2.8) follow trivially from independence of increments.

< KyeZk.

Now takex > 1 ands = —1, as in Example 5. Given ali € (1/«, 1), consider
the LFSM given by

(5.4) {S(t)}tzoi{/ R[((t+r)+)H‘1/“—(r+)H—1/“]dL(r)}

€ t>0

This process igf-SSSI and totally skewed to the lefiy) ~ S, (o (£(1)t¥, —1, 0).
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THEOREM 2. Leté& begivenby (5.4).Wth

. 1/H
= ( i””a@(l)))

2 1 Hi,—1 2 1
X [— In<—> - In(— In(—))
H £ H\, H e
V2ra —1/(2H)q)
— 2In< 7 )]
by "o (E()1YH
and w(e) = He /(214 IN(1/¢)) (cf. Example 4), we have

P{ SUR¢po,13[E() — &(Lt/q(e)]q(e)] —& - x}

w(e)

lim
el0

=exp—e '} for x e R.

PROOF  With G(e) = g(¢) = w(e)/(He), so thatQ; = co and Q2 =1, (5.3)
gives (2.1) and (2.2), foF =G =e¢~", J =R andl = (0, c0), as in Example 5.
By Albin [(1998), Section 13], we have, with(u) ~ c1u~Y @D and p(u) ~
cov(w)YH asu — oo, for some constants, ¢2 > 0,
.5 P{E(1— p)t) > u+ (8 +x)v(), (1) <u+xv(u)}
55
< C1871°PEQ) > u + xv(u))

for u large enoughz > 0 small enough ané > 0, for some constant§y,d > 0
ande > 1. For any functiorp(u) = o(p(u)) asu — oo, we thus have, by (2.1),

im PEd— P >u+ (¢ +x)v), §A) <u+xv@) _

0.
U=00 P{ED) > u}

From this we get, by (2.1) an&-SS, with the change of variable= ¢/q",
vu) = w/g ~ cru Y@ D and pu) = G/(L — Gr — 1)) = o(v(w)¥H), for
teO,r),
Plé.(l—gr)>6+x,6 (1 —q(r—1)) <x}
P{&.(1—gr) > x}

er—i—x
P{E(1) > e/q"}
qt e+ w(+x)
* P{E<1_ 1—67(r—t)) ” gH[l—g(r -]’
&+ wx
&9 W= —t)]H}
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er+x
P{E(D) > ¢e/q')
xP{S(l— ~qz‘ >>£+w(8+x+r—t)’
1-g@r—1 q"

ﬂn§8+wi:r_”}

_er+xP{"§(1—ﬁt) >u+@+x+r—0v, Q) <u+x+r—1t)v}
- P(E(1) > u)
—0 asu — o0.
This in turn gives (2.3) withP,.(r) = 1 since, by (2.1),
Iimii(g]f Pléc(1—g(r—1)) > x| (1—gr) > x}

P{éc(1—q(r —1t)) > x,5 (1 —qgr) > 5+ x}
P& (1 —gr) > x}
> liminf liminf - e =4r) > 6+ x)
510  &l0 P{&(1—gr) > x}
. . P{Ee(l_gl("_t))fx"‘;:s(l_qr)>8+x}
| !
iraalivas PIE.(1—gr) > 1)

> liminf liminf
8§40 el0

=liminfe —0=1.
510

By (5.5) and H-SS, we get easily that [this is in essence what is going on
in (5.6)]
P{EQL—pt) >u+ (5 +x)v,§(1— ps)
<u+xv} <C28™ %t —$)°P{E) > u + xv}

for u large enough,—s > 0 small enoughj > 0 andx andr in compacts, for some
constant<s, d > 0 ande > 1. Hence Albin [(1992), Proposition 2] (which does
not really use stationarity) shows that, fokx x, uniformly for s > 0 in compacts,

L P{sup¢0.q)§(1— p(s + 1)) > u +xv, (1 — ps) <u+xv}
limlimsup . =
al0 u—o0 aP{&(1) > u}

0.

By the change of variable = ¢ /¢, and using”-SS, we now get (2.5), since

lim lirm SupP{Supe[o,a] Ee(1—G(s+1) > X, £ (1—Gs) < x| _o
ald ¢10 aP{.(1) > 0}

Further, (2.6) follows easily from Albin [(1998), Theorem 12], together with (2.1).
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By H-SS, with the new variable [and sinceg (1) ~ c3/u], (2.8) follows if,
givenT > 0,x € R anda, h > 0, for anyss, ..., sk, t1, ..., € [0, 1/P{&E(D) >
ul N Uneq(n — T/u,n] with s;41 — s; > a/u, tjz1 —t; > a/u andrg — s >

h/P{E(D) > u},

k kK
ulgmw[P{ﬂ{s<si> —&(lsi ) = u+xv), (@) — ) <u +xv}}

i=1 j=1

k
(CHOIEE P{ﬂ{f(sz') —&(lsih) <u +xv}}

i=1

k/
X P{ ({E@) — &Lt Su+xv}” —0.

j:l
We show (5.7) by “truncating” the stochastic integral§or) — £(|z]) from (5.4),
&0 - = [

re

e+ o A (T o ua Kl PO A %)

+
lr+t1<(1/2)h/P{&(D)>u} [r+t]>(1/2)h/P{E (1) >u}
= 11(t) + Ix(¢).

Sincek + k' <1+ T/[aP{&(1) > u}], and by (2.1), it is enough to show that
(5.8) limsupL-U2>9v) _

because then we can subtractialls;) and/>(z;) from the corresponding process
values and, after having factorized the resulting independent probabilities, add the
I>,’s again. The approximation error is asymptotically negligible, since by (2.1),

0 fors > 0,

lim lim sup(k + kK)P{&(L) € [u + xv — 8v, u + xv + 8v]} = 0.

310 u—o0

We get (5.8) from (5.3) using thal — x)”~1/¢ > 1 — x since, uniformly irr,

Io(1))% = H-1/a _ +\H—1/aq
G( Z(I)) /r+t>(1/2)h/P{$(1)>u}[(t +r) ((LIJ +r) ) ] dr

_ H-1/a\ o
(t + r)“H‘l(l - [1 - tt J;J ] ) dr

B /r+z>(1/2)h/P{s<1)>u}

< (t +r) =1 gy

—/r+z>(l/2)h/P{$(l)>u}
= O([P(E(D) > u}*=1),
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With the new variable, using (2.1), (2.7) can be rewritten
Lh/P{§(D)>u}]
limlimsup sup > PEA—r/u)—E(1—r/ul) > u,

hl0 u—o0" rse[0,T) n=2

E(n—s/u) —&(ln—s/ul)>uj

x [P{E(1) > u}] L =0.

By positivities present, this holds if

Lh/P{ED)>u})

limlimsup sup Z P +&Em—s/u) —&(ln—s/ul) > 2u}
Goy D =

x [P{E) > u}]"t=0.
When checking (5.9), we can disregard any finite number of terms, since by
Minkowski's inequality, and more or less immediate properties of LFSM, the scale
o(ED)+EMm —s/u) —E(ln —s/ul))

<oED)+o(En—s/u)—&(n—s/ul)) =6

=20(&(1) -6
forr,s €[0,T]andn € {2,..., N}, for somes > 0. By (5.3), this ensures that

NZ‘lP{é(l) +E(n —s/u) —§(ln —s/u)) > 2u)

= P{E(D) > u}
- N P(S,(20(E(1)) — 8, —1,0) > 2u}
= ; PED) > u}

-0 asu — 0o.

Further, by routine estimates, the above scale is at most
[(@+H)" 7 — ()

+ (0= s/u+ )"V — (0= s/ul +97)

<2Yo @) + Knf Y <295 (1)  forse[0,T]andn > N,

for u large enough and some constakts- 0 andN € N. Splitting the range of
summatiom € {N, ..., |h/P{€(1) > u}|} into two regions at = [v/u]'~ 7, say,

H-1/«a ”
o
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it follows readily, using (5.3), that also the remaining part of (5.9) to treat

Lh/PiEQD)>ul] _ _ _
limlimsup sup > PIEQD) + &0 —s/u) —&(n s/uJ)>2u}:

0.
hi0 u—oco 5¢[0,T) oy P{&(1) > u}

O
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