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GIRSANOV IDENTITIES FOR POISSON MEASURES UNDER
QUASI-NILPOTENT TRANSFORMATIONS

BY NICOLAS PRIVAULTl
Nanyang Technological University

We prove a Girsanov identity on the Poisson space for anticipating trans-
formations that satisfy a strong quasi-nilpotence condition. Applications are
given to the Girsanov theorem and to the invariance of Poisson measures un-
der random transformations. The proofs use combinatorial identities for the
central moments of Poisson stochastic integrals.

1. Introduction. The Wiener and Poisson measures are well known to be
quasi-invariant under adapted shifts. This quasi-invariance property has been ex-
tended to anticipative shifts by several authors; cf. [10, 23] and [26] and references
therein in the Wiener case, and, for example, [2, 16—18], in the Poisson case.

In the anticipative case the corresponding Radon—-Nikodym density is usually
written as the product

|deta (1 + Vu)| exp(—8(u) — % [lull?)

of a Skorohod—Doléans exponential with the Carleman—Fredholm determinant of
the Malliavin gradient Vu of the shift u; cf. [10, 23, 26]. A similar formula can be
obtained for Poisson random measures; cf. Section 8.

It has been noted in [27] that the standard Doléans form of the density for antic-
ipative shifts u : W — H on the Wiener space W with Cameron—Martin space H
can be conserved [i.e., the Carleman—Fredholm determinant det; (I + Vu) equals
one] when the gradient Vu of the shift u is quasi-nilpotent, that is,

(1.1) nll)ngo ||(Vu)”||%§ =0 orequivalently trace(Vu)" =0, n>2;

cf. [27] or Theorem 3.6.1 of [26]. In particular, when Vu is quasi-nilpotent and
|lu|| is constant, it has been shown in [25] that §(u) has a centered Gaussian law
with variance ||u||%; cf. [20] for a simplified proof.

In this paper we consider the Poisson space QX over a metric space X with
o -finite intensity measure o (dx), and investigate the quasi-invariance of random
transformations t(w, -) which are assumed to be quasi-nilpotent in the sense that

Received May 2010; revised December 2010.
1Supported by the Grant GRF 102309 from the Research Grants Council of the Hong Kong Special
Administrative Region of the People’s Republic of China.
MSC2010 subject classifications. 60G57, 60G30, 60H07, 28D05, 28C20, 11B73.
Key words and phrases. Poisson measures, random transformations, Girsanov identities, quasi-
invariance, invariance, Skorohod integral, moment identities, Stirling numbers.

1009


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/10-AOP640
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

1010 N. PRIVAULT

the finite difference gradient Ds7(w, t) satisfies the cyclic finite difference con-
dition (2.3) below, which is a strenghtened version of (1.1). We show in particu-
lar that such anticipating quasi-nilpotent transformations are quasi-invariant, and
their Radon—-Nikodym densities are given by Doléans stochastic exponentials with
jumps. This also extends and recovers other results on the invariance of random
transformations of Poisson measures; cf. [22].

Our starting point is the classical Girsanov identity for Poisson random mea-
sures which states that

(1.2) E, [exp(—ﬁ(g(x)o(dx)) 1_[ (1+ g(x))} =1,

Xew

and rewrites when g =14 as
Es[e VA4 =1, reR,
which is equivalent to the vanishing of the expectation
E[Cn(Z,M)]=0, n=l,

for Z = w(A) a Poisson random variable with intensity A = o (A), where C,,(x, A)
is the Charlier polynomials of degree n € N, with generating function

X n
e_rk(1+r)x=Z%Cn(x,)»), r>—1.
n=0 """

It is well known, however, that Z need not have a Poisson distribution for
E[C,(Z, ))] to vanish when A is allowed to be random. Indeed, such an identity
also holds in the random adapted case under the form

(1.3) E[Ca(Ny-1¢y. T '®))]=0,  n>1,

where (N;);cr, is a standard Poisson process generating a filtration (F;);cr, and
T(t) is an F;-adapted time change, due to the fact that

Cn(N-1(s) (1)

o0 rin 15}
=n!/0 /O /O d(Np-1) —dt () - d(Ny-1,) — dT ™' (1))

is an adapted nth order iterated multiple stochastic integral with respect to the
compensated point martingale (N, -1 0~ 7! ())rer, ; cf. [24] and [13], page 320.
In this case we also have

E;fe™™ 01+ M 0]=1, reR,
and more generally
(1.4) Es [exp(—/o g(t(s)) ds) l_[ (1 —|—g(r(s)))} =1,

AN;=1
O<s<oo
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under a Novikov-type integrability condition on g : R — R; cf., for example, [11].
In Corollary 2.2 below we will extend the Girsanov identity (1.4) to random an-
ticipating processes indexed by an abstract space X, by computing the expectation

Es[Cr(w(A), 0 (A))], n=>l,

of the random Charlier polynomial C,(w(A), o (A)), where A(w) is a random,
possibly anticipating set. In particular we provide conditions on A(w) for the ex-
pectation E;[C,(w(A), 0(A))], n > 1, to vanish; cf. Proposition 7.1 below. Such
conditions are satisfied, in particular, under the quasi-nilpotence condition (2.3)
below and include the adaptedness of (7 (¢));cr, above, which recovers the clas-
sical adapted Girsanov identity (1.4) as a particular case; cf. Proposition 2.1. As
a consequence we will obtain a Girsanov theorem for random transformations of
Poisson samples on an arbitrary measure space.

The above results will be proved using the Skorohod integral and integration
by parts on the Poisson space. This type of argument has been applied in [22] to
the inductive computation of moments of Poisson stochastic integrals and to the
invariance of the Skorohod integral under random intensity preserving transforma-
tions. However, the case of Charlier polynomials is more complicated, and it leads
to Girsanov identities and a Girsanov theorem as additional applications.

Since our use of integration by parts formulas and moment identities relies on
compensated Poisson stochastic integrals, we will need to work with a family
B, (y, 1) of polynomials such that

By(y, =2\ =E[(Z+y—WM"],

where Z is a Poisson random variable with intensity A > 0, and which are related
to the Charlier polynomials by the relation

n

Co(y, 1) = s(n, k)Br(y — A, 1),
k=0

where s(k, [) is the Stirling number of the first kind, that is, (—1)*~'s(k, 1) is the
number of permutations of k elements which contain exactly / permutation cycles,
n € N; cf. Proposition 6.1 below.

The outline of this paper is as follows. Section 2 contains our main results on
anticipative Girsanov identities and applications to the Girsanov theorem. In Sec-
tion 3 we consider some examples of anticipating transformations to which this
theorem can be applied; this includes the adapted case as well as transformations
that act inside the convex hull generated by Poisson random measures, given the
positions of the extremal vertices. In Section 4 we show that those results are con-
sequences of identities for multiple integrals and stochastic exponentials. In Sec-
tion 5 we review some results of [22] (cf. also [19]) on the computation of moments
of Poisson stochastic integrals, and we derive some of their corollaries to be ap-
plied in this paper. In Section 6 we derive some combinatorial identities that allow
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us, in particular, to rewrite the Charlier polynomials into a form suitable to the use
of moment identities. Finally in Section 7 we prove the results of Section 4, and in
Section 8 we make some remarks on how the results of this paper can be connected
to the Carleman—Fredholm determinant.

2. Main results. Let Q¥ denote the configuration space on a o-compact met-
ric space X with Borel o-algebra B(X), that is,
Q¥ ={w= )N, CX,x; #xjVi#j,NeNU{oco}}

is the space of at most countable locally finite subsets of X, endowed with the
Poisson probability measure 7, with o -finite diffuse intensity o (dx) on X, which
is characterized by its Laplace transform

o Vo lf)=Eo [exp</X f@)(@dx) - G(dx)))]

= exp(/x(ef(x) — fx)— I)U(dx)),

f e Lg (X), or by the Girsanov identity (1.2) by taking f(x) = log(1 4+ g(x)),
x € X, g € C.(X), where E, denotes the expectation under 75, and C.(X) is the
space of continuous functions with compact support in X.

Each element o of QX is identified to the Radon point measure

o(X)

w = Z E}Ci?
i=1

where €, denotes the Dirac measure at x € X, and w(X) € N U {oo} denotes the
cardinality of w € QX.
Consider a measurable random transformation

Q¥ x X=X

of X, let 7, (w), w € ¥, denote the image measure of w(dx) by t(w,): X — X,
that is,

(2.2) 7,.: Q% > QX
maps

(X) (X)

w= Z €x; to Ty (w) = Z €1(w,x;)-
i=1 i=1

In other words, the random mapping 7, : X — Q¥ shifts each configuration point
X € w according to x — T (w, Xx).
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Let D denote the finite difference gradient defined on any random variable
F:QX > Ras
D.F(w) = F(wU{x}) — F(), we QX xeX,

for any random variable F : QX - R; cf. [7,9, 15]. The operator D is continuous
on the space D, ; defined by the norm

I3 = 1F 1 2ox o) + IDFI 22 0% cx mogors  F €D210

The next result is a Girsanov identity for random, nonadapted shifts of Poisson
configuration points, obtained as a consequence of Proposition 4.1 below which
is proved at the end of Section 4. Here we let Y denote another metric space with
Borel o-algebra B(Y).

PROPOSITION 2.1.  Assume that T : QX x X — Y satisfies the cyclic condition

(23) Dyt(w,tr)---Dyt(w, 1) =0, o(dt),...,o(dt)-a.e., weQ¥,
forallk >2,and let g:Y — R be a measurable function such that
(2.4) E, [efx lg(t(w,x))|o (dx) l_[ (1 + gt (w, x))|):| < 00.

Xew

Then we have

E, |:e_fx g(t(w,x))o (dx) H (1 + g(t(w, X)))j| =1.

Xew

As a consequence of Proposition 2.1, if 7:Q% x X — X satisfies (2.3) and
7(w,-): X — Y maps o to a fixed measure u on (¥, B(Y)) for all w € QX then
we have

Eq |:1_[ (1+g(t(w, x)))] — oJx 8 (@.x))o(dx)

XEw
= elysny) g eCu(Y);

hence 7, : QX — QX maps 7, to m,, which recovers Theorem 3.3 of [22].
Proposition 2.1 then implies the following anticipating Girsanov theorem, in
which the Radon—Nikodym density is given by a Doléans exponential.

COROLLARY 2.2. Assume that for all w € QX t(w,): X — X is invertible
on X and that for all ty, ..., ty € X, k > 1, there exists i € {0, ..., k} such that
(2.9) Dit(w,x)=0
for all x in a neighborhood of t; +1modk, and that the density
dr; N w, Yo

¢ (w,x):= Io

x)—1, xeX,
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exists for all w € QX, with

(2.6) E, [e<1+s>fx¢<w,x)a<dx> 1 +¢(w’x))l+s] o

Xew

for some ¢ > 0. Then we have the Girsanov identity

E, [F(T*(w))e_fx ¢ (w,x)o (dx) 1_[ (1 + d)(a),x))] = E,[F]

XEW

forall F € LY(QX).

PROOF. First we note that from (2.5), forall w € Q¥andry,...,tr e X, k> 1,
there exists i € {0, ..., k} such that
(2.7) Dy (o, tit+1modk) = Dy, ¢ (@, ti+1modk) = 0.

Next from Proposition 2.1, for all f € C.(X) we have

E, |:e_fx f@)o(dx)=[x ¢ (@.x)o (dx) ]‘[ (14 f(t(w,x))(1+ ¢(w, x)):|

XeEw

_E, [e— Jx F (@) (146(@.))0 (@)~ d(@.x)o (dx)

x [T+ f@(@, %)) + ¢, %) + f(T(@, ) (o, X))]

XEW
=1
by Proposition 2.1, since

x> f(t(w,x) +¢(w,x) + f(t(w,x))p(w, x)

satisfies condition (2.3) by (2.7). We conclude by the density in LY(QX) of linear
combinations of F of the form

F=exp(~ [ foo@n) [T1+70). £ .

XEW

g

Under the hypotheses of Corollary 2.2, if 7,: QX — Q¥ is invertible then
the random transformation 7, 1. QX — QX is absolutely continuous with respect
to 7, with density

~1
dt, '7ms

(2.8) = ¢~ x@NWI TT(1 4 ¢ (w, x)).

dnff XEW

In Corollary 2.2, condition (2.6) actually requires o (7 (X)) to be a.s. finite.

3. Examples. In this section we present an example of a random nonadapted
transformation satisfying the hypotheses of Corollary 2.2. First we note that
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condition (2.3) is an extension of the usual adaptedness condition, as it holds
when 7:X — X is adapted to a given total binary relation < on X. Indeed, if
7:QX x X — X satisfies

Dyt(w,y) =0, y=<x,

then condition (2.3) is satisfied since forall 71, ..., fx € X thereexistsi € {1, ..., k}
such that 7; <1;, forall 1 < j <k;hence D, t(w,tj) =0, 1 < j < k. In this case,
Corollary 2.2 recovers a classical result in the case where 7: X — X is determin-
istic or adapted; cf., for example, Theorem 3.10.21 of [4].

Next, let X = B(0, 1) denote the closed unit ball in R, with o(dx) the
Lebesgue measure. For all w € QX let C(w) denote the convex hull of w in X
with interior C (w), and let w, = w N (C(w) \ C(w)) denote the extremal vertices of
C(w). Consider a measurable mapping 7 : QX x X — X such that for all w € Q¥,
7(w, -) is measure preserving, maps ¢ (w) to ¢ (w), and for all w € QX,

31 LX) = T(we, X), x € C(w),
G-b fo0={] x € X\ Cw),
that is, T(w, -): X — X modifies only the inside points of the convex hull of w,
depending on the positions of its extremal vertices, which are left invariant by
7(w, -), as illustrated in Figure 1.

Next, assume that 7(w, ) : X — X in (3.1) has the form

T(w,x) =x + Y (we, X), xeX,

for fixed w € QX, where Y(we,): X — X is a diffeomorphism such that
T(w, ) : X — X is invertible for all w € QX for example,

(d(x, C(@) \ C(@)))*
1+ (d(x,C(w) \ C(@)))?’
with u € R? such that ||u|s < 1 /4, where d(x, A) denotes the Euclidean distance
from x € R? to the closed set A C R?. Then the transformation 7: Q% x X — X
satisfies the hypotheses of Corollary 2.2 by Proposition 3.1 below, and t*: Q% —
QX is invertible with

M@ =0U |J (7' @.x), 0eQf
xewﬂé(w)

(3.2) Y (we, X) = ulc(w)(x)

’

FI1G. 1. Example of random transformation.
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thus the associated Radon—Nikodym density (2.8) is given by taking
¢ (w, x) =det(Ipa + Vi (e, x)) — 1, we X, xeX.

This quasi-invariance property is related to the intuitive fact that a Poisson random
measure remains Poisson within its convex hull when its configuration points are
shifted given to the position of its extremal vertices; cf., for example, [6].

PROPOSITION 3.1. Assume that the random transformation t: QX x X — X
satisfies condition (3.1). Then t satisfies the cyclic condition (2.5) of Corollary 2.2.

PROOF. Let 1q,...,1; € X. First, if there exists i € {1, ..., k} such that t; €
C(w), then for all x € X we have #; € C(w U {x}), and by Lemma 3.2 below we get

D;t(w,x) =0, xeX;

thus (2.5) holds, and we may assume that t; ¢ C(w) for all i =1, ..., k. In this
case, if i+ 1modk € C(wU {t;}) forsome i =1, ..., k, then by Lemma 3.2 we have

Dy (@, ti+1modk) = 0;
hence (2.5) holds since the set C(w U {t;}) is closed. Next, if t; € C(w U {t;}),
th € ClwU{tr_1}),...,tr € C(w U {11}), then we have t; € C(w U {#;}) and 1, €
C(w U {t1}), which implies t; = #; ¢ C(w), and we check that Dy, (@, ) =0. [

Next we state and prove Lemma 3.2 which has been used above.

LEMMA 3.2 [22]. Forallx,y € X and w € QX we have

(3.3) xeClwU{y}) = Dyt(w,y)=0
and
(3.4) yeClwU{x})) =— Dyt(w,y)=0.

PROOF. Let x,y € X and w € QX. First, if y ¢ C(w U {x}) we have 7(w U
{x},y) =t(w, y) = y. Next, if x € C(w U {y}), we can distinguish two cases:

(a) x € C(w). In this case we have C(w U {x}) = C(w); hence t(w U {x},y) =
T(w,y) forall y € X.

b) xeClwU{yh\C(w).If yeC(wU {x}),thenx =y ¢ C(w U {x}); hence
T(wU{x}, y) = t(w, y). On the other hand if y ¢ C(w U {x}), then t(wU {x}, y) =
T(w, y) = y as above.

We conclude that D, t(w, y) = 0 in both cases. [
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4. Multiple integrals and stochastic exponentials. The proofs of the above
results will use properties of stochastic exponentials and multiple stochastic inte-
grals which are introduced and proved in this section. Let now

I (fu)(w) = /A fa(x1, .o xn)(@(dxn) — o(dx1)) -+ - (w(dxn) — o (dxp))

denote the multiple Poisson stochastic integral of the symmetric function f, €
chf (X™), where

Ap={(x1,....,x5) € X" 1x; #£x;,Vi # j},

with
1
e I8 TT(1 4 g() = Y — In(8®")
XeEw n=0 n:

for g € Li (X) with bounded support, where “®” denotes the tensor product of
functions in Lg (X). For all (possibly random) disjoint subsets Aq, ..., A, of X
with finite measure, we have the relation

n
4.1) IN(IA;](1 o---olAl;l,,):l_IICki(a)(Aj),O'(Ai))
i=
between the multiple Poisson integrals and the Charlier polynomials, where “o”
denotes the symmetric tensor product of functions in Lg (X)and N =k1+---+ky;
cf., for example, Proposition 6.2.9 in [21].
Proposition 2.1 will be proved using the following Proposition 4.1 which is a
restatement of Corollary 7.2 below. It provides a formula for the expectation of a

multiple stochastic integral of a time-changed function.

PROPOSITION 4.1. Assume that T : Q%X x X — Y satisfies

(4.2) D;t(w,1) =0, weQ¥ reX.
Then for all symmetric step functions g: Y™ — R of the form
— ®k1 ®kn
8= Z Chtseooskn lBl,kl or-rolgh
ky 4tk =N
1<n<N
where N > 1 and By k,, . .., By i, are deterministic disjoint Borel subsets of Y and

Cky,...k, € R, we have
Eq[In(Lyn ()TN (@, )]
=E; [/:41\’ Dy ---Diyg(t(w, t1),...,t(w,ty))o(dty) - .g(dtN)i|

for all compact subset A € B(X) of X.
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PROOF. It suffices to prove that for all deterministic disjoint Borel subsets
Bi, ..., B, of Y we have

k kn
Eo[In(Lav1Zs 0 0125 )]
®k ®kn
= Eo [IN(IAHII—I(Bl) 00 lAﬂr—l(B,,))]

N
= E, [/AN <£[1 Dt,.>(1Bf1 ® - ® 1y (T, 1), ..., T(@, 1y)))

xa(dn)---a(dt;v)]

with N =k + --- + k;, and this is a direct consequence of relation (4.1) above
and Corollary 7.2 below applied to the random sets AN = YB)),..., ANt Y(B,).
O

As a particular case of Proposition 4.1, for g = 1p and B € B(Y) such that
r_l(B) C A a.s., where A is a fixed compact subset of X, we have

Es[Ch(ts@(B), 40 (B))]
(4.3)

=E, [/A Dy, -+ Dy, [ [ 18(t(w,5p))0(ds1) -~ -o(dsn)},

p=1

under condition (4.2). When D1p(t(w, t)) is quasi-nilpotent in the sense of con-
dition (2.3) above for all k > 2, w € QX relation (4.3) and Lemma 4.3 below show
that

Eo[Ch(tv(B), 140 (B))] =0,

and this extends (1.3) as a particular case since when X = R, condition (2.3)
holds in particular when either

D;g(t(w,1)) =0, 0<s<t,
or
D;g(t(w,s)) =0, 0<s<t,

that is, when the process 7(w, t) is forward or backward adapted with respect to
the filtration generated by the standard Poisson process (N;)¢[o0,7]-

PROOF OF PROPOSITION 2.1. We take g:Y — R to be the step function

m
gy =Y clp (1), t€Y,
i=1



GIRSANOV IDENTITIES FOR POISSON MEASURES 1019

where ¢1,...,cn € Rand By, ..., By, € B(Y) are disjoint Borel subsets of Y. Then
the expression

Cp(x, 1) = Zx Z(’;)(—k)”_ls(k,l), x,AeR,

=0
for the Charlier polynomial of order n € N, shows that

n k
|Cn(x,x>|sZxkz(’})x"—’s(k,l)=cn<x,—x), X A0
k=0 =0
hence
I

|Cy(x, V)| < ™A+ |rD*, reR,
I’l.

>

n=0

and letting A € B(X) be a compact subset of X we have

EJ|:Z 11 (Lan () g% (2" (w, )))I}

n=0

0o n Cki ok .
—_ i 1 ®kn
LN=0lki+-+k,= =

n>0

ul

o0
=E;| Y | > ]‘[k‘ck, w(ANT™ (B,-)),U(Aﬂr_l(B,')))H
LN=0lkj+-+k,=N i=1

n>0

<E, Z > ]‘['C’ |Cr, (w(AN T 1(BY)), (Aﬂr_l(B,»)))q
LN=0k{++k,=N i=1
n>0

<E, Z 3 ]‘[ 'C’ w(ANT N (B)), —o(ANT™ (Bi)))}
LN=0k|+--+k,=N i=1
n>0

[ n e} |k

= E, ]j > 'Ck’l! C, (@ (Aﬂr_l(Bi)),—o(Aﬂr_l(Bi)))}

[ n
=E, 1_[ exp(lcilo (ANt (B)))(1 + |Ci|)w(AﬂTI(Bi)):|
Li=1

44) <E, Hexp<|ci|r*a<B,->><1+|c,-|>f*“’<3f>}
Li=1
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=E, |:efx |g(t(w,x))|o (dx) 1_[ (1 +g(t(w, x))|):|

XEW
< Q.

Consequently we can apply the Fubini theorem, which shows that

E, [eng(r(w,x))o(dx) 1_[ (1 +g(f(w,x)))]

xeANw

1
—E, {Z (L ()8 (" (@, -)))}

n=0"""

| —

EolLi(1an (g% (z®" (@, )))]

o

S

3
Il
=

o

—E; |:/An Dy, --- Dy, l_[ g(t(w,sp))o(dsy)-- -U(dsn):|

1
!
n! ol

Il
=

n
=0
by Proposition 4.1, provided

@s) [ DDy, [[eC@s)o@s-as) =0, nz1,
p=1

s (dw)-a.s., which holds by Lemma 4.3 below since D;t(w, t) is quasi-nilpotent
in the sense of (2.3). The extension from A to X, and then from g, a step function,
to a measurable function satisfying (2.4), can be done by dominated convergence
using bound (4.4) above. [J

The above results can also be summarized in the following general statement
which is also proved in Section 7 by the same argument as in the proof of Propo-
sition 2.1.

PROPOSITION 4.2. Assume that T: QX x X — Y satisfies
Dit(w,1)=0, weQ¥ reX.

Then for all bounded measurable functions g:Y — R satisfying (2.4) we have

E, |:€_fx $T@xNe@d) TT(1 4 g(t(w, X)))]

XEwW

00 1 n
=> ;EG[ Dy, - Dy, [[ 8(x(w. sp))o(dsy) - 'U(dsn):|’
n=0"""

Xll pzl
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<=

In the next lemma we show that relation (4.5) is satisfied provided Dt (w,t)
satisfies the cyclic condition (4.8) below.

provided

o 1 n
CNDY —Eo [/ ‘Ds1 -+ Dy, [] g(t(@.5p))0(ds1) -+ o (dsn)
n:On' Xn

p=1

LEMMA 4.3. Let N > 1, and assume that © : QX x X — X satisfies the cyclic
condition

(4.8) Dyt(w, 1) Dyt(w,10) =0, w0eQ¥10,...,0€X,
fork=1,..., N. Then we have

k
Dy Dy [[ et (@,1,))=0,  1,....5x€X,
p=0
fork=1,...,N.

PROOF. We use the relation

n
Dy, Dy, [] ¢(x(@, sp))
p=0

= > Deg,g(t(w, 50)) - - Do, g(t(w, sp)),
®yU--U®,={0,1,...,j}

50, ...,8, € X, where Dg :=]_[j€®Dsj when ® C {0, 1, ..., j},0<j <n, which
follows from the product rule

(4.10) D(FG)=FD,G+GDF + D, FD,G, teX,

which is satisfied by D; as a finite difference operator. Without loss of generality
we may assume that @) # J,...,0; #Fand O, NO; =, 0<k#[<j. In
this case we can construct a sequence (ki, ..., k;) by choosing

0+# k| € O, ky €Oy, ... ki1 €Oy, _,,

until k; =0 € ©y,_, for some i € {2,..., j} since ®gN---NO; = and O¢ U
---U®;={0,1,..., j}. Hence by (4.8) we have

Dy, 8(t(w, 55))) Dy, 8 (T (@, 55,,)) - -
X Dy 8(t(®, 55, ,))Dsy8(t(w, 55, ))=0
by (4.8), which implies
De,g(t(w, s0)) Dey, g(t (@, 5k,)) - -
X Dey, ,8(t(®,5k,_,))De,,  &(T(@,sx_,)) =0,

4.9)

since
(kl,...,ki_l,O)E("DoX@klX---X@ki_l. ]
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5. Moment identities for Poisson integrals. In this section we state some
results obtained in [22] on the moments of Poisson stochastic integrals, and we
reformulate them in view of our applications to Girsanov identities and to random
Charlier polynomial functionals.

The Poisson—Skorohod integral operator § is defined on any measurable process
u: QX x X — R by the expression

(5.1) 5(u)=/xu(w\{t},z)(w(dz)—a(dt)),

provided Eq [y |u(w, t)|o (dt)] < oo; cf., for example, [14, 21].
Note thatif D,u; =0, ¢ € X, and in particular when applying (5.1)tou € L}, (X)
a deterministic function, we have

(5.2) 8(u) :/Xu(t)(a)(dt) —o(dr)),

that is, §(u) with the compensated Poisson—Stieltjes integral of u. In addition, if
X =R, and o(dt) = A, dt, we have

(5.3) S(u) = /0 Z w (AN, — 3y di)

for all square-integrable predictable processes (u;);cr,, where N; = w([0,1]),
t € R4, is a Poisson process with intensity A; > 0; cf., for instance, the example
on page 518 of [15].

From Corollaries 1 and 5 in [15] or Proposition 6.4.3 in [21] the operators D
and § are closable and satisfy the duality relation

(5.4) Es[(DF.u)2 x)] = Ec[F8(u)],

which can be seen as a formulation of the Mecke [12] identity for Poisson random
measures, on their L2 domains Dom(8) ¢ L*(QX x X, 7, ® o) and Dom(D) =
Dy C LQ(QX , Ty ) under the Poisson measure 7, with intensity o.

The operator § is continuous on the space Ly ; C Dom(é) defined by the norm

2, =Ea[ A |ut|za<dr>} +Ea[ [ |Dsuf|za<ds>o<dr)],

and it satisfies the Skorohod isometry

(5.5) Eg[(S(u)z]=E0[/;(|u,|20(dt)]+EU[‘/X/XDSutDtusa(ds)a(dt)}

for any u € L 1; cf. Corollary 4 and pages 517 and 518 of [15].
In addition, from (5.1), for any u € Dom(§) we have the commutation relation

(5.6) D;6(u) = 6(Dsu) + uy, teX,
or

5.7 (I + Dy)8u) =38(I + Dy)u) + u, reX,
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provided D;u €Ly 1, t € X.
The following lemma relies on the application of relations (5.4) and (5.6), and
extends (5.5) to powers of order greater than two; cf. Lemma 2.4 in [22].

LEMMA 5.1 [22]. Letu € Ly 1 be such that Diu €Ly 1,t € X, 6(u)" € Dy g,
and

E, UX g "4 8((T + Dt)u)|ka(dt)] < 00,

Ea[w(un" /X |ut|”—"+‘o<dt>] < 00,

0 <k <n. Then we have

n—1

LR () Ea s [ wr*10wn]

M (k) Fo [ J w4 6( + Dow - 8<u>’<><f<df>}

k=1
foralln>1.

When # is a deterministic function, Lemma 5.1 yields the recursive covariance
identity

658 B 1= (1) [ A @oanEosmr . nzo
k 1
for the Poisson stochastic integral

8(h) =/Xh(x)(a)(dx) — o (dx)).

By induction, (5.8) shows that the moments of the above Poisson stochastic inte-
gral can be computed as

59  Eo [S(h)”]_z 3 n(km )1_[/ Bk g

a=10=k K- <kgy1=nl=1

for all n > 1 and deterministic i € ﬂ’;zz/\n LE(X), where a < b meansa <b — 1,
a, b € N. This result can also be recovered from the relation

(5.10) ol8(h)"] = Z Y KBy KB
d=1 By,..., By
where the sum runs over all partitions of {1,...,n}, |B;| denotes the cardinality

of B;, and k1 =0, k, = [y K" (t)o (dt), n > 2, denote the cumulants of §(h).
In particular, relations (5.9) and (5.10) yield the identity

(5.11) E\(Z-0)"]=)_1"$(n,a)

a=0
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for the central moments of a Poisson random variable Z with intensity A, where

Sma= Y ] (7).

0=k L -<Lkgy1=nl=1

represents the number of partitions of a set of size m into a subsets of size at
least 2.
In the sequel we let
Cly,....,1ls, D)

(5.12)
b rg—1-(b—q)

O=rpy1 < <ro=a+b+1g=0 p=ry 1 —(b—q—1) bt tlp1+q
which represents the number of partitions of a set of /| + - - - 4+, + b elements into

a subsets of lengths /1, ..., [, and b singletons. We will need the following result;
cf. Theorem 5.1 of [22].

THEOREM 5.2 [22]. Let F: QX — R be a bounded random variable, and let
u: Q%X x X — R be a bounded process with compact support in X. For all n > 0
we have

EO’[F(SU(M)H]
=YY" Y Cl....lab)
a=0b=0 hi+-+l,=n—b

Iyeda>1

a at+b a
ng[/}(a+b<1‘[(l+Dsi>F)< I1 1‘[<I+Dsi>usq>

i=1 g=a+1i=1
a a ll’
X 1_[ (1_[(1 + Ds,-)usp) o(dsy)-- .O'(dsa+b)}‘

p=1\i=l1

i#p
In the above proposition, by saying that u : X x X — R has a compact support
in X we mean that there exists a compact K € B(X) such that u(w, x) = 0 for all

weQ¥andx e X\ K.

In particular when u = 14 is a (random) indicator function we get the following
proposition, which will be used to prove Proposition 7.1 below. We let

(5.13) S(n,c) = CIZ( D l( )

denote the Stirling number of the second kind, that is, the number of ways to
partition a set of n objects into ¢ nonempty subsets. In the next proposition, which
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is an application of Theorem 5.2, the random indicator function (x, @) = 14(w)(x)
on X x X denotes a measurable process u : QX x X — R such that u%(w, ) =
u(w,t), we QX teX.

PROPOSITION 5.3. Let F : QX — R be a bounded random variable, and con-
sider a measurable random indicator function (x, ®) = 14(w)(x) on QX x X, with
compact support in X. Then for all n > 0 we have

Eq[F5(14)"]

= Xn:i(—l)a <Z> Sn—a,c—a)

c=0a=0

X E0|: o (]_[(1 + Ds,-)(FG(A)C_”))

i=1
< [TT1u +Ds,.>1A(sp>o(ds1)-"a(dsa)].
p=1i=1
i#p

PROOF. Taking u =14 in Theorem 5.2 yields

Eq[F(8(u))"]
=X 3D Y Cli.....lab)
a=0b=0 l+-+lg=n—b

ll vvvvv laZ]

x Eg [/XW (g(l + Dsi)F>

a+b a

x [T T1U + Ds)1atsp)o(dsy) - -o(dsﬁb)}
p=li=1
i#p

= Xn:i(—l)“ <Z> Sn—a,c—a)

c=0a=0
E,
<ol L
< [1 1‘[(1+Ds,,>1A(s,,>o<ds1)---o(dsc)}
= 1

p=li=
i#p

I—|—Dsl.)F>
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=) > (=1 (Z) S(n—a,c—a)

c=0a=0

I+ Ds,«)(FG(A)C_”)>

< (11

< [T11d +Dx,z)msp)o(dsl)---o(dsa)],
1

p=1i

(
1
- i;p

after checking that we have

n
(b) Sn—bay= Y Cli....l.b),
li4++la=n—b
I1yelg>1
which is the number of partitions of a set of n elements into a nonempty subsets
and one subset of size b. [J

When the set A is deterministic, Proposition 5.3 yields

E\(Z = 1)" =Y 2 (=1) (;‘) S(n—a,c—a)
c=0 a=0

for the central moments of a Poisson random variable Z = w(A) with intensity
A =0(A), which, from (5.11), shows the combinatorial identity

(5.14) Sg(n,c):Z(—l)a(Z)S(n—a,c—a).
a=0

6. Poisson moments and polynomials. As mentioned in the Introduction we
need to introduce another family of polynomials whose generating function and
associated combinatorics will be better adapted to our approach, making it possi-
ble to apply the moment identities of Proposition 5.3 and the integration by parts
formula (5.4).

In terms of polynomials the identity (4.3) is easy to check forn =1 and n =2,
in which case we have

C1(@(A),0(A) = w(A) — o (A) =5(1,)
and
Ca(@(A), 0 (A)) = (0(A) —(A))’ — (0(A) — 0 (A)) — o (A)

(6.1) 5
=48(14)" —8(14) —a(A),
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hence

Eo[Co(w(A), 0 (A)] = Es[8(14)*] — 0 (A)
=E,; |:/X /X DslA(t)D,lA(s)a(ds)a(dt)]

from the Skorohod isometry (5.5).

In the sequel we will need to extend the above calculations and the proof of
(4.3) to Charlier polynomials C,(x, 1) of all orders. For this, in Section 7 we will
use the moment identities for the Skorohod integral §(14) of Proposition 5.3, and
for this reason we will need to rewrite C,,(w(A), 0 (A)), a linear combination of
polynomials of the form B, (6(14), 0 (A)), where B, (x, A) is another polynomial
of degree n. This construction is done using Stirling numbers and combinatorial
arguments; cf. Proposition 6.1 below.

In other words, instead of using the identity (1.2) we need its Laplace form
(2.1), that is,

(6.2) Eg|:exp<8(f)—/ (e ™ — f(x) — 1)0(dx)>:| =1,
X
obtained from (1.2) by taking

f(x) =log(1+ gx)), xe€X.

In particular when f =14 with A € B(X) a fixed compact subset of X, relation
(6.2) reads

(6.3) Eo[e?I0—oME==D1 -1 ;eR,

where 6(14) = w(A) — o (A) is a compensated Poisson random variable with in-
tensity o (A) > 0.

We let (B, (x, 1))nen denote the family of polynomials defined by the generat-
ing function

o0 tn
(64) ety—)»(e’—l‘—l) — Z _Bn(y’ )\’)’ te R’
b n!

for all y, A € R. This definition implies in particular that
By(y,—A) = E\[(Z+y—1)"],

where Z is a Poisson random variable with intensity A > 0, and

n

(6.5) Bn(y,x)zlg(Z)kank(o,x), reR,neN.
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For example, one has that Bj(y,A) =y and B2(y, A) = y2 — A; hence (6.1) reads
CZ(X’)") = BZ(X _)"a)\') - Bl(x _)\")\')s

and these relations will extended to all polynomial degrees in Proposition 6.1 be-
low.

In addition, the definition of B, (x, A) generalizes that of the Bell (or Touchard)
polynomials B, (1) defined by the generating function

A’ —1) — 1"

e — —

e = anBn()")a
n=»

which satisfy

n
(6.6) By() = By(h, —3) = EA[Z"] = ) _A°S(n, ),
c=0
where Z is a Poisson random variable with intensity A > 0; cf., for example, Propo-
sition 2 of [5] or Section 3.1 of [8].
Next we show that the Charlier polynomials C, (x, A) with exponential generat-
ing function

o0 tn
MU+ =) —Cu(x,h),  x,t,A€R,
—on

are dual to the generalized Bell polynomials B, (x — A, A) under the Stirling trans-
form.

PROPOSITION 6.1. We have the relations

n

Co(y, 1) =) s(n.k)Be(y — 1, 1)

k=0
and
n
Bu(y, 1) =) S(n, k)C(y + 1, 1),
k=0
v, reR, neN.

PROOF. For the first relation, for all fixed y, A € R we let
o0 tn
A =e A+ =3 —Coy+2,4),  1€R,
o n!

and note that

o0 n
t
A =)= O = 3T B (v, 1), 1eR,
—n
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which implies

n
By(y, M) =) S, k)Ck(y+1,%), neN,
k=0

(see, e.g., [3], page 2). The second part can be proved by inversion using Stirling
numbers of the first kind, as

n

n k
Y S Cr(y+ 1,0 =YY S(n, k)s(k,1)Bi(y, 1)

k=0 k=01=0

=Y Bi(y.») Y S(n.k)s(k. 1)

=0 k=l
= B}’l (ys )")

from the inversion formula
n
(6.7) > S k)stk, ) =1yp—y,  n,leN,
k=l
for Stirling numbers; cf., for example, page 825 of [1]. O

The combinatorial identity proved in the next lemma will be used in Section 7
for the proof of Proposition 7.1. For b = 0 it yields the identity

(6.8) S(n,a):Z(Z)Sz(n—c,a—c),
c=0

which is the inversion formula of (5.14), and has a natural interpretation by stating
that S>(m, b) is the number of partitions of a set of m elements made of b sets of
cardinal greater or equal to 2.

LEMMA 6.2. Forall a,b € N we have

b n
(“Z”)S<n’a+b>=22(’;) (?)S(k—l,a)Sz(n—k,b—l).

1=0 k=l

PROOF. This identity can be proved by a combinatorial argument. For each
value of k =0, ...,n one chooses a subset of {1,...,n} of size k — [ which is
partitioned into @ nonempty subsets, the remaining set of size n + [ — k being
partitioned into / singletons and b — [ subsets of size at least 2. In this process the
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b subsets mentioned above are counted including their combinations within a + b

sets, which explains the binomial coefficient (‘Ha'b) on the right-hand side. [

7. Random Charlier polynomials. In order to simplify the presentation of
our results it will sometimes be convenient to use the symbolic notation

n
(7.1) Aso“'ASj H Us, = Z D@g”so"'DG)nusn»
p=0 OU--UB,={0,1,...,j}
0¢09,...,/¢0;
80, --.,5, € X, 0 < j <n, for any measurable process u : QX x X > R.

The above formula implies in particular Ay uy, = 0, and it can be used to rewrite
the Skorohod isometry (5.5) as

Eq 18?1 = Eq[[u2; )] + Eo [ [ AsAt(utus)aws)a(dt)],
since by definition we have
AgAi(uguy) = Dsuy Diug, s, teX.
In this section we show the following proposition.
PROPOSITION 7.1. Letn >1 and let A1 (w), ..., Ay(w) be a.e. disjoint ran-

dom Borel sets, all of them being a.s. contained in a fixed compact set K of X.
Then we have

n
E, [1‘[ Cr. (8(14,) + 0 (A, o(A,-))}
i=1
=Bl [ B Ay @ B L)1 o) o dsy) |
ki,....,kneN,withN=ki+---+k,.

For n = 1, Proposition 7.1 yields, in particular,

Es[Ch(w(A),0(A))]

= E, [/K Aya T1 1A<sp>o<ds1>---a<dsn)]

p=1

for A a.s. contained in a fixed compact set K of X, which leads to (4.3) by Lem-
ma 7.3 under condition (4.2), as in the following corollary which is used for the
proof of Proposition 4.1.
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COROLLARY 7.2. Assume that T: QX x X — X satisfies
(7.2) Dit(w, 1) =0, we QX teX.

Then for all deterministic disjoint By, ..., B, € B(X) we have
[]‘[ Ci(0(ANT Y(B))),0(AN rl(Bi)))}

[f Dy Doy (Lty ® -+ ® 1y )T 51), . 7@, 53)

x o(dso---a(dsm],

ki,....kn e N,with N=k; +--- + ky, for all compact A € B(X).

PROOF. We apply Proposition 7.1 by letting A; (w) = AN 7~ Yw, B;), and we
note that we have

o (A (w)) = /A 15, (t(w, )0 (dt) =o (AN T~ (w, B)).

On the other hand, by (7.2) we have D;14,(t) = D;1p,(t(w, t)) = 0; hence from
Lemma 7.4 below we have

8(1a,) +0(A;))=06(1alp 071) —I-O'(A Nt (B,‘)) = a)(A N ‘L'_I(B,')).
Finally we note that from (7.1) and (7.2) we have

D ’DsN:Asl"'A

N SN »

and we apply Proposition 7.1. [
The proof of Proposition 7.1 relies on the following lemma.

LEMMA 7.3. Let F: Q%X — R be a bounded random variable, and consider a
random set A, a.s. contained in a fixed compact set K of X. For all k > 1 we have

Ey;[FCr(8(14) + 0 (A),0(A))]

k
=30 (4)E [f 1‘[<1+Ds,>Fl'[ [T+ Do)tatsy)
z=0

p=1j=1
J#p

x o(dsy)-- -a(dsk):|.
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PROOF. Using Proposition 5.3 and Lemma 6.2 we have

Es[FBy(8(14),0(A))]

n

=3 (1) ElF G0 Bami 0.0 (A)

i=0

3 (?) Y (=D Sa(n— i, ) Eg[F (3(14) 0 (A)°]

i=0 c=0

n n n—i . .
:,;)(i );)(—1) Sr(n—1i,c)

NI (D)si-ze-2

e=0z=0

x Eq [ /X Z (1‘[ (I + Dsj><Fo(A)C+eZ>>

J=1

Zz

I+ DSj)lA (sp)
1

z
< I1
p=1

~.

j #D

~

x o(dsy)-- -G(dsz)]

=:§§(7)§Sz(n —i,c)

k—c
x ;)(—l)k_z (;) Si—z,k—c—72)

x Eq [ /. (1‘[ I+ Dsj)(Fa(A)"—Z>>

j=1
z 0z

X H (I+Dsj)1A(Sp)
p=1 1

j# P

~ .

x o(dsy) - --o(dsz):|
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n—1 k

ZZ —1)k- ZZ(’:)%(;)Sz(n—i,c)S(i—z,k—c—z)
c=0

i=0

L0

I+ Dsj)<Fa<A>k—Z>>

=nl

1_[ 1_[ I+DSj)lA(Sp)U(dsl)"'U(dsz):|
p=1j=1
J#p

n k
[k
=38, k)Y (~1)FF
3 s o0 (£
[/ (1‘[ (I + Dy,)(Fo (A}~ Z))

<111 1+Ds,.>1A(sp)o<ds1>---a(dsz)}.
ol

.

i£p
Hence from Proposition 6.1 or the inversion formula (6.7) we get

Eq[FCk(8(1a) + 0 (A),0(A))]
k
-3 ()
[/ 1‘[(1+D51>F H 1‘[<1+Dbj>1A<sp)

p=1j=1
J#Dp

~.

xa(dsl)'--a(dsk)i|. 0

In particular, Lemma 7.3 applied to F =1 shows that
Eq[Ck(8(1a) +0(A), 0 (A))]

d k
:Z(_l)kz(> /nn(l-l—DsJ)lA(sp)a(dsl) o*(dsk)}
z=0 <

p=1j=1
J#p

d k
=Z<—1)H( ) o / [T TT0 + & )1aGspor sy o(ds@}
z=0 <

L p=1j=1
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k k
=E, /Xk<1'[<1 + As; — 1)) [11aGsp)odsy)-- -a(dsw}
L j=l

p=1

~E, f Ay AskHIA(sp>a<ds1> o(dsk)]

p=1
which is Proposition 7.1 for n = 1. Next we will apply this argument to prove
Proposition 7.1 from Lemma 7.3 by induction.

PROOF OF PROPOSITION 7.1. From Lemma 7.3 we have
Eo[FCi (8(1a,) +0(A1),0(AD))]

()

z21=0
(7.3)

k] 21

x E [j 1‘[(1+Dsl,)F1"[1‘[(1+D91,>1A1(s1,,>

p=1j=1
J#p

x o(ds1,1) - -o(dsl’kl):|.

The first induction step is to apply the above equality to the random variable

F=]]Cr(8(a)+0(A), 0 (A)).

i=2
Here F is not bounded, however since A;(w) C K, a.s.,i =1,...,n, for a fixed
compact K € B(X), we check that | F| is bounded by a polynomial in w(K), and
z]
[1U+ Dy F
j=1
is bounded by another a polynomial in @ (K), uniformly in sy, ..., sx, € X. Hence

by dominated convergence we can extend (7.3) from the bounded random variable
max(min(F, —C), C), C > 0, to F by letting C go to infinity. From relation (5.7)
we have

21 21
1’[(1+Dsl )a(lA)—a(H<1+Dsl,>1A,) + 3 TTU + Dy, )1, (5100
j=1 j=1 k=1j=1

J#k

= 5(]‘[(1 + Dsl_j)lAi),

j=1
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0<z1<ky;,i>2,whens;ye€ l_[?:lj;«ék(l + Dsl’j)A1, 1 <k <k, since
21 21
[1U+ Dy pAL(@), ..., [[U + Dy, ;) An(w)
Jj=1 j=1
J#k J#k

are disjoint, 1 <k <k, w € QX hence

I‘[(I + Dg, )F =[] + D5, ) [ [ Cri(81a) + 0 (Ai), 5 (A)))
j=l1 j=1 i=2

~ Tl ¢ (1‘[ (I + Dy, )6(Ua) + [[ (I + Dy, Do (A,

i=2 j=1 j=1

[Tu+ Dsl,j)a(A»)

j=1

n 21 21
=[] ¢x (8(1‘[(1 + Dsl,,)lA,) + [d + Dy, o (Ad),

i=2 j=1 j=1

21
[Tu+ Dsl,,>a<Al->),

j=1

which yields, from (7.3),

E, [H Ci; (8(14;) +0(A), U(Ai)):|

i=1

_ e ()

71=0
X Eqs |:/;(k1 1_[ Cy; <8<n(1 + Dé‘l,j)lAt) + 1_[(] + Dé‘l,j)G(Ai),
i=2 j=1 i1
l_[(l + DSl,j)O'(Ai)>
Jj=l

ki z1

< [1 H(I+Dsl,j)1A1<s1,p)o<ds1,1>---o(dsl,k.)].

p=l1 j=1
J#p
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Next, we apply Lemma 7.3 again to

Cr, (5 <l_[ (I + Dslyj)lAz)

j=1
+ ] + Dy oA, [+ Dsl,j)a(Az>)

j=1 j=1
and to
k] 21
F=T] [TU+ D )LaGs1,p)
p=1j=1
i#p
n <1
x[]Cu ( (H(l + Dy, )14, ) + [ [ + Dy, o (AD),
i=3 j=1 j=1
21
[Tu+ Dsl,,->o(A,-)>,
j=1
and by iteration of this argument we obtain
n
E, {1‘[ Cr (8(14)) + 0 (A, o(Al-))}
i=1
kn ki n
= Z Z l_[(—l)kl_zl
7,=0 71=01=1
~ (K
x 1‘[( z) [/ 1‘[ H(1+DSU
2
=1 i=1j=1
J#p
n ki
x [T]] 14 Gsi,)o@si1)- --o(dsn,kn)}
i=1j=1

ki n
= ey n(_l)kz—zz

71=01=1
Zi

1) e Lo (T a0)

I=1
n ki
x [T 1114 i jdodsi1)-
i=1

=1j=1

. U(dsn,k,,):|
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:E{/){N(ﬁ

i=1j=1

ki

k

<11

i=1j=1

ki
|:f (l_[ 1_[ AS, ]> l_[ 1_[ lA (S, /)G(dS1 1) O—(dsn,kn)i|-

i=1j=1 i=1j=1

14,(si j)o(dsy1,1) - 'O'(dsn,kn):|

Next we prove Proposition 4.2.

PROOF OF PROPOSITION 4.2. Taking g:Y — R to be the step function

m
g=Y cilg,
i=1

where c¢q,...,c, € R and By, ..., B, € B(Y) are disjoint Borel subsets of Y,
Corollary 7.2 shows that for compact A € B(X) we have

E, [eng(r(w,t))U(dt) l_[ (1 —{—g(f(w,x)))]

xeANw

m m
— Eo‘ |:1_[ e—L’]U(Aﬁ'[*](Bl)) l_[(l +C1)w(Aﬂ1](Bl)):|

=1 =1

I
M

i(]m_[ k) []‘[ck (0(ANTt71(B)), (Aﬂr_l(B,-)))]

k1=0  k,=0 \i=1

Eoll(1an()g®" (z®" (@, )))]

I
2
3|>~

3
Il
=}

H'qg

1
On_ |;/ Asl : Asn l_Ilg(T(w Sp))a(dsl) O'(dsn):|
n= p

In the general case with g:Y — R bounded measurable the conclusion follows
by approximation of g by step functions and dominated convergence under (2.4),
followed by extension to A = X using the bound (4.7). U

Finally we state the following lemma which has been used in the proof of Corol-
lary 7.2.

LEMMA 7.4. Assume that
(7.4) Dit(w, 1) =0, weQX reX.
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Then we have
/ 1.0Oh(z(w,0)w(dt) =81 4h o 1T)(w) —I—/ hot(w,t)o(dr), we QX
X A

for all compact A € B(X) and all bounded measurable functions h: X — R.

PROOF. We note that condition (7.4) above means that t(w, ) does not de-
pend on the presence or absence of a point in w at ¢, and in particular,
T(w,t) =t(wVU{t}, 1), t¢w,
and
T(w,t)=1t(w\ {t}, 1), tew.

Hence we have

5(1Ahof)+/ hot(w,)o(dr)

A
:/X1A(;)h(r(w\{t},z))(w(dt)—a(dt))+fX1A(t)h(r(w,t))a(dt)
:/XIA(t)h(t(a)\{t},l))w(df)
=/X1A(t)h(r(a),t))w(dt). 0

8. Link with the Carleman-Fredholm determinant. In this section we
make some remarks on differences between the Poisson and Wiener cases, in re-
lation to the quasi-nilpotence of random transformations. We consider a Poisson
random measure on Ry x [—1, 11¢ on the real line with flat intensity measure,
in which case it is known [16-18], that, building the Poisson measure as a prod-
uct of exponential and uniform densities on the sequence space RY, we have the
Girsanov identity,

E[F(I 4+ u)|deta(I + Vu)|exp(—V*(u))] = E[F],

where u : RN — RN is a random shift satisfying certain conditions, det(/ + Vu)
is the Carleman—Fredholm determinant of 7 + Vu and V*(u) is a Skorohod-type
integral of the discrete-time process u.
When it is invertible, (I + u).7, is absolutely continuous with respect to .,
with
d(I +uw);'n,

= |deta (I + Vu)|exp(—=V*(u)).
dny

It can be checked (cf. [16-18]) that in the adapted case this yields the usual
Girsanov theorem for the change of intensity of Poisson random measures



GIRSANOV IDENTITIES FOR POISSON MEASURES 1039

when the configuration points are shifted by an adapted smooth diffeomor-
phism ¢ : QX x Ry x [0,1]¢ — R, x [0, 1]¢, in which case I + Du becomes
a block diagonal matrix, each d x d block having the Jacobian determinant
|0 x P (w, Tk,x,i, ...,x,‘f)|, and we have

dety (I + Vu) exp(—V*(u))

o0
-/ (|05 x ¢ (w,5,%)|—=1) ds dx 1 d
— ¢ IRyx10,1dM%:x l_[|8t’x¢(a), Tieo Xy oo X1
k=1

The main difference with the Wiener case is that here Vu is not quasi-nilpotent on
¢2(N) and we do not have det> (I + Vu) = 1. Nevertheless it should be possible to
recover Proposition 4.1 in a weaker form by checking the relation

o0
det(I + Vi) = [ | 18,20 (@, Tk, xi, ..., x|
k=1

for anticipating shifts ¢ : Q¥ x Ry x [0, 1]Y — R, x [0, 1]¢, under smoothness
and quasi-nilpotence assumptions stronger than those assumed in this paper.
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