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Abstract. Let X be a regular continuous positively recurrent Markov process with state space R, scale function S and speed
measure m. For a € R denote

B = sup m(]x, +0o[)(S(x) — S(a)),

x>a

B, = sup m(]—o0; x[)(S(a) — S(x)).

x<a

It is well known that the finiteness of Bét is equivalent to the existence of spectral gaps of generators associated with X. We show
how these quantities appear independently in the study of the exponential moments of hitting times of X. Then we establish a very
direct relation between exponential moments and spectral gaps, all by improving their classical bounds.

Résumé. Soit X un processus de Markov récurrent positif a trajectoires continues et a valeurs dans R. Soient S sa fonction
d’échelle et m sa mesure de vitesse. Pour a € R notons

B = supm(]x, +o0o[)(S(x) — S(a)).
x=a
B, = sup m(]—o0; x[)(S(a) — S(x)).

Il est bien connu que la finitude de B,}t est équivalente a I’existence d’un trou spectral du générateur associé a X. Nous montrons
comment ces quantités apparaissent d’'une maniere indépendante dans 1’étude des temps d’atteinte de X. Ensuite nous établissons
une relation directe entre les moments exponentiels et le trou spectral, en améliorant en plus leurs encadrements classiques.
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Introduction

Let (X;; t > 0) be a regular linear continuous Markov process with the state space R. We assume throughout the
paper that X is positively recurrent and conservative (the killing time is identically +o00). Denote by S(x) a scale
function of X and m(dx) the speed measure associated with S (cf. [23], Chapter VII). Recall that S is a continuous
strictly increasing function and m(dx) is a symmetric measure for X, charging every not empty open set. Moreover,
the positive recurrence of X implies limy_, +o, S(x) = 200 and m(R) < oo.
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In this paper we study some relations between the exponential moments of hitting times of X, the finiteness of the
quantities B;", B, given by (0.1), the Hardy and Poincaré inequalities for Dirichlet forms associated with X. As a
consequence we give a chain of equalities linking all these objects.

Leta € R and T, = inf{t > 0: X; = a} be the hitting time of a by X. The first question we are interested in is the
estimation of exponential moments [E, [e*Ta], x eR, A > 0.

In some particular cases such moments have been well studied. We mention, for example, Ditlevsen [7] for
Ornstein—Uhlenbeck process, Giorno et al. [12] for Bessel and Ornstein—Uhlenbeck processes, Deaconu and Wantz
[6] for diffusion with strong drift, and the book of Borodin and Salminen [3] for an overview of known formulas.
But we were not able to find in the literature a simple general estimate of exponential moments in terms of the scale
function S(x) and the speed measure m (dx).

In the present paper this question receives a very satisfactory response with the quantities:

®F (x) =m(Jx, +o0[)(S(x) — S(a)),
®, (x) =m(]—o0; x[)(S(a) — S(x)).

Namely, let Aj be the supremum of A > 0 such that E,e*e < 0o for some x > a (hence for all x > a, see the
“all-or-none” property, Proposition 1.2). Respectively, let A, be the supremum of A such that E, e*Ta < oo for some
(all) x < a. Put

B =sup @ (x), B, =sup®, (x) (0.1)

a
x=a x=<a

and
+ +
C, = }Clglilr;gQDa (x).
Our first result (see Section 1, Theorem 1.1) asserts that

1 k< 1 A1
4B — "% T act  BF’

0.2)
where B or B, can eventually be infinite. The positivity of AT is thereby equivalent to the finiteness of B;-. More-
over, if Xf > (0 for some a € R, it is so for all a € R.

As it turns out, the importance of the quantities B3 is well-known in some different context. Using Krein’s method,
Kac and Krein [15] and Kotani and Watanabe [17] have shown that the spectral gaps v, (respectively y, ) of the
generator of X killed when it exits ]a, +oo[ (resp. ]—o0, a[) satisfy

! <y < ! 0.3)
4Bai—y“ - BE’ ’

We see therefore that the positivity of AT is equivalent to this of ., a fact that can actually be derived e.g. from
the works of Down et al. [8] and Bakry [1] or Rokner and Wang [24]. But comparing (0.2) and (0.3) leads to the more
explicit conjecture A;t = yai. This identity would not be surprising, since for exit times from a bounded domain D it
is well known from the works of Khasminskii [16] and Friedman [10]. Namely, if 7p is the exit time from D and xP
is a process killed at Tp, then the equality holds between the width yp of the spectral gap of the generator of X? and
the supremum Ap of A such that E,e*™ < oo for all x € D. However, the PDE methods of [16] require E, 7 to be
bounded, which is not the case in general, and in particular for D =]Ja, ool.

What was surprising, is that we have not found in the literature an analogue of Khasminskii identity for unbounded
domains. So in the second section of this article we firstly show (Theorem 2.1) in the setting of m-symmetric Hunt
processes that

Ap=yp ifip= sup{k: E,e*™ e ]Ll(mI[D)} > 0.
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The proof is based on the spectral calculus, available thanks to the symmetry of the generator of X?. Since this
symmetry is automatically fulfilled in dimension one, we get for any a € R,

yr=xF and y;=2,. (0.4)

Notice that we cannot establish such kind of equality directly on R, because our process is conservative and the
exit time from R is identically infinite. But it is well known that the spectral gap y of a m-symmetric operator can be
characterized in terms of Poincaré inequality for its Dirichlet form. We recall in the sequel of Section 2 that

LS d y= L
= an = —,
Va At:lt V cp

where A;t and cp are the best possible constants satisfying

2

/ (F(x) = F(@)’m(dx) < A} / (j—?) (1 dS@),

a @ (dF\?
/ (F(x)—F(a))zm(dx)gA;f (E) (1) dS@)

—00

+00 - m(F) 2 L) < +00 /qF\ 2 as
[w ( (x)—m> m( X)_CP/wo (E) (x)dS(x)

for all F in an appropriate functional space F.
A classical Mukenhoupt result [22] yields

and

Bf <Al <4Bf and B, <A, <4B,.

Looking at (0.2) and (0.4), we see that the lower bounds above can actually be replaced by 4Cai \Y Bai, which are
sometimes more precise. They also allow to recover (in our settings) the case of equality Af = 4B;IE studied in Miclo
[21].

Further, cp can be easily related to A;t by

st;p(A; ANA7) <cp < ifllf(A;_ VAY)
which yields
Sl;llp(B;_ A Ba_) <cp §4i21f(B; \% Ba_).

In the works of Bobkov and Gotze [2] and Malrieu and Roberto [20] it was shown that these inequalities can be
replaced by

1 _ _
EB;e Vv Bme =cp= 4(Br_n'—e 4 Bme)’
where me is a median of m (see [20], Theorem 6.6.2). At the end of Section 2 we give another refinement of the bounds
on cp. After proving that Af are S-Holder in a, we show that there exists a point ¢ € R such that AT = A_ = cp,
which yields

B VB VACY v4C, <cp<4(Bf AB.).

The point c is, however, unknown (except for obvious symmetric cases) and worths further investigations.
Finally, the last section contains some examples to illustrate the above-mentioned results.
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1. Exponential integrability of hitting times

In this section we study the exponential moments of hitting times 7. For a € R, denote
A; =sup{r>0: Vx >aq, E,e*e < oo};

and
A, =sup{r>0: Vx <a, E, et < 0o}.

As we will see (Proposition 1.2), an important “all-or-none” property holds for any A > 0:
Ix > a, Exe)‘T“ <00 <<= Vx>a, Exe)‘T" < 00,

the same being true for x < a.
Recall the definitions

B; = supm(]x, +oo[) (S(x) — S(a)),

x>a

B; =supm(]—o0; x[)(S(a) — S(x))

x<a

and
Ch= linigfm(]x, +00[) (S(x) — S(a)),

C, = liminfm(]—o0; x[)(S(a) — S(x)).

X—>—00

The main result of this section is

Theorem 1.1. Forall a € R,

1 1 1 _ 1 1
A and <A< A —

1 +
<A — <Xi; <
B 4B, 4C, By

<A< —
4BF 4ctH

with the convention 1/00 = 0.

In the sequel we often prove only assertions concerning B, and A, since the proofs of their “left” counterparts

are completely similar.

1.1. Kac formula

The Kac formula, first derived in [13,14] for linear Brownian motion, then generalized in [5] and in [9], permits to

calculate the moments of A, = fOT v(X;)dr for a function v of a Markov process (X) and a suitable random time 7.
In our proof we need a particular case of this formula, where v =1 and T is an exit time from an interval or a hitting

time.
For a < x < b consider

Tap =inf{t > 0; X; ¢ la, b[}.
The Green potential kernel on [a, b] is given by (see e.g. [23], Chapter VII)

_(S(B) = S(x vV y))(Sx Ay) —S(a))
h S(b) — S(a) ’

G(a,b,x,y)
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This kernel defines the Green operator

b
Gf(x) =/ G(a,b,x,y) f(y)dm(y).

Notice that since G (a, b, x,a) = G(a, b, x, b) =0, the integration interval may or may not include @ and b.
With the help of this operator we can calculate the moments of 7, ; using Kac formula

b
BT} ), = / G(a,b,x, y)IEyT;;I dm(y) =n!G"1(x). (1.1)
a

To obtain an analogous formula for the moments of hitting times, recall that lim;_, 4+, S(¢#) = %00, and consider the
limits of G(a, b, x, y) when a — —oo (resp. b — 00):

[ (S) - S©)). x<&<b,

Gloob v 6= { (S() — S(x)), —oco<E<u,
(S¢)—S@@), a<é&<nx,

)

Gla, +00,x.§) = { (S() — S@), x<£<oo

Taking monotone limits in (1.1), we get a formula for the nth moment of hitting times (see also [18]):

b
E, T} :n/ G(—00,b,x, E)E: T} " dm(g) ifx <b,
o0

+o0 (1.2)
E,T" :n/ G(a, +00, x, EYE: T Ldm(g) if x > a.
a
The summation over n yields a formula for exponential moments:
b
E,exp(ATp) =1+ A/ G(—00,b,x,8)Es exp(ATp)dm(§), x <b,
o (13)

+00
Eyexp(AT,) =1+ A/ G(a,+00,x,8)E: exp(ATy)dm(§), x> a.
a

Remark. The expressions (1.2)—(1.3) are always defined, since all functions therein are positive.
The following proposition will be referred to as “all-or-none” property in the sequel:

Proposition 1.2 (All-or-none). Let a € R and A > 0. The following properties are equivalent:

e for some x > a, E,exp(AT,) < oo,
e forallx > a, E,exp(\T,) < oo,
o [TCE¢exp(AT,)dm(§) < co.

The same holds for x < a.

Proof. Observe that G(a, +00, x, §) = const > 0 for £ > x, and that E, exp(AT,) is increasing on Ja, co[. Using the
exponential Kac formula we then see that for x > a, E, exp(AT,) < oo if and only if E¢ exp(AT,) is m-integrable
on Ja, oo[. In this case, since m charges every interval of R, E¢ exp(AT,;) < oo for all £ > a by monotonicity of
E¢ exp(ATy). O
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1.2. Exit time from an interval

It is known for a while (Khasminskii condition, see [9]) that the exit time 7, , from a bounded interval [a, b] admits
an exponential moment for some A > 0. Let

Aa,p =sup{A: Vx €la, b[, Ex exp(AT, ) < 00}.

In this subsection we establish some upper and lower bounds for A, ;,. The upper bound will be particularly important
in the proof of the Theorem 1.1.

Lemma 1.3. A, > 1/C,.p, where

1 b
Cap= m/ﬂ (S(b) - S()’))(S()’) - S(a))m(dy).

Proof. Observe that

(SB) =SSy — S(@)
S®) - S(a) ’

G(a,b,x,y) <

If f is positive and bounded, then

1 b
Gf(x) < m/a (SB) = SM)(S») — S@) f(m(dy) < Capll flloo-
It follows that ExTa’fb/n! =G"1(x) < CZ,b’ whence E,e*leb < 0o for A < 1/Cqp. O

Making b — oo, we get E,e*’e < oo for all x > a if

1

2> Cao = f (S0) — S(@)m(dy).

but the last integral is generally infinite, so this inequality does not provide a satisfactory lower bound for 1. Observe,
however, that when C,; o0 < 00, We get E,etle < (1 — )\.Ca)oo)_l for all x > a and A < 1/C4 o (We postpone an
example for the last section).

To find an upper bound for 1, p, fix some interval [a’, b'] C Ja, b[. Define k| > 0 and x» > 0 by

S(a") = S@) =x1(S(b') — S(a’)). S(b) — S(b') =k2(S(8') — S(a")) (1.4)

and denote

K1k2 (S(b') = S(d))m([d, b']).

c=——"—
14k +kp
Lemma 1.4. If 1 > 1/c then for all x € [d’,b'], Exe*ab = co. In particular, Ay, < 1/c for any choice of [a’, b'].

Proof. Observe that for all x, y in [a’, b'],

(S(b) =SB (S@) = S@) _ kik2

G@.b.x.y) z S(b) — S(a) = Tra e ®)=5@):

It follows that for all x € [a’, b']

4 K1K2 / / Y
ExTa,bzfa/ G(a,b,xvy)dm(y)zm(S(b)—S(a ))m([a,b])—c.
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By induction E, T}, > n!c", as seen from

b b
Eththn/ G(a,b,x,y)]EyTa’fgldm(y)zn(n—l)!cn_lf G(a, b, x,y)dm(y) =n!c".
a/

a’

Mab = oo pour A > 1/c and x € [a, b']. O

Hence E, e
At this stage let us mention a theorem of Carmona—Klein [4]
113 ”” )\TU
spectral gap” = E,e*'V < oo,
where U is a set of positive invariant measure. The formulation of this theorem is somewhat confusing, since it does

not precise that A depends on U. In fact, the following corollary shows that the property E,e*’« < 0o can not hold
simultaneously for all (x, @) with a common A > 0.

Corollary 1.5. VA > 0, Vx € R, there exist a < x and b > x such that Eye*Tar =, e*e = F 0 = c0.

Proof. Fix A > 0 and x € R. Put, for example, k| = k» = 1 and chose [a’, b'] and [a, b] in such a way that x €
[a’, b'] Cla, b and the equalities (1.4) hold. Then

—_

- = 3 <A
c  (S®)—S@)m(a’,b')

as soon as (S(b") — S(a’))m([a’, b']) > 3, which can always be achieved taking a’ or b’ large enough. Hence, ac-
cording to Lemma 1.4, E,e*7e» = 00 and thereby E,e*’« = E,e*”» = oo for such a and b. O

1.3. Hitting time moments

In this subsection we will prove the Theorem 1.1:

1 1 1 1 1 1
<if< A— <A, < :
4ABF act  BF 4B; AC; B,

The proofs of two parts being completely similar, we only give one for A} It will be split in a number of propositions.

Proposition 1.6. Va e R, .} < Bl—+, where 1/00 = 0.

Proof. Fix some a € R. From Lemma 1.4 we deduce that fora <a’ < x <b’ < b, forall x € [@, b'], Eye*Te = 00 if
A >1/c, where

—_

- 14k +x2
¢ ki(S®) - S@)m(a’, b))’

Now fix a’ and b’ and make k; — oo (so b — 00), then

1 1 1
¢ @) —S@ym@. b (@) — S@yma, b))’

We conclude that Ee*%s = oo for x € [¢’, b'] and

A > ! .
(S@) — S(@)m(la’, b'])
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It follows by the “all-or-none” Proposition 1.2 that E,e*”* = oo for any x > a, all a’, b’ and A as above. Observing
that

sup(S(a’) = S@)m([a’,b']) = sup(S(a’) — S(@))m([d’, o0[) = B

a.,b a'>a
by the continuity of S, we get E,e*’* = oo for any

1 1

A > inf = —.
ab (S(a) — S@)m([a’,b']) B

The inequality A" < 1/B;} is thereby proved. O

The bounds (4C;})~! > A} > (4B})~! require more work. To simplify the notations we put B} = B.
Let b > a and define for x > a and f > 0 two positive linear operators, J, and Kj:

be(x):/ (S = S@) f(M1p<ym(dy),

be(X)=(S(X)—S(a))1bsx/ fmdy),

where [ is understood as f]x 4+ Notice that
Gf=Jaf +Kaf = f+Kpf =G(fLp,00])-
Put

C(b) = inf Jp1(y), B(b) = sup Jp1(y),
y>b y>b

so B = B(a).

Proposition 1.7. We have

n n
> an i C'BYKF(x) < (I + Kp)"1(x) <D an B ()K" 1(x)
1=0 =0

where an | > 0 satisfy

an1 =0 ifl<0orl>n,

ao,0 =1, Ant1,1 = Zan,i~

i<l

Proof. For any f we have

IoKp f(x) = (S(x) — S(a))lng/ dm(y)/' (S@) = S@)) f ) 1p<u dm(u)
=(S() - S(a))lbs)c/ dm(y)/ (S@) = S@)) f W) 1p<u dm(u)

S y
+(S(x)—S(a))1b§x/ dm(y)/ (S(u) — S(@)) f (u)1p<y dm (u)

X

:Jbl(x)be(x)+(S(x)_S(a))lbfx/ f(u)dm(u)(S(u)—S(a))lhﬂ/ dm(y)

= 1)Ky f(x) + Jp(fIp 1) (x)
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whence

CO)Kpf + o) (x) < oKy f(x) < BO)Kp [+ Jp f)(X),

the inequalities being trivially true for x < b. By induction, we easily see that the following inequalities hold for all
neN:

CB)(C"(b) + C" ' B)Kp1(x) + -+ + K] 1(x))
< J,KP1(x) < B(b)(B"(b) + B" ' (B)Kp1(x) + - - + KP1(x)).

Now notice that for n =0, (Jp + Kp)"1(x) = 1 = ag,0. By induction again, for any x > a,

(Jp + Kp)"™1(x) < (Jp+ Kp) Y _an B (B)Kp ' 1(x)
>0
=Jy > antB'B)K) () + > anB'B)K) T 1(x)
>0 >0

n—I
<BMb)Y anB' (b)Y BT BIKI(x) + Y an B B)K) T 1(x)

>0 i=0 >0

= BT OKI@) Y ani+ ) ana1—i BT (0K} ()

i>0 I<n—i i>0

. . _ -

=Y BBK) D an=Y BIBK, T 1)) any

i>0 I<n+1-i j=0 I<j

. —i

=Y an1 B/ B)K, T 1),

j=0

The lower bound is proved in the same way. (I

An explicit formula for a,, ; will now be derived.

-1

Lemma 1.8. For0<[l<n,a,;= Cle -C with Cn_1 = 0. This implies

n+l>
4n 8 -
- < a, r=a < 4"
n+2r(n+2) "~ =0 kT Al =

whence
i, Y1 =4
Proof. The expression of a, ; follows by induction from the recursive definition of a, ; and the equality
Cl4Copi - +Chy=Chypy
The second assertion follows then easily by Stirling’s formula. ]
Theorem 1.9. Recall that

B =B =sup(S(x) — S(a))m(]x, o)

xX>a
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and

Ca = liminf(S(x) — S(a))m (]x, oo]).

o If0 <X < (4B)~! then for all x > a, Eye*’a dm(x) < cc.
o If k> (4CH)~! then for all x > a, Exe*la dm(x) = cc.

Proof. Put || fll, = [, f(z)m(dz) for b > a. We have for f >0

1Ko flly = /b m(dz) /b (S() — $(@)) f (ym(du) = /b Fm(@u)(S@) — S(a)) / m(dz),
whence

COINIfNo = 1Kp fllo < BO S b (1.5)

The first point of the theorem being obviously true for B = oo, we can suppose that B = B(a) < co. Combining
the inequality (1.5) for b = a with the Proposition 1.7 and Lemma 1.8, we can write

1 +00 . i n l .
E-/a E T, dm(x) = ”G 1||a Sgan,lB ”Ka 1||a

n
<Y aniB'B"!|1lla = any1..B"m(Ja. ool) <4" B"m(la, o).
[=0

which implies the first assertion.
In the same way, for any b > a,

n
[G" 1], =D aniC® C®Y" 111y = ant1,,C®)"m(1b, oo)-
=0

Lemma 1.8 now implies that f boo E.e*Tam(dx) = oo for any A > (4C (b))"L. The second point follows by the “all-or-
none” property, since limp_,o, C(b) = C;f". ]

Finally, the Propositions 1.6 and 1.9 jointly imply the assertion of Theorem 1.1, namely

1 1 1 1 _ 1 1
— a S + + — a — A —
4B act B 4B, 4C; B,

the inequalities concerning A being proved in the same way.

Remark. It is easy to see that B;t < o0 implies Ya € R, B;t < 00. So the Theorem 1.1 yields yet another “all-or-
none” property:

JaeR, Af>0 <= VaeR, if>0.
The Corollary 1.5 implies, however, that

lim A, = lim Aj =0.
a—> o0 a—>—0o0
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2. Spectral gap

It turns out that the quantities B have already appeared in the context of the operators theory (see, e.g., [15,17]). In
this section we discuss some relations between exponential moments of a diffusion and spectral gaps of associated
operators.

We begin with a general remark. Consider a Hunt process X on a Polish space E in the sense of Fukushima
et al. [11]. Let m be a Radon measure on E. Suppose that m is bounded and X is a m-symmetric process. Denote by
(Py):>0 the transition semigroup of X. Denote by Py, x € E, the law of the process X issued from x € E.

For an open set G C E, set

g =inf{r > 0: X; ¢ G}
the exit time of X from G. Introduce
PP[A(x) =Py [X, €251 < 6]
for measurable subset A of E, and set

XG_ le O§t<tG7
;=
A, t>1g.

Then, according to [11], X© is a Hunt process on the state space G, symmetric with respect to the measure Ig - m(dx)
with the transition semigroup (PF). If A denotes the infinitesimal generator of (PS) in L?(Ig - m(dx)), A€ is a self-
adjoint negative operator. Let us denote by (-, -) the scalar product in L2(Ig - m(dx)) and by (Eg, & > 0) the spectral
family of —AC.

Recall now the usual properties of the spectral decomposition. For any bounded and continuous f on [0, co[ one
can define f(—A®) by

F(=A%)u =f

f&)dEgu, uel?(I-m(dx)),
[0:00]

with
Q(—A%mgQ#Fﬂ)=A; RGEGLIE
In particular,

PP =exp(tA®) = / e 5 dE;.
[0;00[

Denote by £C the Dirichlet form associated with —AS on L?(m). Let H: be the image space of E¢ (which is
a projection operator). The elements of Hy are those who satisfy P°u = u for all # > 0. We know that —A® has a
spectral gap at O of width at least y > 0 if and only if the following inequality

yw—EwW=y/

10,00

d(Egu, u) 5/ Ed(Ecu,u) =E®(u,u) 2.1
[ 10.00[

holds for all # in the domain of £©.
2.1. Khasminskii identity

The main theorem of this section concerns the case 7g < o0.
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For any bounded non negative function u(x) € L2(Ig - m(dx)), forall » > 0, 0 < N < 0o, we have the formulas
N 1
/ eV PP1(x)dt = ~Ex [e*e N —1],
0

N
1
/ e PCu(x)dr < ||u||ooxEx [e*7eN —1].
0

The spectral calculus yields

1
XEx[e}\.ngN _ 1] :/

000 *—§&

SO—ON _ |
dEg1.

Hypothesis (o). Ao > 0 and for any A < Ao, Ec[e*™] is an element of L' (I - m(dx)).
Theorem 2.1. Hypothesis (L) is equivalent to E,—y = 0, i.e. —A® has a spectral gap of width at least equal to L.

Remark. This equivalence for bounded domains G C R" is well-known since the works of Khasminskii [16] and
Friedman [10]. However, the proof of [16], Theorem 2, makes use of the boundedness of B, tg in G, which may not be
the case in our general setting.

The proof is divided in two parts.
Lemma 2.2. Hypothesis (ro) implies f[o,xo[ dEg =0, ie. Epy—) =0.

Proof. Let 0 < A < XA¢. For any bounded non negative function f(x) € ]LZ(]IG -m(dx)), forall A > 0,0 < N < o0, we
can write

2
A g o1

N
> </O e“Pffdt,f)

N
= / d(Es f, f) / =9 dr
[0,00[ 0

N
> f d(Es f. f) / 9 g
[0,A] 0

6N _ |
= ———d(E:f, f).
/[O)M Py (Ee f, f)

Taking the limit when N 1 oo, the preceding computation gives
(Eoorf )= | dtEef.p)=0,
[0.A]

The bounded non negative functions being dense in L2(Ig - m(dx)), we conclude that E;—y =0. Since this holds for
any 0 < A < Aq, the lemma is proved. ]

Lemma 2.3. Let 0 < A < Ag. Suppose that Eg,—y =0, i.e. f[o 2ol dEg = 0. Then, E, [e*] is an element of ILI(]IG .
m(dx)) and therefore Hypothesis (Ao) is true.
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Proof. For 0 < A < A¢ we look at the formula

1 1 —e®=5N
<—E.[e“GAN —1], 1) =/ <e—> d(Es1, 1).
A ool \ & =2

Let N 1 oo. The dominated convergence theorem yields

LE [ —1].1)

A
—/ U E1
ool E—2) 5

Soe-nt
whence
E, e < O (2.2)
1—A/Ao
O

Now, for G =]a, oo[ and G =]—00, a[, denote by ¥, and y, the spectral gaps of the corresponding operators. In
virtue of the “all-or-none” Proposition 1.2, the Hypotheses ()L;Jf) are verified, and we obtain
Theorem 2.4. Forany a € R, yai = )»ff, whence

1 1 1

— <yEF<—A—.
ABF =VYa ~4cF  BF

2.2. Hardy and Poincaré inequalities

The Theorem 2.1 and the above (in)equalities only make sense under the condition g < oo. In this subsection we
would like to estimate the spectral gap of a (not-killed) diffusion X on G = E = R. To do so, we use the well-known
relations between spectral gaps and Poincaré inequalities.

Recall that S and m are a scale function and the corresponding speed measure of X. Denote by dS the measure
induced by S(x). Let F(x) be areal function on R. We shall write dF' < dS, if there exists a function f(x) in L'(ds)
such that

b
/ f(x)dS(x)=F®)— F(a) VYa<b.
a
The function f(x) will be denoted % (x). Introduce then the function spaces
2 dr 2
F=1{F e€L“(m): dF<<dS,EeL dS) ¢, 2.3)

Fla.ool = {F eF: Fx)=0,x ga},
Fl—oo.al = {F eF:. Fx)=0,x > a}.
Theorem 2.5. The diffusion X is m-symmetric. The Dirichlet space associated with X is the function space F given

by (2.3), and the Dirichlet form has the expression

% FqF\?
5(F,F)=/ <£> (x)dS(x), FelF.
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The restriction of the Dirichlet form £ on Fi, o[ is the Dirichlet form glaool associated with the semigroup

(Pt]a’oo[)tzo of the process X killed when it exits Ja, oo[. The killed process Xla.ool g symmetric with respect to
4,00 - m(dx).

The same is true (with obvious modifications) for £17°%4L,

The proof of this theorem is given in [19].
For a € R and 0 < A < oo, we shall call what follows Hardy inequalities associated with the function space F,
over the upper half space Ja, oo[ and the lower half space ]—00, a[, with the constant A:

e’} 00 2
/ (F(x)—F(a))zdm(x)SA/ <2—§> (1dS(r) VF e F,

a

a 2
/ (F(x)—F(a))zdm(x)SAf (‘3—?) (1) dS(t) VFeF. (2.4)

—00 —00

Denote by A" (resp. A ) the infinum of the constants A in Hardy inequality over the upper (resp. the lower) half state
space.

Let ¢ < oo be a constant. We call the following inequality Poincaré inequality associated with the function space
F, with the constant c:

+00 ) +00 FqF\ 2
F(x)—m(F)) dm(x) <c — ) (x)dS(x) VFeF, 2.5)
/_oo ( ) /_oo <d5>

where m(F) = ﬁR) f F(x)dm(x). Denote by cp the lower bound of the constants ¢ in Poincaré inequality.
It is easy to see now that the Poincaré inequality (2.5) with constant cp can be written as (2.1).

Proposition 2.6. The generator of the Dirichlet form associated with X has a spectral gap y > 0 if and only if
cp < 00. In this case,y = 1/cp.

Proof. By the L'-ergodicity of the process X (see, e.g., [3]), the space Hy can contain only constants. As X is a

conservative process, P;c = ¢ for all t > 0, whence Hy = R. Notice that m is the orthogonal projection operator upon
Hy, i.e. Eg = m. The equivalence

YIF —EoF|? <&E(F.F) < vy|F-m(f)| < — ) ds
—o \ dS
proves the proposition. |
Now we address the Hardy inequalities.

Proposition 2.7. The generator of £/ has a spectral gap v.F > 0 if and only if the Hardy inequality (2.4) holds
with A} < oo. In this case, y;” = 1/A}.

Proof. Recall that if u € H, Pt]a’oo[u = u. Take a bounded non negative fonction v. We have
(u,v) = (Pt]a,oo[m v) — (u, Pt]a,oo[v)_
But

lim P}y (x) < vllooPylt < Tu] =0
—o0

due to the positive recurrence property of X. We get (u, v) = 0 for any such function v. This means that u = 0 and
therefore Eg = 0.
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Now, for all F(x) € Flg,o0[

s s [X(dF\?
YIF = EoF||” < &lacof(F. F) <<= yIFI 5/ (_dS> ds.
a
Clearly, for any F(x) € F, F(x) — F(x Aa) € Fla,00[, Which finishes the proof. U

The same property evidently holds for A, . From Theorems 1.1 and 2.4 we deduce that for all a € R,
BEv4cE < AT <4BF,

which slightly improves the celebrated Muckenhoupt bounds [22] in our case.
Now, a well-known technique (see, e.g., [19]) allows to tie cp with A;,F and A} :

supAI NA, <cp fian;l|r VA,
a a

whence

supB A B <cp <4infB} vV B].
a a

These inequalities can be made somewhat more precise, if a is a median of m. Namely, Bobkov and Gotze [2] have
shown that for such a,

%(Bj VBy)<cp <4(BFV BY).

We will give yet another estimation of cp, firstly showing that Aff are locally Holder w.r.t. S (see Miclo [21] for
some other regularity results).

Proposition 2.8. Let a <b. Then

0<yaz - /a3 = J(5) = s@)m(1a. o))

and

0</a; - a7 < J(5®) — S@)m(1—00.b)).

Proof. Leta <band F € F, f =dF/dS. Then

]

00 b
/ (F(x)—F(a))zm(dx)zf (F(x>—F(a))2m(dx)+/ (F(x) — F(@))’m(dx).
a a b

Notice that

x 2 X
(F<x)—F(a>)2=< f f(u)dS(u)> < (S() - S(a)) f F2w)dS(w).

The first integral above is hence bounded by:
b b X
/ (F(x) - F(a))2m(dX) < / (Sx) = S(@)) / £2(u) dSuym(dx)
b
< (8(b) — S(a))m(la, b)) / fr)dS @)

< (S®) — S(@))m(la, b)) f F2w) dS ).
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The second one:

/OO(F(x) — F(a))’m(dx)
b

o0

=/b (F(x) — F(b))zm(dx)—i—(F(b)— F(a))sz m(dx)+2(F(b)—F(a))/b (F(x) — F(b))m(dx)

oo b
af [ raseo + (50 - 5@) [ 72w asaom(p.

b oo
+2\/(S(b) —S(a))/ fz(u)dS(u)m(]b,oo])/h (F(x) — F(b))*m(dx)

0 b 2
= (\/A;/b fz(x)dS(x)—i—\/(S(b)—S(a))/ F2w)dSwym(1b, oo]))

< (\/5 +/(S®) = S@)m(1b. o01))’ / F2(0dS(x).

Together with the first bound it yields

Jaz =4t < S5 = s@)m(1a, o).

The A~ counterpart is proved in the same way.

Recall that S is continuous, hence so are AT. Since

. + . 1
lim Ay = lim — =o0,
a—=£00 a—+00 )7

we deduce that there exists a point ¢ € R such that AT = A

= cp. This finally gives us the following inequalities:
B}V B VAC} v4AC, <cp<4(Bf AB)).
To resume the main results of this section, let us state a concluding theorem.

Theorem 2.9. Forany a € R,

1

1
— Tt T =
AJ_ya =i, and A;—ya =i,

whence

1 1 1 1
supl — A — | <cp <inf| — v —
a"(x; A;>‘ P‘a(A;: A;)

or, equivalently,

sgp(xj; AAG) <y < igf(kj{ Vi),

where y = 1/cp is the spectral gap of X on R.
There exists a point ¢ € R such that AT = A7

- =cp,whence

BY VvV B_ v4C} v4C. <cp <4(B} AB).
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3. Examples

In this last section we give some examples to illustrate the above results. We suppose in what follows that a < x and
study E,e*a 5o it suffices to define X, in some vicinity of [a, col.
Let X; be given by

Recall that in this case we can choose

T B du), 2dx

S(x)=s(x)=exp<—2 o = sy

We refer to Borodin and Salminen [3] for the known facts and formulas used below.
3.1. Drifted Brownian motion

Let 0 <a < x and
dX, =dw, — gdr, B>0,

on 10, oo[, then E e*”* < oo if and only if A < 2/2. On the other hand,

s(x) = exp(Z/x ﬂdu) =exp(28x), Sx) = %(exp@ﬁx) — 1)
0

and
oo dt 1
m(]x, +oo[) = 2/){ i Eexp(—2ﬁx),
whence
1
Bl = ilig(S(x) — S(a))m(Jx, +ool) = T

so the product A} B equals 1/4, hence the lower bound A} > (4B;})~! is sharp.
We actually see that

By = lim (Sx) = S(@)m(Lx, +ool) = CF,

a

so A} = (4B)~! was to be expected. As shown in [21], the above condition is also necessary for the equality
AF=@BHL
The exact value of E,,e*T« is (here m means m [1a,00[)

e—2ap /32
—_— A<
B++V/B*—2x 2

The estimate (2.2) yields

Eetle =2

—2ap 2
e B
Epetfo<—— —  r<

=B =22/ 2

which gives the exact exponential rate of E,,e*’« in a, but is irrelevant in A.
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3.2. “Geometric” Brownian motion on the natural scale
Suppose that 0 < a < x and that X is given by
dX; =0 (X;)dW;, O<ox <o(x) <oox,

so S(x) — S(a) =x —a and

2dx < m(dy) 2dx - 2dx

—— <m(dx) = —— .

022x2 - o2(x) ~ 612x2
We then get

2
Bl = sup(S(x) — S(a))m(]x, OO[) =< P
x 1

C} =liminf(S(x) — S(a))m(]x, oof) = %
X—>00 0‘2

so our bound A} < (4CH)~! is better than A} < (B)~! as soon as oy < 207. In particular, for o] = 0, (geometric
Brownian motion) it gives the well-known value A} = o'2/8.

3.3. Ornstein—Uhlenbeck process
Take
1

dXt = —EX[ dt + th,

then
X
m(dx) =2exp(—x?/2)dx,  S(x)= / exp(u®/2) du.
0

On the other hand, according to Borodin and Salminen [3], for x > a

Hez), (x)

E,exp(AT,) = Hew, (@)

where He,, are the (modified) Hermite functions. We deduce that ;" = v/2, where v is the least positive index such
that He,, (a) = 0. Equivalently, a is the largest zero of He,,, whence A} ~ a?/2 fora>> 1.
Fora=0, A} =1/2 and

X o0
B = 25upf0 exp(u?/2) du x / exp(—u?/2)du =0.4788....
X

x>0

For a = —0.765: 17 = 1/4 and

X oo
APBF =22t sup/ exp(u2/2) du x / exp(—uz/Z) du =0.553...
a X

xX>a

so A B} (varying between 1/4 and 1) is not constant here.
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3.4. Strongly entering diffusions

Consider the case when E,e*Te < D for all x > a, as in [6]. Note that it implies K,1(x) < G1(x) =E,T, < D/A, so

sup K, 1(x) =/ (S(y) — S@))m(y)dy = C < o0, 3.1)

xX>a
which is the condition of entering boundary. On the other hand, (3.1) implies that B < C and
1 n C n
aExTa = §(4B) )

as can be seen from the proof of Proposition 1.7 by switching the roles of J and K. Hence, for all x > a and
r< @B,

c
E.ete < S —4B))~ L.

We conclude that the entering boundary condition (3.1) is equivalent to the uniform boundedness of Ee*’« for x > a
(at least for A < (4B)™1).
To give an example, let a = 0 and S(0) = 0, and consider a diffusion
1
One can write S(x) = e’™ — 1 with v(x) = In(S(x) + 1), hence s(x) = v'(x)e*® and
4
by =29 1o,
v'(x)

Then we have

/ S(y)m(y)dy=/ —ydys/ b (32)

0 o s o V'

The entering boundary condition (3.1) holds if and only if the last integral is finite. This is the case e.g. if v/(x) > x !¢
as x — 0o, which leads to the main example b(x) = x 1€ of [6]. However, the condition (3.2) is more pertinent with
respect to the uniform boundedness of E,e*a than those given in [6].
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