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Abstract. We propose to test the homogeneity of a Poisson process observed on a finite interval. In this framework, we first provide
lower bounds for the uniform separation rates in L2-norm over classical Besov bodies and weak Besov bodies. Surprisingly, the
obtained lower bounds over weak Besov bodies coincide with the minimax estimation rates over such classes. Then we construct
non-asymptotic and non-parametric testing procedures that are adaptive in the sense that they achieve, up to a possible logarithmic
factor, the optimal uniform separation rates over various Besov bodies simultaneously. These procedures are based on model
selection and thresholding methods. We finally complete our theoretical study with a Monte Carlo evaluation of the power of our
tests under various alternatives.

Résumé. Nous proposons de tester I’homogénéité d’un processus de Poisson observé sur un intervalle borné. Nous établissons
tout d’abord des bornes inférieures pour les vitesses de séparation uniformes relativement a la norme L2 sur des Besov bodies
classiques ou faibles. De facon surprenante, nous obtenons des bornes inférieures sur les Besov bodies faibles qui coincident avec
les vitesses minimax d’estimation sur ce type de classe. Ensuite, nous construisons des procédures de tests non asymptotiques et
non paramétriques qui sont adaptatives, au sens ou elles atteignent, a un facteur logarithmique pres dans certains cas, les vitesses de
séparation optimales sur plusieurs classes d’alternatives simultanément. Ces procédures sont basées sur des méthodes de sélection
de modeles et de seuillage. Enfin, nous complétons cette étude théorique par des simulations afin d’estimer par la méthode de
Monte Carlo la puissance de nos tests sous diverses alternatives.
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1. Introduction

Poisson processes have been used for many years to model a great variety of situations: machine breakdowns, phone
calls, etc. Recently Poisson processes become popular for modeling occurrences of words or motifs on the DNA
sequence (see [24]). In this context, it is particularly important to be able to detect abnormal behaviors.

With such applications in mind, we consider in this paper the question of testing the homogeneity of a Poisson
process N. Since we can only observe a finite number of points of the process, this question has a sense only on a
finite interval. For the sake of simplicity, we assume that the Poisson process N is observed on the fixed set [0, 1], and
that it has an intensity s with respect to some measure p on [0, 1] with du(x) = Ldx.

Denoting by Sy the set of constant functions on [0, 1], our aim is consequently to test the null hypothesis (Hg)
“s € Sp,” against the alternative (Hy) “s ¢ Sp.”

This problem of testing the homogeneity of a Poisson process has been widely investigated both from a theoretical
and practical point of view (see [2] or [7] for a survey and [5] for a more recent work). In these papers, the alternative
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intensities are monotonous. Another related topic is the problem of testing the simple hypothesis that a point process
is a Poisson process with a given intensity. We can cite for instance the papers by Fazli and Kutoyants [12] where the
alternative is also a Poisson process with a known intensity, Fazli [11] where the alternatives are Poisson processes
with one-sided parametric intensities or Dachian and Kutoyants [10], where the alternatives are self-exciting point
processes. The paper by Ingster and Kutoyants [18] is the closest one to the present work. The alternatives considered
by Ingster and Kutoyants are Poisson processes with nonparametric intensities in a Sobolev or Besov Bg?; (R) ball
with 1 < g < +o00 and known smoothness parameter §.

However, in some practical cases like the study of occurrences of words or motifs on a DNA sequence, such
smooth alternatives cannot be considered. The intensity of the Poisson process in these cases may burst at a particular
position of special interest for the biologist (see [14] for more details). The question of testing the homogeneity of
a Poisson process then becomes “how can we distinguish a Poisson process with constant intensity from a Poisson
process whose intensity has some small localized spikes?.” This question has already been partially considered in the
seventies in a precursory work by Watson [27]: he proposed a test based on the estimation of the Fourier coefficients
of the intensity without evaluating the power of the resulting procedure.

In this paper, we focus on constructing adaptive testing procedures, i.e. which do not use any prior information
about the smoothness of the intensity s, but which however have the best possible performances (in a minimax sense).

From a theoretical point of view, we evaluate the performances of the tests in terms of uniform separation rates
with respect to some prescribed distance d over various classes of functions. Given 8 € ]0, 1[, a class of functions S,
and a level « test @, with values in {0, 1} (rejecting (Hg) when @, = 1), the uniform separation rate p(Pg, S1, f)
of @, over the class Sj is defined as the smallest positive number p such that the test has an error of second kind at
most equal to B for all alternatives s in S; at an L?-distance p from Sy. More precisely, if Py denotes the distribution
of the Poisson process N with intensity s,

(@, S, B =inf{p>0, sup  Py(@=0) < p} (1.1)
s€81,d(s,Sp)>p

=inf[ >0,  inf  Py(@y=1)>1— } 12
P s A s(Po =1) B (1.2)

In view of the practical situations of our interest, we study some classes of alternatives that can be very irregular, for
instance that can have some localized spikes. We then consider some classical Besov bodies and also some spaces
that can be viewed as weak versions of these classical Besov bodies and that are defined precisely in the following.
The interested reader may find in [23] some illustrations of functions in weak Besov spaces and how the smoothness
parameters of the functions govern the proportion and amplitude of their spikes.

As a first step, we evaluate the best possible value of the uniform separation rate over these spaces. In other words,
we give a lower bound for

g(Sl,a,ﬁ)=g;fp(¢a,Sl,ﬁ), (1.3)

where the infimum is taken over all level « tests @,, and where S; can be either a Besov body or a weak Besov
body. This quantity introduced by Baraud [3] as the («, 8)-minimax rate of testing over S; or the minimax sepa-
ration rate over Sj is a stronger version of the (asymptotic) minimax rate of testing usually considered. The key
reference for the computation of minimax rates of testing in various statistical models is the series of papers due to
Ingster [16]. Concerning the Poisson model, Ingster and Kutoyants [18] give the minimax rate of testing for Sobolev
or Besov Bg?; (R) balls with 1 < g < 400 and smoothness parameter § > 0. They find that this rate of testing for

the Sobolev or Besov norm or semi-norm is of order L~23/43+1 T et us note that we find here lower bounds for the
classical Besov bodies similar to Ingster and Kutoyants’ ones. Furthermore, our lower bounds for the weak Besov
bodies are larger than the ones for classical Besov bodies. Alternatives in weak Besov bodies are in fact so irreg-
ular that it is as difficult to detect them as to estimate them. The problem of estimation in weak Besov spaces is
solved by using thresholding procedures: indeed the weak Besov spaces are closely related to the maxisets of those
procedures (see [19] in the Gaussian framework and [22] in a Poisson model). To our knowledge, no previous re-
sults of this kind exist for weak Besov bodies in testing problems, even in more classical statistical models, like the
density model. Despite the similarity of both models, our lower bounds over weak Besov bodies cannot however
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be straightly transposed to the density model since our proofs heavily rely on the Poissonian independence proper-
ties.

As a second and main step, we construct non asymptotic level o tests which achieve, up to a possible logarithmic
factor, the minimax separation rates over many Besov bodies and weak Besov bodies simultaneously, whereas using
no prior information about the smoothness of the intensity s. Our idea here is to combine some model selection
methods that are effective for alternatives in classical Besov bodies and a thresholding type approach, inspired by
the thresholding rules used for adaptive estimation in weak Besov bodies. Key tools in the proofs of our results are
exponential inequalities for U-statistics of order 2 due to Houdré and Reynaud-Bouret [15].

Of course, both model selection and thresholding approaches have already been used to construct adaptive tests
in various statistical models. One can cite among others the papers by Spokoiny [25,26] in Gaussian white noise
models or by Baraud, Huet and Laurent [4] in a Gaussian regression framework. These papers propose adaptive tests
which combine methods closely related to both model selection and thresholding ones. As for the density framework,
adaptive tests were proposed by Ingster [17] or Fromont and Laurent [13], using model selection type methods and
by Butucea and Tribouley [6] using thresholding type methods.

The present work is organized as follows. In Section 2, we provide lower bounds for the minimax separation rates
over various Besov bodies. Our testing procedures are defined in Section 3, and their uniform separation rates over
Besov bodies are established in Section 4. We carry out a simulation study in Section 5 to illustrate these theoretical
results, and the proofs are postponed to the last section.

2. Lower bounds for the minimax separation rates over Besov bodies

We consider the Poisson process N with intensity s with respect to some measure u on [0, 1], with du(x) = Ldx. In
the following, we assume that s belongs to .>([0, 1]), and (-, -), || - || and d respectively denote the scalar product

(f,g>=/ fx)g(x)dx,
[0,1]
the L2-norm
||f||2=f fA(x)dx,
[0,1]

and the associated distance.
Let us denote the Haar basis of }Lz([O, 1D by {¢0, ¢ k), j €N, ke {0,...,2/ — 1}} with

¢o(x) = Lo,17(x)
and

b0 (x) =272y (2 x — k), 2.1
where ¥ (x) = 1jo,1/2(x) — L1/2,11(x).

We set ag = (s, o) and for every j € N,k €{0,...,2/ — 1}, a(jx) = (s, djx))-
We can now introduce the Besov bodies defined for § > 0, R > 0 by

2/ -1
B (o(R) = {5 >0, s € L*([0, 1]), s = crogho + Z Z A3k PGk
jeN k=0
2/ -1
VieN, Y af, <R, 22)

k=0
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and more generally for p > 1, R > 0 and § > max(0, 1/p — 1/2), by

2/ -1

B o(R) = {S >0, s e L*([0, 11), s = aobo + Z Z o3k P k)
jeN k=0
2/ -1
VieN, Y lagul’ < Rl’z—l’f(“l/z—l/l’)}. (2.3)
k=0

As in [22], we also introduce some weaker versions of the above Besov bodies given for y > 0 and R’ > 0 by

271
W, (R') = {s >0,s € L*([0, 11), s = aobo + Z Z AR PGk)s
jeN k=0
2/ —1

jeN k=0

Fixing some levels of error @ and B in ]0, 1[, and denoting by LL°°(R”) the set of functions bounded by R”, our
purpose in this section is to find sharp lower bounds for p (Bg’ 5 (R) N Wy, (R") NIL®°(R"), @, B), where p is defined

by (1.3).
Starting from a general idea developed by Ingster [16], we obtain the following result.

Theorem 1. Assume that R > 0, R’ > 0, and R" > 2, and fix some levels o and B in 10, 1[ such that o + B < 0.59.
Let us consider the different cases that are represented in Fig. 1.
In case (i) where § > max(y /2,y /(1 +2y)), then

liminf L/ p (B} (R) N Wy, (R)) NL®(R"), e, ) > 0.

L—+o00

In case (ii) where § <y /2 and y > 1/2, then

L \7/(+2r)
?Lnfég(ﬁ) (B o (R)NW,, (R')NL®(R"),, B) > 0.

Fig. 1. The set of possible parameters (8, y): visualization of the different cases appearing in Theorem 1.
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In case (iii) where § <y /(1 +2y) and y <1/2, then

}imJirnf(Ll/“ A LZV/((‘+45)(1+2V>))p(B§ (R NW, (R)NL®(R"),a, B) > 0.
——+00 - ’

Comments:

(1) For the whole set of parameters (8, y) such that § > y /(1 4+ 2y), we prove in Section 4 that these lower bounds
are actually sharp.
(2) We have in case (i) lower bounds which coincide with the minimax rates of testing obtained by Ingster and

Kutoyants [18] when testing that a periodic Poisson process has a given intensity in the Besov spaces BS;O(R).
We know (see [13,17], for instance) that such rates can be achieved by some multiple testing procedure based on
model selection type methods. This is the principle of our first procedure described in Section 3.1.

(3) We notice that the lower bounds obtained in case (ii) are equal to the minimax estimation rates on the maxisets

of the thresholding estimation procedure, namely Bg”;é(lﬂy)(R) nw, (R") with some constant ¥ < 1 (see [19,
22,23] for more details). This means that it is at least as difficult to test as to estimate over such classes of
functions, phenomenon which is quite unusual. Since the minimax estimation rates on these classes are achieved
by thresholding rules, it will be natural to construct a testing procedure based on thresholding methods: this is the
idea that originated our second procedure described in Section 3.2.

(4) As for the case (iii), our present results do not allow us to say anything about the possible optimality of the
obtained lower bound.

3. Two tests of homogeneity

Let us recall that Sy denotes the set of constant functions on [0, 1] and that we assume that s belongs to Lz([O, 1.

In this section, we construct level « tests of the null hypothesis (Hg) “s € Sp,” against the alternative (H;) “s ¢ Sp,”
from the observation of the Poisson process N, or the points {X;, / =1, ..., N} of the Poisson process.

We introduce two testing procedures that come from two different statistical approaches. The first one originates
in general model selection methods, while the second one is closer to the thresholding type methods.

In order to understand the global ideas of these procedures, let us notice that the squared IL2-distance d>(s, Sp)
between s and the set of constant functions Sy can be rewritten as

2
fm&»zf (mm—/ aw®>dx
[0,1] [0,1]

2 2

= |IslI” — g

2

= Z %
MeAxo

where ag = (s, ¢), and forall A € Ao ={(j, k), j €N, ke {0,...,2/ —1}}, ap = (s, P).
For every A € A, ) can be estimated by

o~

1
a, = — @3 (x)dNy,
L Jion

which is also equal to

1
G.= 7D e (X)),

=1

From this variable, we deduce an unbiased estimator of af given by

NL
1 1
T:Az——/ T AN, = — X0 (Xp). 3.1
A=a0 = [0’1]%()6) Lzlﬂz/:lfm( Dén(Xr) (3.1)
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Our first approach will consist in constructing estimators of d(s, So) = Y ; A a? based on a combination of the
T)’s, and in rejecting the null hypothesis when one of these estimators is too large. This was already the spirit of
Watson’s procedure (see [27]). Our second approach is related to the test considered in [4] to detect local alternatives.
It will consist in considering a set of T} ’s and rejecting the null hypothesis directly when one of the 7} ’s is too large.
Let us now precisely define both procedures.

3.1. A first procedure based on model selection

Assuming that s € IL?([0, 1]), a natural idea is to construct a testing procedure from an estimation of the squared
L2-distance d2(s, Sp).

In order to estimate this functional of s, following the ideas of Laurent [20] and Fromont and Laurent [13], we
introduce embedded finite-dimensional linear subspaces of L2([0, 1]). We choose here to consider for J > 1 the
subspaces S; generated by the subsets {¢o, ¢», A € Ay} of the Haar basis defined by (2.1), with Ay ={(j, k), j €
{0,...,J =1}, keO0,..., 27 — 1}}. Each subspace S is called a model. We denote by Dj = 27 the dimension of Sy,
and by s the orthogonal projection of s onto the model Sj.

Focusing on one model S, we estimate d’(s, So) = ||s]|*> — oc(% by the unbiased estimator of ||s;|> — oz% =

ZAeA, Ol)% given by

T)= Y T, (3.2)

reA)

with T defined by (3.1). The estimator T’ obviously depends on the choice of the model ;.

Since we do not want to choose a priori such a model, we consider a collection of models {S;, J € J} where J is
a finite subset of N*, and the corresponding collection of estimators {T, J € J}.

The procedure that we introduce here then consists in rejecting (Hp) “s € Sp” when there exists J in J such that
the estimator 7' given by (3.2) is too large.

At this point there are several ways to decide when T is too large.

In all cases, we use the well-known argument that, conditionally on the event “the number of points Ny, falling
into [0, 1] is n,” the points of the process obey the same law as an n-sample (f( Lsonns in) with common density
s/ f[o,l] s(x) dx. It follows that for all n € N,

1 - - -
Ps(T; > q'INL =n) =P<ﬁ DY e Xnea(Xp) > 6/)-

reAy I£=1

Under the null hypothesis, the intensity s is constant on [0, 1], and the X ;’s are i.i.d., with uniform distribution on
[0, 1]. This distribution is free from the parameter s. As a consequence, for every u € ]0, 1[, we can introduce and
estimate by Monte Carlo experiments the (1 — u) quantile of the distribution of 7| Ny = n under the null hypothesis,

that we denote by q}(")(u).
We now consider the test statistics:

N N
7" = sup (T; — ;" (1)), (3.3)
JeJ
with u/J(ZL) to be correctly chosen.

Finally, we define the corresponding test function:

o) =1 (3.4)

7&(1)>0.
And our first test consists in rejecting the null hypothesis (Hg) when <15(§1) =1.

Let us see how we can choose u/](]ZL) so that our test has a level «.
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An obvious possibility is to set

o &

Jo T |j|

forevery J in J and n in N.

This choice corresponds to a Bonferroni procedure and 4)(51) actually defines a level o test. Indeed, for s € Sp,

e (sup (77 — 4™ () > 0)
JeJ

— ZIP’S(sup <TJ/ — q’l(”)<i>) > O)NL :n)IP’S(NL =n)
N e ||

ne

o
<> > FhWe=n)

neNJeJ

<a.

/(n)

Another choice for u; ,,

inspired by Fromont and Laurent [13], consists in setting

u’l(noi =e W sup {u €10, 1[, sup ]P’S(sup (Tj/ — q’l(")(ue_W’)) > O|NL = n) < a}, 3.5)
’ s€8y JeJ

where {W;, J € J} is a collection of positive weights such that

Z e Wi <1.

JeJ

Since this new definition of u/]('z leads to a less conservative procedure, this is the one that we use in the rest of

" o ()

the paper. We notice that u ;' , > ae™ W7 for every n in N, and that in practice, u ] o €an be estimated by Monte Carlo

experiments.
3.2. A second procedure based on a thresholding approach

Let us recall here that the squared L2-distance dz(s, So) between s and the set of constant functions Sy is equal to
Dose Am a)% and that 7, defined by (3.1) is an unbiased estimator of a%. Based on general thresholding ideas, our
second procedure consists in fixing some J > 1 and rejecting the null hypothesis (Hp) when there exists A in A 7 such
that 7j, is too large.

Let us now see what we mean by “T), is too large.” We can still use the fact that

1 < . .
Po(Ty > qINL=m) =P| 5 > &(X0d(Xp) > q |,

I#£'=1

and that under the null hypothesis, the X ;’s are i.1.d., with uniform distribution on [0, 1]. We can therefore introduce
and estimate by Monte Carlo experiments the (1 — u) quantile of the distribution of 7, |Ny = n under the null hy-
pothesis, that we denote by qi")(u), for every u €]0, 1[. Notice that for A = (j, k) € Aj, qﬁ") (u) does not depend
onk.

We set

72 = sup (T — g™ (), (.0
rEAF

L

with u(kl\;) to be correctly chosen.
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We also define

oY = Lo (3.7)

Our test consists in rejecting the null hypothesis (Hp) when (D( )= 1.
Let us now see how we choose u;_, ™) " An obvious choice corresponding to the Bonferroni procedure would be

u" = forevery 2= (j,k)in Aj and n in N,

217
To obtain a less conservative procedure, we prefer setting

(n)

ui"il = % forevery A= (j,k)in Ajand nin N, 3.8)
with
u™ = sup {u €10, 1, sup IP’S< sup (T(j,k) - q((;?)k)(4>> > O‘NL =n) < a}. (3.9)
seSo  \(.kea; N27J
When s € Sy,
Py((sup (73 — g™ (")) > 0)
A.EAj

( L)
=P < sup (T( ik q(NL)< )) > 0)
s Gikrea; Jk) =4 k) 2]]

(n)
u
= Z]P ( sup <T(j,k) q(j h(zj])) > O)NL —ﬂ)P(NL =n)

neN (.ked;

S a’
which means that 455,2) defines a level « test.
Note that u&") satisfies ug,") > o and that it can be estimated in practice by Monte Carlo experiments.
Comments:

(1) Though the two testing procedures defined by (3.4) and (3.7) are very different in their spirit, they can formally
be written in a common way. For any subset A of A, we denote by S, the subspace generated by {¢o, d», A €
A}, by s4 the orthogonal projection of s onto S4, and we introduce the unbiased estimator 7)) = >, _ 4 T) of
lsall® — 05(2) = sen a%. Then our test functions can be written as

@y =17, -0, (3.10)

where

Ta=sup(T} — 15 ")

AeC

’

and C is a finite collection of subsets of Aq.
Noticing that T; = T} A,» We can easily see that our first test amounts in taking a collection C equal to {A;, J €

J}, and t/] A a(NL) /(NL) (u/(NL)) Furthermore, our second test amounts in taking a collection C composed of
all subsets of A7, and for ACAj, tA a(NL) Z red qANL)(u(NL)) Indeed, there exists a subset A of A j such
that ), 4T > sca q)(\NU(ug\]Xf)) if and only if there exists A in A ; such that 7) > qANL)(u(NL))
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Such a common expression will be particularly useful to derive the properties of the tests.

It also allows us to see our tests as multiple testing procedures. Indeed, we can consider that for each A in C,
we construct a test rejecting the null hypothesis when 7 — IZ(’ZOYL) > (. We thus obtain a collection of tests and
we finally decide to reject the null hypothesis when it is rejected for at least one of the tests of the collection.

(2) Both procedures have a specific interest to prove the optimality of lower bounds obtained in Theorem 1. We will
actually prove in the next section that the first one achieves the lower bounds obtained in case (i) of Theorem 1 (up
to a possible logarithmic factor) whereas the second one achieves lower bounds obtained in case (ii) of Theorem 1.
However, if we want a procedure that achieves lower bounds of cases (i) and (ii) simultaneously, we will have
to consider the test which consists in mixing the two procedures. In this case, we reject the null hypothesis (Hp)

when sup{@(il/)z, 45;2/)2} =1.

4. Uniform separation rates

In this section, we evaluate the performances of our new testing procedures from a theoretical point of view. More
precisely, we prove that our procedures are optimal in the sense that their uniform separation rates over Besov bodies
are of the same order as the lower bounds for p obtained in Section 2. These results justify the construction of our
procedures as well as they provide the upper bounds needed for the exact evaluation of the minimax separation rates
over weak and classical Besov bodies in the Poisson framework.

In the following, the expression C(«, 8, R, R’, R",8,v,...) or Cx (o, B, R, R', R", 8, v, ...) is used to denote some
constant which only depends on the parameters «, 8, R, R', R”, 8, y, ..., and which may vary from line to line.

4.1. Uniform separation rates of the first procedure

4.1.1. The error of second kind
The aim of the following theorem is to give a condition on the alternative so that our first level « test has a prescribed
error of second kind.

Theorem 2. Assume that s € L°°([0, 1]), and that L > 1. Fix some levels a and B in 10, 1[, and let q>,§” be the test
function defined by (3.4). There exist some positive constants C1(«, B, ||5]c0), C2(ct, B), C3, C4(B) and Cs such that
when s satisfies

VDy

D
2 . 2 J
d (s,So)>;gg{lls—szll + Ci(a, B, IISIIOO)T+Cz(a,ﬂ)ﬁ

I 2 4.1)

VD, W, D;W?
+ (Cs/ s(x)dx+C4(ﬂ)><%+&) +C5=2 j}
[0,1]

then
Py(o) =0) < B.

Comment: Considering here a multiple testing procedure instead of a simple one allows to obtain in the right-hand
side of the inequality (4.1) an infimum over all J in J at the only price of introducing some terms with W;. These
last terms will appear in the following uniform separation rates over classical Besov bodies as a Inln L factor, which
is now known to be the price to pay for adaptivity in some classical statistical models. As a consequence, our multiple
testing procedure will be proved to be adaptive over classical Besov bodies in Proposition 1, which would not occur
with a simple testing procedure.

4.1.2. Uniform separation rates over Besov bodies
In this section, we evaluate the uniform separation rates ,0(45&1), Bg BN L*°(R"), B) where p is defined by (1.1),
and Bg’oo(R) is any Besov body defined by (2.2).
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Let us first notice that the functions of Bg,oo(R) are well approximated by their projections onto subspaces of the
collection {S;, J € J} considered in our first procedure, in the sense that if s € Bg, 0o (R), then

Is = ss11* < c(&)R*D; .

As a consequence we can use Theorem 2 to obtain upper bounds for the uniform separation rates of our test.
We denote by | x] the integer part of x.

Proposition 1. Assume that Inln L > 1. Given some levels a and B in 0, 1], let CD,S,I) be the test function defined
by (3.4) with J = {1, ..., |logy(L?/(InIn L)) |} and W; =1n|J| for every J in J.

Forevery 8 >0, R > 0 and R" > 0, there exists some positive constant C(a, 8, R”, 8) such that when s belongs to
Bg’oo(R) NIL*°(R") and satisfies

VInln L ¥/@8+D InlnL)3\* InlnL
(5. S0) > C(a,ﬂ,R”,8)<R2/(4‘””<%) +R2<(HL+)) N n]ia )

then
Py(o) =0) < .
In particular, there exist some positive constants Lo(8) and C(a, B, R, R", 8) such that if L > Ly(8), then

VInIn L\ 26/¢48+D
)

p(@L, B ( (RYNL®(R"),B) <C(a, B. R. R, 3)(

Comments:

(1) Our first testing procedure is therefore adaptive: indeed, for large L, it achieves the lower bounds for the minimax
separation rates over all the spaces Bg’oo (R)NW, (R)NL*®(R") with § > max(y /2, y/(1+2y)) simultaneously
up to a possible Inln L factor (see Theorem 1).

However it does not achieve the optimal separation rates obtained in the case where § < y/2 and y > 1/2. In
this range of parameters, the regularity in y is higher than the regularity in 6, meaning that the weak Besov body
governs the separation rate. That is the reason why we introduced the thresholding type procedure.

(2) The upper bound for the uniform separation rate obtained here is exactly of the same order as the (asymptotic)
adaptive minimax rate of testing obtained by Ingster [17] in the density model, replacing the number n of obser-
vations in the density model by the parameter L of the Poisson model. In particular the Inlnn, replaced here by a
Inln L factor, is proved to be necessary in the density model for adaptive procedures.

(3) It is easy to see that Bf,’OO(R) C Bg,oo(R) when p > 2. So the result of Proposition 1 directly leads to upper

bounds for the uniform separation rates p(cbél), B‘,S,’OO(R) NIL>®(R"), B) when p > 2. These rates, obtained in
the Poisson framework, correspond to the ones in some Gaussian models (see [25], for instance) or in the density
model (see [17]).

(4) Note that one could also consider some tests based on the Fourier basis as well as the Haar basis, as Fromont
and Laurent [13] did in the density model. The theoretical results would remain unchanged, and the practical
performances of the procedure would be better when considering smooth alternatives (see [13] for more details
and Section 5). We have only considered here tests based on the Haar basis for the sake of simplicity.

4.2. Uniform separation rates of the second procedure
4.2.1. The error of second kind

From the common expression (3.10) of the test function for the two procedures, we obtain here a result similar to
Theorem 2 for the error of second kind of our second test.
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Theorem 3. Assume that s € L°°([0, 1]), and that L > 1. Fix some levels a and B in 10, 1[, and let 455(2) be the test
function defined by (3.7). Recall that for any subset A of Ao, Sa and s 4 respectively denote the subspace generated
by {¢o, ¢5, » € A} and the orthogonal projection of s onto S . Denoting by D 4 the dimension of S 4, there exist some
positive constants C1(a, B, |ISlleo), C2(B), C3(a), Ca(c, B) and Cs(a) such that when s satisfies

JDa 207 2f
(s, 50) > Aicnﬁ,{”s oAl +C(e, B ||s||oo)<TA + L3/2> rOB
In@’ J 2T 2l J
+ <c3<a> / s(x) dx + Ca(ar ﬁ)) w + Cs(a)W} 42)
[0,1]

then
Py (0P =0) < B.

4.2.2. Uniform separation rates over Besov bodies

Iiroposition 2. Assume that InL > 1. Given some levels o and B in 10, 1[, let 453) be the test defined by (3.7) with
J = log,(L/InL)].
Forevery§ >0andy >0, R >0, R’ > 0 and R" > 0, there exists some positive constant C(ct, 8, R”, 8, y) such

that if s belongs to Bg’oo(R) N W, (R) NIL*°(R") and satisfies

InL InL\?* InL\2"/0+2r) InL
d2 .S C(a, ,R”,S, [ R2 [ (2= R’ 2+4y ,
(s,80) > C(a, B y)(L + 7 T + -

then
Py(eP =0) < B.

In particular, when § > y /(1 + 2y), there exist some positive constants Ly(8,y) and C(a, B, R, R', R",8,y) such
that if L > Lo(3, y), then

InL\7/(+2r)
p(@P . B3 (RYNW, (R)NL>(R"),B) < C(a. B, R. R, R", 5., 7) (T) :

Comments:

(1) Our second testing procedure is still adaptive in the sense that for large L, it achieves the lower bounds for
the minimax separation rates over all the spaces Bg’oo(R) N W, (R NL®(R") with y/(1 +2y) <8 <y/2
simultaneously (see Theorem 1). In this case, we also remark that these rates are so large that there is no further
price to pay for adaptivity in the sense that the upper bound does not involve any extra logarithmic factor. To our
knowledge, this phenomenon is completely new for nonparametric testing procedures.

(2) Our second procedure achieves the lower bounds for the minimax separation rates over all the spaces Bg, (BN
W, (R") NL*(R") with y /(1 +2y) < § < y /2 simultaneously, but it does not when § > max(y /2, y /(1 +2y)).
To obtain a test that achieves the minimax separation rates in both cases, our two procedures need to be combined.

4.3. Uniform separation rates of the combined procedure

Corollary 1. Assume that Inln L > 1. Fix some levels o and B in 10, 1[. Let <1§(1) be the level o /2 test defined by (3.4)
with 7 = {1, ..., logy(L2/(nInL)3)]} and W; = In|J| for every J in J. Let (b( ), be the level a/2 test defined
by (3.7) with J = |log,(L/In L)). We consider &5 = sup{®_)}, .7}
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(1) For all § >0 and y >0, R >0, R > 0 and R’ > 0, there exist some positive constants Ly(8) and
C(a, B, R, R",8) such that if L > Lo(8), then

25/(46+1)
P(@5", By oo (R) N Wy (R) NL2(R"), p) < C (e, B, R, R, 6) (@) .

(i1) Forall (8,y) suchthat8 >y /2y +1),R >0, R > 0and R" > 0, there exist some positive constants Lo (8, y)
and C(a, B, R, R',R",8,y) such that if L > Lo(8,y), then

3) S / oo ( p!’ / " InL v/t
o(25”, By (RN W, (R)NLL®(R"), B) <C(a, 8. R, R', R ,8,)/)(T> :

Comments: Since
B (00 =0) <inf (B,(2(}, =0). B, (22, = 0)}.

the proof of this result directly comes from Propositions 1 and 2.

The upper bounds for the uniform separation rates of the above combined procedure over Bg, (R NW,(R)N
L*°(R") obtained here actually coincide with the lower bounds of Theorem 1 for the whole set of parameters (8, y)
such that § > y/(2y + 1) (up to a Inln L factor when § > y/2). This proves that our combined procedure is conse-
quently adaptive over the spaces Bg’ (B NW, (R") NIL*®°(R"), and also that the lower bounds of Theorem 1 are
sharp for this set of parameters.

We however do not obtain such a result for the set of parameters (8, y) such that § < y/(2y + 1). Hence we do not
know the exact order of the uniform separation rate of our combined procedure over Bg, (R NW, (R"HYNL*(R")
when § < y/(2y + 1), and we cannot say here whether our lower bounds for these spaces are optimal or not.

5. Simulation study

We aim in this section at studying the performances of our tests from a practical point of view. We consider several
intensities s defined on [0, 1] such that fol s(x)dx = 1. N denotes here a Poisson process with intensity Ls on [0, 1]
with respect to the Lebesgue measure, and P the distribution of this process. We denote by s¢ the intensity which is
constant (equal to 1) on [0, 1]. We choose L = 100 and a level of test o« = 0.05.

Let us now recall that our first procedure may be based on the test statistics

TV = sup (T) — ¢/ (N0 /1.71)),
JeJ

where q}(")(u) denotes the (1 — u) quantile of T}|N; = n under the hypothesis that s = 5o, and ul™ is chosen such
that

i = sup {u €10, 11 By (sup (77 — g (u/171)) > 0[N =n) <a}.
JeJ

The null hypothesis (Hp) “s = so” is rejected when ’]fx(l) > 0.

We choose J = {1, ..., 6}. For 40 < n < 160, we estimate the quantities #,"” and the quantiles q/J(")(u&(")/ljD
for all J in J. These estimations are based on the simulation of 200000 independent samples with size n, uniformly
distributed on [0, 1]. Half of the samples is used to estimate the quantiles qu(")(u /1J1) for u varying on a grid over
[0, 1], and the other samples are used to estimate the probabilities occurring in the definition of ué,(”). Finally, uf)f") is
estimated by the largest value on the grid such that these estimated probabilities are smaller than .

Let us also recall that our second procedure is based on the test statistics

70w (7= ),
rEAF '
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where q)(L")(u) denotes the (1 — u) quantile of T;|Ny = n under the hypothesis that s = so. For A = (j, k) € Aj,
" =ul” /(27 J) with ul” defined by (3.9). The null hypothesis (Ho) “s = so” is rejected when 75> > 0.

We choose J = 6. For 40 < n < 160, we estimate the quantities ul and the quantiles qi’l)(uf\'i)x) forall 1 € Aj.
These estimations are based on the simulation of 200000 independent samples with size n, uniformly distributed on
[0, 1]. Half of the samples is used to estimate the quantiles q((;l)k) (u/(27J)) for u varying on a grid over [0, 1], and the

other samples are used to estimate the probabilities that occur in (3.9). Finally, we estimate uf{’) in the same way as in

the first procedure.

We finally study the combined procedure which consists in mixing our first procedure based on 7;(/1%, and our

second procedure based on Ta(/zg, respectively defined with the same parameters as Ta(l) and Ta(z) above. The quantiles
of the two level «/2 procedures are also estimated in the same way by 200000 Monte Carlo experiments.

The number of iterations for our Monte Carlo estimations has been chosen so that the values of the quantiles
become stable enough, in particular for small values of .

At this stage, we can estimate the powers of the three tests under various alternatives. The chosen alternatives
are intensities that have already been studied among others by Reynaud-Bouret and Rivoirard [22], in the estimation
problem. Since we are particularly interested in detecting the homogeneity of a Poisson process when the alternatives
may be very irregular, we focus on the functions defined by

s1(x) = (1 +&)Lo,0.125(x) + (1 — €)L[0.125,0.25[ (X) + Lj0.25,17 (%),

hi 1
5206 = (1 #0021+ sente - p,»>)>%;’)”,
J

=i\ 7 Lo @)
S3(x)=(1—8)11[0,1](X)+8<2j:gf<1+ ijp]) > g).;sj ’

where

p=[0.1 0.13 0.15 023 025 04 044 065 0.76 0.78 0.81],

h=[4 -4 3 -3 5 -5 2 4 -4 2 -=-3]

g=I[4 5 3 4 5 42 21 43 3.1 51 42],

w=[0.005 0.005 0.006 0.01 0.01 0.03 0.01 0.01 0.005 0.008 0.005],

0<e<1,0<n<2,and Ca(n) is such that fol sp(x)dx = 1.
These alternatives, for particular values of the parameters, are represented in Fig. 2.

s1, epsilon=0.7 s2, eta=1.5 s3, epsilon=0.5

25 25 10
9 | 4
2+ g 2+ 8r g
- 7r 1
1.5+ 1 15¢ 6 1
5 | 4
1r 1r 4r 1
3 L 4
0.5 {1 o05f 2t d L 1
' ]

0 0 0
0 0.5 1 0 0.5 1 0 0.5 1

Fig. 2. Functions s1, 52, §3.
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s1, epsilon=0.7 s2, eta=1.5
12 12
10 10
8 8
6 6
4 4
2 2
0 0
0 0.5 1 0 0.5 1
s3, epsilon=0.5 s=1
12 12
10 10
8 8
6 6
4 4
2 2
0 0
0 0.5 1 0 0.5 1

Fig. 3. Histograms of one simulated Poisson process.

In Fig. 3, we represent the histograms of one simulated sample for some of these alternatives and for a constant
intensity on [0, 1]. Note that these histograms are clearly not sufficient to separate the alternatives from the null
hypothesis.

We also consider two monotonous alternatives defined by

s4(x) = (1 —&)Ljp,0.75((x) + (1 + 3&)L[0.75,1)(x),
s5(x) = (1 — &)1o,17(x) + BxP 110, 17(x),

where 0 <e¢ < 1,and 8 > 1.

These alternatives, for particular values of the parameters, are represented in Fig. 4.

In Fig. 5, we represent the histograms of one simulated sample for some of these alternatives.

For each alternative s, we simulate 20000 Poisson processes with intensity Ls on [0, 1], and we estimate the
powers of our three tests by

and

20000
A 1

’ 20000 Pt sup{’];(/l;k’r];(/Zz),I\}>0,
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s4, epsilon=0.3 s5, beta=1.5, epsilon=0.6
2 2
181 1 1.8} ]
1.6} < 16} 1
141 i 141 1
1.2} < 1.2
1t < 1
0.8} < 0.8
0.6} E 0.6
0.4+ { 04
0.2} 1 0.2¢ <
0 0
0 02 04 06 038 1 0 02 04 06 038 1

Fig. 4. Functions s4 and s5.

s4, epsilon=0.3 s5, beta=1.5, epsilon=0.6

—_

O = N W Hh OO N 0O O© o
-

O = N W Hh OO N 0 O o

0.5 1

0 0.5 1

o

Fig. 5. Histograms of one simulated Poisson process.

where Ta(l)’k, ’]&(2)’](, Ta(/l;’k and ’]:x(/zz)k are the test statistics Ta(l), ’1;(2), 7;(/12), 7;(/22) computed for the kth simulated
Poisson process.

We compare the obtained estimated powers with the estimated powers of the classical Kolmogorov and Smirnov’s
test applied to the Poisson process conditionally on the event “the number of points of the Poisson process is n.” The
estimated powers of Kolmogorov and Smirnov’s test denoted by Pys are also obtained by 20000 simulations of a
Poisson process with intensity Ls on [0, 1].

The estimated powers are furthermore compared to the estimated powers of the tests studied in practice by the
other authors. Such tests are in fact devoted to the particular case of increasing alternatives, which may be relevant
in reliability contexts involving repairable systems. Bain, Engelhardt and Wright [2] and Cohen and Sackrowitz [7]
consider in these contexts six well-known tests. They show that two of these six tests, namely the so-called Laplace
and Z tests (respectively studied first by Cox [8] and Crow [9]) are preferable to use.

The Laplace test is based on the statistics

Np
N,
T =) Xi—qp" @,
=1

where (X1, ..., X, ) are the points of the process, and for every n, qg’a) () is the (1 — &) quantile of the sum of n

independent random variables uniformly distributed on [0, 1].
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The Z test is based on the statistics

NL
72 =2y In(X) + 45" (@),
=1

where for every n, qu) () is the o quantile of the chi square distribution with 2n degrees of freedom.

191

Assuming that the intensity s is increasing, the null hypothesis (Hp) “s is constant on [0, 1]” is rejected when

’Z;(L“) > 0 or 7;(2) > 0. The estimated powers of the Laplace and Z tests are respectively denoted by Pr, and Py.

The readers need to be aware that these tests are especially constructed to detect homogeneity against increasing
trend, when reading the estimated power tables.
Let us now present the results we obtained for the different tests. The estimated powers for Poisson processes with

intensities Lsy, Ls», Ls3, Ls4 and Lss with various values of the parameters are given in Tables 1-5.

Comments:

(1) It first emerges from these results that when the alternatives are not increasing, our three tests have estimated
powers significantly larger than the Laplace and Z tests that are designed for increasing alternatives, but also than

Table 1
Alternatives s

£= 0 0.5 0.6 0.7 0.8 0.9 1
Py 0.05 0.25 0.39 0.56 0.73 0.89 0.98
P, 0.05 0.33 0.52 0.72 0.87 0.96 1
Py 0.04 0.28 0.46 0.66 0.83 0.95 0.99
Ps 0.05 0.09 0.13 0.19 0.27 0.37 0.48
Pra 0.05 0.03 0.03 0.03 0.03 0.02 0.02
Py 0.05 0.01 0.01 0.01 0.01 0.01 0.01

Table 2

Alternatives sy

n= 0 0.5 1 1.5 2

Co(n) = 1 2.27 3.54 4.81 6.08

Py 0.05 0.61 0.87 0.94 0.97

b, 0.05 0.41 0.64 0.75 0.80

P 0.04 0.53 0.81 0.90 0.94

Pxs 0.05 0.14 0.25 0.34 0.39

Pra 0.05 0.05 0.06 0.06 0.06

Py 0.05 0.26 0.39 0.46 0.51
Table 3
Alternatives s3
£= 0 0.2 0.3 0.4 0.5 0.6
Py 0.05 0.28 0.65 0.91 0.99 1
P, 0.05 0.20 0.43 0.71 0.90 0.98
Py 0.04 0.23 0.57 0.88 0.99 1
Pk 0.05 0.11 0.21 0.37 0.56 0.76
Pra 0.05 0.01 0.00 0.00 0.00 0.00
Py 0.05 0.03 0.03 0.02 0.02 0.01
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Table 4
Alternatives s4

B 0.05 0.20 0.69 0.97
Py 0.05 0.16 0.62 0.95
Py 0.04 0.15 0.62 0.96
Pk 0.05 0.26 0.77 0.98
Pra 0.05 0.37 0.82 0.98
Py 0.05 0.24 0.57 0.85

O = = o= = =

Table 5
Alternatives s5

B,e)= (1.5,0.2) (1.5,0.6) (1.5, 1) (2,0.2) (2,0.6) 2,1

Py 0.20 0.49 0.79 0.24 0.62
Py 0.18 0.43 0.69 0.24 0.62
P3 0.17 0.43 0.70 0.23 0.62
Pgs 0.22 0.56 0.91 0.24 0.62
ﬁLa 0.24 0.60 0.98 0.24 0.62
132 0.24 0.61 0.99 0.24 0.62

WU

Kolmogorov and Smirnov’s test. Furthermore, we cannot give prior arguments to choose one of our two first tests
rather than the other one in these case. Indeed, we can notice that the first one is more powerful than the second
one for alternatives s, which are rather smooth, but also for alternatives s3 which are very irregular. Thus, in the
case of nonincreasing alternatives such as s1, sp and s3, or in the practical situations of our interest such as the
study of occurrences on DNA sequences where the intensities may have some localized spikes, this should argue
in favor of the choice of our third test which corresponds to the combined procedure. Note here that this third test
does not really suffer from the fact that its real level is slightly less than «.

As for the increasing alternatives, the specific Laplace and Z tests remain as expected the most powerful ones,
except for the alternatives s4, that are not as smooth as the s5 alternatives. Kolmogorov and Smirnov’s test is
also often more powerful than our tests. However, we know that in the case of smooth alternatives, we could
probably significantly improve the estimated powers of our first test by using the Fourier basis instead of the Haar
basis. Since our first test is very similar to Fromont and Laurent’s [13] one in the density model, we refer to this
paper for more details. We could also consider a new test combining for instance our first test with the Laplace
test.

6. Proofs

6.1.

Proof of Theorem 1

Since it is easier to argue in terms of errors of second kind than in terms of minimax separation rates directly, we start
by defining for all S c L%([0, 1),

B(S) =igfsup1P’x(% =0),

o« seS

where the infimum is taken over all level « tests @, and by stating a useful and well-known lemma.

Lemma 1. Let r be a positive number, and S, S’ be subsets of ([0, 11).
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() IfB({s €S,d(s,S0) = r}) = B, then
p(S,a, B)=r.
(i) IfS' C S, then B(S) > B(S)).

The proof of the lemma is straightforward.
Our aim here is to construct finite sets Sys, p - such that

Su.p.r C{s €B5 (R)YNW, (R)NL>(R"),d(s, So) > r}, 6.1)
and that
BSu,p.r) = B, (6.2)
with r as large as possible.
These finite sets are based on a family of functions {gu ;,i € {1, ..., M}} such that for all x € [0, 1], pp ;i (x) =

¢(Mx — i+ 1), where ¢ is a function on [0, 1] such that

1 1
/go(x)dx:O, /<p(x)2dx=1 and Vx €[0,1], |px)| < p. (6.3)
0 0

For r > 0, and D < M, we introduce the set
M M
Su.p,r= [SS,A,r = pLio,1 +71y D ZAiéifﬂM,i, ge(—1,+13M Acqo, 1}V, ZAi =Dg. (6.4)
i=1 i=1

As a first step, we notice that the functions sg¢ 4 ,’s are positive as soon as r2<D /M and that for every sg A, €

Sum.p.r> d(sg, 8,0 S0)* = lIse.a.r — plio, 111> =1 (see (6.3)).
As a second step, we want to find which positive r leads to S(Sy,p.r) > B.
Let us recall a fundamental lemma which can be found in [16] or [3] for other frameworks.

Lemma 2. Let v be a probability measure on Sy p., and let o ~ v. Let P, be the distribution of a point process N

such that the conditional distribution of N given that o = s is a Poisson process with intensity s. Let Py be the
distribution of a Poisson process with constant intensity given by pljo 1], and Eo denote the expectation with respect

to Py. Let L., be the likelihood ratio L, = dP,/dPy. Then
1 1/2

BSw.o.) =1 —a— S ([Eo[LIW)] - 1)
Proof. The proof is obtained by rather straightforward computations. One has

B(Sw.p,) = inf / Py (g = 0)dv(s)

>1-— sup/IP’s(@a =1)dv(s)
@,
>1-— s;p[m(cpa =1) = Po(Py = D| + [Po(Pe = 1)|]

>1—ao—|P, —Polrv,

where || - | Tv corresponds to the total variation norm. Hence,

dpy
dP,

1
BSmu.pr)>1—0a— EEO[
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>1—a— %EQHLV(N) — 1]
But Eo[L,(N)]=1.S0 B(Sy.p.,) = 1 —a — (Eg[L2(N)] — D!/2 /2. O

Regarding Lemma 2, we still have to find a distribution v and r such that ]EO[L,Z)(N )1 <1441 —a — B)? which
implies that 8(Sm.p,r) = B.

Let &£ = (&1, ..., &y) be a random vector, such that the &;’s are i.i.d. Rademacher variables, taking the values +1
and —1 with probability 1/2. Let A = (A, ..., Apy) be arandom vector, independent of £ and defined by A; = 1;¢7,
where 7 is a set of D indices drawn at random from {1, ..., M} without replacement.

Then the random function s A, = pljo,1] + 7/ % Zlﬂil Ai&iom.; belongs to Sy p.r, which allows to take its
distribution as v.
Let us denote by [E¢ the expectation with respect to the variable £ and by [E7 the expectation with respect to the ran-

dom set Z defined above. By definition, L, = f dP,/dPpdv(s). Hence L, (N) = EzE; [exp(fol In(sg, a,-(x)/p) ANy)].
This can be rewritten as

M
M om,i(x)
L,(N)=E7E In{ 1+ \/jiAi ; N, - |: Ai:|7
=R {Hexp(/](il)/%i/mn( ' Dé 0 ) )} z l_[

i=1 i€l

where

1 M ;
Ai = —|exp / In{ 1+~ —wM’l(X) de
2 1G—1)/M,i/M] D p
M .
+ exp [ In l—r‘/—(pM’l(x) dNy ) ).
1Gi—1)/M,i/M] D p

Let 7’ be a random set of indices with the same distribution as Z and independent of Z. Then,

Eo[L3(N)] = BoErEz []‘[ AT Al}

iel i€l

=IEOIEIEI/[ ]_[ A ]_[ A ]_[ A?}.

ieI\T’ i€eI’\T ieInT’

But under the distribution Py, the variables A;’s are mutually independent since they only depend on the integrals of
the Poisson process on intervals with disjoint support. Consequently,

Eo[L%(N)]=EzEf[ [T Botan ] Botail [ EO[A%]}. 6.5)

ieI\T’ ieI"\T ieInT’
We now need to compute Eg[A;] and IEO[A%], and we use the following lemma.

Lemma 3. Let f be a function on [0, 1]. Then with the above notations,

E0|:exp</ f(x)de>:| = exp(/ (exp(f(x)) —1)pL dx).
1G—1)/M,i/M] 1G—1)/M,i/M]

Proof. When N has the constant intensity plp 1], we know that conditionally on the event “the number of points

Ny, = N(]%, ﬁ]) falling into ]%, lﬁ] is n,” the points of the process X1, ..., Xy,,; in ]%, ﬁ] obey the same
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law as an n-sample with uniform distribution on ]%, ﬁ]. Then, one can easily see that

B Ny i
Eo [exp( / f@) de)} =Eo exp(Z f(xn)]
1G=1)/M.i/M] i

=1

o

—E | I_M[i E[exp(f(Xl))|NMJ]i|

L =1

-exp<NM,,-ln</ exp(f(x))de>>i|.
L 1G—1)/M.i/M]

Under Py, Ny ; has a Poisson distribution with parameter pL /M, therefore,

Eo[exp<NM,,'ln</ exp(f(x))de))} :exp(ﬁ(/ exp(f (x))M dx — 1))
1G—1)/M.i/M] M \Jyi—1y/m.i/m

This concludes the proof. O

=E

(=}

From Lemma 3 and (6.3), one has that

1 M ;
EO[A,-]=—exp/ BN LB 2TRICOR PYIPN
2 1G=1)/M,i/M] D p
1 M ;
+ —exp / —r,/—(pM’l(x) oL dx
2 1G—1)/M,i/M] D p

=1.

Moreover,

! M ;
Eo[A7] = ;Eo| exp / 21n 1+r\/7<pM,z(x) AN,
4 1G=1)/M,i/M] D P
! M o i
+_E0 ex / 2Inf{ 1 —r —M de
p
4 1G—1)/M,i/M] D 0
2
! M (x)
+ _EO ex In( 1 —FZ—M de .
P 2
2 1G-1)/M,i/M] D p

Using Lemma 3 and (6.3) again, we finally obtain that

2
Eo[A?] =cosh<£).

pD

Hence, Eq. (6.5) gives

2L 2L
EO[L%(N)]:EIEI/[ l_[ cosh(;—D):|:EI]EI/I:exp(|IﬂI’|lncosh( D))i|

r
ieZnNZ’ P



196 M. Fromont, B. Laurent and P. Reynaud-Bouret

For fixed Z, |Z N Z'| is a hypergeometric variable with parameters (M, D, D/M). Hence, we know from [1], p. 173,
that there exists a binomial variable B with parameter (D, D/M) such that Ez/[B||Z NZ'|] = |Z N Z'|. By Jensen’s
inequality, we obtain that

2
) r<L
Eo[L5(N)] <EzEg [exp <B In cosh(—pD ))}

Setting B = Z,Z 1 Bi where the B;’s are independent random Bernoulli variables with parameter D/M, we easily
obtain that

2
EO[L%(N)] < exp(Dln(l + %(cosh(i}—é) - l))) (6.6)

From Eq. (6.6) and Lemma 2, we see that if

D r’L )
exp<Dln<1 + M<003h<p—D> — 1))) <144 —a—-p)~,

then B(Sm.p.r) = B-
Following Baraud’s idea [3] and setting c =1 +4(1 — o — ,3)2, since the function cosh is increasing on [0, +oo[,
we have that if

, _pD M M M\
r STIH 1+ﬁlnc+ ZEIHC-F ﬁlnc ,

then
r2L (M M M 2
COSh p—D —155 ﬁlﬂC‘I‘ Zﬁlnc—i— ﬁlnc —1
’ -1
1({M M M
+5 Elnc—i— 2ﬁlnc+ ﬁlnc +1
MlInc
<
=
Hence

Xp DIn( 1+ cosh 1 < exp Din( 1+ ! <
e n —| cos ) = e . c
M ,()D - D -

and B(Swm.p,r) = B. As a conclusion, we obtain the following result, where the second part of the proposition comes
from a direct computation (see [3] for further details).

Proposition 3. Letc=1+4(1 —a — B)? and Sm.p.r be the finite set defined by (6.4). If
, D , _pD M M M 2
r SM and r len 1+ﬁlnc+ 2ﬁlnc+ ﬁlnc , (6.7)

then Sy.pr C{s,s >0,d(s,So) =r} and B(Sm.p.r) > B-
Ifa 4+ B <0.59 and

2<D/\ ’ODln1+Mv1/M
R2<Z 122 “ el
- M L D? D2
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then Sy p,r C{s,s >0,d(s,So) =r} and B(Smu.p,r) > B.

As a third step, we are now in position to find some r (as large as possible) such that Sy p, C {s € Bg (BN
Wy (R") NIL*°(R"), d(s, So) > r} and that B(Sy.p.r) > B.
Let us consider the set Sy, p,, defined by (6.4) with ¢ = 10,121 — L(1/2,1, M = 27 and p=1.

. J— .
Let s € Sm.p.r, then s can be rewritten as s = ap¢o + ZjeN ZZ:OI agj kP> with

2

g =1, g =0 if j #£J, Ol(zj,k)Z%Ak_H fOI‘kZO,...,ZJ—l.

J
Since Y7, Ay = D, the condition > < R2272/% ensures that Sy p, C B __(R).
Let us define, for all £ > 0,

2/ r2
H(t) = Z BAkﬂ(rz/D)Akgt'
k=1

In order to ensure that s belongs to W,, (R’), the function H has to satisfy
Vi>0 H(r)< R/,

Note that

ol

}’2 }’2
H({t)=0 fort<— and H@)=H|— fort >
D D

Hence, we only need to have that

2 142
u ﬁ <R’2 ﬁ y/(1+2y)
D)~ D ’

which is equivalent to

2 < R+ -2y
Moreover, if r> < D/M, then ||s||o < 2. Hence when R” > 2, the condition
D

ensures that Sy p, C Bg’oo(R) N W, (R") NIL>°(R"). From Proposition 3, we can conclude that when R” > 2 and
o+ B <0.59,if

D D M M
PR<Z A PZn(1+ 2 Vi = | | A RZM~2 A RFIT) D2y, (6.9)
M L D? D?

then (6.1) and (6.2) are both satisfied.

We now consider several cases, that are represented on Fig. 6.

In the following of this proof, C will denote a positive constant that may depend on «, 8, R, R’, R”, 8, y, and that
may vary from one line to another one.

Case 1.If 6 <y/2,and 6 >y /(1 +2y), we set

7\ 1/0+2p)
D=2
o)
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Fig. 6. The set of possible parameters (8, y): visualization of the different cases appearing in the proof of Theorem 1.

and

, L\ @/9)/142y)
M=2', withJ=|log,| — 1.
s =on(g) ]

We first check that D < M for L large enough since § < y.
Then,

R/2(1+2}/)D—2]/ 2 C(L/ ln L)—2}//(1+2)/)
and
R*M™ > C(L/In L)~ 2/,

Finally, since

M
— >(L/In L)W/5=2/0+2) 5 4150 when y > 26,
D2 L—+o0

D M M 2
/ =2y /(142y)
ln<1+ 7V 2>>C(L/1nL) Y v,

then

and

> C(L/InL)=v/D/0+2Y) > c(L/InL)~2"/0+2) for L large enough.

i



Adaptive tests of homogeneity for a Poisson process

Case2.If y > 1/2and § <y /(1 4+ 2y), one chooses
L\ /a+2p)
D=||—
InL

M =2" with J = |logy(L/InL)| + 1.

and

We first check that D < M for L large enough since y > 0. Then,
and
R’M~2 >C(L/InL)™® > C(L/InL)~?/(0+2),

Since, moreover,

M
ﬁz(L/lnL)l‘z/“*z” — +oo wheny >1/2,

L—+o0

D M M —2y/(1+2y)
Z1n<1+ﬁv1/ﬁ>ZC(L/1nL) v/(+2y

D
i > C(L/InL)~2"/0+2Y)  for L large enough.

and

Case3.1f 6 <y <2§,and § > y /(1 + 2y), one chooses
M =27 with J = |log, (L¥"*) | +1
and
D=|M""].
With such a choice, one has that D < M and
R D=2y > o —4/(1+48)

RZM—26 > CL—45/(1+46)_

Furthermore,
M 1-28/y
7~ M —> 0 whend > y/2and 1 whend =y/2.
D L—+o0
Hence,

D ( M ﬁ) VM CL—48/(1+46)’

—Inll4+ =V ~C——>
L +D2 D? L —

when § > y /2 and

D MY =1 s [ —48/(1449)
M —_— 9

199
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when é >y /(14 2y).
Case 4.1f y < 8, one chooses M = D =27 with J = Llogz(Lz/(H%))J + 1.
With such a choice,

R2U+20) p=2v = pr2(142y) p=28 o (- —48/(1+43)

and
Moreover,

M
— — 0,
D? L>+c

SO
Dinfi+ XM M\ oYM op-s5/a+45)
L D? D? L ~

and

D _ o [ -45/0149)

for L large enough.
Case5.If y <1/2and § < y /(1 4 2y), one can firstly take

M =2 with J = |log, L] +1
and

D= LMl/(]+2y)J'
We notice that D < M. Then,

R2U420) =2y = cL—-2/(42y) & o[ -1/2
and

RPM™ 2 >cL 2 >cL™ /2

Moreover,

M
5~ MP=D/U+2) . 0 wheny <1/2 and 1 wheny = 1/2.

L—+00

Hence,

D M M VM
“Inll+—=vVv,/—=|~c—=>cL7?
L D2 D? L

and

CL™2/0+2) > =12 for L large enough.

v
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One can secondly take
M =27 with J =|log, LY+ | 41
and
D= LMI/(1+2y)J.

Notice that D < M.
Then,

R20420) p=2y 5 RI(42y) pr=2y/(142y) 5 ¢ ~47/(1+48)(142y)

and
RZM—Z(S > CL—45/(1+48) > CL_4V/((1+46)(1+2)/)).
Moreover,
M Qy—1)/(1+2y)
ENM 4 VL—> 0 wheny <1/2, and 1 when y = 1/2.
—>+00
Hence,
b ln(l + ﬂz v ﬂ2> M L 45/0448) o o 4y /(445 (1427)
L D D L — -
and

% > CL~H/(A+4)A420)) - for [ Jarge enough.
This concludes the proof of Theorem 1.
6.2. Proofs of Theorems 2 and 3

6.2.1. Preliminary results
We consider here the general test function @, = 17, -, defined by (3.10), where
T, = sup (75— 1[40,
AeC '
TH =7 ,ca T, and C is a finite collection of subsets of A. The collection C and the quantile tXEZL) will be chosen
to fit our two procedures respectively.
We begin to prove the following result.

Theorem 4. Let s € L°°([0, 1]), and fix « and B in 10, 1[. Assume that there exists some positive quantity A A o g such
that
B
Py(3 0 > Anap) < 3
We recall that D 5 denotes the dimension of Sp and we set E = Z//(/,k)eA 2/,
There exist some positive constants C1(B, |Islloo) and C2(B) such that when s satisfies

. ~D v E E
d*(s, So) > An;fc{ns —sal> +Ci(8, ||s||oo)< LA+ L3/§> +CaB) T5 + AA,a,,s} (6.10)
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then

Ps(®e =0) < B.
Proof. Let o and B in ]0, 1[, and s be a fixed intensity.

Ps(@q =0) =Py (7, <0)
=P, (YA €C, T) <))

< inf Py(T) < ¢/
= AeC S( A Ao )

For every A in C, we can write 7' in the following way:

Ti= L2Z[(/ d)k(x)dNX) - [0,1]¢%(X)de}

rEA

2 Z[(/ qu(x) dN —s(x)de ) +2/ ¢5. (x) AN, / q);(x)s(x)de]
reA

ng[(/ qb)h(x)s(x)de) + [0’1]¢)2L(x)de:|.
By setting
2
_ _ 2

e x;x[</ () (AN ()L dx) ) /[o,l]qsk(X)de}

and
2
Vo=~ /[0 (540 a0y () (@Ns = (0L dx).

we obtain the following decomposition:
Ty=Up+Va+llsal® - eg.

Since d?(s, So) = Ils — sall*> + lIsall* — 3, it follows that
T =Ua+Va+d(s,80) = lIs = sall*.

Hence,

Py(Pa =0) < inf Py(Ua+ Va+d*(s,50) < lls = 54l + 1,00,

The aim of the following lemmas is to define positive quantities A ﬂ and A ) 5, such that

bo

Ps (UA = _AA(Al?lg)

3’
Py(Vas A%, k.
Using (6.11) and assuming that

Py(r\ ) > Apap) <5

(6.11)
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we then obtain that as soon as there exists A in C such that
d*(s.80) > s —sallP + Ay + A, + An g, (6.12)
then
Ps(Po =0) < B.

Lemma 4. There exists some positive constant C such that for all A € C and for all x > 0,

NI VDA E E
P, (—UA > c<||s||c>o T sl +,/”s”%"x3/2 + L—Qﬁ)) <2.77e7%.

Proof. Let us first notice that

w5l

e [0.1]

2
- 2< ¢A(x)de)< ¢ (x)s(x)L dx) + </ ¢ (x)s(x)L dx) }
[0,1] [0,1] [0,1]

Np
1
=— XD (Xp) =2 dN, Ldx
LzZ[ > g (XDgn(Xp) (fw’”mx) N)(fmmx)s(x) )

realizr=1

2
+ (/ ¢ (x)s(x)L dx) :|
[0,1]

2 Ley
= ﬁZ[ /0 /0 $1(X)5.(y) AN, AN,y

rEA

2
m(x)de) _ / $2(r) AN,
[0,1]

by 1,1
_(/0/0 ¢A(x)¢)»()’)deS()’)Ldy+/0/ ¢A(x)¢A(y)des(y)Ldy)
-
1 py~
"‘/0/0 ¢A(x)¢k(y)S(X)des(y)Ldy]

2 Ly
= EZ[ /0 /O $.(x)¢2.(y) ANy AN,

reA

1 py~ I
([ [ ewemavsory [ [* swsosoLan,)
1 py”
+/0/0 ¢A(x)¢A(Y)S(X)des(y)Ldy]

2 Lry
= ﬁZUOfO ¢ (x)p2 (y) (dNx —s(x)de)(dNy—s(y)Ldy)]-

reA

Setting

2
Ha(,y) =75 ) 9.(0$:.0), (6.13)

reA
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we deduce from Theorem 4.2 in [15] that there exists some absolute constant x > 0 such that for all x > 0,
Py(—Ua = k(A1V/X + Agx + A3x/? 4+ Agx?)) < 2.77e77,

where

Lpy
A%=/0/0 HA(x,y)s(x)Ldxs(y)Ldy,

! 1
Ay = sup /Oa(X)</ b(y)HA(x,y)S(y)Ldy>S(X)de,

ab, [ a?(x)s(x)Ldx=b2(x)s(x)L dx=1

1
A%: sup / H/Z\(x,y)s(x)de,
ye[0,11J0

Ay= sup ’HA(X, }’)’~
x,ye[0,1]

Let us now evaluate Ay, A, A3z and A4 for every A €C.
To give an upper bound for A2, we notice that

1,1
A% < |sIAL? fo /O H3(x, y)dxdy.

Since {¢,, A € A} is an orthonormal basis on [0, 1], one has

sz, [ 4lis|12, D
At < ;"/Ofo D e e (y) dedy < =5

L
reA

For A;, we use Cauchy—Schwarz inequality to see that

1 1 2 12
Ay < sup [/0 </ b(y)HA(x,y)S(y)Ldy> S(X)de}

B b, [ B2(x)s(x)L dx=1

1 2 1 1
( / b(y)HA<x,y)s(y>Ldy> s(f b%y)s%y)Ldy)(/ H%(x,y)Ldy)

This implies that

1 1 1/2
Asz[/ ||s||oo(/ Hﬁ(m)dy)s(x)dx}
0 0
1,1 1/2
sLnsnooU/ H/zx(x,y)dxdy} .
0J0

Since {¢,, A € A} is an orthonormal basis on [0, 1], one has

) 1,1 5 5 ) 12
A2§ZIIS||oo[/O/O Z«za(xm(y)dxdy} < ZlslooD A"

reA

and

As for Az, we can prove in the same way that
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Moreover, for any y fixed in [0, 1],
Yo ems > 2<Ea
(J,k)eA Jjl(.k)eA
This implies that

4lsllcc Ea

2
A% < 3
Furthermore, for x, y in [0, 1],

2
[Hate 0= 25| D2 9G0@eG00)

(j,k)eA
2 .
R J
= L2 Z 2
ilG.keA

ZEA
— L2 .

Finally, Aq4 <2E,/ L2, and this concludes the proof of Lemma 4. O

By taking x =1n(8.31/8) in Lemma 4, we obtain that a possible value for Al A ﬂ is

VD 00
AS?fC(nsnoo Ph2ns31/p) + I nGs.31/) + §<1n<8'3“’3))2>’

where C is an absolute positive constant. We now use the following lemma, which derives from an analogue of
Bennett’s inequality (see Proposition 7 of [21], for instance).

Lemma 5. There exists some positive constant C such that for all x > 0,

1 1 C
P, (—VA > Slls - aopoll> — Slls = sall> + %x) <e™.

Proof. Recall that

2

Va=7 [ (540~ ano) (@N; = stooL dx).
[0,1]

Using Proposition 7 of [21], we easily obtain that for all x > 0,

2 —
Py <—VA = 2\/2x ||s£00_ lIsa — aodoll* + 2lsa =~ codollo a0¢0||OOX> <e ™.

3L
First note that

lsa — ctodolloo = lIslloo-

By using the elementary inequality 2ab < a”/2 4 2b%, we obtain that

lls ] 1 lIslloo
2\/2)6 LOO lsa — cogpoll®> < EHSA — aool® + 4x —=
] 1 “S”oo
~Is — — = 4x
=3 s — aropoll? 5 s —sall* + 2
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We deduce that there exists C > 0 such that for all x > 0,

1 1 C
P, (—VA = Sl —aogoll — 3l —sal’ + %Q <o,

By taking x =1n(3/8) in Lemma 5, we obtain that a possible value for Af?ﬂ is

1 Clisl

2

ARy = s —aogoll — 5l —salP + T2 Ingy/p)

Replacing A(/:) B and Af) 8 in (6.12) by the possible values obtained above finally leads to the result of Theorem 4. [

We now prove the following lemma that will provide an upper bound for the quantity A 4 g occurring in Theo-
rem 4.

Lemma 6. Let f(l, e, }N(,, be i.i.d. uniformly distributed on [0, 1]. Forn e N and A C Ao, let
1 n
Thn=132. 2 &X0d(Xp).
AeAIAI=1

Let D 4 denote the dimension of Sy and Ep =) i/Giea 2J. There exists some absolute constant C > 0 such that
forall x >0,

c
IP’(T/’{)n > L—';( Dax

Proof. If n € {0, 1}, T/’{’n = 0 hence (6.14) holds. Since for all A € Ay, ¢; is orthonormal to ¢o = Lo 1, it

follows that the variables 4),\()?1) are centered and we can apply Theorem 3.4 in [15]. We now set Ha(x,y) =
D orea Pr(X)(»)/ L?. We obtain that there exists some absolute constant C > 0 such that for all x > 0,

2
Axl >> <2.77e". (6.14)

P(T) , = C(A1v/x + Aox + Asx™? + Agx?)) <2.77e7,
where
Al = ”ZE[H%()?l, f(z)],

n I-1
E|:Z Y Ha(X, ?22)011()?1)51’(5(2)] :

Ay =sup {
I=11=1

E[Zaﬂiz)} < I,E[Zﬁf@z)} < 1},

=1 =1

A3—n sup / HA(x y)dx,
yel0,1]

Ay= sup [Hs(x,y)].
x,y€[0,1]

To evaluate A 1 Az, A~3, A4, we use arguments similar to the ones used in the proof of Lemma 4.
Since {¢,, A € A} is an orthonormal basis on [0, 1],

n’D
1_L4// > 910?60 drdy = 2.

reA
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Let (a1, ..., ) and (B1, ..., By) such that E[} "], e?(X;)] < 1 and E[Y_)_, B7(X))] < 1. Then

n -1 n I-1
E[ZZHA(Xl,Xz)alo?l)ﬂp(iz)” D f / Ho(x, y)au () (v) d dy

I=10'=1 I=10'=1
n [—1

LzZZZ / $1. () (x) dx / $.()Br () dy.

I=10I'=1AreA

By using Cauchy—Schwarz inequality, we obtain

n 1—1
]E[Z Y Ha(Xi, Xz)al(?zl)ﬂw(??z)} ‘

I=17'=1

n 1-1 271/2 1/2
Z Z[ ( / m(x)az(x)dx) ] [ ( / B (B () dy) ] :
I=11'=1LAreA rEA
One has for all g € L2([0, 11), 35 .4 (/ #2.8)> < [ g%. As a consequence,

) 12 1 12 n 2o,
AzSﬁZ[fo a?(x)dx] U ﬂ,/(y)dy} <5
=1

I'=1

We evaluate A% and A4 in the same way as A% and Ay in the proof of Lemma 4. We obtain that

2 nEA

Az < T
and

Ay <EA/L*.

Finally, we proved that there exists some absolute constant C > 0 such that
vE E
P(T,’{,n zC%( Dax +x+ Y= f PAAE Ax2>> <2.77e7*

Since

WVEA 3 B
Jn - n

we can simplify the above inequality: there exists some constant C > 0 such that
B(1], > (VDax +x+ Z222) ) <2.77¢
An = 12 AX T X " X <2.7//e
for all x > 0. This concludes the proof of Lemma 6.

We are now in position to prove Theorems 2 and 3.

207
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6.2.2. Proof of Theorem 2
Recall that the test function defined by (3.4) is of the same form as the test function (3.10) of Theorem 4 with

=Ay, JeJ},and ¢ =q u where g ;" (1) denotes the (1 — u) quantile o .dince u efine
(As, J €T} and )", = ¢/ @), where ¢/ (u) d he (1 — u) quantile of T, . Since u’) defined

by (3.5) satisfies u/}"og > ae~W for all n, one has that for all n,

11(n) /(n) -W.
A, =45 (we™™).

In order to use Theorem 4, we then need to find some positive quantity Ay 4 g such that

Py (g " (ae™) > Ay p) < g (6.15)

Let us first give an upper bound for q}(") (ae="7) for all n in N. We apply (6.14) with A = A; (note that D 4 ;=
E A, = Dy) and with x =In(2.77 /a) + W . There exists some absolute constant C > 0 such that

/(n _ Dy
4" (oe™"1) = €25 (,/ Dy (IN@T7 /@) + W) + 10277 /e + Wy + -~ (@77 /) + W,)°).

This allows us to obtain some A o g such that (6.15) holds. It actually gives that

g;" (e

< c—g(\/DJ (In(2.77/a) + Wy) +In(2.77 /) + W) + C%(ln(Z.W/a) + W)

Now, from Bernstein’s inequality, we deduce that for all u > 0,

1
P, NLz/ s(x)Ldx + Zf s(x)Ldxu+ -u | <e ™.
[0.1] [0,1] 3

Hence a possible value for A 4, o g is

JioapS@)Ldx +1In(3/p)
C
L2

Dy 2
(\/D, (In.77/a) + W) +In(2.77 /) + W) + C?(ln(z.ﬂ/a) + W)~
Using Theorem 4 finally leads to the result of Theorem 2.

6.2.3. Proof of Theorem 3
Recall here that the test function defined by (3.7) is of the same form as the test function (3.10) of Theorem 4 with

={A, AC Aj},and 1, (”) =Y eaq” @S /(21 7)), where ¢ (u) denotes the (1 —u) quantile of T, conditionally

on the event Ny =n under the null hypothesis (Hp) and u(") defined by (3.9) satisfies ug,") > « for all n.
Hence, we can prove Theorem 3 by using Theorem 4 and some positive quantity A 4 4 g such that

(N (o p
Ps( Z q(j,/g) (21—.]_) > AA,a,/S) < g

(j,k)eA

Following the same lines of proof as in the previous section, let us first give an upper bound for q(@k) (a/(270)).

Notice that q((;z) (u) is the (1 —u) quantile of the variable 77", with I" = {(j, k)}. Since Dr =1 and Er = 27, the
inequality (6.14) 1mplles that there exists some constant C > 0 such that for all x > 0,

2
IP’(TIC’”>C <f+x+2f Vl>>§2.77ex
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Taking x = In(2.77) + In(2/ J /o) in this inequality leads to the conclusion that

9% <%> < c% (\/ (In(2.77) + In(27 J /&) + In(2.77) + In(2/ J /)

2J .
+C 75 (In@.77) + In(2/ T/a)).

From Bernstein’s inequality, we deduce that a possible value for A 4 o g is

Ldx +1In(3 - .
cy {f[o‘”s(x) L;Jr N/ (\/(ln(2.77)+1n(21J/a))+ln(2.77)+1n(211/a))

(j.k)eA

2 17 a))?
+ 55 (In@.77) +1n(2) T /a))

for some positive constant C. )
Since |[A| = D4 — 1 and E 4 <27, we obtain the result of Theorem 3.

6.3. Proof of Proposition 1

Let us assume that s belongs to Bg 5 (R) NL*(R"). We need to find an upper bound for the quantity

v Dy
L

inf {lls — 17 + C1 (e B Isl0) Y22 + Calar, )22
JEJ E) £ o0 E) L2

D D;W?
+ (cgf s(x)dx +c4</3>> (T’W’ + %) 452 }
[0,1]

L2

in Theorem 2.
We have already noticed that when s belongs to Bg, wo(R), forall J > 1,

s — 571> < c(8)R*D;%.

Moreover, the constant C (o, B, ||s]lco) can be replaced by Ci(«, 8, R”), so we only need to find an upper bound for

YD, D, JD,W, W, D;W?
C(a, B R",8) inf {R2D;P + ¥ 2L 2N VTR BT TV
JjeJ L L2 L L L2

Taking W; =1n| 7| =In[log,(L?/(Inln L)) |, with Inln L > 1 leads to W; <2.06InIn L, so

: — \/DJ DJ VDJWJ WJ D]W2
C(a,B,R",8) inf{R?D7¥ + YL V77 7 J
G )JeJ{ A R L Tt
. 5 s  ~/DyInInL  D;(InlnL)? Inln L
fc/(a,ﬁ,R”,é)(Jlgg{R D;*+—7 + =0 +=)-

Since for all J in 7, Dy < Lz/(lnlnL)3,

VD;yInlnL Dj(nlnL)? Inln L
+ T + +

C'(a, B, R",8)| inf {RZD7?
(. B )<JEJ{ J

L2 L
~DjlnlnL Inln L
SC”(O(,ﬂ, R/’,8)<in2{R2D;28+ JLn n }+ n;l )
Je
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We have that R2D;2’S < /D;yInInL/L if and only if J > log, ((R*L?/InIn L)!/(1+49)) Hence, we introduce

R4L2 1/(1+46)
(I IR

and we distinguish three cases.
When 1 < J, < |log,(L?/(Inln L)3)], then J, belongs to J and

~DjInlnL Dy InlnL
inf R2D1—25+J—nn SRZDJ—*%_F]*—
JeJ L L
484541
< (e (LY 010"
J— L .

When J, > Llogz(Lz/(lnlnL)3)J, this means that for all J in J, V/DyInlnL/L < RZDJ_Z‘S. By taking J* =
llog,(L?/(InIn L)3)], we obtain that

Y 28
inf { R2D7% + M <2R2D7 < 2+1R2 M '
JeJ I L J L2

Finally, when J, < 1, then for all J in 7, RZD;2‘s <+/DjInlnL/L, so by taking J* = 1, we obtain that

DyInlnL } - 2\/21nlnL
L L ’

inf {RzD;25 +
JeJ

This ends the proof.
6.4. Proof of Proposition 2

Let us assume that s belongs to Bg (R NW, (R")y NL*°(R”). We now need to find an adequate upper bound for

. D. 212 2J
Alcnﬁj{”s —sa ”2 +C (Ot, ,3, ”S“oo)(TA + m) + CZ(,B)ﬁ
Daln(2’J D2/ 227 J
+ <C3(a)/ s(x)dx —i—&(%ﬁ))%ﬂ + CS(O‘)%(J)}
[0,1]

in Theorem 3.
As in_the proof of Proposition 1, the constant Cy(«, B, ||s]lco) can be replaced by Cy(«, 8, R”). Moreover, with the
choice J = [log,(L/InL)], we have that

27/ 1
—_— < —
L3~ LJinL
27
— < —
L? ~ LInL
and ln(2j J) <InL. So we only need to find an upper bound for

DslnL 1
R")( inf {|Is — sal? .
Clop )<A1€n/1j{”s sl L } * LJm_L)

Let us introduce for all integer D < 27 the subset A p of Aj such that the elements of {o;, A € A p}arethe (D —1)
largest elements in {ay, A € Aj}.
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We can notice that
Is = sz, I =1ls — 71>+ llsj — 55, I
On the one hand, since s belongs to Bg’ 0o (R),

—26

L
— s> < C(5)R?
ls — sl () ™3

On the other hand, since s belongs to W,, (R, then for all ¢ > 0,

2/ -1 2/ -1

Z Z Lo pl>1/2 = Z Z Z]l(t/2)2’<\01<j,k)|5(t/2)2’+1

jeN k=0 jeN k=0 [eN

leecj il
= Z Z Z ((t/2)2[ Iﬂt(j,k)\i(f/2)2’+1

leN jeN k=0

2/ -1

—21
<4Y 52> i legpl

leN jeN k=0

< 42 R/z 2221)27/(1+2V)
leN

Taking ¢ such that C(y)R’?t=2/(0+2) = D in the above inequality proves that all the coefficients of s j—58j, are
smaller than #/2 and

J-12/-1
Isj = sz, 1P <Y Y o pliaguli<z < COIR*TH D2,

j=0 k=0

Hence,

DyInL 1
R")( inf {[s —sa|?
C(a, B, )<A1€IlAj{||S sal”+ 7 }+ Lx/ﬂ)

DInL L\ % 1
C(a, B, R".8, ( inf {R’2+4VD—2V + }+R2<—) + —)
(o 8 2 1<D<2/ L InL LJ/InL

We have that R>** D=2 < DInL/L if and only if D > R'>(L/In L)"/0+27) Hence, we introduce

» L 1/(1+2y)
D,=|R —_ 1,
' { (lnL) J+

and we distinguish two cases.
When 1 < D, <27, we clearly obtain that

D,InL

< R/2+4)/D*—2V + -

inf {R/2+4V D7 4

DlnL}
I§D§2J L



212

M. Fromont, B. Laurent and P. Reynaud-Bouret

On the one hand, when D, > 2, this leads to

< R4y D*—2V +2

inf {R’MV D7 4

DInL }
1<D<2/ L

=2y /(142
(D, — InL —3g2 L r/( )/)'
L InL

On the other hand, when D, = 1, since R?T47 D*_ZV < DyInL/L, one has

<2—.

inf {R’MV D7 4
; L

DlnL} InL
1<D<2/ L

Now, let us consider the case v_vhere D, > 2j . This means that for all D such that 1 < D < 2j , DInL/L <
R'**4 D=2 By taking D* =2’ we obtain that

inf {R’2+4VD_27’+ Sl
n

DInL }
1<p<2/ L

L\
< 2R/2+4y D*—ZV < 2R/2+4y ( ) )

This concludes the proof of Proposition 2.
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