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Abstract: In this article we introduce a multivariate structural linear
error-in-variables model which is suitable for longitudinal data. We con-
struct estimators of the regression parameters, which correspond to the
modified least squares estimators used in the univariate case. We show that
these estimators are consistent. We prove a central limit theorem, which
is completely data-based, under the assumption that the vector of latent
variables belongs to the generalized domain of attraction of the normal law.
Our results can be viewed as an extension of the results of [12] to include
the longitudinal case.
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1. Introduction

Error-in-variables (also known as measurement error) models are regression
models where the covariates cannot be measured directly or without error. Thus,
the response variable, y is assumed to depend on a variable £ (called the latent
variable), which is measured by x. A simple linear error-in-variable model can
be written in the following form:

y = a+pB+e,
&+ 6.

€T

If ¢ is a random variable, the model is called a structural error-in-variable model.
We also mention here that the latent variable ¢ is assumed to be independent of
the errors ¢ and §. Thus, if an n dimensional sample is available, the collected
data are (x;,y;)1<i<n and the unknown parameters of the model are o and .
The error-in-variables model cannot be reformulated as a classical regression
model with random design since the regressor x is correlated with the error:

y=a+ fx+ (e — p9).

*This article is based on a portion of the author’s doctoral thesis.
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The reader may refer to the monograph [5], which is a compendium of up-to-
that-date theoretical methods and practical applications associated with mea-
surement error models. The recent monograph [3] contains further developments
in this area, viewed from a contemporary perspective.

It is known that the error-in-variables models are, in general, not identifiable
and therefore, it becomes impossible to consistently estimate the parameters
from the data. In the univariate case, several additional assumptions that make
the model identifiable can be found in the literature (for further details, see
[4], Section 1.2.1). Under the assumption that the variance of ¢ is known, the
authors of [4] have obtained the modified least squares estimators. However,
their asymptotic covariance matrix is a function of unknown parameters.

The author of [12] obtains CLTs for the univariate linear structural models
when the explanatory variables are in the domain of attraction of the normal
law (DAN), which constitutes a new approach in the study of measurement error
models. The concept of DAN has also been used in a regression context by other
researchers (for instance, see [10]). This approach has two advantages. Firstly,
the assumption about the finiteness of the variance of the latent variable can be
relaxed. Secondly, Studentized and self-normalized CLTs (that depend only on
the data) for distributions which are in DAN, are already available due to [7].

In the multivariate measurement error regression context, the author of [8]
assumes the covariance of the error § to be known, or estimated to acquire
identifiability of the model. The estimation of parameters is suggested to be
performed in two steps: firstly, the reliability matrix (the correspondent of the
reliability ratio in the univariate case) needs to be estimated. Secondly, classical
estimation methods, such as least squares are used to obtain estimators of the
unknown parameters.

Longitudinal models are extensively used in biostatistics, sociology and psy-
chology to express the evolution in time, or the occurrence of a response variable,
in terms of a number of significant covariates. Since some of these covariates
cannot be recorded directly it is important to propose and study longitudinal
models which reflect this reality. Data for longitudinal studies are often collected
on the same individual on different occasions. The collected measurements are
considered to be independent across individuals and correlated within each in-
dividual.

The authors of [2] consider a longitudinal linear mixed model with mea-
surement error. Identifiability of their model follows from assuming a restricted
model for the covariance matrix of the latent variables. They describe exten-
sions to the case when replicate or validation data is available. For estimation
of the regression parameters, they use a regression calibration method, with a
substitution for the unknown covariates, which is corrected for estimation of the
variance parameters.

In this article, we consider the case of a longitudinal error-in-variable model
with no subject specific random effects. The true predictor, £ is assumed to
have the same effect for each repeated measurement within the individual. We
employ the method of moments, as used in [4] to obtain consistent estimators
appropriate to the multivariate structure of the data. They correspond to the
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modified least squares estimators of a univariate structural measurement error
model. The estimators are constructed under the assumption that the diagonal
of the covariance matrix of the error § is known. This additional assumption
ensures the identifiability of our model. We do not discuss here the case when
this information is not available. (In this situation, an estimator of the diagonal
of the covariance matrix should be provided; for additional details see Section
2 in [8]).

We use the technique developed in [12] to obtain the CLTSs for the estimators
of the parameters of interest of our model. In our multivariate context, we use
the assumption that the vector formed by the latent variables belongs to the
generalized domain of attraction of the normal law (GDAN). The concept of
GDAN was defined in [9] and it does not constitute a trivial extension of DAN
to the multivariate case, as it had been previously assumed (see [11] or [13]).
By applying the results obtained in [7], this approach enables us to obtain
Studentized and self-normalized CLTs for our estimators.

Thus, our results apply to the case of multivariate data where the compo-
nents of the vectors formed by the explanatory variables are not necessarily
independent, allowing for some degree of correlation between the components
of latent vector. As in [12], this approach allows us to obtain CLTs which are
data-based and do not involve unknown parameters. Our results can be viewed
as a generalization of the results obtained in [12] to include the case of longitu-
dinal data. This generalization is not trivial, the technical difficulty arising from
the use of GDAN concept. For the sake of consistency with the literature and
to facilitate a comparison of results, we employ the notation and a structure of
proofs layed out in [12].

The article is organized as follows. In Section 2 we state our model assump-
tions and obtain the estimators of the parameters of interest. In Section 3 we
introduce the concept of GDAN and give preliminary results, which will be used
in the next sections. The main result of this section is Theorem 3.4, which states
that the inner product between a vector in GDAN and a vector whose compo-
nents have moments of order four is in DAN. In Section 4 we obtain the CLTs
for our estimators. The Appendix contains the proofs of some technical results.
We mention that, as in [12], our proofs cover two distinct cases: the case when
all the components of the covariance matrix of the latent vector are finite, and
the case when at least one of these components is infinite.

2. Model assumptions and estimators of the parameters
2.1. The model

We consider a sample of n individuals, whose responses are recorded, at fixed
moments of time (which are denoted for simplicity by 1,2,...,m). For any i €
{1,2,...,n}, let y; = (4i1,---,%im)" be the collection of m responses supplied
by the i-th individual. More precisely, y;; represents the response of the i-th
individual at time j. Alternatively, we can think of n as a sample of independent
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clusters of equal size m. Within each cluster i, the observations (y;1,. ., Yim)
might be correlated.

Each response y;; depends on a covariate &;;, which is unobservable (or la-
tent): instead of the covariate &;;, one observes a surrogate variable x;;. This hap-
pens for any individual ¢ € {1,2,...,n}, and for any occasion j € {1,2,...,m}.
For any i € {1,2,...,n}, we denote by &, = (&1,...,&m)" the collection of
m unobservable covariates which correspond to the i¢-th individual, and by
x; = (Ti1, . - - ,:vim)T the collection of m respective surrogate variables.

Both variables y;; and x;; are observed with errors. More precisely, we con-
sider the following error-in-variables model: for any ¢ € {1,...,n} and j €

{1,...,m}

vij = a+ B+ e, (2.1)
riy = &ij + 0,
where «, 8 are unknown parameters (of dimension 1), and €;;, ;; are the random
error terms. For any i € {1,...,n},&; = (gi1,...,6im)" and &; = (61, ., 0im) T
represent the error random vectors.

We assume that {£; }1<i<n is a sequence of i.i.d. random vectors with mean
= (1, .., pum)T, i pj = E(&;), for j € {1,...,m} and i € {1,...,n}. We
denote for any i € {1,...n}, and j,k € {1,...m}

O¢.5j = Var(fij), and O¢.jk = COV(&j,&k).
In matrix notation, we write

Ye = (0 k) 1<), k<m-

We assume that the errors {(e&;, d;) }1<i<n form a sequence of i.i.d. random
vectors, and denote

Ocjk i= E(eijeir), 05k = E(0ij0i), 0es ik = E(ciji),
for any i € {1,...,n} and j, k € {1,...,m}. In matrix notation,

Ye = (0cjk)1<jhsm, s = (06,jk)1<jhk<m, Des = (0es,jk)1<jk<m-

2.2. Estimation

We are interested in the estimation of a and 3. To obtain consistent estimators
for o and 3, we assume that the diagonal elements of 3.5 and X5 are known.
This assumption was used in the univariate case (i.e. m = 1) to construct the
modified least squares estimators of o and 3 (see [4]) and also in a multivariate
regression context (see [8]).
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For any ¢« < n,j < m, we have:

E(zij) = E(&j)+ E(6i;) = pys
E(yij) = a+BE(&;) + E(ey) = a+ Buy,
Var(zij) = Var(&;) + Var(di;) = o¢,j; + 05,55,
) = B*Var(&;) + Var(eiy) = Boe j; + e jj
) = BVar(&;) + Cov(eis, 6ij) = Bog,jj + 0es,j;-

Var(y;;

COV(I’U?yZJ

Using the method of moments (see also [4], Section 1.3.1), we obtain the

following system of equations, for any j € 1,...,m:
1 n
//J\,j = E Z Tij = Tj, (22)
i=1
~ 1<
a+pu; = Ezyij =T (2.3)
i=1
1 n
Oggi T8 = o > (@i —F)?, (2.4)
i=1

o ~ BN -
B70¢.jj + 0e.jj - > i =7, (2.5)
i=1

Boejj + 0esjj = Z% )Wij — ;) (2.6)

By taking the sum of the m equations in (2.2) and (2.3), we obtain the
following estimator of a:

=7 — BT, (2.7)

B 1 n m _ 1 n m
T:%ZZI” and y:%zzy”
i=1j=1

i=1 j=1

where

For the purpose of the present article, it is useful to develop a vector notation.

Let . .
1 _ 1
ﬁ; and y = E;yl

be the average of (x1,...,Xy), respectively (y1,...,y»). Note that X is an m-
dimensional random vector whose components are 7;,1 < j < m. Similarly,
y = (yla e aym)T'

By taking the sum of the m equations in (2.4) and (2.6), we obtain that:

3 _ Z?:d(xi —X)"(yi —¥) — trace(Zes)]
" Yoz lllxi — X||2 - trace(Xs)]

(2.8)
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where trace(Xes) = Y71 0es,j; and trace(Xs) = Y7, 05,55 The estimator B
is obtained under the additional assumption >\, [||x; — X||* — trace(Xs)] > 0.
We remark that a similar assumption is used in the univariate case in order to
obtain the modified least square estimator (see [4]).

Remark 2.1. A different estimator of 5 can be obtained using (2.5) and (2.6),
when the diagonal elements of X5 and 2. (instead of Xs) are known. Its form
is similar to (2.8) and the asymptotic results are similar to those derived in this
article.

Remark 2.2. The error-in-variables model with replications is a particular case
of model (2.1), obtained when &1 = &2 = ... = &,. In this case, the form of
the estimators of o and 8 are also given by (2.7) and (2.8), respectively.

The goal of this article is to evaluate the asymptotic properties of the es-
timators defined by (2.7) and (2.8). This purpose requires the introduction of
additional model assumptions as follows.

The distribution of &, is assumed to be full, i.e. for each m-dimensional vector
of norm 1, u, the random variable u”'¢, is not a constant, almost surely. This
is a standard assumption in the context of the generalized domain of attraction
of the normal law (GDAN) and allows us to use results obtained in [11] and [7].

Recall that &; — p has a symmetric distribution if its distribution is equal to
the distribution of —(&, — p).

Our model assumptions are the following:

(A1) &, lies in GDAN,
&, — p has a symmetric distribution, whenever the matrix 3¢ has at
least one element on the diagonal which is co

(A42)  E(ey;) =0, E(61;) =0, E(e};) < 0o, E(8};) < oo with 1 < j <m,

and Teror 1= ( ZZ;TE& 223:5; ) is positive definite
€

(A3) (&;)1<i<n and {(&;,0;) }1<i<n are independent.

We note that assumptions (A1)-(A4) are the multidimensional versions of
the assumptions used in [12].

The main results of this article are the consistency theorem (Theorem 4.1)
and the CLT (Theorem 4.12). They are stated as follows:

1. Assume that & € GDAN and (A3) holds. Then, the estimators B, and
Q, are weakly consistent.
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2. Assume that (A1), (A2) and (A43) hold. Then, as n — oo, we have:

i [l ~ | — trace(5)] (Bn =) o,
i Ui(n)?

b) Vi@ =) 2y, 1),

Vit S (5(n) — o(n))?

where @;(n) = (x; — %) (y; — ¥) — trace(Ses) — Bull|x; — X||2 — trace(Xs)],

(0,1),

(a)

(

nx

1 & ~ 1 &
0in)=—> yij—a—PFr— Y Ti— —=n — w;(n)
m ; 7 m ; 7 Yoicqlllxi — X2 — trace(Xs)]

and 9(n) = L 31 5(n).
3. Preliminary results for GDAN

In this section we present the concept of the generalized domain of attraction of
the normal law (GDAN), introduced in [9]. For additional properties of GDAN,
see [11] or [13]. We begin with a definition.

Definition 3.1. Let & be an m-dimensional random wvector. We say that &
belongs to the generalized domain of attraction of the normal law (and we write
& € GDAN ) if there exists a sequence (By,)n>1 of non-stochastic mxm matrices
and a sequence (A, )n>10f non-stochastic m-dimensional vectors, such that:

B, (znj £ — An> 25 N(0,1), (3.1)
i=1

where (§;)1<i<n 15 a sequence of i.i.d. random vectors with the same distribution
as €.

Remark 3.2. (i) If m = 1, the above definition coincides with the definition of
the domain of attraction of the normal law (DAN). It is known that & € GDAN
implies that each component &; € DAN for j < m. In general, the converse of
this statement is not true. However, Remark (ii) of [11] points out that in the
case when & has a spherically symmetric distribution, the condition & € GDAN
becomes equivalent with the condition that each £ € DAN for j < m (or to
€]l € DAN).

(i) If &€ = (&1,...,&m)T € GDAN, then E(||¢||") < oo, for 0 < r < 2 (in
particular, u; = E(;) < oo, for all j < m) and the sequence (A,,),>1 can be
taken as A,, = nu, where pu = E(&) (see also Remark (ii), p. 193 in [11]).

Note that, if &€ € GDAN, since E(||€]]) < oo, the condition Var(||€]]) < oo is
equivalent to E(||€]|?) < oo (or E(|¢;]?) < oo for all j < m).

(iii) If Var(||€]]) < oo, by the classical CLT, the sequence (B,,),>1 of (3.1)
can be taken to be B,, = \/n 25_1/2-

(iv) The matrices B,, can be taken to be nonsingular and symmetric. For a
complete discussion, see Remark (ii) in [11].
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This result is a consequence of Remarks (ii) and (iii), p. 193-194 in [11].
Lemma 3.3. If £ € GDAN and E(€) = , then ||€ — || € DAN,

1 [« n 2
™ (Z 1€ — pl — an> 2, N(0,1), and Lio & —#l” r, 1, (32
mo\i=1

b,

where (€;)1<i<n are i.i.d copies of €, b2 = trace(B,,?), and (B,)n>1 is a se-
quence of matrices for which (3.1) holds.

Hereafter, the notation A > 0 will be used to denote a positive definite matrix
and the notation A'/2? will be used for its square root. The eigenvalues of an m-
dimensional matrix A will be denoted by Aj(A) and Apax(A) = maxj<,;, A;(A).
Also, trace(A) will be used for the sum of its diagonal elements (or, equivalently,
the sum of its eigenvalues).

The following theorem is an essential tool for the development of our asymp-
totic results. The result is important in its own right since it provides sufficient
conditions for the inner product between a random vector in GDAN and a ran-
dom vector with finite fourth order moments to be in the domain of attraction
of the normal law. The case of m = 1 was fully resolved under more general
conditions in [10]. In the case of infinite variance, we assume that & — p has a
symmetric full distribution, as we rely on a result in [6]. We use the method of
the proof of Lemma 4, in [12] adapted to a multivariate setting.

Theorem 3.4. Let & = (&1,...,&m)T € GDAN be an m-dimensional random
vector with a full distribution. If Var(||€]]) = oo we assume, in addition, that the
distribution of & — p is symmetric. Let € be am m-dimensional random vector,
such that E(e) = 0 and E(|e;|*) < oo, for all j < m. Assume that T > 0,
where ¢ is the covariance matrixz of €. If €& and € are independent, then,

g"e = ¢e; € DAN.

J=1

Proof. Case 1. Assume that Var(||€||) < oo. Then, the covariance matrix X
has only finite entries and it follows that Var(¢”e) < oo. We will prove that
Var(STe) > 0 and the conclusion will follow by applying the CLT.

Since £ is independent of e,

Var(¢'e) = trace(ZeXe).

Since the distribution of § is full, 3¢ is positive definite and hence Eé/zﬁsﬁéﬂ

is positive definite. Therefore, trace(XgX.) = trace(EéﬂEeEé/z) > 0, since
¥ > 0.

Case 2. Assume that Var(||€]]) = oo (at least one component of € has infinite
variance). In this case, we assume in addition that & — p has a symmetric
distribution. Let {&; }1<i<n and {&; }1<;<, be i.i.d copies of € and e, respectively.
We denote &; = (&1, .., &m)T and €; = (gi1,. .., 6im) "
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(a) Assume that X, = I. First, we consider the case when E(§) = 0.
Since & € GDAN, there exist a sequence of symmetric and non-singular

nonstochastic matrices B,, such that B, 1" | &; 2, N(O I). Denote b2 :=

trace[(B,) 2] and note that b2 — oo. To show that £€e € DAN, by [1], it
suffices to prove that

b2 (€le)? 1 (3.3)
i—1
We have b, Z?:l(éfei)Q = Yn,1Vn,2, Where:

n T N2
Yot = >ie1 (&5 i) and .2 = Zz 15 5

i &g b
By Lemma 3.3, vp2 L.

In what follows we show that v, 1 5 1. Let € > 0 be fixed. Using Cheby-
chev’s inequality, we have the following:

- (e — 1\
. (Z A )

= 672(11 +IQ>, (34)

IN

Plyn1 =1 > €

where:

B 2
- -1)g;
I = E R
' Z ( A )
z”: €l (eiel —D)g,&] (e1e] — 1€,
i#l (Z?:l 5?51‘)2

I, = E

We treat I first. Let C,, := >, €,¢7 which can be assumed by Lemma 2.3 of
[11] to be non-singular. We have the following evaluation:

[51 (5151 - )51] < Amax(§y SlT) [(5151 - )2]§1T£1
< trace(§ 51) max [(5151 —1)2]5{51
= x[(€1€1 ) ](51 51)
< max{(“’:lsl )2] mdx( n)(ngcrjlgl)?

We have

n

Amax<cn)—Amax<Zei£?> > Amax(&:€7 <Ztrace££ =Y ¢le,
=1 1=1

1=1 1=1
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Using the independence between & and € we obtain that
(e eT —1)¢ ’
I, = nE %Tl
>ic16i &
nEAmaxl(e1e] = D?)E[(€1 C,"€:)%].

IN

Using the fact that E(a?) < oo for all j <m and X, =1, we obtain:

EQmaxl(Ere] =11} <m® D Elleyen —6)°) <m® Y E(eledy)
j,k=1 j,k=1
<m?) E(e})) < o0,

1

J

Here we let 6, =1, if j =k and 65, = 0, if j # k.

From the proof of Theorem 3.4 of [6], since & € GDAN, it follows that
nE[(¢] C;;1¢,)?]—0. (This theorem is proved under the assumption that & has
a symmetric distribution.) Hence,

I,—0, as n — oo. (3.5)

We now treat Iy. Using the fact that (§;)i<, and (e;);<, are identical dis-
tributed, the independence between (£,,&,) and (g1, €2) and the independence
between €1 and €5, we obtain:

I, = (n*—-n)E

€1 (erel — )&, €1 (e0ed — %1
(O, €7e,)?

= (P =n) Y Eleyew — 6u)E(eucz, — 6p)E l

J.k,lp=1

(i1 &1 €02
= 0, (3.6)

since, E(e1eT) = I. Note that by Cauchy-Schwarz inequality:

= {E [@r_ﬁémer {@:‘_fnlgnal/?r'
1/4
. [(Z?_liz||2>l/2rE [@?_ﬁféwr}

< 1

. [ €16 0Enbap
n T
(Zi:l 61 51)2

From (3.4), (3.5) and (3.6), it follows that 7, 1 2, 1. This concludes the proof
of (3.3), when E(§) = 0.



L. Dumitrescu/Estimation for a longitudinal linear model 496

Now, consider the case when E(£) = u. Since £ € GDAN, it follows that
(€ — p) € GDAN and E(€ — p) = 0. Hence, by applying the first part of the
proof, we obtain (¢ — u)Te € DAN. We write:

gle=(E-—we+pu’e,
and note that Var(u”e) < co. We apply Lemma 5 in [12] to obtain £€”e € DAN.
(b) Assume that X, is a positive definite covariance matrix. It follows that
' == %:'% is such that E(¢') = 0 and E[¢'(¢')T] = L. If £ € GDAN, there
exist a sequence of matrices B,, such that B, (Y}, & — npu) N N(0,I). Tt
follows that & := £.'/2¢ € GDAN, with B/, := B, X.~"/? the sequence of

normalizing matrices. We apply part (a) of the proof and obtain (¢)7e’ =

¢Te e DAN. O

Lemma 3.5. Assume that € € GDAN, E(&) =0 and B, 3.7, & —> N(0,T),
where (€)1<i<n are i.i.d copies of €. Let X be a positive definite matriz and
denote ¢ = =V2¢. Then ¢ € GDAN, and B, Y7 & 2, N(0,T), where
¢ =x'"%¢, and B, = (X7'/*BIB,=71/?)1/2,

Proof. We denote by C, := B,X7/2 and so C, Y1, & - N(0,T). We
apply Lemma 2.1 of [11] to conclude that:

(CTC) 2N € 2 N (0, 1),
=1

O

The next result gives the rate of convergence for the trace of the sequence
(By)n>1 of normalizing matrices. It will be used frequently in the proofs of the
main results.

Lemma 3.6. Let £ €« GDAN, E(§) = p and (By,)n>1 be a sequence for which
(3.1) holds, with A,, = npu.
. n _ 1
(CL) (7’) ]f Var(”é”) < 09, trace(B;2) — Var(||€—pl)’ fOT any n > 1.
(1) If Var(||€]]) = oo, twce#;z) — 0.
(b) traceé#%o, as n — 0.

Proof. By Lemma 3.3, ||€ — p|| € DAN and

- (Z & =l - ) = N(O,1)
mo\i=1

where (&;)i<n, are i.i.d copies of € and a,, = nE(||§; — pul]).
(i) If Var(||€]|) < oo, it follows that o2 := Var(||€ — p||) < oco. Then b2 = no?
andso%zg—lzand%:"—:%o.
(i1) If Var(||€]|) = oo, then Var(]|€ — p||) = oo and b2 = ni?(n), where I(n) is
a slowly varying function at infinity. Hence b% = % — 0 and Z—% = F(T") — 0.
O
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4. Consistency and Central Limit Theorems

In this section we state and prove our main results: consistency and CLTs for
our estimators. The consistency property is relatively straight-forward. The CLT
requires more work and its proof will be devided into several steps. First, we
consider the case a = 0 and we prove a CLT in which the normalizing factors
depend on 8 (Theorem 4.4). Next, we remove the condition & = 0 (Theorem 4.7).
Finally, we substitute the unknown parameter 3 by its estimator, Bn

4.1. Consistency

The assumptions required for consistency are slightly weaker than the assump-
tions (A1)—(A3), which are required for CLTs.
Here, we introduce the following assumption:

(A1) &, € GDAN.

Theorem 4.1. Assume that (Al') and (A3) are satisfied. Then, the estimators
En and Q,, given by (2.8) and (2.7) are weakly consistent, i.e. En £, B and
Qy, L.

Proof. Let b2 = trace(B,,?), where (B,,),>1 is a sequence of normalizing ma-
trices for which (3.1) holds, with A,, = nu. From (2.8), the consistency of B

follows once we prove that:

S [(Xz‘ _ i)T(ygz_ y) — trace(zgé)} P, 3, (4.1)

n |2
Doict [Hxl —X| —trace(E(;)] P, L
by
We denote § = 2370 §;, e=13"" &, € :_% Yo, &;. Note that & is an m-
dimensional random vector with components §; = = 3" | §;;, where j < m.
Writing x; and y; in terms of §;, €; and d; we obtain:

(4.2)

Z?:l [(xi - i)T(yi -y)— trace(zga)] _ ﬁZ?:l € — EHQ
52 = 52
n _S\T(¢e _ £ n AT (s _ =
SIS DTN S e
Sy [(6: = 8)T (e — &) — trace(Bes)]
+ 12
= Bl + Bla + I3 + 1y,
and Sy [l — X(,”; — trace(2s)] _ D i Hbé;z —&|?
49 Doy (0 —bf)T(ﬁi —£) n gl 3))\22 — trace(Xs)]

=1 + 21+ I5.
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Note that: . ) _
I — i1 € — pll _ nl|€ — pl
1 — b% b% ’
where the first term converges to 1 in probability, by Lemma 3.3 and the second
term converges to 0 in probability, by the weak law of large numbers (WLLN)
and Lemma 3.6. Hence, I; — 1. Since —Zl 16 —4))? —>trace(25) (by
WLLN), using Lemma 3.6, it follows that I 0. Similarly, I, 0.

Using the WLLN and the fact that (£;);<y and (d;)i;<, are independent, we
obtain:

E?:l(‘si - E)T(éz - 5)

L.

By Lemma 3.6, it follows that I L. Similarly, I3 L. Hence, (4.1) and
(4.2) hold and therefore 3,, i> ﬁ

By WLLN, we have x5 1 ZJ 1 1 and y—>a+ﬁ ZJ 1 1. Since
Bn £, B, by Slutsky’s theorem, it follows that &, =y — an £ a O

Remark 4.2. If Var(||€]|) < oo, one can apply the strong law of 1arge numbers
(SLLN) to obtain that &, and Bn are strongly consistent, i.e. Bn 2% B and

~ .S,

a — a. (Details are omitted.)

4.2. CLTs in the case a = 0

In this case, the estimator of 8 has the following form:

3 _ Z?ﬂ[x?yl‘ — trace(Xse)]
e > i llIxil|? — trace(3s)] (4.3)

It follows that:
> [l — trace(Zs)] | (B, — B) = > ui = n7, (4.4)
i=1 i=1
where
u; = x1y; — trace(Ese) — B[||x:i||* — trace(Ts)], 1 <i < n. (4.5)
In terms of &;, €;, d;, we obtain, for 1 <i<mn
w;, = &le;— BE]; + 0] e; — trace(Ses) — B[||0i])? — trace(Xs)].

Our goal is to prove that u; € DAN. We first present the general idea of the
proof. By Theorem 3.4, the first two terms of u; are in DAN. The remaining
terms are clearly also in DAN. The fact that vy € DAN follows by Lemma 5 of
[12]. We write, for 1 <i<n

u; = b1'¢,, (4.6)
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where b = (1,—-4,0,0,1,—f3) € RS and

Ci = ( 7 Eis £T61, Z Eijy — Z (571‘77 6?51 — trace(255)7

M3
T
16,12 — trace(25)> . (4.7)

Note that u; are i.i.d. random variables and that E(¢;) = 0, for any ¢ < n.
Let

1 & 1 &
G = <(€i —mwlei (& —m)'é, p. > i . > 615,87 & — trace(Ees),
j=1

j=1
T
6:]12 — trace(Eg)) . (4.8)

The following result is a generalization of Lemma 6, in [12] to the case when
£ e GDAN.

Lemma 4.3. Assume that (A1), (A2) and (A3) hold. Let b € R® and ¢; be
given by (4.7). If |b1] + |b2] = 0, assume that Var(b™¢,) > 0. Then,

(a) bT¢, € DAN and (b) bT¢) € DAN.
In particular, w1 € DAN, where uy is defined by (4.5).

Proof. (a). Since in this proof there is no risk of confusion, we suppress the
index ¢ of the random vectors ¢;, &;, €; and d;.
We write b7'¢ = €7 (bie + b28) + fi(e, 8), where

1 m
fo(e,8) = bs E;aj + by 25 + bs5[07 e — trace(Tes)]

+ bg[||0]|* — trace(Xs)].

Case 1. |by| + |b2] = 0. By assumption (A2), 0 < Var(b?¢) = Var(fp(e,d)) <
00, since fp(g,d) is a function containing powers of maximum order 2 of € and
8. Hence we apply the CLT and obtain b”¢ € DAN.

Case 2. |by| + |b2] > 0.

L. Assume that Var(|[£]|) < co. Then Var(b?¢) < oo and if Var(b?¢) > 0
we can apply the CLT to reach the conclusion.

Assume, by contradiction, that Var(b?¢) = 0. Then b”¢ = C a.s., where C
is a constant. Since E(bT¢) = 0, it follows that C' =0, (i.e. bT¢ =0 a.s.).

Now 0 = E[b”¢|e, 8] = E[¢” (bie+b20)+ fu (e, 8)|e, 8] a.s. Since & is indepen-
dent of (g,d) and the other terms and factors are (e, d)- measurable functions,
we have pT (bie + b28) + fu(e,8) =0 as., so (€ — p)T (bie + b26) =0 a.s.
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But Var[(¢ — u)T(bie + b28)] = trace[E¢Vp(e,d)] > 0, where Vi (g,8) =
Var(bie + b28) = (01)?Ze 4 b1b2Zes + b102XL5 + (b2)?Es > 0 and we used
assumptions (A1), (A2) and (A3). We reached a contradiction and therefore,
Var(b®¢) > 0.

II. Assume that Var(||£]) = co. By Theorem 3.4 we have &7 (bje + bod) €
DAN. Since fp(e,6) € DAN, we apply Lemma 5 in [12] to obtain b”¢ € DAN,
provided we checked two conditions:

(i) B[ (bie + b20) fi (g, )] < oo and

(ii) Var(b”¢) > 0. Denote Ve = E(£¢7). We have:

Var(b?¢) = Var[¢” (bie + b20)] 4 Var[fi (e, 8)]
+ 2Cov[eT (bie + byd), fu(e, d)]
= tl"aCQ[Vng(E, 5)] + Var[fb(s, 5)] + 2NTE[(()1€ + bzé)fb(e, 5)]

= 00,

since the last two terms are finite and, by Lemma A.1,

trace(Ve)
trace[Ve Vi (e, 0)] > ————~— =
race[V¢Vy(e,0)] > trace[V, ' (g, d)]

(b) Since & € GDAN is equivalent to &€ — u € GDAN, we apply part (a) to
¢ = € — p to obtain the conclusion. 0

Using Lemma 4.3 and the self-normalized and Studentized versions of the
classical CLT, we obtain the following CLTs for g,,, when a = 0.

Theorem 4.4. Assume that (A1), (A2) and (A3) hold and o = 0. Let B, be
the estimator given by (4.3). Then, as n — oo, we have:

) T2 il — race(Z9) 3, - 9
\/ﬁ Z?:l(ui —u)?

(b) Z?:l [||X1H2 — trace(za)} (ﬂ;l - ﬂ) 2) N(O, 1),

Z?:l Uf

=5 N(0,1),

where u; is given by (4.5) and U= 3" | u;.

Proof. By (4.6) and Lemma 4.3, u; € DAN. Note that E(u;) = 0. Hence,

Vi 2, N(0,1),
\/ﬁ Zi:l(ui —u)?
M D, N, ),
Z’i:l u’L2

(see e.g. [7]). The conclusion follows by (4.4). O
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The next result shows that Theorem 4.4 continues to hold true if we replace
B by B!, in the definition of w;. Its proof is omitted, as it is similar to the proof
of Theorem 4.12 (below).

Theorem 4.5. Assume that (A1), (A2) and (A3) hold and o = 0. Let [/3\7’1 be
the estimator given by (4.3). Then, as n — oo, we have:

S [llil? = trace(Ss)](B;, — B) ENgY
Z?:l ;(n)?

where ;(n) = x!y; — trace(Zes) — Bulllxi||? = trace(Ss)].

(0,1),

4.3. CLTs in the case of a arbitrary

We write: .
Z [llx; — %||* — trace(3s)] (B — B) = Zuz'(n)v (4.9)
with - o
ui(n) = (xi —=X)" (yi — ) — trace(Zse) — Bl|lx; — X|* — trace(Ss)].  (4.10)

Note that u;(n) depends on n and S.
Relation (4.10) is of crucial importance and lies at the core of our develop-
ments. The goal is to obtain CLTs for the right hand side of (4.9), which will

give a CLT for En
We express u;(n) in terms of §;, €; and 9;, for every 1 <i <mn.
ui(n) = (& &7 (ei—8) — P& —&)T(3: — )+ (6; — &) (ei — &)
—  trace(Zes) — B[||0; — 6% — trace(Xs)].
Note that
wiln) = T, (n), (4.11)
where d = (0,0,1,—3)7 and

1 — 1 — -
; — ij — O — ijs (Xi —X i—y)—t Yes),
n,(n) <mgﬂaamgfﬂk )" (yi ) - trace(es)

T
Ix; — %2 — trace(25)> (4.12)

= <ﬂiz&j + lzaij;iz&j + izisij,
M= e miS

BHSz - EHQ + (51' - E)T(Ei - E) + B(Si - E)T(‘si - 3)
+(0; — 3)T(ei —€) — trace(Xes),

I€; — €17+ 118; = 8* +2(&; — &) (6: — 9) — trace@a)) :
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(The first two components in the definition of n,;(n) are introduced artificially
at this point, but they will be used in the proofs of the asymptotic properties
of the estimator a,.)

The idea is to replace &; — € by &; — p in the expression of u;(n), i.e. to obtain
an expression for u;(n) which contains an inner product of the form e’} (for
some e € R®), plus a remainder term. Then, we use the fact that e’ ¢} € DAN
(which was shown in Lemma 4.3, (b)).

For a sake of a generalization needed later in the sequel, we consider d € R*
such that 8d; + ds = 0 and Bd3 + d4 = 0. We have the following decomposition:

d"n;(n) = el -—p)'ei—e/E—p) - (& —p)+ T(E—u)]
+ eal(& — )8 — 6] (E p) =38 (& —p)+9 (E—p)

1 — 1
+ 83E Zlé‘ij + 64E 215”
J= 1=

+ e[0T — 0788 €+ & — trace(Ses)]
+  egl]|0s]]2 — 287 8 + |8 — trace(Zs)], (4.13)
with
e = (ds, Bds + 2dy, dy, da, ds, ds)"". (4.14)
Therefore, for any d € R* which satisfies Sd; + d» = 0 and Bds + ds = 0, we
write:
d"n;(n) = e"¢; + Ri(n), (4.15)
where ¢} is given by (4.8) and

(el (€ —p)—€"(& —p) +E" (€ - p)]
+ e8] (E—p) -3 (éi_u’)+3 (€ - p)]
+  es(— 6T5—6 el—i—é g)

+ es(—287 3 +8)?).

In particular, (4.15) holds for d = (0,0,1,—3)7, in which case (4.15) gives a

representation of u;(n).
The next result is a self-normalized (and Studentized) CLT for the sequence

{d"n;(n)}i<n, (and in particular, for {u;(n)}i<n).

Lemma 4.6. Assume that (A1), (A2) and (A3) hold. Let d € R* which satisfies
Bdy + dy =0, Bd3 +ds =0 and e be given by (4.14). If |e1| + |e2]| = 0, assume
that Var(eT¢]) > 0, where {; is given by (4.8). Then, as n — oo:

Ri;(n) = e

€2

(a) vn dn(n) 2, N(0,1),
Vit S A7 (n,(n) — ()2
(b) ndTn(n) 2, N(0,1)

Vs (dTn,(n))?
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withn;(n) given by (4.12), dTn(n) = 2 321", dTn,(n) andn(n) = L 37" n;(n).

Proof. By (4.15), it follows that dTn(n) = eT¢’ + R(n), where

¢ - LS e Fa - L3 R,
=1

i=1
and therefore:

Vi dnn)

——— =11 + Iz,
Ve S (A7 ((n) — ()2
where:
[ Vi er¢
1:= —
VT S A7 (,(n) — ()
. Vil R(n)
2 = ——— .
Vo S A7 (i (n) — ()
We write:
L= Vi erd | ZLleT =)
VT eT (¢ - O N ZihldT mi(n) = n()]
L - Vi R(n) D (RS
VT eT (¢ - O N EihldT mi(n) = n()

where ? = % S ¢.. We will prove that, as n — oo:

vnEm) e (4.16)
V=L -0
S (AT ()~ RGP o

i e (¢ = ¢))?
By Lemma 4.3, (b) with b = e, e”'¢} € DAN and so:

vne'd —— 25 N(0,1).
Vot S e (¢ - ¢

This result and (4.17) imply Iy N N(0,1), by Slutsky’s Theorem. Furthermore,
from (4.16) and (4.17), we obtain I £, 0. Therefore, the convergence in (a)
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would follow by applying Slutsky’s Theorem. The proofs of (4.16) and (4.17)
are given in Appendix C.
Part (a) can be used to prove part (b). We have:

ndTn(n) _ Vi dTn(n) [n
VEL@mm? S s af ) —ntm) V!

\/Zl A[d7 (7, () — ()
S (AT, (m)?

By (a), the first factor converges in distribution to N (0, 1). Hence, by Slutsky’s
Theorem, to obtain the convergence in (b), it suffices to prove:

Liadm(m)?* (4.18)

2z [dT (my(n) —n(n))J?

Using the result in (a), we obtain:

2
n@nm)? 1 /7 Ta()
> [dT (ny(n) — n(n))]? ne R S AT () — ()2
_ ZP_(l) — op(1).
Relation (4.18) follows by applying Lemma A.2, with s; = d'n;(n), t; =
d*[n;(n) —n(n)). O

The next theorem gives CLTs for Bn, as a direct consequence of Lemma 4.6.
Note that the normalizing factors in the CLTs depend on the parameter 3. In
Theorem 4.12 we show that the result is still valid with 8 replaced by £, for
large values of n.

Theorem 4.7. Assume that (A1), (A2) and (A3) hold. Let B, be the estimator
given by (2.8). Then, as n — 0o, we have:

(a)

N(0,1),

ﬁ Z? 1 [HXZ -x|% - trace(Z(;)} (Bn - B) >
\/n 1 i [ui(n) — u(n)]?

Sy [lxi — x||* — trace(Zs)] ( E .
Zi:l u;(n)?

(b) — N(0,1),
where u;(n) is given by (4.10) and u(n) = < 3°" | u;(n).

Proof. Due to (4.11) and (4.9), the results follow by applying Lemma 4.6, with
T:(lv_ﬂaovoalv_ﬂ)' (]
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To examine the asymptotic behavior of @, we need three auxiliary results.
We placed their proofs in Appendix to preserve the flow of the reading process.

The first result gives the convergence rate of % > bT¢,. The proof is given
in Appendix B.1.

Lemma 4.8. Under the same hypotheses as in Lemma 4.3, as n — oo:

n 1 : _ _
12ch- B ﬁ?p(l), if Var(|€]) < oo, or by =by =0
ne—= %0p(1), if Var(||€])) = oo, and |bi] + |ba| > 0,

where ¢ = trace(X,B,,?), with X = E(v;7l), vi = big; + b26;, for i <n and
(By)n>1 is a sequence of symmetric matrices such that B, > 1" (&, — p) N
N(0,I). The sequence (cp)n>1 satisfies 2—2’3 — 0.

The next result gives the convergence rate of d”n(n) = £ 3" | d”n,(n). Its
proof is given in Appendix B.2 and essentially follows from Lemma 4.8, with
b =e, and (4.17).

Lemma 4.9. Under the same hypotheses as in Lemma 4.6, as n — oo:

W \/LEOP(I), if Var(]|€]]) < oo or eg1 =e3=0
nn) = o2 .
+50p(1), if Var([[§])) = o0 and [e1]| + |e2] > 0,

where ¢ = trace(E,B;,?), with £y = E(viv]), v; = e1€; + €28, for i <n and

(By)n>1 is a sequence of symmetric matrices such that B, > 1" (&, — p) N
N(0,T).

The next result gives the asymptotic convergence rate of the estimator Bn to
B. Its proof is presented in Appendix B.3.

Lemma 4.10. Assume that (Al), (A2) and (A3) hold. Let Bn be the estimator
given by (2.8). Then, as n — oo:

(@) ~2 (B — B) — N(0,X%), if Var(||€]]) < oo,

2 o~
(b) ;’;_%wn R

where b2 = trace(B,;?), (By)n>1 is a sequence of m x m non-stochastic matrices

such that B, > i, (& — p) N N(0.1I), (cn)n>1 is the sequence of constants
defined as in Lemma 4.8, with v, = €; — 0, for 1 <i <mn and A > 0 is a
constant.

N(07 1), szar(HSH) = o0,

The next theorem gives a CLT for a,,.
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Theorem 4.11. Assume that (A1), (A2) and (A3) hold. Let &, be the estimator
given by (2.7). Then, as n — 0o, we have:

\/ﬁ(an - Oé) — £> N(O, 1),
Vi S (vi(n) — o(m)?

(n) = LS B mo o X u;(n)
where vi(n) = 5 3521 Yig = & — i D25m Tij T TS T x| trace()

u;(n) is given by (4.10) and v(n) = L3 w;(n).

n

Proof. We divide the proof into two cases and use the notation 1z = ﬁ ZT:I [y
Case 1. Assume that Var(||£]|) < co. We use (4.9) in the following decompo-
sition for a,, — a:

Gn—a = F—oa—pnx%

i [ui(n) + B([lx; —X||* — trace(Xs))]
S i — X% — trace(3)]

_ _ nT

= Yoo X TR~ trace(Sa)]

Xl

—  —

Il
<l

We introduce vj(n) = = " yij — a — S D0 wij — mul(n) and note
that v/(n) = 23" vi(n) =y —a — X — u(n)m Hence:

n =1 "1

S — =)+ ulm) 1 - L '
Qp (n) +u(n) <trac€(2£) Z?:lmxi —X[? - trace(zs)])

By (4.11) and Lemma 4.9, with d = (0,0,1,—3)T, v/nu(n) = Op(1).
n ;—X||? —trace
By (4.2), i [l b”2 trace(Bs)) P, 1 where b2 = ntrace(X¢) and so

1 n
— E l|x; — X||* — trace(Zs) i trace(Xe). (4.19)
n

i=1

Using the WLLN, X N 7 and it follows that

- T X
=op .
ol - ) =ortt)

trace(Xg) L3 [|x; — X2 — trace(Zs)

Therefore, we have

Vi@ — @) = Vi 0 () + op(1). (4.20)

_ _\T
Note that vi(n) = d7n;(n), where d = (1, —B, —trace”(zg), tracﬂe&g)) , and so
using (B.6), it follows that

> " [Wi(n) = vj(n)? = Var(eT¢h) > 0, (4.21)



L. Dumitrescu/Estimation for a longitudinal linear model 507

I e g \*
where e = (_ trace(Xg ) trace(Xe¢)’ L, B’ B tracc Eg)’ tracc(Eg)) '
Therefore, we apply Slutsky’s Theorem, to obtain
Vn(Gn — @) 25 N(0,1). (4.22)

Vi S [ ) — V)2
Slutsky’s Theorem applied again completes the proof once we proved that:
Z:‘l:l[vll(”) v(n)] . P (4.23)

2im1[vi(n) —v'(n)]

This convergence is proved in Appendix D.
Case 2. Assume that Var(]|€||) = oo. In this case we use a different decom-
position of a, — a. We write:

Qp —0 = y—a—ﬁnf—_—a—ﬂx—(ﬂn—ﬂ)§:W—(Bn—ﬁ)§a

where v =5 371 v} and v = - Z;n:ﬂij —a—f Z;‘nzlgﬁij = Zg 1(&ij —Bdij).
Note that vg’ =d'"n,(n), with d’ = (1,—3,0,0)7.
We have:

vi(an — o) R VA )
Vi S ) — v S -

b 11} — ! ]2
Vzl ) —wp Y

We use Lemma 4.10, Lemma A.1 and Lemma 3.6, (a) to obtain
Vi(Bn — B) = op(1). By WLLN we have: X —— 7 and:

Zn: 2 I var(v)) > 0, (4.25)

where the inequality follows from assumption (A2).
Vi X(Bu—B
NE=S T —v”]2
with d’ = (1,—0,0,0)T and Slutsky’s Theorem implies that the first factor in
(4.24) converges in distribution to N(0,1). To finish the proof, it remains to

Hence, we obtain = op(1), which by applying Lemma 4.6,

show: )
2y [vin) —v(m)® P
SN — 1, (4.26)
which is done in Appendix D. O

The normalizers of the CLTs in Theorem 4.7 and Theorem 4.11 depend on
[. The next result proves that, under the same assumptions, we can substitute
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the unknown parameter 8 by its estimator, Bn, for large values of n. The idea
is to show that the normalizer Y ;" | u;(n)? has the same asymptotic behavior
as ., U;(n)?, where @;(n) has the same expression as u;(n), with 3 replaced

by fn.

Theorem 4.12. Assume that (A1), (A2) and (A3) hold. Then, as n — oo, we

have:

Eicall =~ trfmce@s)](z?n —B) »,

>iz1 Ui(n)?

Vs T ) = 52

where @;(n) = (x; — %) (y; — ¥) — trace(Zes) — Bu[[|xi — X||2 — trace(S5)], B

is given by (2.8), ay, is given by (2.7),

(@)

N(0,1),

= N (0, 1),

(

nx

1 « PO
m ; ! m ; T i [l = X2 — trace(2s)]

and o(n) = L 3" | 0i(n).

Proof. (a) Note that the numerator of the ratio is Y ., u;(n), by (4.9). We
write:

Digui(n) 3 ui(n) 2y ti(n)’
=1 = iz [ EELE (4.27)
\/ZiZI Uj (n)2 \/ZiZI Uq (n)2 Zi:l Usq (n)
The first factor in (4.27) converges in distribution to N (0, 1), by Theorem 4.7,
(b). The proof will be complete once we show that:

st =

By Lemma A.2, it is enough to prove:

Using (4.9) and the definitions of u;(n) and u;(n), we have

. ii(n) —ui(n))* = Y wi(n 2 2icalllxi = X||* — trace(3s)]” :
Z[ i) =) [Z ! )1 {00 [l — =2 — trace(s)]}

Since, —i= () D, N(0,1), by Lemma 4.6 and (4.11), to prove (4.29), it

g wi(n)?

suffices to show:

Siy [l I~ race(S)* e o (4.30)
(20 [l — |2 — trace(Ss)]}
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The convergence in (4.30) will follow from (4.2) and:

n _ 2
s )

where b2 = trace(B,,%) and (B,,),>1 is a sequence of matrices such that

i=1
We write
Siy [ — = —trace(8g)]” XL i —X|! | [trace(Zg))?
(®2)° B (b2 (62

iy lIxi — x|
- 2trace(25)W
= Jy+ Jo+ Js.
We use (4.2) to obtain J3 %, 0 and Lemma 3.6, (a) to obtain Jy — 0. It remains
to show that J; i> 0. We have:

n R n _ |4 n LS4
Zi:l sz X” < 421':1 HSz 5” +4Zz:1 ”51 5”
(b2)? (b2)2 (b2)2

S 1€ — w0 (6]
< 1 i= i=
: 6< CICENCAE

E—ult 5]
"z e
= 16(T1 +To+Ts5+Ty).

+

We prove that T; N 0, for all 7 = 1,2, 3,4. We first treat 77 and write:
n n n 2
T, = Dim & — pll* _ e 1€ — pll* ] (Zi—l 1€ — N|2)
(672 (i 1€ — ul?) b

where the last factor converges to 1, in probability, by Lemma 3.3 and therefore
is bounded, in probability. Hence, T} £, 0, if we prove that

Z?:l ||€z - '“H4 L 0
(0, € — wl?)?

Let € > 0 be arbitrary. By Markov’s inequality and the fact that (§;)1<i<n

are 1.i.d. random vectors:
>% . G%El 1€ — n*
— n 2
(Zi:l ”51 - N||2)

P( S Il — plt
2
[
i=1 i T

(0, 1€ — pll?)?
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where we have denoted Z; = &, — p. We have the following inequalities:

-1
_ZiZ < ! ZT 70 < Ami Zn:z-zT VAW
ST T L Aaz]) S -7 :

n —1
VAl <Z ziz?> Z;. (4.33)
1=1

From the proof of Theorem 3.4 of [6], since Z; € GDAN, it follows that

IN

2

n —1
nE{ |27 (Z ziziT> 7 -0,
i=1

and hence by (4.33) and (4.32), we obtain % =op(1).

Similarly, w = op(1), since 61 € GDAN. We write:

(S, l18:02)
g (2] Sy 18217 [ntrace(5)]
T = =555 — =or(l)- : > :
(b2) ntrace(Xs) b2
By WLLN, %t”;“(‘;!) — 1, in probability. In addition, 22¢(Zs) is hounded,

by Lemma 3.6, (a) and hence, T5 — 0, in probability.
Also, T; — 0, in probability, where ¢ = 3,4, by WLLN and Lemma 3.6, (a).
This finishes the proof of .J; i) 0.
For the proof of (b), we use Theorem 4.11 and Slutsky’s Theorem. Hence, it
suffices to show:
>ica[Ui(n) — 9(n)

iz [vi(n) —v(n)]?

By Lemma A.2, it suffices to prove:

>iei{Bi(n) — vi(n) — [0(n) — v(n)]}?

2
I (4.34)

iy [vi(n) = o(n)]? 0. (4.35)
We have
Z{vl(n) —vi(n) — [0(n) — v(n)]}?
- n (B_B) lix_§ B nx
& AmeT Sl — X — trace(3g)]
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2
<2(8- Bn)Q Z (% inj —§)
i=1 j=1

= 2 n
nx

511

o <Z?—1[Ixi —X|J? - trace(Eg)]) > {ai(n) = ui(n) = [a(n) — u(n)]}

=1
=21, 421, - I,

where we have denoted by:

2
I (B\n_ﬁ)2z<%z$i]’_§) )

i=1 =1

L= (Z?—l[lxi - i||2 - trace(za)]) 7
Iy = > {ai(n) — ui(n) — [a(n) — u(n)]}.
i—1

By (D.3),

We have the following inequality:

I SZ(Bn—ﬂ)Q [Z (%Z&j—g) +Z (%Z&g—§> ],

i=1 j=1

where € = - 370 3T &y and 8 = 3T YT 6y

Since @;(n) —u;(n) = (B — Bn)[HxZ —X||? — trace(Xs)], it follows that:

n

L o< 2B.- B {an %] - trace(S5)]?

i=1
2}
n

= 2(8.—B)? {Z[Ixz' —X|* — trace(Zs))*

=1
2}
’

— Bu= 57 [(20n(0) + L0200

= 2B = £)*(4)%0r(1),
using (4.31) and (4.2).

1< 9
= ; — —t by
+ n [n ; 1 Ix; — X|| race(Xs)

lZ[nxi —x|? — trace(Ss)]

S|

(4.36)

(4.37)
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From (4.36) and (4.37) we get I - Is = n2(B, — B8)20p(1).

Since the asymptotic behavior of 3, — 3 is different in the cases Var(||£]]) < oo
and Var(]|€||) = oo, we have to consider these cases separately.

Case 1. Assume that Var(||£]|) < oo.

We apply WLLN and so:

ITem |1 & = 1

- — Zfij £ m— ¢ jk»
i=1 Jj=1 7,k=1

lem |1 & 2\ 1 &

DI E=D SRl Bt D
i=1 Jj=1 7,k=1

By Lemma 4.10, (a) and Lemma 3.6, (a), we obtain +I; < #Op(l) =op(1)
and £1, - I3 = %TL?OP(U%L)QOP(U = 0p(1).
Hence, 321 {#i(n) — vi(n) — [0(n) — v(n)]}* = op(1).
By (4.23) and (4.21), the sequence { S vi(n) — v(n)]2} N has a positive
n>1
finite limit, in probability. Hence, (4.35) fol
Case 2. Assume that Var(||&]]) =

By Assumption (A1), &, € GDAN and therefore, by Theorem 1.1 in [13], we
obtain L Z] 1§15 € DAN. Let (bn)n21 be a sequence of constants such that

)=
1

lows in this case.

1 &1 & -\ 5
B_Z E;gij_ﬂ _>N(071)'

n =1

2
Hence, ELQ > (% Sy i — ﬁ) L5 1. By applying WLLN, the following

term converges to 1, in probability

2 2
Il [ 1 & = 1l |1 & _ = _
= EZ&;‘—E = 5> EZ&;‘—M —n(§—m)°
"Z 1 Jj=1 bn =1 j=1
and
2

! zn: ! ié 3 " 0p(1) = 0p(1)

= — ij — = —=0p(l)=o0p(),

bi =\ = ’ bi

-2
using the fact that b, = nl?(n), where I(n) it is a slowly varying function at co.
Hence

2 2
n m

> %Z&j—g +3 %Z%‘—E =D, [0p(1) + op(1)].

i=1 j=1 i=1 j=1
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By L 410, B, - p= Y& ith 2 = 2 =
y Lemma 4.10, 3, — f = ¥%z"Op(1), with ¢;, = trace(3,B,*) and ~;

&; — B38;, for i < n. Hence, (B, — B)? = ot Op(1) and so

(®32)?

1 I Bic%
n—1""(n—1)12)?

Op(l)[Op(l) + OP(I)] = Op(l).

In addition, 151> - Is = -o=10p(1)op(1) = op(1). Therefore,

n

LS (5i(n) — i) — [50m) — 0]} = 0p(1).

i=1

n—1

From (4.26) and (4.25), it follows that {ﬁ S vi(n) — v(n)]2} has a
positive finite limit, in probability. O

Remark 4.13. (see also Remark 2.2)

In the case of replications, the assumption that & has a full distribution
does not hold. Nevertheless, the results remain valid, under slightly different
conditions:

(A1) &1 lies in the domain of attraction of the normal law (DAN)
(A2)  E(e1;) =0, E(61;) =0, E(e};) < oo, E(6};) < oo with 1 < j <m,
and 37, = ( Uf Oes > is positive definite
Tes 95

(A3) (&)1<i<n and {(&;,0;) }1<i<n are independent.

where o7 = Zj,k:l Oe,jk, 05 = Zj,k:l 05,jk> Tes = Zj,k:l Oed,jk-
In this case,

¢ = <§1;813‘751251j,g251jaaz51j75151—tfaCe(Eecs%
j= j= j=

j=1
T
6112 — trace(Eg)) .

One can follow the steps in the proof of Lemma 4.3 and use Lemma 4 in [12] in
lieu of Theorem 3.4 to obtain this result. Furthermore, one can prove Theorem
4.4, Theorem 4.7 and Theorem 4.12, using similar arguments.

Note that in this special case of repeated measurements, the converse of
Lemma 4.3 also holds true, by Theorem 1 in [10]. Hence, in this case the as-
sumption (A1*) becomes necessary for the CLT in Theorem 4.4 and Theorem
4.7, by Lemma 7 in [12].
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Appendix A: Auxiliary results

The first lemma is essential for the development of our results and enables us
to find the relationship between the trace of ¥B,, and the trace of B,,.

Lemma A.1. Assume that A and B are two m x m symmetric matrices such
that A is positive definite and B is positive semidefinite. Then:

trace(B)

m < trace(AB) = trace(BA) < trace(A)trace(B)

Proof. The second inequality follows from Theorem 6.5, of [14]. Applying the
theorem again, since A/2BA/? is positive definite, we obtain:

trace(B) = trace(AY?BAY2A™!) < trace(AY/?BA'/?)trace(A ™)
= trace(AB)trace(A ™).

O

Lemma A.2. If( i)i>1 and (1)1>1 are sequences of random variables such

2
that: % — 0, then Z" t2 —) 1.

Proof. We have | 527 (s7 —t3)| = | 3214 [(si — )% + 2ti(si — ta)]| < 3204 (si —
t)2+ 2000 V2T (si—t 2]1/2 nd therefore:

n n 1/2
’Zz 1 5 - t2) < Zi:l(sl —t;)? ) (Zi—l(sl ti)2> /
i T XLt it

z 1 z
The result follows since, by hypothesis, the right hand side converges to 0, in
probability. O

Appendix B: Proof of Lemmas 4.8, 4.9 and 4.10
B.1. Proof of Lemma 4.8
By Lemma 4.3, b”¢; € DAN and so:
Vi bT¢ ER
Vi D b7 - Q)
where b7¢ = 157" bT¢, and =230 ¢,

Case 1. Assume that Var(||€]|) < oo or by = by = 0. Since Var(b?¢;) < oo,
we apply WLLN to obtain:

N(0,1), (B.1)

ST - D s Var(bTey) > 0. (B.2)
i=1
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(The fact that Var(bT¢;) > 0 follows by hypothesis, if by = by = 0, and was
shown in the proof of Lemma 4.3, if |b1] + |b2| > 0.) Using Slutsky’s Theorem,
(B.1) and (B.2) we obtain bT¢ = 951,

Case 2. Assume that Var(||€||) = oo and |by| + |b2| > 0.

Let (¢n)n>1 be a sequence of positive constants. Then:

n(n =gz _ VbT¢ \/ S b7 (C - O
n = c? ’
“n \/ﬁ > iq [bT(¢; = €)]?

By (B.1), the first factor of the product converges in distribution to N(0,1) and

we show -
S0P r (B.3)

i=1 n

From the proof of Lemma 4.3, we recall that, for each 1 < n
b ¢, =& v+ folei 61), (B.4)

where v, = b1g; + b20,; and

B 1 1 T
fo(ei,6;) = b3 mZEU + by mz% + b5[0; €; — trace(Xes)]

Jj=1

+ bgl||6;])* — trace(Zs))].

Note that £, = E(v17]) > 0, since Zepror > 0. We denote v} = 2;1/271-, and
¢ = Y?(&, — p) for all i < n. It follows that Var(y]) = I and E(¢}) = 0, for
all 7 <n.

We first prove that

%ZE ¥’

Let (By,)n>1 be a sequence of symmetric matrices such that B, > 1, (€, —
p) — N(0,1).

By Lemma 3.5, &, € GDAN, and B/, "7, ¢/ 25 N(0,T), where B/, =
(CTC,)"/?, and C,, = B, =, /2. From the proof of Theorem 3.4, Case 2, (a)
(applied to &) and ~}) it follows that:

= Z[é’T 72, (B.5)

n =1

where
2 = trace[(B])7?] = trace[(CLC, )] = trace[E}Y/QB;QE}Y/Q]
= trace[E,(B,) .

I N
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Since (&; — )Ty, = (€)7~%, (B.5) becomes:
1 & P
ol Z 2 5.
n =1
We write:
YinEl)? | Sl - Y ()
3 B 3 e
T 22?:1[(51' - H)T'Yi](NT'Yi)
2 ’

and prove that the last two terms of the sum converge to 0 in probability.
Using (A2), we have w — 1, where d? := ntrace(X,) > 0. By the

Cauchy- Scwharz inequality M < HHHQZ%IZQ%%- We have to show
tracc[(B )2

that hmnHOO = = 0. By Lemma A 1,c2 > Trace[(5)=T] and hence
i < trace(3- )trace[(X~) ] " —0
no<r r - -
2 = 7 77 Ctrace|(B,) 2] ’

where we used Lemma 3.6, (a).
By the Cauchy-Schwarz inequality, it also follows that

‘ZZ ! )yl (")

P
— 0,
2

Cy

n T 2
' (S P
and so 71:1% i) — 1.

n

We now return to the study of b”¢. Using (B.4), we obtain:

S -Or Z (€ nﬂ) + 30 olend) — Rl d))

2
Ch

i=1 =1

+

2
Ch

i &ly, —¢" '7)[fb(5u ;) — fo(e,0)]

= h+DL+1s,

where §7y = L3701 &y, and fi(e,8) = £ 30, fu(ei, 6i).
—~T¢ ——2
Wehave I, =) ; (A’chi;’%)z =>", (“’Z—;ﬁ)z - 5T¢ L 1, since by ap-
plying the WLLN and using the fact that lim, ., -z = 0, the second term con-
verges to 0, in probability.
We write

I2 _ i fb 617 z fb(s 6)]

n

Z ([fo(ei,8i) = fo(e,8)]* (n — 1)Var[fp(e1,81)]
(n — 1)Var|fu(e1,01)] 2 '
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By the WLLN, the first factor converges in probability to 1 whereas the second
factor of the product converges to 0, in probability, since lim,, o 2 = 0.

By the Cauchy-Schwarz inequality, Is < /I I and hence I3 £o. Therefore,
(B.3) holds.

2
It remains to prove that lim,, % = 0. Using Lemma A.1 and Lemma 3.6,
(b) we obtain:

Z—% = trace(il—;Bgz) < trace(Zv)%?"d) — 0.0
B.2. Proof of Lemma 4.9
By Lemma 4.6, (a)
ndn(n) 2, N0, 1).

Vi ST () — ()

Case 1. Assume that Var(]|€||) < oo or e1 = ez = 0. We write:

dnn) = nd’n(n)
Ve S A7 (g (n) — ()

L LS T () — ()2

n—1\|n“4
=1

From the proof of Lemma 4.8, with the particular choice of b = e and ¢, replaced
by ¢} (see relation (B.2)) we have 137"  [eT((] — N2 L var(eT¢) > o,
which together with (4.17) implies:

n

LSl () — A > Var(eT¢h) > 0. (B.6)

=1

To complete the proof we apply Lemma 4.6, (a).
Case 2. Assume that Var(||€]|) = oo and |e1| + |ez| > 0. We write:

aTnn) = nd’n(n) __
Vit ST (n(n) — ()2

Vi 2 L o) — e

From the proof of Lemma 4.8, with b = e and (; replaced by (. (see rela-
tion (B.3)), it follows that & >7" ,[e” (¢} — ¢')]? L, 1. Hence, we use (4.17) to
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obtain:
1
2
n

znj d”(n,(n) — n(n))? = 1. (B.7)

From (B.7) and Lemma 4.6, (a), the conclusion follows. Here, the convergence
rate depends on the sequence c = trace(E B~ 2), where v, = ejg; + e20;,
1<i<mnand (B,),>1 is a sequence of symmetric matrices such that

n

B, > (¢ —p) > N(0,I).0
=1

B.3. Proof of Lemma 4.10

Recall that u;(n) = d¥n;(n), where d = (0,0,1,—3)7 (see (4.11)). By Lemma
4.6, (a):
Vi uln)

Vs S fua(n) — u(m))?

where u(n) = L 3" | u;(n).
Case 1. Assume that Var(||£]|) < co. Then, by (B.6), with d” = (0,0,1, —f),
it follows that:

25 N(0,1), (B.8)

Z 2 2y N = Var(eT¢)) >

where e = (1,—/3,0,0,1, —3)". We use (4.9) and write
b2~ b2 nu(n)
Vi Y llixi — X — trace(Ss)]
i) s S la(n) — w2
s ) P allbs TP~ trace(Za)]
We apply Slutsky’s theorem, (B.8) and (4.2) to obtain the conclusion

Case 2. Assume that Var(||€]|) = oo. By (B.7), with d = (0,0,1,—3)7T, it
follows that:

where ¢2 = trace(E.yB;Q), and v, = eig; + exd; = €; — [BI;, since e =
(1,-3,0,0,1,—3)T. Using (4.9) again, we obtain:
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%4 % i)
< Ve iillxi —X[? — trace(Ss)]
Vvnu(n) 1 —
- | Y lt) — o
\/n 121 1 ( ) (TL)P “n ;

b2
Vn—1 Zi:l[”xi — X2 — trace(Zs)]

The conclusion follows by Slutsky’s theorem (B.8) and (4.2).0

\/

Appendix C: Proof of (4.16) and (4.17)

Recall that 6 = (61,...,0,,)7, where 6; = 13" | §;;. Note that:

R = al-2"E-p)+el-3 E-w)
es(—8 &) + es(—[3]1%). (C.1)
To prove (4.16), we consider two cases.

Case 1. Assume that Var(€) < oo or |eg| + |ea| = 0.
In this case, we prove:

ViR(n) 5 0. (C.2)
For each 1 < j < m, by applying the CLT, we obtain /nd; = Op(1) and so
\/ﬁgi = op(1). Hence, /n||d]|> = op(1). Similarly, we have \/n|[g]|? = op(1).
By Cauchy-Schwarz inequality, n|3T§|2 < n||g||? - [|6]|* and therefore, we also
have \/n[d & = op(1).

Similarly, we obtain /n|g” (€ — p)| = op(1) and \/ﬁ|gT(§ — )| =op(1), so
(C.2) follows.
To prove (4.16) in this case, we write:

\/ﬁw _ \/ﬁm . Var(e”¢") .
S oG- Ve O) \ ik e ¢ - O

By (B.2), (with b = e and ¢; replaced by () the second factor of the product
converges to 1, in probability. Since 0 < Var(e”¢") < oo, (C.2) implies (4.16).
Case 2. Assume that Var(||€]]) = oo and |e1| + |e2] > 0.
Let (Bp)n>1 be a sequence of (nonsingular, symmetric) non-stochastic ma-

trices such that B, > i (& — p) 2, N(0,1). Let b2 = trace(B;;2). Define
¢ = trace(X,B,,?), where v, = e1€; + €26, and X, = Var(v,). In this case, in

lieu of (C.2), we prove:
n [

@R(n) 0. (C.3)
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As in the proof of Lemma 4.8, 5 — 0. Therefore the last three terms in (C.1),
multiplied b

02

As for the first term, by applylng Cauchy—Schwarz inequality, we have:

2
c n

f|<s ) Tel < \/%HE—HH izl

Recall that ||g|| = OPTS).
Since |B,, Y, (&; — p)|| = Op(1), we have the following relations:

1€ —pl* = % Y -m| == B B> (& -n)
i=1 i=1
n 2
< SIBE | B S (6 - )| = 020R().

n = _ n b2 2
€< =S
From Lemma A.1 we obtaln < trace(X31'), so \/—|(£ w)'e| =op(1).

Therefore

0p(1) and hence the convergence in (C.3) is

Similarly, ﬁK{ - u)T6|
proved.
Therefore, if we write:

VnR(n) :nR n—1 1
Jarletc - VE VU n Y EELer -

the last factor converges to 1, in probability by (B.3) (with b = e and {; replaced
by (). This together with (C.3) concludes the proof of (4.16) in this case.
Now we prove (4.17). Using (4.13), we write:

d"(m;(n) —n(n)) = el -—pw'ei—E—pe—(&—w'e—(E—p)e
+ 26— u)TE]
+ el )6 —(E—p) 6 — (& —pw)TE— (- )T
+ 2(&- )"0
+ %i&ij—g +eq %iéz]_g
+ es(0Te;— 675 -8 e~ 07e+25 7)

+ eol[|0:]* — 2678 — o[ +2(8]%),

where € = # D e e Eigs d= ﬁ > i 27:1 i, (6 —m)Te

nm = % 2?21(51 -
(E—pw)To=L3" (& —n)76;,6"e=23" 6 eiand[[6]> = L3, |64

N)Té‘z‘,
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Using (4.8), we obtain

e’ (¢i—¢) = el —n'e—(€E—pTe
+ eaf(€ - )8 — (& — )T

1 & _
+ e3 (EZEW—E> €4 ( 2513 >+e5(5T€Z—5T)
j=1

+  es(]|6:]* —118]]%),

and therefore

d"(n;(n) —n(n)) —e"(¢;—¢) = e[-(E—pw'ei—(&-p'E
+ 2(6-w'e
+ eof-(E-w'e— (& -’
+ 2(6-p)"o
+ es(—0 5—6 ei+25 )
+ es(— 5T5+2|\5|\ ). (C.4)

By Lemma A.2, to prove (4.17), it is enough to prove
S (A7 () — () — e (¢ — )2
i leT(¢ =<2

If Var(||€]]) < oo or |e1|+|ea] = 0, L 7 [eT(¢] — ¢)]? = Op(1), by the WLLN
(see also (B.2)). Therefore, it is enough to prove:

0.

n

LSl () — ) — €7 (- O L (©5)

=1

If Var(||€]]) = oo and |eq| + |e2| > 0, by (B.3), with b = e, we have

Therefore, if we prove (C.5), the convergence (4.17) follows since limy, o0 25 = 0.
Hence, it remains to prove (C.5). By (C.4), we have the following

n

% > [d" (mi(n) —n(n) — e (¢ — NP < 4(er) Ty + Ale2) Tz + 4(e5)* T

=1

+  4(e)?Ty,
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where:
T Y e (6 )T 2E -
e YT (6 B 2 T
T3 = % zn:(—éfg ~3 e +25 82,
=
T, = %zn:(—26f3+2||3|\2)2.

i=1

Using the Cauchy-Schwarz inequality, we have

1 n 1 n 1 n _
o< 451_; +45;[(£i—u)T€]Q+8ﬁ;[(£—
1 ¢ _
< 4gz 1€ = pl*llesll* + IE1711€: — well?] + 811€ — pl*EII1%. (C-6)

<.
—

By WLLN, |€ — u|? - 0 and LS el L, trace(Se). It follows that the
first term of (C.6) converges in probability to 0.

Recall that n|€||? = Op(1), and M L4 1, by Lemma 3.3. Hence,

we have [[]2L 30, € — pll® = (1)—1:0 (1), by Lemma 3.6, (b).
Since [|€ — p|2|]|? = op (1)OP<1 — op(1), we conclude that T} — 0, in
probability.

By replacing € with § we obtain T, — 0, in probability. Using the same
technique as above, one can prove T7; — 0, in probability, for ¢ = 3,4. This
concludes the proof of (C.5). O

Appendix D: Proof of (4.23) and (4.26)

By Lemma A.2, to prove (4.23), it is enough to show

% R D S U O R ) &

ST — X — trace(Zs)]  trace(®e) | S fol(m) — v T

By (4.19) the first factor converges in probability to 0.
By (B.6), with d* = (0,0,1,—3)T and e* = (1,—5,0,0,1,—3), we have:

n

% Z[uz(n) —u(n)]? £ Var(e*"¢h) > 0. (D.1)

i=1

Hence, using (4.21), we complete the proof of (4.23).
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We turn to the proof of (4.26). Using Lemma A.2, it is enough to prove:

nx P X ) —u(m)?
S llxi — X2 — trace(Xs)] S — 072 =op(1). (D.2)

By (4.2), L3 [llxi — X||? — trace(Zs)] = %Op(l), where b2 = trace(B,?)
and (B,,),>1 is a sequence of matrices such that B,, > | (&, — ) 2 N(0,1).
Since X — 71, in probability, by WLLN:

nx n

Yimlllxi = X[ — trace(Zs)] b7

n

Op(1) = op(1), (D.3)

using Lemma 3.6, (a) for the second equality.
By (B.?),

1 n

— > [ui(n) = u(n)]* = Op(1), (D.4)

2
C
noi=1

where ¢ = trace(X,B,?) and v, = €; — 34;, for i < n.
Also, (4.25) implies W = %0p(1).
i=11Y Y

Finally, using Lemma A.1:

n§ . Z?:l[uz(n) B M]Q

[Z?_l[lxz- —-x|? - trace(Es)]r Yl =P

n\? c2 c2 n
= a ;OP(l) = n(b%)2 Op(1) < atrace(E.,)Op(l) =op(1),

where we used Lemma 3.6, (a). This proves (D.2).0
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