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1. Introduction

Self-similar stochastic processes are of practical interest in various applications,
including econometrics, internet traffic, and hydrology. These are processes
X = {X (t) : t > 0} whose dependence on the time parameter ¢ is self-similar,
in the sense that there exists a (self-similarity) parameter H € (0,1) such that
for any constant ¢ > 0, {X (ct) : t >0} and {cX (t):¢ >0} have the same
distribution. These processes are often endowed with other distinctive proper-
ties.

The fractional Brownian motion (fBm) is the usual candidate to model phe-
nomena in which the selfsimilarity property can be observed from the empirical
data. This fBm B is the continuous centered Gaussian process with covariance
function

R"(t,s):=E[B" (t) B" (s)] = %(#’H + 27 |t — 52H). (1)

The parameter H characterizes all the important properties of the process.
In addition to being self-similar with parameter H, which is evident from the
covariance function, fBm has correlated increments: in fact, from (1) we get, as
n — 0o,

E[(BY (n)—B" (1)) BY (1)] =H(2H - 1)n*"2+0(n*"7%); (2
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when H < 1/2, the increments are negatively correlated and the correlation
decays more slowly than quadratically; when H > 1/2, the increments are
positively correlated and the correlation decays so slowly that they are not
summable, a situation which is commonly known as the long memory property.
The covariance structure (1) also implies

E (B (1) - B" (5))°] = It — /" (3)

this property shows that the increments of fBm are stationary and self-similar;
its immediate consequence for higher moments can be used, via the so-called
Kolmogorov continuity criterion, to imply that B¥ has paths which are almost-
surely (H — )-Hélder-continuous for any € > 0.

It turns out that fBm is the only continuous Gaussian process which is self-
similar with stationary increments. However, there are many more stochastic
processes which, except for the Gaussian character, share all the other proper-
ties above for H > 1/2 (i.e. (1) which implies (2), the long-memory property,
(3), and in many cases the Holder-continuity). In some models the Gaussian
assumption may be implausible and in this case one needs to use a different self-
similar process with stationary increments to model the phenomenon. Natural
candidates are the Hermite processes: these non-Gaussian stochastic processes
appear as limits in the so-called Non-Central Limit Theorem (see [5, 8, 25]) and
do indeed have all the properties listed above. While fBm can be expressed as a
Wiener integral with respect to the standard Wiener process, i.e. the integral of
a deterministic kernel w.r.t. a standard Brownian motion, the Hermite process of
order ¢ > 2 is a gth iterated integral of a deterministic function with ¢ variables
with respect to a standard Brownian motion. When ¢ = 2, the Hermite process
is called the Rosenblatt process. This stochastic process typically appears as
a limiting model in various applications such as unit the root testing problem
(see [31]), semiparametric approach to hypothesis test (see [13]), or long-range
dependence estimation (see [15]). On the other hand, since it is non-Gaussian
and self-similar with stationary increments, the Rosenblatt process can also be
an input in models where self-similarity is observed in empirical data which
appears to be non-Gaussian. The need of non-Gaussian self-similar processes in
practice (for example in hydrology) is mentioned in the paper [26] based on the
study of stochastic modeling for river-flow time series in [16]. Recent interest in
the Rosenblatt and other Hermite processes, due in part to their non-Gaussian
character, and in part for their independent mathematical value, is evidenced
by the following references: [4, 6, 10, 18, 19, 20, 27, 28].

The results in these articles, and in the previous references on the non-central
limit theorem, have one point in common: of all the Hermite processes, the most
important one in terms of limit theorem, apart from fBm, is the Rosenblatt
process. As such, it should be the first non-Gaussian self-similar process for
which to develop a full statistical estimation theory. This is one motivation for
writing this article.

Since the Hurst parameter H, thus called in reference to the hydrologist
who discovered its original practical importance (see [14]), characterizes all the
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important properties of a Hermite process, its proper statistical estimation is of
the utmost importance. Several statistics have been introduced to this end in
the case of fBm, such as variograms, maximum likelihood estimators, or spectral
methods, k-variations and wavelets. Information on these various approaches,
apart from wavelets, for fBm and other long-memory processes, can be found
in the book of Beran [3]. More details about the wavelet-based approach can be
found in [2, 11] and [30].

In this article, we will concentrate on one of the more popular methods to
estimate H: the study of power variations; it is particularly well-adapted to the
non-Gaussian Hermite processes, because explicit calculations can be performed
via Wiener chaos analysis. In its simplest form, the kth power variation statistic
of a process {X; : t € [0, 1]}, calculated using N data points, is defined as follow-
ing quantity (the absolute value of the increment may be used in the definition
for non-even powers):

—1]. (4)

There exists a direct connection between the behavior of the variations and
the convergence of an estimator for the selfsimilarity order based on these vari-
ations (see [7, 28]): if the renormalized variation satisfies a central limit theorem
then so does the estimator, a desirable fact for statistical purposes.

The recent paper [28] studies the quadratic variation of the Rosenblatt pro-
cess Z (the Viy above with k = 2), exhibiting the following facts: the normalized
sequence N'~HVy satisfies a non-central limit theorem, it converges in the mean
square to the Rosenblatt random variable Z (1) (value of the process Z at time
1); from this, we can construct an estimator for H whose behavior is still non-
normal. The same result is also obtained in the case of the estimators based
on the wavelet coefficients (see [2]). In the simpler case of fBm, this situation
still occurs when H > 3/4 (see for instance [29]). For statistical applications, a
situation in which asymptotic normality holds might be preferable. To achieve
this for fBm, it has been known for some time that one may use “longer filters”
(that means, replacing the increments X = X i by the second-order incre-
ments X —2X: + X1, or higher order increments for instance; see [7]). To
have asymptotic normality in the case of the Rosenblatt process, it was shown
in [28] that one may perform a compensation of the non-normal component of
the quadratic variation. In fact, this is possible only in the case of the Rosen-
blatt process; it is not possible for higher-order Hermite processes, and is not
possible for fBm with H > 3/4 [recall that the case of {fBm with H < 3/4 does
not require any compensation]. The compensation technique for the Rosenblatt
process yields asymptotic variances which are difficult to calculate and may be
very high.

The question then arises to find out whether using longer filters for the Rosen-
blatt process might yield asymptotically normal estimators, and/or might result
in low asymptotic variances. In this article, using recent results on limit theorems
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for multiple stochastic integrals based on the Malliavin calculus (see [22, 23]),
we will see that the answer to the first question is negative, while the answer to
the second question is affirmative. We will use quadratic variations (k = 2) for
simplicity. A summary of our results is as follows. Here 2 denotes the underlying
probability space, and L (Q) and L? () are the usual spaces of integrable and
square-integrable random variables.

e VN =T5 + Ty where T; is in the ith Wiener chaos (Proposition 2).
VN

C1,H

c1,m is given in Proposition 4.
—H

° %VN and %TQ both converge in L?(Q) to the Rosenblatt random

variable Z(1) (Théorem 3); the asymptotic variance cq g is given explicitly
in formula (16) in Proposition 3.

e There exists a strongly consistent estimator Hy for H based on Viy (The-
orem 5), and 2 ci}f(log N)N'H~(Hy — H) converges in L' (Q) to a
Rosenblatt random variable (Theorem 7). Here co y is again given in
(16). Note that while the rate of convergence of the estimator, of order
N—H10g7! N, depends on H, the convergence result above can be used
without knowledge of H since one may plug in Hy instead of H in the
convergence rate.

e The asymptotic variance ca g in the above convergence decreases as the
length of the filter increases; this decrease is much faster for wavelets-based
filters than for finite-difference-based filters: for values of H < 0.95, co g
reaches values below 5% for wavelet filters of length less than 6, but for
finite-difference filters of length no less than 16.

o When H € (1/2,2/3), then -2 [Vy — ¥4 Z(1)] converges in distri-
bution to a standard normal, where c2 g is given explicitly in formula
(16) and cg g in formula (19). Similarly, for the estimator we have that

N_[-2 log(Hy — H) — Y222 Z(1)] converges in distribution to the same

caH NI-H
standard normal. However, no mater how much we increase the order
and/or the length of the filter, we cannot improve the threshold of 2/3 for
H.

T4 converges in distribution to a standard normal (Theorem 2), where

What prevents the normalization of Vi from converging to a Gaussian, no
matter how long the filter is, is the distinction between the two terms 75 and T}.
In the case of fractional Brownian motion, Viy contains only one “T5”-type term
(second chaos), but this term has a behavior similar to our term 7}, and does
converge to a normal when the filter is long enough; this fact has been noted
before (see [7]). In our case, the normalized Ty always converges (in L? (2)) to a
Rosenblatt random variable; the piece that sometimes has normal asymptotics
is Ty, but since T always dominates it, Vy’s behavior is always that of 75. This
sort of phenomenon was already noted in [6] with the order-one filter for all non-
Gaussian Hermite processes, but now we know it occurs also for the simplest
Hermite process that is not {Bm, for filters of all orders.
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The organization of our paper is as follows. Section 2 summarizes the stochas-
tic analytic tools we will use, and gives the definitions of the Rosenblatt process
and the filter variations. Therein we also establish a specific representation of
the 2-power variation as the sum of two terms, one in the second Wiener chaos,
which we call T, and another, T}, in the fourth Wiener chaos. Section 3 estab-
lishes the correct normalizing factors for the variations, by computing second
moments, showing in particular that 75 is the dominant term. Section 4 proves
that the renormalized Ty is asymptotically normal. Section 5 proves that 75
converges in L? () to the value Z (1) of the Rosenblatt process at time 1. In
Section 6 it is shown that the variation obtained by subtracting this observed
limit of 75 leads to a correction term which is asymptotically normal. Section 7
establishes the strong consistency of the estimator H for H based on the vari-
ations, and proves that the renormalized estimator converges to a Rosenblatt
random variable in L! (). Its asymptotic variance is given explicitly for any
filter, thanks to the calculations in Section 3. In Section 8, we compare the nu-
merical values of the asymptotic variances for various choices of filters, including
finite-difference filters and wavelet-based filters, concluding that the latter are
more efficient.

2. Preliminaries
2.1. Basic tools on multiple Wiener-Ité integrals

Let {W; :t €[0,1]} be a classical Wiener process on a standard Wiener space
(Q, F, P). If a symmetric function f € L?([0,1]") is given, the multiple Wiener-
Itd integral I,, (f) of f with respect to W is constructed and studied in detail in
[21, Chapter 1]. Here we collect the results we will need. For the most part, the
results in this subsection will be used in the technical portions of our proofs,
which are in the Appendix. One can construct the multiple integral starting
from simple functions of the form f:=3", .
coeflicient ¢;,

where we put W (1(,,4)) = W ([a,b]) = W, —Wy,; then the integral is extended to
all symmetric functions in L2(]0, 1]™) by a density argument. It is also convenient
to note that this construction coincides with the iterated Ito stochastic integral

In(f)_n!/ol/otn~~~/Ot2f(t1,...,tn)thl...thn.

The application I, is extended to non-symmetric functions f via

Lu(f) = I(f) (5)
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where f denotes the symmetrization of f defined by

1
flag, ... x,) = = Z F(@o1)y, o To(n))-

ceS,

The map (n!)71/2 I,, can then be seen to be an isometry from L2([0,1]") to
L?(9). The nth Wiener chaos is the set of all integrals {I, (f) : f € L2([0,1]™)};
the Wiener chaoses form orthogonal sets in L? (Q). Summarizing, we have

E (I,(f)In(9)) = nl{f, 9) 20,1y i m =n, (6)
E (In(f)Im(9)) =0 ifm#n.

The product for two multiple integrals can be expanded explicitly (see [21]):
if f € L2([0,1]™) and g € L*(]0, 1]™) are symmetric, then it holds that

mAn

Li(N)In(9) = D 0CHChInin—a20(f @2 9) (7)
=0

where the contraction f ®; g belongs to L2([0,1]™+"~2¢) for £ = 0,1,...,mAn
and is given by
(f (29 g)(Sl, ceey Sn,g,tl, .. .,tm,g)

= /[]Zf(sl,...,sng,ul,...,ue)g(tl,...,tmg,ul,...,ue)dul...due.
0,1

Note that the contraction (f ®¢ g) is not necessary symmetric. We will denote
by (f®¢g) its symmetrization.

Our analysis will be based on the following result, due to Nualart and Peccati
(see Theorem 1 in [22]).

Proposition 1. Let n be a fized integer. Let I,(fn) be a sequence of sym-
metric square integrable random wvariables in the nth Wiener chaos such that
lmy_ oo E [In(fN)2] = 1. Then the following are equivalent:

(i) As N — oo, the sequence {L,(fn): N > 1} converges in distribution to a
standard Gaussian random variable.
(ii) For everyT=1,...,n—1

J\}LIIloo || fN ®r fN||%2[[0,1](2"*2”] =0.

2.2. Rosenblatt process and filters: definitions, notation, and chaos
representation

The Rosenblatt process is the (non-Gaussian) Hermite process of order 2 with
Hurst index H € (3,1). It is self-similar with stationary increments, lives in the
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second Wiener chaos and can be represented as a double Wiener-Ito6 integral of
the form

20 (1) = Z(1) = / / Ly(y1, y2) AWy, AW, (8)

Here {W3,t € [0,1]} is a standard Brownian motion and L;(y1, y2) is the kernel
of the Rosenblatt process

togKH oK'
90 (u,91) 90 (u,y2)du,  (9)

Ly, ) = d(H) 1. (1) Lo (32) /

Y1Vy2

where

H+1 1 H -1/
/7— =
i === andd(H) = 5= (2(21{—1))

and K is the standard kernel of fBm, defined for s < t and H € (%, 1) by

t
KH(t,s) = cHs%fH/ (u—s)Hi%qu%du (10)

1
where cyg = ([1(213(2%%)2 and ((-,-) is the beta function. For ¢t > s, we

have the following expression for the derivative of K with respect to its first

variable:
OKH

ot
The term Rosenblatt random variable denotes any random variable which has
the same distribution as Z(1). Note that this distribution depends on H.

H s\z H H-3
(t,s) .= K (t,5) = cir (;) (t—s)H%. (11)
Definition 1. A filter « of length ¢ € N and order p € N\ 0 is an (¢ + 1)-
dimensional vector a@ = {av, a1,...,as} such that

Zaquzo, for 0<r<p-1,reZ

¢
Z aqq? #0
q=0

with the convention 0° = 1.

If we associate such a filter av with the Rosenblatt process we get the filtered
process V* according to the following scheme:

. ¢ .
ol i—q .
\%4 (N) :—qg_oan<T>, fori=4¢,...,N—1.

Some examples are the following:
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i i i—1
N=)=Z2(=)—-Z .
e(w)=2(v)-2(+)
This is a filter of length 1 and order 1.
2. For o« ={1,-2,1}

()2 (5) 2 () 2 (%)

This is a filter of length 2 and order 2.

3. More generally, longer filters produced by finite-differencing are such that
the coeflicients of the filter a are the binomial coeflicients with alternat-
ing signs. Therefore, borrowing the notation V from time series analysis,
VZ(i/N)=Z(i/N)—Z ((i — 1) /N), we define V/ = VV?~! and we may
write the jth-order finite-difference-filtered process as follows

- (§)-ea(8)

From now on we assume the filter order is strictly greater than 1
(»=>2).

1. For a = {1, -1}

For such a filter o the quadratic variation statistic is defined as
N—
=¢

Using the definition of the filter, we can compute the covariance of the filtered
i

process V' (%):
so-sli () ()
$ e () 2(44)

q,7=0
N72H ¢
= S > g (= P i = P g - )
q,7=0
N72H ¢
I Z agon|j+q—r*
q,7=0
N72H ¢
+ > agay (Ji—ql* + i+ 5 —r|*H).

q,7=0
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Since the term Zq o g0 (|i — g + |i + j — r|*!) vanishes we get that

N72H L ol
w() = o 3 aganli g (12)

q,7=0

Therefore, we can rewrite the variation statistic as follows

!V“ i)!Q
VN—N éz —1]
—1

2N2H e N A Y

- ( Zaraqm—ﬂ”) > |+ (%)] -
q,7=0 i=L

oN2H i ]E
e v ()] o).
where

¢
— Z araglg — 1?7 (13)

q,7=0

The next lemma is informative, and will be useful in the sequel.
Lemma 1. ¢(H) is positive for all H € (0,1]. Also, ¢(0) = 0.

Proof. For H < 1, we may rewrite ¢ (H) by using the representation of the
function |qg — 7|?# via fBm B as its canonical metric given in (3), and its
covariance function Ry given in (1). Indeed we have

— i aro E [(BH (q) — B (T))ﬂ
q,7=0
¢

=— Y oaq(Ru(g.9)+ R (r,r) — 2Rp (q,7))

q,7=0
4 0 4
= -2 (Z aq> (Z ar Ry (T, T)) +2 Z araqRH (Qa T)
q=0 r=0 q,r=0

£

=0+2 Z OzTquRH q,r <ZanH ) >0

q,7=0

where in the second-to-last line we used the filter property which implies 2520

ag = 0, and the last inequality follows from the fact that 25:0 a,BH (q) is
Gaussian and non-constant. When H = 1, the same argument as above holds
because the Gaussian process X such that X (0) =0 and E[(X (t) — X (s))2] =
|t — s|* is evidently equal in law to X (t) = tN where N is a fixed standard
normal r.v. The assertion that ¢(0) = 0 comes from the filter property. O
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Observe that we can write the filtered process as an integral belonging to the
second Wiener chaos

e (5) =g (5

14
C; = ZaqLFTq. (14)
q=0

Using the product formula (7) for multiple stochastic integrals now results in
the Wiener chaos expansion of V.

) 1, (zaqb ) =1 (Cy),

where

Proposition 2. With C; as in (14), the variation statistic Viy is given by

N—-1

IN2H 5 .

Vo = i 2 | OO )
2N Nﬁll C;0C 4N711 C; @, C.
St el DORICEIIRE) LTS

=Ty + 1T,

where Ty is a term belonging to the 4th Wiener chaos and To a term living in
the 2nd Wiener chaos.

In order to prove that a variation statistic has a normal limit we may use the
characterization of N'(0, 1) by Nualart and Ortiz-Latorre (Proposition 1). Thus,
we need to start by calculating E [|VN|2] so that we can then scale appropriately,
in an attempt to apply the said proposition.

3. Scale constants for To and T}

In order to determine the convergence of Vi, using the orthogonality of the
integrals belonging in different chaoses, we will study each term separately.
This section begins by calculating the second moments of 75 and 7.

In this section we use an alternative expression for the filtered process. More
specifically, denoting b, := ZZ:O ar, we rewrite C; as follows, for any ¢ =
l...,N—1:

14
Ciyg = Ci = Z O[qLi—Tq
=0

:aO(L%—L%)+(010+041)(L%_L%)+
+ (g + -+ ap1) (Lif(ffl) - L%)
N
¢
=3 b (Ligen = Lia). )
q=0

Recall that the filter properties imply 2520 ag=0and ay = — Zi;é Oy
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3.1. Term Ty

By Proposition 2, we can express E(T%)

2
64 N4H
E(T2) = AN 07 Z I (C; ®10)>
2164 N4H N
= qmey o7 2, (G G G Cidiagoa

ij=t
Proposition 3. We have

lim E[’Nl HT2’ } =C2H.

N—oo

where
64 2H — 1
C =
2,H c(H)2 \H (H+1)2
¢ 2
X { > bybr [|1+q—r|2H/+|1—q+T|2H/ —2|q—r|2H/}} . (16)
q,7=0

This proposition is proved in the Appendix.

3.2. Term Ty

In this paragraph we estimate the second moment of T}, the fourth chaos
term appearing in the decomposition of the variation V. Here the function
Zf;}l (C; ® C;) is no longer symmetric and we need to symmetrize this kernel
to calculate Ty’s second moment. In other words, by Proposition 2, we have that

ANAH e ’
E (T7) = WE (Z Ii(Ci® Ci))

i={
4N4H

N—
= = Z (Ci®Cy, C;&C)) L2(j0,11)

where C;®RC; 1= C?é)/Cl Thus, we can use the following combinatorial formula:

If f and g are two symmetric functions in L?([0,1]?), then

AfRF, 9R9) L2(j0,1]4)
=(2N{f® £,9® 920,10 + (2D)*(f ®1 9,9 ®1 f)r2(j0,1)2)-
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It implies

2

, ANAH ) _
E (T}) = m‘“ (Ci&Ci, C;0C)) 12 (0,114
¥

s
1
~

2

ANAH
= TN 2t % [z j i) L2 4
C(H)2(N - €)2 S <C ® C C‘] ® C‘]>L ([071] )

i,j=~C
4N4H N—-1
emp ot 2 G G e Gl

= T47(1) + T47(2).

The proof of the next proposition, in the Appendix, shows that the two terms
Ty 1y and T}, (2) have the same order of magnitude, with only the normalizing
constant being different.

Proposition 4. Recall the constant ¢ (H) defined in (13). Let

o) 4
L=, > by bgbrbr, / dudvdu’ dv’
[0,1]*

k=( q1,92,71,71=0

[Iu—v+k—q1+n|2H2|u’—v’+k—q2+r2|2H2

|U—U/+k—Q1+Q2|2H2|U—U/+k—T1+T2|2H2]-

and . -
o o Sarmo Cat ka1
P = c(H)

Then we have the following asymptotic variance for /NTy:
2 o0
Jim E U\/N T4’ ] =cy g =4 <1+Z |p?1(k)|2> + 7. (17)
k=0

This proposition is proved in the Appendix. Observe that in the Wiener chaos
decomposition of Vi the leading term is the term in the second Wiener chaos
(i.e. Ty) since it is of order N¥=1 while T} is of the smaller order N~/2. We
note that, in contrast to the case of filters of lenght 1 and power 1, the barrier
H = 3/4 does not appear anymore in the estimation of the magnitude of T}
Thus, the asymptotic behavior of Vi is determined by the behavior of T,. In
other words, the previous three propositions imply the following.

Theorem 1. For all H € (1/2,1) we have that

lim E UN“H VNﬂ = Co.H,

N—oo

where co g7 is defined in (16).
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From the practical point of view, one only needs to compute the constant
c2, g to find the first order asymptotics of V. This constant is easily computed
exactly from its formula (16), unlike the constant ¢; g in Proposition (4) which
can only be approximated via its unwieldy series-integral representation given
therein.

4. Normality of the term T,

We study in this section the limit of the renormalized term 7} which lives in
the fourth Wiener chaos and appears in the expression of the variation V. Of
course, due to Theorem 1 above, this term does not affect the first order behavior
of Vv but it is interesting from the mathematical point of view because its limit
is similar to those of the variation based on the fractional Brownian motion
([29]). In addition, in Section 6, we will show that the asymptotics of Ty, and
indeed the value of ¢; g, are not purely academic. They are needed in order to
calculate the asymptotic variance of the adjusted variations, those which have
a normal limit when H € (1/2,2/3).
Define the quantity

VN VN  on2H N
Ty = NN —7 Z I (C; @ Cy)
C1,H VC1,H C( )( - ) =0

\/NQNQH N—-1
N <mC(H) N —0) ;(01@)01)) =1,(gn)- (18)

Gn

From the calculations above we proved that limy_..c E(G%) = 1. Using the
Nualart—Peccati criterion in Proposition 1, we can now prove that G is asymp-
totically standard normal.

Theorem 2. For all H € (1/2,1) G defined in (18) converges in distribution
to the standard normal.

Setup of proof of Theorem 2. To prove this theorem, by Proposition 4 and
Proposition 1, it is sufficient to show that for all 7 =1, 2, 3,

Jm o ey =0

For 7 = 1,2, 3, this quantity can be written as

ANAHA+1 2 ||N-1 i
]Vlgnoo (Cl HC(H)Q(N—€)2> Z(Q@CJ@T(CJ- ® Cj)
: ij=t L2([0,1](8-27))
2

) 4N4H+1 2||IN=1
s N (cl ()N — e)2> 2_(Co0) e (a0

i,5=¢ L£2([0,1](8-2m))
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) 4N4H+1 2
A (CLHC(HV(N - e)2>
N—1
Y {(Ci®Ch) @ (C5@C), (Com ® ) @7 (Cr @ C)) -

i,5,m,n=>~¢

The Appendix can now be consulted for proof that for each 7 = 1,2, 3 this
quantity converges to 0, establishing the theorem. O

5. Anormality of the T term and asymptotic distribution of the
2-variation

For the asymptotic distribution of the variation statistic we have the following
proposition.
Theorem 3. For all H € (1/2,1), both J\\/[_TQ and the normalized 2-variation

]ji,—;_ZVN converge in L*(Q) to the Rosenblatt random variable Z(1).

Setup of proof of Theorem 3. The strategy for proving this theorem is sim-
ple. First of all Proposition 4 implies immediately that N'=HT, converges to
zero in L?(Q). Thus if we can show the theorem’s statement about T%, the
statement about Vy will following immediately from Proposition 2.

Next, to show %TQ converges to the random variable Z (1) in L? (Q),

recall that Tb is a second-chaos random variable of the form I>(fn), where
In(y1,92) is a symmetric function in L2([0, 1]?), and that this double Wiener-
Itd integral is with respect to the Brownian motion W used to define Z (1),
ie. that Z (1) = Iy (Ly) where L; is the kernel of the Rosenblatt process at
time 1, as defined in (9). Therefore, by the isometry property of Wiener-It6

ffN
in LQ([O 1]2) to Ly. Thi d in the A di O
, 1. is is proved in the Appendix.

integrals (see (6)), it is necessary and sufficient to show that converges

6. Normality of the adjusted variations

In the previous section we proved that the distribution of the variation statistic
Vi is never normal, irrespective of the order of the filter. However, in the de-
composition of Vjy, there is a normal part, Ty, which implies that if we subtract
Ty from Vi the remaining part will converge to a normal law. But 75 is not ob-
served in practice. Following the idea of the adjusted variations in [28], instead
of Ty we subtract Z(1) which is observed. Z(1) is the value of the Rosenblatt
process at time 1. Thus, we study the convergence of the adjusted variation:

C C
Vv - ¥ 22 Z(1) =V — To + Tz — Y22 7(1)

=Ty + Us.
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In Section 4 we showed that gﬂ converges to a normal law. For the quan-
tity Uz we prove the following prbposition

Proposition 5. For H € (%, %), VNUy converges in distribution to normal

with mean zero and variance given by

> 1
s = cam » (N —k— 1)K F (E) : (19)

k=1
where co 7 is defined as in (16) and F is defined as follows

¢
F(z) = d(H)*a(H)? Z / dudvdu'dv" |(u — v’ + g2 — q1)z + 1|2H -2
[0,1]*

q1g2r172=0

128a(H)2d(H)? . -
02(HC)(H§2 ) |U_U—QI+T1|2H 2|u/—v/—qz+7"2|2 ’
r_ 16d(H)a(H r_
[(v—v" —r +T2)x+1|2H 2—¢|u—v—q1+rl|2H 2
Ca.mc(H)
2H'—2

2H'—2

[(v—u —qo +m)x+1] +(u—u +q —q)r+1]

Proof. The proof follows the proof of [28, Proposition 5] and is omitted here.
O

Therefore, for the adjusted variation we can prove the following

Theorem 4. Let Z; : t € (0,1) be a Rosenblatt process with H € (1/2,2/3).
Then the adjusted variation

\/N Co H
e — 2 ——7(1 ) .
ci,g+c3m (VN( @) N1-H @

converges to a standard normal law. Here ¢y 1, ¢o. 51, and cs g are given in (17),

(16), and (19).

Proof. The proof follows the steps of the proof of [28, Theorem 6] and is omit-
ted. O

7. Estimators for the self-similarity index

We construct estimators for the self-similarity index of a Rosenblatt process Z
based on the discrete observations at times 0, %, %, ..., 1. Their strong consis-
tency and asymptotic distribution will be consequences of the theorems above.
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7.1. Setup of the estimation problem

Consider the quadratic variation statistic for a filter o of order p based on the
observations of our Rosenblatt process Z:

Sy :_%XN: (iaqz (i]_vq>>2. (20)

i=¢ \q=0

We have already established that E[Sy] = —@ Zf;m:o agay|qg — [ (see

expression (12)). By considering that E[Sy] can be estimated by the empirical
value Sy, we can construct an estimator Hy for H by solving the following
equation:

N*QPIN 4

) Sy

—T|2ﬁN.

q,7=0
In this case, unlike the case of a filter of length 1 which was studied in [2§],
we cannot compute an analytical expression for the estimator. Nonetheless, the
estimator Hy can be easily computed numerically by solving the following non-
linear equation for fixed N, with unknown z € [1/2,1]:

N72x 4
5 > agonlg —r* — Sy(2,a) = 0. (21)

q,7=0

This equation is not entirely trivial, in the sense that one must determine
whether it has a solution in [1/2,1], and whether this solution is unique. As
it turns out, the answer to both questions is affirmative for large N, as seen in
the next Proposition, proved further below.

Proposition 6. Almost surely, for large N, equation (21) has exactly one so-
lution in [1/2,1].

Definition 2. We define the estimator Hy of H to be the unique solution
of (21).

Note that Equation (21) can be rewritten as Sy = c(x)N~2%/2 where the
function ¢ was defined in (13). The proposition is established via the following
lemma.

Lemma 2. For any H € (1/2,1), almost surely, limy_oo N?2Sy = c(H) /2.

Proof. Firstly, we show that Vy converges to zero almost surely as N — oo.
We already know that this is true in L? (). Consider the following

P (V| > N™%) < NYE (|Vy|%) < ¢4 [E (VE)]"? < e NN,

If we choose f < 1 — H and ¢ large enough so that (1 — H — 8)g > 1. This
implies that

S P(Vn|>NP)<e) NOHAD < o0
N=0 N=0
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Therefore, the Borel-Cantelli lemma implies |V| — 0 a.s., with speed of con-
vergence equal to N7, for all 3 < 1 — H. Since Vy = % — 1 we have

QNz2H oH
1+Vy =-— Sy =2N SN/C(H) (22)

0
Zq,r:O aan|q - T|2H

The almost-sure convergence of Vi to 0 yields the statement of the lemma. [J

Proof of Proposition 6. For z € [%, 1] and for any fixed N, define the func-
tion

clx) N2z ‘
Fy (@) = -2 gy = N5 o g s,
q,7=0

Equation (21) is Fiy (z) = 0. Observe that Fiy(z) is strictly decreasing. Indeed,
we have that

¢ ¢
F (z) = log (N72x) Z agon|qg — r[* - N7 Z agologlg—r| g — r*.
q,7=0 q,7=0
Then, Fy (z) < 0 is equivalent to

0
ZQ,T:O O‘QO‘T 10g |q - T| |q - T|2x}

0
Zq,r:O aan|q - T|2x

N>exp{

since we know, using Lemma 1, that ¢(z) = Ze agar|g — r|**, which is

q,7=0
evidently continuous on [4, 1], is strictly negative on that interval. Thus, if we

choose N to be large enough, i.e.

4
{ Zq,r:O aan 10g |q - T| |q - T|2x}

‘
Zq,T:O agarlg —r**

N > max exp
z€[11]

the function Fiy (z) is invertible on [1,
one solution there.

To guarantee existence of a solution, we use Lemma 2. This lemma implies the
existence of a sequence ¢ such that 2N2H Sy = ¢(H)+en and limy oo exy = 0
almost surely. Since in addition ¢ is continuous, then almost surely, we can choose
N large enough, so that 2N?# Sy is in the image of [, 1] by the function c.
Thus the equation ¢ (x) = 2N?# Sy has at least one solution in [1,1]. Since this
equation is equivalent to (21), the proof of the proposition is complete. O

1], and equation (21) has no more than

7.2. Properties of the estimator

Now, it remains to prove that any such Hy is consistent and to determine its
asymptotic distribution.
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Theorem 5. For H € (1/2,1) assume that the observed process used in the
previous definition is a Rosenblatt process with Hurst parameter H. Then strong
consistency holds for Hy, i.e.

lim Hy = H, a.s.
N—oo

In fact, we have more precisely that limpy_, o (H — ﬁN) log N =0 a.s.

Proof. From line (22) in the proof of Lemma 2, and using the fact that Hy
solves equation (21), i.e. c(ﬁN)N*HN = 2SN, we can write

2N2H H .
1+ Vv =-= Sy = LN i),
Pgrm0 Qq0rlg — T2 c(H)

Now note that ¢(Hy)/c (H) is the ratio of two values of the continuous func-
tion ¢ at two points in [1/2, 1]. However, Lemma 1 proves that on this interval,
the function c is strictly positive; since it is continuous, it is bounded above and
away from 0. Let @ = mingep/2,17¢(x) > 0 and A = max,epi/2,17¢(x) < 00.
These constants a and A are of course non random. Therefore c¢(Hy)/c (H) is
always in the interval [a/A, A/a]. Thus, almost surely,

log (e(1x) e (11)) | < log 2.

We may now write

log (1 + V) = 2(H — Hy) log N + log (iij;) : (23)

Since in addition limy_ . log (1 + V) = 0 a.s., we get that almost surely,

- 1
H—H’:O .
’ N (10g N >
This implies the first statement of the proposition.
The second statement, which is more precise, is now obtained as follows.

Since Hy — H almost surely, and ¢ is continuous, 1og(c(ﬁ ~)/c(H)) converges
to 0. The second statement now follows immediately. O

The asymptotic distribution of the estimator Hy is stated in the next result.
Its proof uses Theorem 3 and Theorem 1, plus the expression (23). While novel
and interesting, this proof is more technical than the proofs of the proposition
and theorem above, and is therefore relegated to the Appendix.

Theorem 6. For any H € (%, 1), the convergence

Jim 2¢ 1 * N (Hy — H) log N = Z(1)

holds in L? (), where Z(1) is a Rosenblatt random variable.
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As can be seen from Theorem 3 and Theorem 6, the renormalization of the
statistic Vi, as well as the renormalization of the difference Hy — H , depend
on H: it is of order of N'~# . The quantities N'=#Vy and N'=H# Hx cannot be
computed numerically from the empirical data, thereby compromising the use
of the asymptotic distributions for statistical purposes such as model validation.
Therefore one would like to have other quantities with known asymptotic distri-
bution which can be calculated using only the data. The next theorem addresses
this issue by showing that one can replace H by Hy in the term N'=H# , and
still obtain a convergence as in Theorem 6, this time in L' (). Its proof is in
the Appendix.

Theorem 7. For any H € (3,1), with the Rosenblatt random variable Z (1),

lim E [[2 33N 10g N (Hx — H) = 2 (1)|| = 0.

N—oo

8. Numerical computation of the asymptotic variance

In practice certain issues may occur when we compute the asymptotic variance.
The most crucial question is what order of filter we should choose. Indeed, from
(16) with Hy instead of H, it follows that the constants of the variance not only
depend on the filter length/order (¢, p), but also on the number of observations
(N). We measure the “accuracy” of the estimator Hy by its standard error
which is the following quantity:

V62 B
ON1-Hx]og N

There are several types of filters that we can use. In this paper, we choose to
work with finite-difference and wavelet-type filters.

e The finite-difference filters are produced by finite-differencing the process.
In this case the filter length is the same as the order of the filter. The
coefficients of the order-¢ finite difference filter are given by

ak_(—1)k+1(£>, E=0,...,¢

e The wavelet filters we are using are the Daubechies filters with k-vanishing
moments. (By vanishing moments we mean that all moments of the wavelet
filter are zero up to a power). The Daubechies wavelets form a family of
orthonormal wavelets with compact support and the maximum number
of vanishing moments. In this scenario, the number of vanishing moments
determines the order of the filter and the filter length is twice the order.
For more details, the reader can refer to [17].

We computed the standard error for N = 10, 000 observations, filters of order
varying from 2 to 20 and Hurst parameters varying from 0.55 to 0.95. This means
that the corresponding lengths of the finite-difference filters were 2 to 20 and
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Standard Error vs. Order of Filter (for different H) Standard Error vs. Filter Order (for different H)

Standard Error
Standard Error

5 10 15 2 % 30 0 2 4 6 8 10 12 14 16
Filter Order Filter Order

0

Fic 1. Finite Difference Filters. F1c 2. Wavelet Filters.

Standard Error vs. Order of Filter (for H=0.55)
0.018

Finite Difference
0.016 ~—— Wavelet Filter

0.014

o
=1
2
~

Standard Error
o
=)
2

0.008

0.006

0.004

0.002 I I I I I ,
0 5 10 15 20 25 30

Filter Order

F1c 3. Comparison between the two types of filter.

for the wavelets 4 to 40. The code we use to simulate the Rosenblatt process is
based on a Donsker-type limit theorem and was provided to us by J.M. Bardet
[1]. The results are illustrated in the figures 1, 2, and 3, on the next page; these
are graphs of the asymptotic standard error \/c3 /(2N 1=H~ log N) for various
fixed values of H as the order of the filters increase.

We observe that the standard error decreases with the order of the filter.
Furthermore, we observe that the wavelet filters are more effective than the
finite-difference ones, since they have a higher impact on the decrease of the
standard error for the same order, as the filter increases. Specifically, the graph
in Fig. 1, with the finite difference filters, shows that for fixed H, there is no
advantage to using a filter beyond a certain order p, since the standard error
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tends to a constant as p — oco. This does not occur for the wavelet filters, where
the standard error continues to decrease as p — oo in all cases as seen in the
graph in Fig. 2. On the other hand, the finite-difference filters have lower errors
than the wavelet filters for low filter lengths; only after a certain order p* do
the latter become more effective; this comparison is seen in the graph in Fig. 3,
where p* is roughly 9.

In addition, since the order of convergence depends on the true value of the
Hurst parameter H, we investigated the behavior of the error with respect to
H. Tt seems that the higher H is, the more we lose in terms of accuracy; this is
visible in all three graphs.

In general, the choice of a longer filter might lead to a smaller error, but at
the same time it increases the computational time needed in order to compute H
and its standard error. In a future work, we will study extensively this trade-off
and other consequences of using longer filters.

9. Appendix: proofs
9.1. Proof of Proposition 3

We start by computing the contraction term C; ®, C;:

1
(Ci @1 Ci)(y1,92) :/ Ci(z,y1)Ci(z, y2)dx
0

Z bybr / (L$($,y1)—l;i%(xayl))

q,7=0
(Li*(r—l) (z,y2) — LF_T(.I, yg)) dx

X

i—q+1 ,i—r41
N NN

Z b b 10 i— q+l](y1)1[0 iz 7'Jrl](yQ)‘/ d:C

q,7=0

= or 8KH/

x / ) 25— ()
KM 8KH/

[T e T e

¢
=d(H)? Z bqbrl[oy#](yl)l[oy#](yﬁ
q,7=0

H’ H
X / / du dv oK (u,y1) oK (v, y2)dudv
1 ou ou

uAv 8KH/ 8KH/
X (/0 dx 50 (u, x) 5 (v,x))
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14

= a(H)d(H)* Z bqbrl[o,#](yl)l[o,#](yﬁ
q,7=0

. L OKH OKH
du dvlu — |2 22— - dud
] ol o S ) T

where I;, = (FT‘I, —FJ‘{,H].

Now, the inner product computes as

(Ci @1 Ci, C5 €1 Cj) 121 12
¢

1 1
= Q(H)2d(H)4 Z blh le qu sz / / dyldyQ
0 0

q1,71,92,72=0

/ / / / dudvdu/dv’|u—v|2H/*2|u/ _ v’|2H/*2
I; I. I. I

tq1 try Ja2 Jrg
oK oK oK OK ™
ou (’LL, yl) BN (’U, y2) ou' (’LL/, yl) W(v/a y2)dUdvdu/dv/

4
- Q(H)2d(H)4 Z b, brybgybr,

q1,71,92,72=0

! !
/ / / / dudvdu/dv’ |u — v =2/ — /P 2
Ly J1i,. J1, I

tq1 try Jaz Jrg

uAu’ 8KH/ 8KH/
(/0 W(U,yl)w(u/,yl)dm)

vAv 8KH/ 8KH/
(/0 W(U,yl)w(v’,yz)dm)
¢

- Q(H)4d(H)4 Z b, bry by br, ~/I ~/I
tqy

q1,71,92,72=0

/ / dudvdu’dv’

iry Jqa Jro
% |u _ v|2H/*2|u’ _ v’|2H/*2|u - u/|2H/72|v B v’|2HL2,

We make the following change of variables

u= (u—l_m)N
N

and the second moment of T5 becomes

E (13)

N—-1 14

128 a(H)*d(H)* N*H
T qmE  Wop e, 2 bbb / /.

i,5=f q1,71,92,72=0

iry

% / / dudvdu’dv’|u _ v|2H/*2|u’ _ v’|2H/*2|u _ u’|2H/*2|v _ v/|2HL2
I, I;

Jqg Irg
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128 a(H)*d(H)*  N*H ;N ¢
= C(H>2 (N _ €)2 N4N8H' -8 Z Z btnb?“l bq2br2

i,5=¢ q1,71,92,72=0
! !
X / dudvdu'dv’|u — v — g1 + 1|2 2|0 — v — g + 1| 2
[0,1]*

Xlu—u' +i—j—q+q@* Ho—v +i—j—r+ 22

128 a(H)*d(H)* 1 N-1 ¢ / .
= bg,br, by, by dudvdu’d
C(H)2 (N - €)2 Z Z q1vr1vq2vr2 0,14 udvau av

i,5=0 q1,71,q92,m72=0

r_ ’_
xJu—v—q +r* P =0 —go + P

Let cst. = %. We study first the diagonal terms of the above double

sum
E (T227 diag)
14

N—(—1
P et > bgbrbgybr, / dudvdu’dv’
0,1)4

41,71,42,72=0 [
X |lu—v—q1+ T1|2H/72|’U,/ —v —qo + T2|2H/72
X |u—u' —q + q2|2H/72|v —v =7+ T2|2H/72.
We conclude that
E (T3 4i0y) =O (N7
Let’s consider now the non-diagonal terms

14
E (15 ,;;) =2cst. Y bgby,bgby,

q1,71,92,72=0

X / dudvdu’dv’ x |u —v — q1 + T1|2H/72|U/ v =g+ 7"2|2H/72
[0,1]4

N—1
ﬁ Z |u—u/—|—i—j—q1—|—q2|2H/72|v—v/—|—i—j—T1 —|—T2|2H/72
i,j=C, i#j
(24)
Observe that the term (24) can be calculated as follows:
1 = : /
e Z lu—u'+i—j—q+r P 2o—v +i—j—r +ro? 2
i,j=C i#j
1 N—1N—i / /
- S =t k=gt g o= + k=g

i=¢ k=1
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1 N—-1
- kz:;(zv_k—m

X Ju—u' 4k —qu+ g2 2 — o 4k — |22
N—-1
’ k+1
_ nT4H'—
=N N é?z(l_—>

2H'—2 , 2H'—2
vV —0 k ry—17To

u—u k- q
N N N

N N N

X

We may now use a Riemann sum approximation and the fact that 4H' — 4 =
2H —2 > —1. Since / is fixed and ¢g; and g2 are less than ¢, we get that the term
in (24) is asymptotically equivalent to

So-H)k

k={

2H'—2 k 2H' —

N

= /0 (1—2)2*2dz+0(1) = M—i—o(l).

We conclude that

14

cst N2H-2

q1,71,92,72=0
X / dudvdu’dv' |u — v — q1 + T1|2H/72|’U/ —v =g+ T2|2H/72.
[0,1]
Using the fact that
/ lu—v — q+ " 2dudv
[0,1]2
1 ’ ! !
= SHGE T [|1+q—r|2H +1—g+r* —2|qg—7r?"
the proposition follows.
9.2. Proof of Proposition 4

9.2.1. The term B (T2 ;)

We have

4N4H N—
B(T}0) = CHEN =2 Z Ci ® i, G @ Cj) 2 (o,1)1)
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AN4H e
= TERN T 4! l;g](C“C >L2(012)’
The scalar product computes as
(Ci, Cj)r2(j0.1)%)
<ZaqL1 a, ZO&,«L] r>
L2([0,1]?)

/ / (Z aqu q yl,y2> (i: ozTL yl,y2)> dy, dys

r=0

07> e [ [ [ s <u,y1>8§f/<u,y2>du]

q,r=0 Y1Vy2

~ oKH oK
X l/ylvw W( Y1)~ 50 (v, y2)dvl dy1dys

2
uNAv 8KH 8KH/
Z aqar/ / (/ —— () (U,yl)dm) dudv
ou ov

q,7=0

= Z aqar/ / u — v 2 dudv

q,7=0

where a(H) = ZHED — f/(2F’ — 1) and

el
/ / lu — v]*2 2 dudv =
0 0

. 2H
t—4q
N

j=r
N

|J—itg—r
N

2H ’

:

2H
2
H(2H — 1) [ ] (25)
a(H)? d(H)?

Using the fact that =gGm—7- = 1 and (25) the scalar product becomes

(Ci, Ci)r2(10.1)2)

¢ . H . H o H
:oz(H)Qd(H)2 Zaa z—q2 n ]—T2 B ]—z+q—r2
HRH-1) == """ |'N N N
¢ 2H . 2H . 2H
1 t—4a J—-r J—t+q-—r
SN T
q,7=0
1 ¢ Z_qQH ¢
q=0 r=0
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¢ . H ¢ ¢ i—jtq—r 2H
(e[ (o) - 2 e[
r=0 q=0 q,7=0
¢ o 2H
1 1—)+q—r .
:_§ZO‘WTT =g (i—J)
q,7=0

The last equality is true since 25:0 ag = 0 by the filter definition. Therefore,
we have
2

N-—1 ) 1N*l ¢ Z—]+q—T2H
> [Ci Cidrzoap | = 7 22 | D awon |——
i,j=~C i,j=L |q,7=0
2
1N*lN*Q ¢ k+q—T2H
IS g [
i=¢ k=0 |q,7=0
N-*H(N —¢ : 2H :
= 4 Z aan|q_T|
q,7=0
N-1N-2| ¢ 212
1 k+qg—r
+12 Z D gl |
i=¢ k=1 |q,r=0
2
N=HH(N—¢—1) 1= ‘ k4q—r*
_ 2
= ¢(H) . +ZZN k—2) ZanTT
k=0 q,7=0
2
N—-1—-1 N74H N74H+1 N-2 L
= c(H)Q( 1 ) + 1 Z [ |k+q—r|2H
k=0 |q,r=0
N74H N-—-2 ¢ 2
—2 1 Z Zaqar|k+q—r|2H
k=0 |q,r=0
N74H N-—-2 ¢ 2
+ Zk Z aan|k+q—r|2H
k=0 q,7=0

At this point we need the next lemma to estimate the behavior of the above
quantity. This lemma is the key point which implies the fact that the longer
variation statistics has, in the case when the observed process is the fractional
Brownian motion, a Gaussian limit without any restriction on H (see [12]).

Lemma 3. For all H € (0,1), we have that

2
() X7 [ S0 gtk + g = 12| < oo

2
(i) 520 b |3 garlb+ a — 72| < oo,
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Proof. Proof of (i). Let f(x) = Zf;m:o agor (14 (g — rz)*? so the summand
can be written as

Y4
1
> agarlibq-rP =g ().

q,7=0

Using a Taylor expansion at xg = 0 for the function f(z) we get that

(1+(q—r2)* =
2H(2H —1)...(2H —n+1)

1+2H(g—r)z+---+ o

(g = r)"am.

For small x we observe that the function f(z) is asymptotically equivalent to
2H(2H —1)...(2H — (p — 1))z*®,

where p is the order of the filter. Therefore, the general term of the series is

equivalent to
(2H)?(2H —1)*...(2H — (p — 1))2k*H %

Therefore for all H < p — % the series converges to a constant depending only
on H. Due to our choice for the order of the filter p > 2, we obtain the desired
result.
Proof of (#i). Similarly as before, we can write the general term of the series
’ 2
> aqarlktg -

as
1
k2H -
(x)
q,7=0

~ (2H)?(2H —1)%...(2H — (p — 1))k —4r—1

2

k =k

Therefore for all H < p the series converges to a constant depending only
on H. O

Combining all the above we have

4 N4H N

2
B (Tf,u)) T (HP(N-0? 11)2(1\]_5)24!;;:1 (Ci, Cj) 20,112 |
4 N4H 1
= A Ze(H)?*N—¢—1)NH
c(H)*(N —0)? [4 ey

Y 2

N-4H+1 N2
- Z QqQy |k+q—T|2H

+

4
k=0 |q,r=0
N74H N-2 4 2
) 1 Z Z aan|k+q—T|2H
k=0 |q,r=0
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N74H N-2 4 2
Tty Zk Zaqar|k+q—T|2H ]
k=0 q,7=0

41 s N—t—1 N 1
= q@y lC(H’ o * (oo e

N-2| ¢
> agarlk+g—r
k=0 |q,r=0
1 N-2 ¢ 2
+—_— k ZaaT|k+q—r|2H ]
— /)2 a
(N é) k=0 q,7=0
4! N l+1 N -2
= H)? —
(H? lc( P (o~ o) e
N-2| ¢ 2
Z agor |k +q— r|*
k=0 |q,r=0
1 N-2 ‘ 2
2H
+(N—€)2 k Zaan|k+q—r| ]
k=0 q,7=0
4!
~ [C(H)Q (N"'=(+1)N?)+ (N1 —2N7?)

¢
> agarlk+q—r[*"

C
N—-2
k=0

q,7=0
N—2 ¢ 2
+N72Zk Zaan|k+q—r|2H ]
k=0 q,7=0

Since the leading term is of order N ! we have that

2

N—-2 Y4
_ _ H
B(12,)) =4 e(H) 2N (2 + Y |3 agar k4 q—rf
k=0 |q,r=0

If we define the correlation function of the filtered process as

‘ H
o (k) = (k) S o gy [+ g — e

we can express the asymptotic variance limy _, oo N E(T42 (1)) in terms of a series
involving p% (k).
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9.2.2. The term E (Tf@))

In order to handle this term we use the alternate expression (15) of C;. Therefore,
following similar calculations as in the 75 case we get that

E(Tj(2))
B o
= bq bq br br / dudvdu/dv’
(V=07 ql>q2§7”1:0 e [0,1]*

X Z [|u_v+i_j_QI+T1|2H2|u/—v/—|—i—j—q2—|—r2|2H2

)
w—' +i—j—qr+ gl = i —r e 2
B o
( N — ()2 Z bgy bgs bry bry / dudvdu'dv'
q1,92,71,71=0 [0,1]4
N-1N—f—i
x > [|u—v—|—k—ql—|—r1|2H2|u/—v’—|—k—q2-|-r2|2H2
i=f k=0

|’UJ—’UJ/+I€—q1—|—q2|2H72|’U—’U/—|-I€—T1—|—T2|2H72

(3) 0
CyH Z
é) b q1 qu le brz ‘/{0)1]4 dUdvdu/dv/

N -
q1,92,71,r1=0
N—{ / /
x D (N k-1 [Iu—v+k—q1+ml2H2|u’—v’+k—q2+r2|2H2
k=0

|u—u’+k—Q1+Q2|2H2|v—v/+k—r1+r2|2H2],

We study the convergence of the above series as N — oo
N-1

Z(N_k_l)[|u_v+k—Q1+T1|2H2|u/—v/—|—k—q2—|—r2|2H2
k=0
|’UJ—U/—|—I€—(]1—|—QQ|2H2|’U—’U/—|—k—7"1—|—7"2|2H2]
N—-1 ) /
:(N—l)z |:|U—U+k—q1_|_,rl|2H2|u/_v/+k_q2+,r2|2H2
k=0

|’UJ—U/—|—I€—(]1—|—QQ|2H2|’U—’U/—|—/€—T1—|—T2|2H2]

N—-1
_Zk[|u_v+k—q1+T1|2H2|u/—v/—|—k—q2—|—r2|2H2
k=0



A. Chronopoulou et al./Rosenblatt variations using longer filters 1423

|u—u/—|—k—q1—|—q2|2H72|v—v/—|—k—rl—|—r2|2H72

=) + (II).

Therefore the general term of the series is asymptotically equivalent to

((2H’—2)...(2H’—2p—1

4
(2p)! >> (u=v—qi+71)* (u v —go+12)*

. (u _ u/ —q + q2>2p (’U _ ’U/ —r + T2>2p k4H7478p,
which converges for all H € (1,1). We treat the second series (II) in the same
way and we get that it is asymptotically equivalent to cst. k*#~4=87_ Combining
all the above we have

E (Tj@))
¢

C/
- ﬁ Z bgy gy by, by / dudvdu'dv’

q1,q2,71,71=0 [0,1]*
N—-1 , /
{(N_é) Z [|U—U+k—Q1+T1|2H2|u’—v’—|—k—q2+r2|2H2
k=t

|2HL2

lu—u'+k—q+q |U—U/+/€—T1+T2|2H2]

—1
— Zk[|u—v—|—k—q1—|—r1|2H2|u/—v/—|—k—q2—|—r2|
k=t

2H' -2

|U—U/+k—Q1+Q2|2H2|U—U/+k—7"1+7"2|2H2]}-

The leading term in E(T7} (2)) is of order N~! and the constant computes as

0o 14
TI,H = Z Z bg, bgs br, by, / dudvdu'dv’
[0,1]

k=4 q1,92,r1,71=0
2H =2 4 ’ 2H' -2
[|U—U+k—Q1+T1| [u' — 0" +k — g2+ 7o

|U—U/+k—Q1+Q2|2H72|U—U/+k—7"1+7"2|2H72

Therefore, combining the two terms we get the statement of the proposition.

9.3. End of proof of Theorem 2

Recall that we only need to show that for 7 = 1,2, 3 the terms
llgn @+ gN||%2([071]8,27) converge to 0 as IV tends to infinity.
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e Term for 7 = 1.

4N4H+1 2
s (cl,Hc<H>2<N—e>2>

N—-1
XY {(Ci®Cy) @1 (C; @ Cy), (Cry @ C) @1 (Cry ® Ca))

i,5,m,n=>~¢

4N4H+1 2 N1
- (erpor ) 2O Coar

i,5,m,n=>~¢

X(Cj, Cn)r2(j0,112)(Ci ®1 Cj, Cr @1 Cr) 12(j0,1]2)-

Thus, we have

J1 =
NsHi2 | N1 ¢
Sest iRt D > bosbr, s braba brababr,
i,j,mn=~{ q1,71,92,72,93,73,94,74=0
. 2H . 2H
c|izmta-—n ’J—”+‘I2—T2 [/ dudvdu’dv’
N N [0,1]4
" u—v+i—j—qs+rs 2H =2 W—v4+m—n—q+r 2
N N
" u—u +i—m-—q3+q 22 v—0v +j—n+rz+ry A
N N
N2 N-1 ¢
S CSt.m Z Z bq1 bn qu brz bqa brg th4br4

i,j,mn=~{ q1,r1,92,72,q3,73,q4,74=0

Xli—m+q—r*? |j—n+q—ro*? [/ dudvdu’dv'
[0,1]*

X|u—v+i—j—qs+rs 2u =0 +m—n—qqtrH 2

|2HL2| |2HL2 )

X |u—u'+i—m—qs+q v—v +j—n+r3+r,

As in the computations for Ty () we can show that the above series con-
verges and thus J; = O(N~2), which implies that for all H € (3,1)

N—o0

e Term for 7 =2

4N4H+1 2
P = (cl,Hc<H>2<N—e>2>
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N—-1
> (CieCy) @2 (C5 & Cy), (Coy @ C) @2 (C @ Chy))

i,5,m,n=>~¢

4N4H+1 2 N-1
- (cch(HV(N—é)?) 2, (CnCaluaoa

i,5,m,n=>~¢

X(Cms Cn)£2(10,112)(Ci» Cm) £2([0,1)2) (C> Cn)L2([0,1]2)-

N8H+2
<cst.—m—
Jo < ecs N =0t

N—-1

> (Ci, Ch) 20,112 (Ci, Con) 120,172 (Cony Cn) 120,112 (Cli» C) L2(0,112

i,5,m,n=>~¢

N8H+2 N—-1 V4 i—j+q1_q2 oOH
= cst.i(N —6)4 N Z Qgy Olgy gy Olg,y T
4,5, m,n=~ q19293q4=0
, 2H 2H | . oH
t—m+qi—gs m—n+q3—qq J—n+q2—qa
N N N
= cst Z Z Qgy Qgy Qg gy [T — J 4 q1 — 2|

i,J,m,n=~ q19293q4=0
><|i—m+Q1—Q3| |m—n+Q3—Q4|2H|j—n+Q2—Q4|2H

The series converges for all H € (1/2,1), so the whole term is of order O(N ~2)
which means that goes to zero as N — oo.

e Term for T = 3.

4N4H+1 2
b= (cl,Hc<H>2<N = e>2>
N—1
> {(Ci®Cy) @3 (C; @ Cj), (Cry @ C) @3 (Cu ® Chy))
i,5,m,n=>~¢

4N4H+1 2 N-1
- (cch(HV(N—é)?) 2, [OnCuzone

i,5,m,n=>~¢

X(Cm, Cn)L2(j0,112)(Ci ®1 Cj, Cpy @1 C).

With similar computations as in the case of Ty we conclude that J3 =
O(N~2).
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9.4. Proof of Theorem 3

According to our previous computations we can write

g2 Nl
In(yi,y2) = (H)(N—10) ; (Ci @1 Ci)(y1,92)

8d(H)?a(H) N2H 3 &
) VD) 2 2 Dabrli g ()L g ()

i=¢ q,r=0

></ / dudv|u—v|2H/72 81KH/(u,y1)81KH/(v,y2)
qu I;,

Let us show first that we can reduce this function to the interval y; € [0, 4]

and yo € [0, 5%]. We will show that if y1 € I;,,yo € [0, 5] (and similarly for

the situations y1 € [0,54],y2 € I;, and y1 € I;,,y2 € I;,) the corresponding
terms goes to zero as N — oo. We have, due to the fact that the intervals I;,
are disjoint,

leHN2H N-1 ¢

W Z Z bebrlr,, (yl)l[o,i%](yz)

i=¢ q,r=0

/ / dudvl — o2 0, K (u, y) K (0, 92) 2 o
qu Ii,,,

/ / dv' du’ dvdu

try tq2 tro

N2+2H N L

:mz > babribgbr, /1/1

i={ q1,71,92,72=0

x (Ju—v| - Ju = o] - Ju— | - [o—])*"

N2+H2H 1 N ¢ .
- N4 bgy bry by, by dudvdu’d
(N —0)2 N4 N42H'=2) Z Z q19711 02 2/[071]4 udvdu’ dv

i={ q1,71,92,72=0

2H =2, 1 / 2H'—2
X |u—v—q1+r1] |u" — v — qo + o]
/ 2H' -2 / 2H' -2 1-2H
|lu—u' —q1 + go| v —v" —r1 + 7o =N
which tends to zero because 2H > 1.

This proves the following asymptotic equivalence in L?(]0, 1]?):

8d(H)2a(H) N2H N=1 [t
(c()H)( )(N—é) 2 D babrlig s ()T, s (v2)

i=¢ q,r=0

></ / dudv|u—v|2H/72 81KH/(u,y1)81KH/(v,y2).
qu I;,

IN(y1,y2) =~

We will show that the above term, normalize by %, converges pointwise for
Y1, Y2 € [0, 1] to the kernel of the Rosenblatt random variable.
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On the interval I; x I;, we may attemp to replace the evaluation of H KM '

at u and v by setting v = (i — ¢)/N and v = (i — r)/N. More precisely, we can
write

K )oK () = (0K ()~ 0K (S ) ) R (o)

+ 81KH/ (Z ]_Vq,y1> (81KH/ (’U, yg) — 81KH/ — 81KH/ (Z ]_Vr,y2>>

and all the above summand above can be treated in the same manner. For the
first one, using the definition of the derivative of K H' with respect to the first
variable, we get for any y; € [0, F],

, -
HKM™ (u,y1) — 0 KM ( Nq,y1>

1
2
1

= CHy

and for any ¥ € [0, %]

’

1
81KH (’U, y2) = CHy22

As a consequence of the above estimates,

o N-1

N2
NlH gzzbbllqyl)[(ﬂr](m)

i=¢ q,r=0

X / / dvdu|u — v|2H/72 ((%KH/(u,yl) - 81KH/ (Z ]_Vq,y1>> 81KH/(v,y2)

, NI N-1 ¢ i—gq H-
S o DI bqbﬂ[o,%(ylﬂ[oy%](yﬁ( N _y1>

i=L q,r=

o H-3 ,. 1\
x(ZNT—y2> (Z T+> //dvdu|u v|2H*2

N[

o
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N-1 ¢
1_
<N Z ZO bab g, i=a) (1)1, s (32)
i=f q,r=
y i—q H=% (i p H-3 1—7r+1 H-3 (26)
N Y1 N Y2 N .
. N— i— 73
The quanmty 7 Yot ! ,' ](yl)l[o i T](y2) (52— yl) (— — y2) 2
(=t A —7 s comparable for 1arge N, to the integral f Vy2 —y)E 5 (0 —

y2)2 24" =7 and the term N2—# in front gives the convergence to zero of (26)
for any fixed y1, ys.
This means we have proved the following pointwise asymptotically equivalent

for fn (y1,y2):

Nl H Sd(H)QOz(H) N1+H N—-1 ¢
fN(y  Y2) ™ Lo, i=a) (1)1}, iz (42)bgby
\/ ! 2 027H C(H) (N — é) e q;o [07 N ] 1 [07 N ] 2)%

(14 (i L 2H' =2
oK (N y1>81K (N ,y2> /qu/lirdudvm v .
//dvdu|u—v|2H/72
qu I;,

N7(1+H)

_ 1— 2H' | |4 _p2H 9y, 2H/}'

Recall that

Thus we get
Nl H

\/_

In(y1,92)

2 (H ’ ’ ’
bb {1_ 2H 1 o 2H_2 _ QH}
CQHCH) E 1—gq+r"" +[1+q—r7] lg— ]

= 1 —q t—T
Z@KH( ,y1>81KH( N ,y2>.
i=0

Further, we can ignore the terms ¢/N and /N in comparison with /N in the
last line above, and thus invoke a Riemann sum approximation, which proves
that, for every y1,v2 € (0,1)2

1-H
i
o )
= MU el be (1= g+ P 414 g — o2 —2q -2}
CQHC

q,7=0
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’ ’L rL—T
) J\}gnoozalKH ek (L N v2)

—d(H) [ KM (K ()i
Y1Vy2

= Li(y1, y2)-

To finish the proof it suffices to check that N'=# fy is a Cauchy sequence in
L?([0,1]?). Up to a constant depending on H we have that for all M, N,

IN'H fy — MY farl|Z2p0 102

= N2 fnl1Te0,0p + M2 727 el 20,002y — 2N MY fs far) 220,102

N2H+2 N1 ¢
=cslo—F> g g bg, by bgy by, dudvdu’dv’
(N - é) S N N N N
4,7=0q1,71,92,72=0 tq1  irp Tdap drp
! ! ! !
X |u _ ’U|2H 72|u/ _ ,U/|2H 72|u _ u/|2H 72|’U _ ,U/|2H —2
M2H+2 M-1 ¢
+est.———— g g bg, by bgy by, dudvdu’dv'
(M —10)? £ ™ S Sy M
4,7=( q1,71,q92,72=0 tqr  Tirp Tdap Tdrp
! ! ! !
X |u _ ’U|2H 72|u/ _ ,U/|2H 72|u _ u/|2H 72|’U _ ,U/|2H —2

MlJrHNlJrH N-1M-1

—CSWZZ Z blbanbm/ /

=L j=L q1,71,92,72=0

‘/IM ‘/IM dudvdu/dv/|u |2H | ,U/|2H/72|u_u/|2H 72|,U_,U/|2H/72'

Irg

The first two terms have already been studied and will converge to the same

constant as M, N — oco. Concerning the inner product, by making the usual
change of variable we have

(MN)H+1 (Npn2H -2 T

(M —{¢)(N—¢) N2M? Z Z Z ‘/[071]4 dudvdu'dv’

i=¢ j={ q1,71,q92,72=0

« |u_v_q1 +T1|2H/72|’U/—’U/—Q3+T3|2H/72

2H' -2

.. . v v @ [ J
For large 4, j we can ignore the terms +, %, &, etc., compared to % and <

Therefore, the above quantity is a Riemann sum that converges to the same

constant as the squared terms, as M, N — oo. This finishes the proof of the
theorem.
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9.5. Proof of Theorem 6

We wish to show that, as N — oo,
—1/2771—H (7 2
E=E|(Z(1) 26 *N'""(iIy - H)logN) | —0.

A minor technical difficulty occurs when Vi is not small. We deal with this as
follows. We decompose the above expectation E according to whether or not
|[Vn| < 1/2: we have E = E7 + Eo where

. 2
E1=E [IIVN|>1/2 (Z (1) - 202,%2N17H(HN - H) 1ogN) ] :
Dealing with this term first, Schwarz’s and Minkowski’s inequalities yields

E, < 2P V| > 1/2]
% (BY2[Z (1)) + deg N2 log? N B2 [(f1y — 1) ']).

Since Hy is bounded, the sum of the two rooted expectation terms above is
bounded above by a constant multiple of N?~2H, Therefore to deal with E,
one only needs to show that P [|[Vy| > 1/2] < N=4*H Tt is well known that
any random variable X which can be written as a finite sum of Wiener chaos
terms up to order g satisfies, for any integer n, E [X?"] < K, 4 (E [X?] )n where
K, 4 depends only on n and ¢. This can be proved iteratively by using formula
(7), for instance. Therefore, since Vi is a sum of terms in the second and 4th
chaos (¢ = 4), by Chebyshev’s inequality, and using Theorem 1, with N large
enough,

P[|Vy| > 1/2] < 4"E [|VN|2"} <44 (E [|VN|2D
S 8nKn74C7217HN2Hn72n'

It is thus sufficient to choose n = 3 to guarantee that £; — 0.
~We now only need to study F2. We invoke the mean value theorem to express
(Hy — H) log N more explicitly. For any z,y € [1/2,1], there exists ¢ € (z,y)
such that
log &)

5w

Here the function (logc) is bounded on [1/2, 1], because ¢’ is bounded and ¢
is bounded below. Therefore, denoting by {x € [1/2,1] the value corresponding
to x = H and y = Hy, and using line (23) in the proof of Theorem 5, we can
write

= (z —y) (loge)' ().

log(1+Vy) = (ﬁN — H) (2log N + (loge) (&n))
and thus
log (1 + Vi)
21log N + (loge) (én)

(Hy — H) (2log N) = log (1 + V) —
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Since |(log c) (& ~)| is bounded (by a non-random value), by choosing N large
enough, an upper bound for the last fraction above, in absolute value, is 2%.
Therefore (using Minkowski’s inequality),

A 2
VE; =E'? [1|VN|<1/2 (Z (1) - QCQ,ZQNI*H(HN - H) 1ogN) ]
2
< E1/2 |:1|VN|<1/2 (Z (1) — 0277}{/2N1*H (10g(1 + VN))) :| (27)
1/2 —1/2\71-H 2
+EY2 (Lycrs (265 NV /log N) | (28)

By Theorem 1, the term in line (28) is bounded above by 1/log? N, and thus
converges to 0. For the term in line (27), because of the indicator 1y, |<1/2, we
use the fact that when |z| < 1/2, we have |z — log (1 4+ )| < 2. Thus this line
is bounded above by

2
B/ [1|VN|<1/2 (2(1) = i’ vy) ] (29)
2
+ E1/2 |:1|VN|<1/2 (0277}1{2]\]17}! |VN|2) :| ) (30)

The term in line (29) converges to 0 by Theorem 3. Finally, by Theorem 1
again, and the earlier statement about higher powers of random variables with
finite chaos expansions, the term in line (30) is of order N?#~2 and therefore
converges to 0 as well. This proves that Fy converges to 0, finishing the proof
of the theorem.

9.6. Proof of Theorem 7
It is sufficient to prove that

lim E[|(N=15 = N'=1) (fLy ~ H)log N|] = 0.

N—oo

We decompose the probability space depending on whether Hy is far or not
from its mean. For a fixed value € > 0 it is convenient to define the event

D:{HN>5+2H—1}.
We have
E ||(N'HY = N (f1y - H) log V|| =
= [1p [(N'Y - N1 (Al — H)log N|] +
+E [1p:
=A+B.

(Nt — N1 (Hy — H) log V|
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Proof.

Term A:
Introduce the notatiop R
T = max(l —H,1- HN) and y = min(l —H,1 —HN).

’leHN _ leH’ _ exlogN _ eylogN _ eylogN (e(xfy) log N _ 1)

< N¥(log N)(z — y)N*¥ = 21og NN* | H — HN’
—log NN* |H — HN’ :
Thus,
N 2
A<E [IDNI H— HN’ log? N]

N 2
—E |:Nx(22H)1DN22H ’H _ HN’ 10g2 N:|

Now, choose € € (0,1 — H). In this case, if w € D and x = 1 — H, we get
& —(2—2H) = —z < —e. On the other hand, forw € D and z =1 — Hy
we get . — (2—2H) =2 — 2Hy — (2 — 2H) < —&. In conclusion, on D,
x — (2 —2H) < —e which implies immediately

N 2
A< N—E [N”H ’HN - H’ log? N] .

and since the last expectation is bounded

lim A=0.

N—oo

Term B .
Now, let w € D® then H — Hy > 1 — H — . Since € < 1 — H it implies

H > Hy. Consequently, it is not sufficient to bound ’N 1-Hy _ N1-H
above by N1=Hx~ I the same fashion we bound ’ﬁ — H’ above by H.
Using Holder’s inequality with powers 1

1 3
4amd4

B < Hlog NE [1DCN14’N]

X 1/4
< Hlog N [P(D%)*/* (E [N(“HN)“D .
By Chebyshev’s inequality, we have
B/ (|1 - A7)
P3/4 [DC] S < CN73(272H)/4 (31)

(1-H-¢)>%* ~
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for some constant ¢ depending only H. Dealing with the other term in the
upper bound for B is a little less obvious. We must return to the definition
of H. We have

14 Vy = NQ(Hffl) _ N4(H7PI) _ N4(17PI)N74(17H)'
Therefore,

Finally, we get
B < 2He¢(logN) N~0—H),
Finally, B goes to 0 as N — oo. This finishes the proof of the theorem.
O
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