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Let {Zn} be a real nonstationary stochastic process such that E(Zn|
Fn−1)

a.s.
< ∞ and E(Z2

n|Fn−1)
a.s.
< ∞, where {Fn} is an increasing sequence

of σ -algebras. Assuming that E(Zn|Fn−1) = gn(θ0, ν0) = g
(1)
n (θ0) +

g
(2)
n (θ0, ν0), θ0 ∈ R

p , p < ∞, ν0 ∈ R
q and q ≤ ∞, we study the asymp-

totic properties of θ̂n := arg minθ
∑n

k=1(Zk − gk(θ, ν̂))2λ−1
k , where λk is

Fk−1-measurable, ν̂ = {̂νk} is a sequence of estimations of ν0, gn(θ, ν̂) is

Lipschitz in θ and g
(2)
n (θ0, ν̂) − g

(2)
n (θ, ν̂) is asymptotically negligible rel-

ative to g
(1)
n (θ0) − g

(1)
n (θ). We first generalize to this nonlinear stochastic

model the necessary and sufficient condition obtained for the strong consis-
tency of {θ̂n} in the linear model. For that, we prove a strong law of large
numbers for a class of submartingales. Again using this strong law, we de-
rive the general conditions leading to the asymptotic distribution of θ̂n. We
illustrate the theoretical results with examples of branching processes, and
extension to quasi-likelihood estimators is also considered.

1. Introduction. Let {Zn}n∈N be an observed one-dimensional real stochastic
process defined on a probability space (�, F ,Pθ0,ν0) dependent on a unknown
parameter (θ0, ν0), θ0 ∈ � ⊂ R

p , 0 < p < ∞, ν0 ∈ N ⊂ R
q , 0 ≤ q ≤ ∞, and

assumed to satisfy

MZ: ∀n Eθ0,ν0(Zn|Fn−1) = gn(θ0, ν0) = g(1)
n (θ0) + g(2)

n (θ0, ν0),

Eθ0,ν0(Z
2
n|Fn−1)

a.s.
< ∞,

where {Fn} is an increasing sequence of σ -algebras depending only on observed
processes, θ0 is a unknown parameter that we want to estimate, ν0 is a nuisance
parameter defined, when q = ∞, by ν0 = {ν0n} with g

(2)
n (θ0, ν0) = g

(2)
n (θ0, ν0n),

g
(1)
n (θ0) is the Fn−1-measurable parametric part of the model that may be nonlinear
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in θ0, and g
(2)
n (θ0, ν0) is Fn−1-measurable and such that g

(2)
n (θ0, ν0) − g

(2)
n (θ, ν0)

is asymptotically negligible relative to g
(1)
n (θ0) − g

(1)
n (θ) (definition given in Sec-

tion 4). The simplest example of asymptotic negligibility is when g
(2)
n (θ0, ν0) is

independent of θ0. The case q = 0 is defined by g
(2)
n (θ0, ν0) = 0, for all n, and

corresponds to the classical parametric setting.
Examples of models MZ are nonlinear regression models with random co-

variates and heteroscedastic variances, stochastic dynamical models in discrete
time, nonlinear time series model (TARMA, SETAR, bilinear processes), finan-
cial models (ARCH, GARCH and others) and branching processes, provided that
the first two conditional moments at each n of all of these processes are finite.
This means, in particular, that processes with a heavy-tailed distribution (see [10]
for such an example) do not belong to this class. However, a solution when

Eθ0,ν0(Zn|Fn−1)
a.s.
< ∞ with σ 2

n (θ0, ν0)
a.s.= ∞, where σ 2

n (θ0, ν0) := Eθ0,ν0([Zn −
Eθ0,ν0(Zn|Fn−1)]2|Fn−1), could be to deal with the truncated process Z̃n :=
Zn1{Zn∈In}, where limn In

a.s.= R since by defining η̃n := Z̃n −Eθ0,ν0(Z̃n|Fn−1) and

g̃n(θ0, ν0) := Eθ0,ν0(Z̃n|Fn−1), we can then define g̃
(1)
n (θ0) = Eθ0,ν0(Zn|Fn−1)

and g̃
(2)
n (θ0, ν0) = −Eθ0,ν0(Zn1{Zn /∈In}|Fn−1).

We consider the class of weighted CLSE (conditional least squares estimators)
of θ0 in the approximate model {gk(θ0, ν̂)}k≤n, where ν̂ = {̂νn}, ν̂n being any esti-
mation of ν0 based on observations up to n. We will consider two different settings:

A1: ∀n gn(θ, ν̂) = gn(θ, ν̂n) or gn(θ, ν̂) = gn(θ, ν̂n0);
A2: ∀n,∀k ≤ n gk(θ, ν̂) = gk(θ, ν̂n).

Such an estimator is defined by

θ̂n := arg min
θ∈�

Sn|̂ν(θ), Sn|̂ν(θ) :=
n∑

k=1

(
Zk − gk(θ, ν̂)

)2
λ−1

k ,(1.1)

where λk is an Fk−1-measurable variable independent of (θ0, ν0). When gk(θ, ν̂)

has a first derivative g′
k(θ, ν̂) in θ , (1.1) implies that θ̂n is an estimating equations

estimator (EEE), that is,

Qn|̂ν(θ̂n; {Zk,ak(θ)}) = 0p×1, {ak(θ)Fk−1-measurable},(1.2)

Qn|̂ν(θ; {Zk,ak(θ)}) := −
n∑

k=1

(
Zk − gk(θ, ν̂)

)
ak(θ),(1.3)

where, here, ak(θ) = g′
k(θ, ν̂)λ−1

k for all k.
In the classical parametric setting q = 0, the weighted CLSE’s and, more gen-

erally, the EEE’s, are well studied and are known to have interesting properties.
These estimators are robust to the form of distribution of the respective residu-
als {Zn − gn(θ0, ν0)} since they require at most the knowledge of the first two
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conditional moments of the process at each time n and their computation may be
achieved, even in the case of complex or unknown likelihoods. When σ 2

n (θ0, ν0)

is an explicit function of (θ0, ν0), such an estimator may be used to derive the
empirical distribution of the estimated residuals {[Zk − gk(θ̂n, ν̂)][σk(θ̂n, ν̂)]−1},
thereby allowing a re-estimation of θ0 by a maximum likelihood estimator (MLE)
when the theoretical distribution may be modeled by a function of θ0, provided
that the estimator is close enough to θ0 and is therefore strongly consistent [26].
In the particular setting σ 2

n (θ0, ν0) = σ 2(θ0, ν0)λn, where λn is Fn−1-measurable
and independent of (θ0, ν0), the optimal CLSE of θ0, from the point-of-view of the
asymptotic variance, is obtained by making the errors of the model stationary, that
is, by minimizing

∑n
k=1(Zk − gk(θ, ν0))

2λ−1
k , and is equal to the optimal EEE,

called the quasi-likelihood estimator (QLE) (see [15] for the optimality of the con-
vergence rate in the branching process setting and [7] for the QLE). In the general
case, if gn(θ, ν0) has a first derivative in θ , then a possible estimator is obtained by
replacing σ 2

k (θ0, ν0) by σ 2
k (θ, ν̂) in Qn|̂ν(θ; {Zkσ

−1
k (θ0, ν0),g′

k(θ, ν̂)σ−1
k (θ0, ν0)}).

When q = 0, the obtained estimator is the QLE. This estimator is optimal from its
asymptotic variance point-of-view within the class of estimators which solve (1.2)
and (1.3), [7], and is moreover equal to the maximum likelihood estimator (MLE)
when the conditional distribution of Zn belongs to an exponential family at each
n [32]. Another possible estimator is the weighted CLSE defined by (1.1), where
{λk} is a sequence of Fk−1-measurable estimators of {σ 2

k (θ0, ν0)} up to a multi-
plicative constant. Since

min
k≤n

σ 2
k (θ0, ν0)

λk

<

∑n
k=1(Zk − gk(θ, ν̂))2λ−1

k∑n
k=1(Zk − gk(θ, ν̂))2σ−2

k (θ0, ν0)
< max

k≤n

σ 2
k (θ0, ν0)

λk

,

if {λn} is such that

0
a.s.
< lim

n
σ 2

n (θ0, ν0)λ
−1
n ≤ lim

n
σ 2

n (θ0, ν0)λ
−1
n

a.s.
< ∞,(1.4)

then the asymptotic behavior of
∑n

k=1(Zk − gk(θ, ν̂))2λ−1
k , and therefore of its

arg min, should be close to that of
∑n

k=1(Zk − gk(θ, ν̂))2σ−2
k (θ0, ν0) and of its

arg min. Finally, if F̂n−1 denotes the set of Fn−1-measurable variables, since
Eθ0,ν0(Zn|Fn−1) is the best predictor of Zn based on F̂n−1 in the least squares
sense because Eθ0,ν0(Zn|Fn−1) = arg ming∈F̂n−1

Eθ0,ν0((Zn − g)2λ−1
n |Fn−1), pro-

vided that λn is an Fn−1-measurable variable independent of g [9], a weighted
CLSE should easily be strongly consistent. Since we are particularly interested in
such a property, which is necessary when accurate knowledge of the true parame-
ter is required, we will focus here on the asymptotic properties (strong consistency,
asymptotic distribution), as n → ∞, of the weighted CLSE solution of (1.1) in the
general setting MZ with the weakest possible assumptions on the process behavior,
conditionally on {̂ν}. However, the results could easily be generalized to the QLE
when a primitive of the estimating functions exists (see Section 9).
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From now on, to simplify notation when studying {θ̂n} which solve (1.1), we
will use the normalized process Yn := Znλ

−1/2
n and denote by MY the assump-

tions concerning {Yn} when {Zn} verifies MZ . More precisely, defining f
(1)
n (θ0) :=

g
(1)
n (θ0)λ

−1/2
n and f

(2)
n (θ0, ν0) := g

(2)
n (θ0, ν0)λ

−1/2
n , we have

MY : ∀n Eθ0,ν0(Yn|Fn−1) = fn(θ0, ν0) = f (1)
n (θ0) + f (2)

n (θ0, ν0),

Eθ0,ν0(Y
2
n |Fn−1)

a.s.
< ∞

and ηn := Yn − Eθ0,ν0(Yn|Fn−1) is a martingale difference. Equations (1.1) and
(1.4) are now written, respectively,

θ̂n = arg min
θ∈�

Sn|̂ν(θ), Sn|̂ν(θ) :=
n∑

k=1

(
Yk − fk(θ, ν̂)

)2
,(1.5)

0 < lim
n

σ 2
n

a.s.≤ lim
n

σ 2
n

a.s.
< ∞, σ 2

n := E(η2
n|Fn−1).(1.6)

Among published works on the estimator consistency in MY , only the case q = 0 is
considered and two large classes of proofs exist. One class is based on the station-
arity and ergodicity assumptions of the process [26], on the strongest assumption
of independence of the errors (classical regression) or on the explicit expression
of the estimator according to the process together with the knowledge of its as-
ymptotic behavior. It is, in particular, the case of a branching process when the
corresponding model is linear in θ0 [8, 35]. The other approach is based on the
(much more general) martingale difference property of {ηn}. Here, we are inter-
ested in this second class, which is particularly useful for processes. When dealing
with the parametric linear model fn(θ0) = θT

0 Wn, where Wn is either a deter-
ministic vector and {ηn} are i.i.d. [20] or Wn is stochastic with p = 1 [21], then
limn θ̂n

a.s.= θ0 if and only if

lim
n

λmin

{
n∑

k=1

WkWT
k

}
a.s.= ∞,(1.7)

λmin{∑n
k=1 WkWT

k } being the smallest eigenvalue of
∑n

k=1 WkWT
k . Defining

Dn(θ) :=
n∑

k=1

[dk(θ)]2, dk(θ) := fk(θ0) − fk(θ),(1.8)

(1.7) is equivalent to limn Dn(θ)
a.s.= ∞ for all θ 	= θ0. This quantity is the identifi-

ability criterion of θ0 in the model. It is interesting to observe that {θ̂n} cannot be

consistent, or even weakly consistent, on the set {limn Dn(θ)
a.s.
< ∞}.

However, in the general nonlinear stochastic setting MY with q = 0, under some
Lipschitz property of the model, all published theorems of consistency require,

besides the condition limnσ
2
n

a.s.
< ∞ and a condition of the type limn Dn(θ̃n)

a.s.= ∞
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for some sequence {θ̃n} ∈ � \ θ0 (depending on the author), additional conditions
concerning some rate of convergence to ∞ of {Dn(·)}. Moreover, these conditions
differ from one author to another ([1, 16, 18, 21–23, 31, 33, 36]; see [31] or [14]
for some examples of models that do not verify these additional conditions).

Here, we generalize the necessary and sufficient condition (1.7) to our general
nonstationary nonlinear stochastic model MY with 0 ≤ q ≤ ∞. When q = 0, we
prove the strong consistency of {θ̂n} on the set

LIPθ ({fk(θ)}) ∩ SIθ ({Dn(θ)}) ∩ VARθ ({σ 2
k , dk(θ),Dk(θ)}),(1.9)

where, in the following, “∀δ > 0” means “∀δ > 0 small enough” and

• LIPθ ({fk(θ)}) is the set of trajectories satisfying the following Lipschitz con-
dition: for all k, there exists a nonnegative Fk−1-measurable function gk and a
function h(·) : R+ → R

+ with limx↘0 h(x) = 0 such that for all θ1 ∈ �,θ2 ∈ �,

|fk(θ1) − fk(θ2)| a.s.≤ h(‖θ1 − θ2‖)gk , where ‖ · ‖ is any norm in R
p;

• VARθ ({σ 2
k , dk(θ),Dk(θ)}) that generalizes limnσ

2
n

a.s.
< ∞ (proved in Section 5)

is the set {
∀δ > 0, sup

‖θ−θ0‖≥δ

∞∑
k=1

σ 2
k [dk(θ)]2[Dk(θ)]−2 a.s.

< ∞
}
;(1.10)

• SIθ ({Dn(θ)}) concerns the identifiability condition generalizing (1.7):

∀δ > 0 inf‖θ−θ0‖≥δ
Dn(θ) is Fn−1-measurable,

lim
n

inf‖θ−θ0‖≥δ
Dn(θ)

a.s.= ∞.

The same terms LIPθ (·), VARθ (·), SIθ (·) will indicate both the set of trajectories
and the corresponding conditions verified by these sets. The result is then gener-
alized to the setting 0 ≤ q ≤ ∞, replacing, in each condition of (1.9), fk(θ) by
f

(1)
k (θ). This consistency result is due to an original SLLNSM (strong law of large

numbers for submartingales). In addition, we show that the asymptotic distribution
of the CLSE is easily derived from a classical CLT (central limit theorem), thanks
to this SLLNSM. Therefore, this SLLNSM is the key result of this work.

The paper is organized in the following way. In Section 2, we give some ex-
amples of processes {Zn} satisfying MZ . We deal with the consistency of {θ̂n} in
Section 3 when q = 0, and in Section 4 in the more general setting 0 ≤ q ≤ ∞.
This result is obtained thanks to an SLLNSM that is proved in Section 5 using
submartingale properties [9], analytical lemmas and Wu’s lemma concerning the
consistency of estimators minimizing a contrast [34].

The consistency result obtained in the general setting 0 ≤ q ≤ ∞ shows the ro-
bustness of this property with respect to the chosen model since, if {θ̂n} is strongly
consistent in a given model, then it is strongly consistent in every model “close,”
from the identifiability point-of-view, to this given model.
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In Section 6, we give general conditions for obtaining the asymptotic distrib-
ution of {θ̂n} from the classical CLT for martingales or for random sums. As in
the classical nonlinear deterministic regression model [34], the proof is based on
the Taylor series expansion of ∂Sn|̂ν(θ)/∂θ , where the convergence to 0 of the
remaining term of the Taylor series is a direct consequence of the SLLNSM.

In Section 7, we estimate the part of ν0 involved in the asymptotic distribution
of {θ̂n} and give conditions for its consistency.

In Section 8, we give some examples in the single-type branching processes
field. These processes model population dynamics. The population size Nn at n is
defined by Nn = ∑Nn−1

i=1 Xn,i , where the offspring sizes {Xn,i}i , given Fn−1, are
i.i.d. with mean mθ0,ν0(Fn−1) and variance σ 2

θ0,ν0
(Fn−1), Fn−1 denoting the set

of random variables involved in Fn−1, and Fn−1 being generated by {Nk}k≤n−1
and possibly environmental processes until n. Estimation in this field is well
understood in the framework of a BGW (Bienaymé–Galton–Watson) process
mθ0,ν0(Fn−1) = m0, σ 2

θ0,ν0
(Fn−1) = σ 2

0 or a derived process (BGW with immi-
gration, controlled branching processes), assuming a linear model in θ0, and are
predominantly based on the observation of the size Nn of the population at each
time n. The estimators are most often moment estimators, MLE, CLSE, QLE. The
asymptotic properties as n → ∞ are derived on the nonextinction set from the ex-
plicit expression for the estimator according to {Nn} using the asymptotic behavior
of the process, when suitably normalized. An overview of the references may be
found in [8, 35], or in [25] for additional references for multitype processes.

Much more difficult is the study in the nonlinear case when there is no ex-
plicit expression for the estimators. The MLE is generally not easily computed
because of large combinatorial terms. However, if we write Yn := NnN

−1/2
n−1 =

mθ0,ν0(Fn−1)N
1/2
n−1 + ηn, where ηn = N

−1/2
n−1

∑Nn−1
i=1 (Xn,i − mθ0,ν0(Fn−1)), then ηn

is approximately normally distributed on the nonextinction set as soon as n is large
enough. Consequently, the CLSE with {λn} satisfying (1.4) is approximately equal
to the MLE on this set.

Therefore, we began to study the CLSE of θ0 in size-dependent branching
processes [15, 24] and in regenerative branching processes [16]. The results pre-
sented in this paper improve on, and generalize, these results. The first example is a
supercritical single-type BGW process, where the offspring mean m0 is estimated.
We give the asymptotic properties of m̂n. The results are well known [3, 8], but
the indirect form of proof given here for the consistency does not require accurate
knowledge of the asymptotic behavior of the process, as is the case in the classical
direct proof based on the analytical expression of the estimator. We then deal with
some near-critical size-dependent branching processes which model the amplifica-
tion process in the polymerase chain reaction setting [27]. In this setting, we prove
the strong consistency and asymptotic distribution of the CLSE of the parameters
of the replication probability for each model. The more complex model contains
an explosive part tending to ∞, a persistent bounded part and a transient part. In
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this model, despite these three different kinds of behavior, we prove the consis-
tency and the asymptotic normality of the CLSE of a bidimensional parameter
with components belonging to the persistent part and the transient one.

Finally, in Section 9, we extend the consistency conditions to estimators solving
(1.2), (1.3).

In the following sections, we will simply write E(·) for Eθ0,ν0(·).

2. Examples of models. Here, we give some examples of classical models
satisfying MZ .

2.1. Regression models. The observed variable Zn is explained by a paramet-
ric regression function gn(θ0) of a random (or deterministic) vector of observed co-
variates or coprocesses {Xk}k≤n and the residuals {Zn −gn(θ0)} are assumed inde-
pendent with finite variances. The time regression model with d = 1 and Xn,l = n

is a simple example.
The general class MZ allows the extension of these models to gn(θ0, ν0) and

nonindependent residuals such as the following example: Zn = gn(θ0) + εn−1εn.
Since we may write εn−1 as a function of {{Zk − gk(θ0)}n−1

k=1, ε0}, this model be-
longs to the MZ class.

2.2. Financial time series. The most well known of these are the ARCH
model introduced by Engle [5] and the more general GARCH models. Let
ξn = sn(θ0)Un, where the {Un} are i.i.d. (0,1), sn(θ0) ≥ 0, Fn−1 is generated
by {ξ2

k }k≤n−1 and s2
n(θ0) is Fn−1-measurable with s2

n(θ) = α0 + ∑q
j=1 αjξ

2
n−j +∑p

j=1 βj s
2
n−j (θ). The process {sn(θ0)} is called volatility. Then E(ξ2

n |Fn−1) =
s2
n(θ0) and {ξn} follows a GARCH(p, q) model. If {ξn} is observed, then Zn is

defined in the following way: Zn = ξ2
n = s2

n(θ0) + s2
n(θ0)(U

2
n − 1), implying that

gn(θ0) = s2
n(θ0), σn(θ0, ν0) = s2

n(θ0)[E((U2
n −1)2|Fn−1)]1/2. More generally, {ξn}

may be nondirectly observed [14, 26].

2.3. Linear or nonlinear time series models that may depend on nonstationary
exogenous inputs {un}, such as ARMAX models. We define en := Zn − gn(θ0),
where gn(θ) = ∑p

k=1 αkZn−k + ∑q
k=1 βken−k + ∑b

k=0 γkun−k . Here, Fn−1 is gen-
erated by {Zk}k≤n−1, {uk}k≤n.

2.4. Single-type discrete-time branching processes. This class of models is
described in Sections 1 and 8.

2.5. Models with observation errors. In practice, the model may be Zth
n =

gth
n (θ0) + en, Zn = Zth

n + un, where Zn is the observation of the theoretical
unknown variable Zth

n , un is the observation error with a unknown distribu-
tion and gth

n (θ0) = E(Zth
n |F th

n−1). Then, assuming that E(un|Fn−1) = 0, we have
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gn(θ0, ν0) = E(gth
n (θ0)|Fn−1). For example, consider the BGW process {N th

n } with
Nn = N th

n +un, f th
n (m) = m(N th

n−1)
1/2. Then, using the first order Taylor series ex-

pansion, we get

fn(m0, ν0) := E(f th
n (θ0)|Fn−1)

= mE([Nn−1 − un−1]1/2|Fn−1)

= mN
1/2
n−1 + mO(E(u2

n−1|Fn−1)N
−3/2
n−1 ),

where ν = {mE(u2
n−1|Fn−1)}, f

(2)
n (m, ν) = mO(E(u2

n−1|Fn−1)N
−3/2
n−1 ). The as-

ymptotic negligibility of {f (2)
n (m, ν̂)} is obtained on the nonextinction set for any

bounded sequence ν̂ since limn Nn
a.s.= ∞ on this set.

2.6. Multivariate stochastic regression models. Estimation in this field may
also be expressed as a finite fixed set of one-dimensional models belonging to one
of the previous types. Let us assume that Zk ∈ R

d with E(Zn|Fn−1) = gn(θ0, ν0)

and let �n be a known Fn−1-measurable positive definite estimation of the condi-
tional variance-covariance matrix of Zn up to some unknown multiplicative con-
stant. Then θ̂n = arg minθ∈� Sn|̂ν(θ), where

Sn|̂ν(θ) :=
n∑

k=1

(
Zk − gk(θ, ν̂)

)T
�−1

k

(
Zk − gk(θ, ν̂)

)
.

Since �k is positive definite, we may write �k = Uk�kU−1
k , where Uk is an or-

thogonal matrix and �k is the diagonal matrix of the eigenvalues of �k . There-
fore, writing Yk = �

−1/2
k U−1

k Zk , where Yk = (Yk,1, . . . , Yk,d)
T , we get fk(θ0, ν̂) =

�
−1/2
k U−1

k gk(θ0, ν̂), Yk − E(Yk|Fk−1) is a martingale difference and

Sn|̂ν(θ) =
d∑

j=1

n∑
k=1

(
Yk,j − fk,j (θ, ν̂)

)2
.(2.1)

3. Consistency in MY with q = 0. In this section, we generalize (1.7) to the
setting of the model MY under q = 0. So, we have d

(1)
k (θ) = dk(θ). Let us as-

sume that θ0 ∈ �, where � is an open set and � is compact. From now on (in all
sections), let {γ ∈ Bc

δ } := {γ :‖γ −γ0‖ ≥ δ}, where γ may be any subset of (θ, ν).

PROPOSITION 3.1. Let �∞ ⊂ � be defined by

�∞ = LIPθ ({fk(θ)}) ∩ SIθ ({Dn(θ)}) ∩ VARθ ({σ 2
k , dk(θ),Dk(θ)}).

Let us assume that P(�∞) > 0. Then limn θ̂n
a.s.= θ0 on �∞.

REMARK 3.1. In the linear model, fn(θ) = θT Wn with limnσ
2
n

a.s.
< ∞, �∞ is

reduced to {limn λmin{∑n
k=1 WkWT

k } a.s.= ∞} thanks to Proposition 5.2.
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PROOF OF PROPOSITION 3.1. We use Wu’s lemma ([34], see Lemma A.1)
and Wu’s decomposition based on Yk −fk(θ) = ηk +dk(θ) [34], implying Sn(θ)−
Sn(θ0) = Dn(θ) + 2Ln(θ), where Ln(θ) = ∑n

k=1 ηkdk(θ) and, consequently,

inf
θ∈Bc

δ

Sn(θ) − Sn(θ0) ≥ inf
θ∈Bc

δ

Dn(θ)
[
1 − 2 sup

θ∈Bc
δ

|Ln(θ)|[Dn(θ)]−1
]
.(3.1)

The proof then follows directly from the SLLNSM (Proposition 5.1) applied to
dk(θ) = fk(θ0) − fk(θ) and �̃ = Bc

δ . �

Let us now assume that θ̂h,n = arg minθ∈�

∑n
k=h+1(Yk − fk(θ))2, where h may

depend on n (e.g., n − h is constant for all n) and let Ln(θ) − Lh(θ) =: Lh,n(θ)

and Dn(θ) − Dh(θ) =: Dh,n(θ). Let us define

RATθ (Dn(θ)[Dh,n(θ)]−1}) :=
{
lim
n

sup
θ∈Bc

δ

Dn(θ)[Dh,n(θ)]−1 a.s.
< ∞

}
.

PROPOSITION 3.2. Let �∞ ⊂ � be defined by

�∞ = LIPθ ({fk(θ)}) ∩ SIθ ({Dn(θ)}) ∩ VARθ ({σ 2
k , dk(θ),Dk(θ)})

∩ RATθ ({Dn(θ)[Dh,n(θ)]−1}).
Let us assume that P(�∞) > 0. Then limn θ̂h,n

a.s.= θ0 on �∞.

PROOF. When h is fixed, we are in the setting of Proposition 3.1. Therefore,
let us assume that h → ∞ as n → ∞. According to (3.1) written with Sh,n(θ)

instead of Sn(θ), it is sufficient to prove that limn supθ Lh,n(θ)[Dh,n(θ)]−1 = 0
when limn infθ∈Bc

δ
Dh,n(θ)

a.s.= ∞. For that, we use Proposition 5.1 with

Lh,n(θ)

Dh,n(θ)
= Ln(θ)

Dn(θ)

Dn(θ)

Dh,n(θ)
− Lh(θ)

Dh(θ)

Dh(θ)

Dh,n(θ)
. �

Let us now assume, as in the last item of Section 2, the multidimensional case
Zn ∈ R

d . The CLSE of θ0 is then given by (2.1) and, more generally, by

θ̂h,n = arg min
θ∈�

d∑
j=1

n∑
k=h+1

(
Yk,j − fk,j (θ)

)2
.

Let Dh,n,j (θ) = ∑n
k=h+1(fk,j (θ) − fk,j (θ0))

2 and Dn,j (θ) := D0,n,j (θ).

PROPOSITION 3.3. Let �∞ ⊂ � be defined by

�∞ = ⋂
j

{
LIPθ ({fk,j (θ)}) ∩ SIθ ({Dn,j (θ)})

∩ VARθ ({σ 2
k,j , dk,j (θ),Dk,j (θ)}) ∩ RATθ ({Dn,j (θ)[Dh,n,j (θ)]−1})}.

Let us assume that P(�∞) > 0. Then limn θ̂h,n
a.s.= θ0 on �∞.



ESTIMATION IN STOCHASTIC REGRESSION 575

The proof follows directly from Proposition 3.2 applied to each j = 1, . . . , d .

4. Consistency in MY containing a nuisance part. Let us now assume that
{f (2)

n (θ0, ν0)} is not identically null. We prove the consistency conditionally on a
given sequence of estimations {̂ν}.

As in Section 3, θ0 ∈ �, where � is an open set and � is compact, and, un-
der A2, ν̂n ∈ N , where N is compact.

Let Dn(θ, ν̂) := ∑n
k=1[dk(θ, ν̂)]2, D

(i)
n (θ, ν̂) := ∑n

k=1[d(i)
k (θ, ν̂)]2, d

(i)
k (θ,

ν̂) := f
(i)
k (θ0, ν0) − f

(i)
k (θ, ν̂), L

(i)
n (θ, ν̂) := ∑n

k=1 ηkd
(i)
k (θ, ν̂), i = 1,2, and so

on.
Let us define the following asymptotic negligibility property under A1:

ANθ

({
d(2)
n (θ, ν̂), d(1)

n (θ)
})

: ∀δ > 0

lim
n

[
sup
θ∈Bc

δ

∣∣d(2)
n (θ, ν̂)

∣∣][ inf
θ∈Bc

δ

∣∣d(1)
n (θ)

∣∣]−1 a.s.= 0.

Under A2, we define ANθ,ν({d(2)
n (θ, ν), d

(1)
n (θ)}) in the same way, replacing ν̂ by

ν and supθ∈Bc
δ

by sup(θ,ν)∈Bc
δ

in ANθ ({d(2)
n (θ, ν̂), d

(1)
n (θ)}).

PROPOSITION 4.1. Let �∞ ⊂ � be defined under A1 by

�∞ = LIPθ

({
f

(1)
k (θ)

}) ∩ LIPθ

({
f

(2)
k (θ, ν̂)

}) ∩ SIθ
({

D(1)
n (θ)

})
∩ ANθ

({
d(2)
n (θ, ν̂), d(1)

n (θ)
}) ∩ VARθ

({
σ 2

k , d
(1)
k (θ),D

(1)
k (θ)

})
.

Under A2, replace ν̂ by ν and LIPθ (·), ANθ (·) by LIPθ,ν(·), ANθ,ν(·), respectively.
Let us assume that P(�∞) > 0. Then limn θ̂n

a.s.= θ0 on �∞.

REMARK 4.1. If, for all k,

sup
θ1,θ2 : f

(1)
k (θ1) 	=f

(1)
k (θ2)

∣∣(f (2)
k (θ1, ν̂) − f

(2)
k (θ2, ν̂)

)[
f

(1)
k (θ1) − f

(1)
k (θ2)

]−1∣∣
is Fk−1-measurable, then LIPθ ({f (2)

k (θ, ν̂)}) is satisfied under LIPθ ({f (1)
k (θ)}).

PROOF OF PROPOSITION 4.1. We assume A1, implying that fk(θ, ν̂) is inde-
pendent of n and is therefore Fk−1-measurable. As in the proof of Proposition 3.1,

Sn|̂ν(θ) − Sn|̂ν(θ0) = Dn(θ, ν̂) − D(2)
n (θ0, ν̂) + 2Ln(θ, ν̂) − 2L(2)

n (θ0, ν̂).

Since Dn(θ, ν̂) = D
(1)
n (θ) + D

(2)
n (θ, ν̂) + 2

∑n
k=1 d

(1)
k (θ)d

(2)
k (θ, ν̂), using
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Hölder’s inequality, we get

inf
θ∈Bc

δ

Sn|̂ν(θ) − Sn|̂ν(θ0)

≥ inf
θ∈Bc

δ

D(1)
n (θ)

[
1 − 2 sup

θ∈Bc
δ

[
D

(2)
n (θ, ν̂)

D
(1)
n (θ)

]1/2

(4.1)

− sup
θ∈Bc

δ

D
(2)
n (θ0, ν̂)

D
(1)
n (θ)

− 2 sup
θ∈Bc

δ

|Ln(θ, ν̂) − L
(2)
n (θ0, ν̂)|

D
(1)
n (θ)

]
.

The result then follows from Wu’s lemma A.1, the fact that dk(θ, ν̂)−d
(2)
k (θ0, ν̂) =

d
(1)
k (θ) + d

(2)
k (θ, ν̂) − d

(2)
k (θ0, ν̂) and Proposition 5.1.

The proof under A2 is similar, replacing ν̂ by ν and supθ (·) by supθ,ν(·) in (4.1).
�

Of course, Propositions 3.2 and 3.3 can also be easily generalized to q > 0.

5. Strong law of large numbers for submartingales.

PROPOSITION 5.1. Let �̃ ⊂ R
p , �̃ compact, p < ∞. Let {Fk} be an increas-

ing sequence of σ -algebras on � and Ln(θ) = ∑n
k=1 ηkdk(θ), θ ∈ �̃, where, for

all k, ηk is any Fk-measurable variable such that E(ηk|Fk−1) = 0, E(η2
k |Fk−1) =

σ 2
k

a.s.
< ∞ and dk(θ) is any Fk−1-measurable variable. For all k, n, let d∗k(θ) be

Fk−1-measurable, D∗n(θ) = ∑n
k=1 d2∗k(θ), Dn(θ) = ∑n

k=1 d2
k (θ). Let �∞ ⊂ � be

defined by

�∞ = LIPθ ({dk(θ)}) ∩ LIPθ ({d∗k(θ)}) ∩ SIθ ({D∗n(θ)})
∩ VARθ ({σ 2

k , dk(θ),D∗k(θ)}),
where LIPθ (·), SIθ (·) and VARθ (·) are defined in Section 1. Let us assume that
P(�∞) > 0. Then

lim
n

sup
θ∈�̃

|Ln(θ)|[D∗n(θ)]−1 a.s.= 0 on �∞.(5.1)

The proof is in the Appendix.

PROPOSITION 5.2. Let {ηk, dk(θ),Dk(θ)} be as in Proposition 5.1. Let us as-
sume that for each δ > 0, there exists a random km,δ ∈ N such that km,δ = min{k ≥
1 : [infθ∈Bc

δ
dk(θ)]2 > 0} exists. Then{

lim
n

σ 2
n

a.s.
< ∞

}
⊂ VARθ ({σ 2

k , dk(θ),Dk(θ)}).



ESTIMATION IN STOCHASTIC REGRESSION 577

PROOF. Let us assume that limnσ
2
n

a.s.
< ∞. For each θ and each trajectory, let

us define f (x) := [dk(θ)]2 for x ∈ [(k − 1), k[. Then

∞∑
k=km,δ+1

d2
k (θ)

[Dk(θ)]2 =
∞∑

k=km,δ+1

∫ k
k−1 f (x) dx

[∫ k
0 f (u)du]2

≤
∫ ∞
km,δ

f (x) dx

[∫ x
0 f (u)du]2

≤
[

1∫ x
0 f (u)du

]km,δ

∞

≤ 1

infθ∈Bc
δ
[dkm,δ (θ)]2 . �

6. Asymptotic distribution. This section is devoted to general conditions
leading to an asymptotic distribution of θ̂n given ν̂, where θ̂n is solution of (1.5)
in which either fn(θ0, ν0) = f

(1)
n (θ0) + f

(2)
n (θ0, ν0) or fn(θ0, ν0) = f

(1)
n (θ0, ν0).

This latter case is suitable when {θ̂n, ν̂n} is strongly consistent, but the assump-
tions leading to the asymptotic distribution are fulfilled only with respect to θ0

(see examples in Section 8.2).
We introduce the following notation [and similarly for fk(θ, ν̂), k ≤ n]:

∂Sn|̂ν
∂θi

(θ) =: S′
n|̂ν;i(θ) =: S′

n|̂ν(θ)[i],
∂S′

n|̂ν;i
∂θj

(θ) =: S′′
n|̂ν;i,j (θ) =: S′′

n|̂ν(θ)[i, j ],

where S′
n|̂ν(θ) [resp., S′′

n|̂ν(θ)] is a p × 1 (resp., p × p) matrix. Let Mn =
[∑n

k=1 f′k(θ0, ν̂)f′Tk (θ0, ν̂)]−1 (assumed to exist for all n sufficiently large) and let
an ∈ (0,1), θn = θ0 + an(θ̂n − θ0). Let us define, for q ≤ ∞, the following sets of
trajectories:

UNC({θn}):
{

lim
n

[
n∑

k=1

f′k(θn, ν̂)f′Tk (θn, ν̂)

]
Mn

P= I

}
,

LIM({θn}):
⋂
i,j,l

{
limn

∣∣∣∣∣
n∑

k=1

(
fk(θ0, ν0) − fk(θn, ν0)

)
f ′′

k;i,l(θn, ν̂)Mn[l, j ]
∣∣∣∣∣ P= 0

}

∩
{

limn

∣∣∣∣∣
n∑

k=1

(
fk(θn, ν0) − fk(θn, ν̂)

)
f ′′

k;i,l(θn, ν̂)Mn[l, j ]
∣∣∣∣∣ P= 0

}
.
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REMARK 6.1. Note that UNC({θn}) may also be written as follows: for all
(i, j),

lim
n

∑
l

∑
h : Nh(i,l) 	=∅

( ∑
k≤n,k∈Nh(i,l)

f ′
k;i (θn, ν̂)f ′

k;l(θn, ν̂)

f ′
k;i(θ0, ν̂)f ′

k;l(θ0, ν̂)
f ′

k;i (θ0, ν̂)f ′
k;l(θ0, ν̂)

)

×
( ∑

k≤n,k∈Nh(i,l)

f ′
k;i (θ0, ν̂)f ′

k;l(θ0, ν̂)

)−1

× ∑
k≤n,k∈Nh(i,l)

f ′
k;i (θ0, ν̂)f ′

k;l(θ0, ν̂)Mn[l, j ] a.s.= δi(j),

where N1(i, l) = {k :f ′
k;i (θ0, ν̂)f ′

k;l(θ0, ν̂) > 0}, and similarly for N2(i, l) with
“<0” instead of “>0.” Therefore, UNC({θn}) is verified on the set⋂

i

{
lim

n,θn→θ0
sup

k : f ′
k;i (θ0 ,̂ν) 	=0

|f ′
k;i (θn, ν̂)[f ′

k;i(θ0, ν̂)]−1 − 1| a.s.= 0
}
.

PROPOSITION 6.1. Let us assume that fk(θ, ν) has second derivatives in θ

for each k (and for ν = ν̂ under A1 and for each ν under A2) and that there exists
a p × p Fn−1-measurable matrix �n such that P(�∞) > 0, where �∞ is defined
under A1 by

�∞ = ⋂
i,j,l

{
LIPθ ({f ′′

k;i,l(θ, ν̂)}) ∩ SI({(Mn[l, j ])−1})

∩ VARθ ({σ 2
k , f ′′

k,i,l(θ, ν̂), (Mk[l, j ])−1})}
∩ UNC({θn}) ∩ LIM({θn})

∩
{

lim
n

�nMn

n∑
k=1

(
fk(θ0, ν0) − fk(θ0, ν̂)

)
f′k(θ0, ν̂)

P= 0

}

∩
{

lim
n

�nMn

n∑
k=1

ηkf′k(θ0, ν̂) ∃ in distribution

}
.

Then, on �∞,

lim
n

�n(θ̂n − θ0)
D= lim

n
�nMn

n∑
k=1

ηkf′k(θ0, ν̂).(6.1)

Under A2, replace ν̂ by ν in LIPθ , VARθ and replace these conditions by LIPθ,ν ,
VARθ,ν , respectively.
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REMARK 6.2. In the linear model fn(θ, ν) = θT Wn with limnσ
2
n

a.s.
< ∞, we

have Mn = [∑n
k=1 WkWT

k ]−1 and, if limn θ̂n
P= θ0, �∞ is reduced to

�∞ =
{

lim
n

λmin

{
n∑

k=1

WkWT
k

}
a.s.= ∞

}

∩
{

lim
n

[
n∑

k=1

WkWT
k

]−1/2 n∑
k=1

ηkWk ∃ in distribution

}
.

REMARK 6.3. A CLT for martingale arrays may be applied to the right-hand
side of (6.1) given ν̂ only if f′k(θ0, ν̂) does not depend on n, which is the case
under A1.

PROOF OF PROPOSITION 6.1. We derive, as in classical regression, the as-
ymptotic distribution of the estimator from the first order Taylor series expansion
of S′

n|̂ν;i(θ̂n) at θ0 for all i = 1, . . . , p (see, e.g., [34]):

S′
n|̂ν;i(θ̂n) = S′

n|̂ν;i(θ0) +
p∑

j=1

[∂(S′
n|̂ν;i)/∂θj ](θn)(θ̂n,j − θ0,j ),(6.2)

where θn = θ0 + an(θ̂n − θ0), an ∈ (0,1). Since S′
n|̂ν;i(θ̂n) = 0 for all i, (6.2) is

written in matrix form, 0 = S′
n|̂ν(θ0) + S′′

n|̂ν(θn)(θ̂n − θ0), implying that if S′′
n|̂ν(·)

is invertible in a neighborhood of θ0, then

�n(θ̂n − θ0) = −�n[S′′
n|̂ν(θn)]−1S′

n|̂ν(θ0)(6.3)

for any p × p matrix �n. Moreover, by definition,

S′
n|̂ν(θ) = −2

n∑
k=1

(
ηk + fk(θ0, ν0) − fk(θ, ν̂)

)
f′k(θ, ν̂)

S′′
n|̂ν(θ) = 2

n∑
k=1

f′k(θ, ν̂)f′Tk (θ, ν̂) − 2
n∑

k=1

ηkf′′k(θ, ν̂)(6.4)

− 2
n∑

k=1

(
fk(θ0, ν0) − fk(θ, ν̂)

)
f′′k(θ, ν̂).

Considering (6.4), if the conditions

lim
n

[
n∑

k=1

ηkf′′k(θn, ν̂)

]
Mn

P= 0,(6.5)

lim
n

[
n∑

k=1

(
fk(θ0, ν0) − fk(θn, ν̂)

)
f′′k(θn, ν̂)

]
Mn

P= 0,(6.6)
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lim
n

[
n∑

k=1

f′k(θn, ν̂)f′Tk (θn, ν̂)

]
Mn

P= I(6.7)

are fulfilled, then we get limn 2−1S′′
n|̂ν(θn)Mn

P= I. Therefore, writing

�n(θ̂n − θ0) = −�nMn[S′′
n|̂ν(θn)Mn]−1S′

n|̂ν(θ0)

and using Slutsky’s theorem, we get (6.1) on �∞.
Now, concerning (6.5), it is satisfied if, for all i, l,

sup
l,i,j

lim
n

sup
θ

∣∣∣∣∣
n∑

k=1

ηkf
′′
k;i,l(θ, ν̂)

∣∣∣∣∣|Mn[l, j ]| a.s.= 0,(6.8)

which is verified according to Proposition 5.1. Finally, (6.6) and (6.7) are verified
on LIM({θn}) ∩ UNC({θn}). �

When UNC({θn}) is not verified, we may instead use the second order Taylor
series expansion of S′

n|̂ν;i(θ̂n) at θ0. So, let [∂f ′′
k;i,j /∂θl](θ, ν̂) =: f ′′′

k;i,j,l(θ, ν̂) for
any i, j, l.

PROPOSITION 6.2. Let us assume that fk(θ, ν) has third derivatives in θ for
each k (and for ν = ν̂ under A1 and for ν under A2) and that there exists a p × p

Fn−1-measurable matrix �n such that P(�∞) > 0, where �∞ is defined under
A1 by

�∞ = ⋂
i,j,h,l,m

{
LIPθ ({f ′′

k;i,l(θ, ν̂)}) ∩ SI({(Mn[l, j ])−1})

∩ VARθ ({σ 2
k , f ′′

k,i,l(θ, ν̂), (Mk[l, j ])−1}) ∩ LIM({θn})

∩
{

lim
n,θn→θ0

∣∣∣∣∣(�nMn)[i, j ]
n∑

k=1

f ′
k;m(θn, ν̂)f ′′

k;h,l(θn, ν̂)

∣∣∣∣∣ a.s.
< ∞

}

∩ SI({((�Mn)[l, j ])−1})
∩ VARθ ({σ 2

k , f ′′′
k;j,h,l(θ, ν̂), ((�kMk)[i, j ])−1})

∩
{

lim
n,θn→θ0

(�nMn)[i, j ]
∣∣∣∣∣

n∑
k=1

fk(θ0, ν0)f
′′′
k;j,h,l(θn, ν̂)

∣∣∣∣∣ a.s.
< ∞

}}

∩
{

lim
n

�nMn

n∑
k=1

(
fk(θ0, ν0) − fk(θ0, ν̂)

)
f′k(θ0, ν̂)

P= 0

}

∩
{

lim
n

�nMn

n∑
k=1

ηkf′k(θ0, ν̂) ∃ in distribution

}
.



ESTIMATION IN STOCHASTIC REGRESSION 581

Then, on �∞, limn �n(θ̂n − θ0)
D= limn �nMn

∑n
k=1 ηkf′k(θ0, ν̂).

Under A2, replace ν̂ by ν in LIPθ (·), VARθ (·) and replace these conditions by
the corresponding conditions on θ, ν.

PROOF. Consider the second order Taylor series expansion of S′
n|̂ν;i(θ̂n) at θ0:

for all i = 1, . . . , p,

S′
n|̂ν;i(θ̂n) = S′

n|̂ν;i(θ0) +
p∑

j=1

[∂(S′
n|̂ν;i)/∂θj ](θ0)(θ̂n,j − θ0,j )

(6.9)

+ 1

2

∑
j,l

[∂2(S′
n|̂ν;i)/(∂θj ∂θl)](θn)(θ̂n,l − θ0,l)(θ̂n,j − θ0,j ),

where θn = θ0 + an(θ̂n − θ0), an ∈]0,1[. Using the definition of θ̂n, (6.9) may be
written

0 = S′
n|̂ν(θ0) + S′′

n|̂ν(θ0)(θ̂n − θ0) + 1

2

p∑
l=1

[∂(S′′
n|̂ν)/∂θl](θn)(θ̂n,l − θ0,l)(θ̂n − θ0).

Let �n a p × p matrix. Then

�n

(
I + [S′′

n|̂ν(θ0)]−1
[

1

2

∑
l

[∂(S′′
n|̂ν)/∂θl](θn)(θ̂n,l − θ0,l)

])
(θ̂n − θ0)

= −�n[S′′
n|̂ν(θ0)]−1S′

n|̂ν(θ0).

The proof is then similar to the proof of Proposition 6.1. To prove that

limn S′′
n|̂ν(θ0)Mn

P= 2I , we need the assumptions of Proposition 6.1, where {θn}
and θ are replaced by θ0. Next, using the fact that limn S′′

n|̂ν(θ0)Mn
P= 2I , we show

that

lim
n

�n

(
[S′′

n|̂ν(θ0)]−1
[

1

2

∑
l

[∂(S′′
n|̂ν)/∂θl](θn)(θ̂n,l − θ0,l)

])
(θ̂n − θ0)

P= 0.

From (6.4), we deduce that

1

2

∂S′′
n|̂ν

∂θl

(θ)[j,h] =
n∑

k=1

f ′′
k;j,l(θ, ν̂)f ′

k;h(θ, ν̂) +
n∑

k=1

f ′′
k;h,l(θ, ν̂)f ′

k;j (θ, ν̂)

+
n∑

k=1

f ′′
k;j,h(θ, ν̂)f ′

k;l(θ, ν̂) −
n∑

k=1

fk(θ0, ν0)f
′′′
k;j,h,l(θ)

−
n∑

k=1

ηkf
′′′
k;j,h,l(θ, ν̂).

The proof is then as in Proposition 6.1. �
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7. Estimation of ν0. In the previous sections, we obtained conditions lead-
ing to the consistency and the asymptotic distribution of θ̂n given {̂νn}. When the
asymptotic distribution of θ̂n depends on ν0, it is necessary to derive a consistent
estimator of ν0. Let us write ν0 = (ν

(1)
0 , ν

(2)
0 ), where ν

(1)
0 is of dimension q1 ≤ ∞

and ν
(2)
0 is of dimension q2 < ∞, and such that the asymptotic distribution of θ̂n is

independent of ν
(1)
0 and

fn(θ0, ν0) = fn

(
θ0, ν

(1)
0

)
, σ 2

n (θ0, ν0) = σ 2
n

(
θ0, ν

(2)
0

)
,

where, now, σ 2
n (θ0, ν

(2)
0 ) := E([Yn − E(Yn|Fn−1)]2|Fn−1). Let us further as-

sume that there exists s(θ, ν(2)), a continuous function in (θ, ν(2)), such that

limn �n(θ̂n −θ0)[s(θ0, ν
(2)
0 )]−1 D= L, where L is independent of the unknown para-

meters. Then, for any sequence of estimators {(θ̂n, ν̂
(2)
n )} such that limn(θ̂n, ν̂

(2)
n )

P=
(θ0, ν

(2)
0 ), thanks to Slutsky’s theorem, limn �n(θ̂n −θ0)[s(θ̂n, ν̂

(2)
n )]−1 D= L, which

allows for the elaboration of confidence regions of θ0.
Therefore, we build here a CLSE of ν

(2)
0 and give the conditions for its consis-

tency. Let us define

ν̂(2)
n = arg min

ν(2)∈N (2)

S̃n|θ̂n,̂ν(1)

(
ν(2)),

S̃n|θ̂n,̂ν(1)

(
ν(2)) :=

n∑
k=1

(
Ỹk,n − f̃k,n

(
θ̂n, ν

(2)))2
,

where Ỹk,n = (Yk − fk(θ̂n, ν̂
(1)))2 = (ηk + dk(θ̂n, ν̂

(1)))2, f̃k,n(θ0, ν
(2)
0 ) := E(Ỹk,n|

Fk−1) = σ 2
k (θ0, ν

(2)
0 ) + d2

k (θ̂n, ν̂
(1)). Let us define

d̃k

(
ν(2)|θ̂n

) := f̃k,n

(
θ̂n, ν

(2)
0

) − f̃k,n

(
θ̂n, ν

(2)) := σ 2
k

(
θ̂n, ν

(2)
0

) − σ 2
k

(
θ̂n, ν

(2)),
d̃k

(
θ̂n|ν(2)) := f̃k,n

(
θ0, ν

(2)) − f̃k,n

(
θ̂n, ν

(2)) := σ 2
k

(
θ0, ν

(2)) − σ 2
k

(
θ̂n, ν

(2)),
D̃n

(
ν(2)|θ̂n

) :=
n∑

k=1

d̃2
k

(
ν(2)|θ̂n

)
, D̃n

(
θ̂n|ν(2)) :=

n∑
k=1

d̃2
k

(
θ̂n|ν(2)),

L̃n,n

(
ν(2)|θ̂n

) :=
n∑

k=1

η̃k,nd̃k

(
ν(2)|θ̂n

)
,

η̃k,n := Ỹk,n − E(Ỹk,n|Fk−1) = η̃k + 2ηkdk

(
θ̂n, ν̂

(1)),
where η̃k := η2

k − σ 2
k (θ0, ν

(2)
0 ). This implies that

L̃n,n

(
ν(2)|θ̂n

) = L̃n

(
ν(2)|θ̂n

) + 2Ln

(
ν(2)|θ̂n, ν̂

(1)),(7.1)
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where

L̃n

(
ν(2)|θ̂n

) :=
n∑

k=1

η̃kd̃k

(
ν(2)|θ̂n

)
,

Ln

(
ν(2)|θ̂n, ν̂

(1)) :=
n∑

k=1

ηkdk

(
θ̂n, ν̂

(1))d̃k

(
ν(2)|θ̂n

)
.

Let σ̃ 2
k := E(η̃2

k |Fk−1).

PROPOSITION 7.1. Let us assume that σ 2
k (θ, ν

(2)
0 ) is continuous in θ , that

E(η4
k |Fk−1)

a.s.
< ∞ for all k and that limn θ̂n

a.s.= θ0. Let �∞ ⊂ � be defined by

�∞ = LIPθ,ν(2)

({
d̃k

(
ν(2)|θ)}) ∩ LIPθ,ν(2)

({
dk

(
θ, ν̂(1))d̃k

(
ν(2)|θ)})

∩ SIθ,ν(2)

({
D̃n

(
ν(2)|θ)}) ∩ VARθ,ν(2)

({
σ̃ 2

k , d̃k

(
ν(2)|θ)

, D̃k

(
ν(2)|θ)})

∩ VARθ,ν(2)

({
σ 2

k , dk

(
θ, ν̂(1))d̃k

(
ν(2)|θ)

, D̃k

(
ν(2)|θ)})

.

Let us assume that P(�∞) > 0. Then limn ν̂
(2)
n

a.s.= ν
(2)
0 on �∞.

PROOF. Let us write

Ỹk,n − f̃k

(
θ̂n, ν

(2)) = η̃k,n + d̃k

(
θ̂n|ν(2)

0

) + d̃k

(
ν(2)|θ̂n

)
.

Then, using Hölder’s inequality, this decomposition leads to

S̃n|θ̂n,̂ν(1)

(
ν(2)) − S̃n|θ̂n,̂ν(1)

(
ν

(2)
0

)
=

n∑
k=1

[
d̃k

(
ν(2)|θ̂n

)]2 + 2
n∑

k=1

(
η̃k,n + d̃k

(
θ̂n|ν(2)

0

))
d̃k

(
ν(2)|θ̂n

)
≥ D̃n

(
ν(2)|θ̂n

) − 2
∣∣L̃n,n

(
ν(2)|θ̂n

)∣∣ − 2
[
D̃n

(
θ̂n|ν(2)

0

)]1/2[
D̃n

(
ν(2)|θ̂n

)]1/2
,

which implies that

inf
ν(2)∈Bc

δ

S̃n|θ̂n,̂ν(1)

(
ν(2)) − S̃n|θ̂n,̂ν(1)

(
ν

(2)
0

)
≥ inf

ν(2)∈Bc
δ

D̃n

(
ν(2)|θ̂n

)

×
[
1 − 2 sup

(θ,ν(2))∈Bc
δ

|L̃n,n(ν
(2)|θ)|

D̃n(ν(2)|θ)
− 2

[D̃n(θ̂n|ν(2)
0 )]1/2

infν(2)∈Bc
δ
[D̃n(ν(2)|θ̂n)]1/2

]
.

The result then follows from the assumptions of the proposition, from (7.1),
from the SLLNSM applied to sup(θ,ν(2))∈Bc

δ
|L̃n(ν

(2)|θ)|[D̃n(ν
(2)|θ)]−1 and to
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sup(θ,ν(2))∈Bc
δ
|Ln(ν

(2)|θ, ν̂(1))|[D̃n(ν
(2)|θ)]−1, and from limn|d̃2

n(θ̂n|ν(2)
0 )| ×

[infν(2)∈Bc
δ
|d̃2

n(ν(2)|θ̂n)|]−11{inf
ν(2)∈Bc

δ
d̃n(ν(2)|θ̂n) 	=0}

a.s.= 0, which is deduced from the

continuity of σ 2
k (θ, ν

(2)
0 ) in θ and which, according to Toeplitz’s lemma, leads to

limn D̃n(θ̂n|ν(2)
0 )[infν(2)∈Bc

δ
D̃n(ν

(2)|θ̂n)]−1 a.s.= 0. �

8. Examples in branching processes. Here, we deal with single-type Mar-
kovian branching processes in discrete time. The process {Nn} of population sizes
at each time is defined by Nn = ∑Nn−1

i=1 Xn,i , where the {Xn,i}i are i.i.d. given
Fn−1 that is generated by {Nk}k≤n−1. In each example, the normalization is carried

out in order to get limnE(η2
n|Fn−1)

a.s.
< ∞, implying that assumption VARθ (·) of

Proposition 5.1 is satisfied.

8.1. BGW process. The {Xn,i}i are i.i.d. (m0, σ
2
0 ) and are independent of

Fn−1. Then MY is defined by

Yn = NnN
−1/2
n−1 , fn(m0) = m0N

1/2
n−1, ηn = N

−1/2
n−1

Nn−1∑
i=1

(Xn,i − m0).

Therefore, E(η2
n|Fn−1) = σ 2

0 . Let θ0 = m0. Then fn(m) is Lipschitz in m with

gn = N
1/2
n−1 and infm∈Bc

δ
Dn(m) = infm∈Bc

δ
(m0 −m)2 ∑n

k=1 Nk−1, which converges
a.s. to ∞, as n → ∞, on the nonextinction set �∞, where P(�∞) > 0, for m0 > 1.
Therefore, assuming that m0 > 1 and using Proposition 3.1, we have limn m̂n

a.s.=
m0 on �∞.

REMARK 8.1 (Direct proof). Recall that m̂n is also the MLE estimator of m0
[6] and the Harris estimator [11]:

m̂n =
∑n

k=1 Nk∑n
k=1 Nk−1

=
∑n

k=1(Nkm
−k
0 )mk

0∑n
k=1 mk

0

m0
∑n

k=1 mk−1
0∑n

k=1(Nk−1m
−(k−1)
0 )mk−1

0

.

The strong consistency of {m̂n} on �∞ is then obtained classically (see [8])

by using Toeplitz’s lemma with limn Nnm
−n
0

a.s.= WN0 , where WN0

a.s.
> 0 on �∞,

E(WN0) = N0. Note that the indirect proof based on Proposition 3.1 does not re-
quire knowledge of the asymptotic behavior of the process as is the case in this
direct proof.

In this model, (6.1) becomes

lim
n

�n(m̂n − m0) = lim
n

�n

[
n∑

k=1

Nk−1

]−1 n∑
k=1

Nk−1∑
i=1

(Xk,i − m0),(8.1)
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which is also the expression obtained classically by directly using the expres-
sion for m̂n. Since

∑n
k=1[f ′

k(m0)]2 = ∑n
k=1 Nk−1 =: Sn−1,

∑n
k=1 ηkf

′
k(m0) =∑n

k=1
∑Nk−1

i=1 (Xk,i − m0) =: ∑Sn−1
j=1 (Xj − m0), where the {Xj } correspond a.s. to

the {Xk,i}i,k , ordered according to i and then k. Setting �n = [∑n
k=1 mk−1

0 ]1/2,
(8.1) then becomes

�n(m̂n − m0) =
([

n∑
k=1

mk−1
0

]1/2[
n∑

k=1

Nk−1

]−1/2)(
S

−1/2
n−1

Sn−1∑
j=1

(Xj − m0)

)
,

which leads, thanks to Toeplitz’s lemma on the first term of the right-hand side and

a CLT for random sums [2] on the second term, to limn �n(m̂n − m0)
D= W−1

N0
U ,

where U ∼ N (0, σ 2
0 ), U and WN0 being independent.

Similar results may be obtained for m̂h,n, where n − h is constant. In this case,
“
∑n

k=1” must be replaced by “
∑n

k=h+1.” When h = n− 1, m̂h,n = Nn/Nn−1 is the
Lotka–Nagaev estimator.

Since m0 = 1 is a threshold for the asymptotic behavior of {Nn}, if we do
not know a priori whether m < 1 or m > 1, then we may estimate m using
E(Nn|Nn−1,Nn 	= 0) instead of E(Nn|Nn−1).

8.2. Size-dependent branching processes. Nn = ∑Nn−1
i=1 Xn,i with {Xn,i} i.i.d.

(mθ0(Nn−1), σ
2
0 (Nn−1)), limN mθ0(N) = m0, σ 2

0 (N) = O(Nβ0), where β0 is as-
sumed to be known [19]. The model MY is then

Yn = NnN
−(1+β0)/2
n−1 = mθ0(Nn−1)N

(1−β0)/2
n−1 + ηn.

A particular example of a size-dependent branching process is the process model-
ing the amplification process in the polymerase chain reaction setting, taking into
account the saturation phenomenon due to the closed medium [17, 30]. The ulti-
mate goal of this technology is the estimation of N0, the initial number of DNA
molecule fragments, through the amplified population in vitro. At each cycle of the
amplification process, a DNA fragment may product two DNA fragments by repli-
cation after three successive steps— heating, annealing and synthesis. The amplifi-
cation process exhibits three different phases: the exponential phase, during which
the replication is not limited, then a saturation phase involving a “linear” phase,
followed by a “plateau” phase where the replication is less and less efficient. Since
the size of the population increases very quickly (exponential increase during the
first cycles) and since the observation errors are very important during the first
cycles but become more and more negligible relative to the signal as the number
of cycles increases, the estimations should be based on the observations starting
only from the end of the exponential phase. The classical estimation method is
based on a regression model using the observations at the end of the exponential
phase of a set of amplification processes starting from successive dilutions of a
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given DNA sample and assumed to have the same replication probability. Besides
the probable violation of the basic assumptions of this method (i.i.d. errors, iden-
tical replication probabilities, identical initial size up to the dilution factor, etc.),
this method is costly since the accuracy of the estimator requires a large number
of such trajectories. Therefore, we developed conditional least squares estimation
based on a single amplification process (or two if the “observation unit to number
of molecules” conversion is required) [13, 24, 27]. Moreover, because of a very
large population after only a few cycles, the asymptotic properties are obtained
from the end of the exponential phase, leading to a great accuracy of the estimator
of the replication probability, which is crucial for the accuracy of the estimation
of N0. We focus here on the estimation of the replication probability based on
different models.

The amplification process may be modeled by a simple branching process Nn =∑Nn−1
i=1 Xn,i , where the {Xn,i} are i.i.d. given Fn−1 with P(Xn,i = 1|Fn−1) = 1 −

pn, pn := P(Xn,i = 2|Fn−1) being the probability of replication at the nth cycle.
When restricting the modeling to the exponential phase, we may assume that the
{Xn,i} are i.i.d. (m0, σ

2
0 ), where m0 = 1 + p0, p0 = pn and σ 2

0 = p0(1 − p0), that
is, the process is a BGW branching process ([13, 27], see previous item).

We now take into account the saturation phase. Therefore, the probability of
replication is a decreasing function of the current size of the population. For ex-
ample, Schnell and Mendoza [30] proposed the following enzymological model:

M1: pn = [K0]([K0] + [Nn−1])−1 = K0(K0 + Nn−1)
−1,

where [K0] is the Michaelis–Menten constant, [Nn−1] is the concentration of
molecules at time n − 1 and K0 = [K0] × V , where V is the volume of the
reaction. Then {Nn} is a near-critical process with an a.s. nonextinction and
limn Nnn

−1 a.s.= K0 [17].
This model may be generalized in order to take into account a saturation thresh-

old S0 ≥ N0. For example, in [24],

M2: pn = K0

K0 + NS0,n−1

[1 + exp(−C0(S
−1
0 NS0,n−1 − 1))]
2

,

where NS0,n−1 = S0 if Nn−1 < S0, and NS0,n−1 = Nn−1 if Nn−1 ≥ S0. When C0 =
0, S0 = N0, M2 is reduced to M1. Since M2 is a BGW process for all n such that
Nn−1 < S0, it follows that when S0 → ∞, M2 tends to a BGW process. In the
general case C0 	= 0 with S0 < ∞, we have limn Nnn

−1 = K0/2. When setting θ =
(K,C,S), we have limn infθ Dn(θ)

a.s.
< ∞ and K0 is the only parameter verifying

limn infK Dn(K)
a.s.= ∞. The asymptotic properties of the CLSE of K0, assuming

(C0, S0) =: ν0, may be found in [24]. They can also be derived in the same way as
for the following model using the general results developed here.
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Let us now assume another generalization of the Schnell–Mendoza model:

M3: pn =
(

K0

K0 + NS0,n−1

)(1 + S
α0
0 N

−α0
S0,n−1)

2
, α0 > 0.

As for M2, the limit of this model, as S0 → ∞, is reduced to the BGW model
and when α0 = 0 with S0 = N0, the model is reduced to M1. Let us assume here
that S0 < ∞ and 0 < α0 < ∞. As in [17] and [24], the asymptotic behavior of
the process is linear: limn Nnn

−1 a.s.= K0/2 and the stochastic regression model is
Yn = Nn = fn(θ0, ν0) + ηn, where

fn(θ0, ν0) =
[
1 +

(
K0

K0 + NS0,n−1

)(1 + S
α0
0 N

−α0
S0,n−1)

2

]
Nn−1,

ηn =
Nn−1∑
i=1

(
Xn,i − E(Xn,i |Nn−1)

)
,(8.2)

σ 2
n = Nn−1pn(1 − pn) = O(1).

Let θ = (K,Sα,α), q = 0. Using the first order Taylor series development, we
have

inf
θ∈Bδ

c

Dn(θ) = inf|α−α0|≥δ
O

(
n∑

k=1

(k−α0 − k−α)2

)

= O

(
inf

α̃=α0+aδ,α(α−α0)

n∑
k=1

[ln(k)]2k−2α̃

)
, aδ,α ∈]0,1[,

which converges a.s. to ∞ for 0 ≤ 2α̃ ≤ 1. Therefore, if we assume that α0 ∈
]0,1/2[, then limn(K̂n, Ŝα

n , α̂n)
a.s.= (K0, S

α0
0 , α0). Next, since the second deriva-

tive of fn(θ) in α increases to ∞ with n more quickly than its first derivative,
assumptions such that VARθ ({σ 2

k , f ′′
k;1,2(θ, ν̂), (Mk[2,1])−1}) cannot be verified.

Therefore, we restrict the study of the asymptotic distribution to K̂n and then to
(K̂n, Ŝα

n ).
So, let us first assume that θ0 = K0 and (S

α0
0 , α0) =: ν0 are nuisance parameters

estimated by (Ŝα
n0

, α̂n0). We have, for Nk−1 large enough,

f ′
k(K0, ν̂) = N2

k−1

(K0 + Nk−1)2

(1 + Ŝα
n0

N
−α̂n0
k−1

2

)
= O(1),

f ′′
k (K0, ν̂) = − N2

k−1

(K0 + Nk−1)3 (1 + Ŝα
n0

N
−α̂n0
k−1 ) = O(k−1).

Let us define

�2
n =

n∑
k=1

[(
1 + Ŝα

n0
2α̂n0 K

−α̂n0
0 (k − 1)−α̂n0

)
/2

]2
, �n = �−1

n

n∑
k=1

[f ′
k(K0, ν̂)]2.
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Then, thanks to Toeplitz’s lemma, limn �−1
n �n

a.s.= 1 and �n = O(1). Conse-
quently, for 0 < 2α̂n0 < 1, the assumptions of Proposition 6.1, except the last one,
which we consider now, are verified. By the definition of �n,

�n

[
n∑

k=1

[f ′
k(K0, ν̂)]2

]−1 n∑
k=1

ηkf
′
k(K0, ν̂) = �−1

n

n∑
k=1

ηkf
′
k(K0, ν̂).(8.3)

Moreover,

lim
k≤n,k→∞ f′k(K0, ν̂)

a.s.= 1/2, lim
k

E(η2
k |Fk−1)

a.s.= K0/2.

Therefore, we may derive the asymptotic distribution of the right-hand side of
(8.3) by a classical CLT for martingale arrays ([4, 29]: “let {M(n)

k }k≤n be a mul-

tidimensional martingale triangular array
∑k

l=1 ξl,n, E(ξl,n|F (n)
l−1)

a.s.= 0. Let us as-

sume (a) limn〈M〉(n)
n

P= �, where � is a semi-definite deterministic matrix and
〈M〉(n)

n := ∑n
l=1 E(ξl,nξ

T
l,n|F (n)

l−1); (b) for all ε > 0, limn

∑n
k=1 E(‖ξk,n‖21‖ξk,n‖≥ε |

F (n)
k−1)

P= 0. Then limn M(n)
n

D= N (0,�).”) So, let us define the martingale array

M(n)
k = �−1

n

∑k
l=1 ηlf

′
l (K0, ν̂). Then

〈M〉(n)
n = �−2

n

n∑
k=1

E(η2
k |Fk−1)[f ′

k(K0, ν̂)]2,

which implies that limn〈M〉(n)
n

a.s.= limn E(η2
n|Fn−1) = K0/2. Moreover, for n

large, using Hölder’s and Markov’s inequalities, we have

n∑
k=1

E
(‖ξk,n‖21‖ξk,n‖≥ε |Fk−1

) ≤ �−2
n

n∑
k=1

E
(
η2

k1{η2
k≥ε2�2

n}|Fk−1
)

≤ [ε�3
n]−1

n∑
k=1

[E(η4
k |Fk−1)]1/2σk.

Using (8.2), we get E(η4
k |Fk−1) = O(1) and σk = O(1), which implies the Linde-

berg condition since �2
n = O(n). Consequently, limn �n(K̂n −K0)

D= N (0,K0/2)

or, equivalently, limn

√
n(K̂n − K0)(2K0)

−1/2 D= N (0,1). Note that if α0 = 0 (the

Schnell–Mendoza model), then, in the same way, limn

√
n(K̂n − K0)K

−1/2
0

D=
N (0,1).

We may also derive the asymptotic distribution using the CLT for random sums
[28] applied to the right-hand side of (8.3) using (8.2). According to this CLT, the
asymptotic behavior is obtained, even for small n, because of the expression of ηk

as the sum of a large number of centered variables. The asymptotic distribution of
the estimator allows for the derivation of accurate confidence intervals of K0.
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Let us now assume that θ = (K,Sα0) with α0 = ν0 estimated by α̂n0 . We have,
for k ≤ n,

f ′
k;1(θ, ν̂) = N2

k−1(K + Nk−1)
−2(1 + Sα0N

−α̂n0
k−1 )2−1 = O(1),

f ′
k;2(θ, ν̂) = KNk−1(K + Nk−1)

−1N
−α̂n0
k−1 2−1 = O(k−α̂n0 ),

f ′′
k;1,1(θ, ν̂) = −N2

k−1(K + Nk−1)
−3(1 + Sα0N

−α̂n0
k−1 ) = O(k−1),

f ′′
k;2,2(θ, ν̂) = 0,

f ′′
k;1,2(θ, ν̂) = N2

k−1(K + Nk−1)
−2N

−α̂n0
k−1 2−1 = f ′′

k;2,1(θ, ν̂) = O(k−α̂n0 ).

Therefore, UNC({θn}) is checked and

4
n∑

k=1

f′k(θ, ν̂)f′Tk (θ, ν̂) = O

(
n Kn1−α̂n0

Kn1−α̂n0 K2an(α̂n0)

)
,

where an(α̂n0) = n1−2α̂n0 1{2α̂n0<1} + lnn1{2α̂n0=1}, implying that

Mn =
(

O(n−1) O(n−α̂n0 [an(α̂n0)]−1)

O(n−α̂n0 [an(α̂n0)]−1) O([an(α̂n0)]−1)

)
.

Consequently, all of the assumptions of Proposition 6.1 are satisfied for {0 <

2α̂n0 < 1}. Let us define �n = �−1
n [∑n

k=1 f′k(θ0, ν̂)f′Tk (θ0, ν̂)], where

�2
n = 1

4

(
n K0n

1−α̂n0

K0n
1−α̂n0 K2

0an(α̂n0)

)
.

Therefore,

�n

[
n∑

k=1

f′k(θ0, ν̂)f ′T
k (θ0, ν̂)

]−1 n∑
k=1

ηkf′k(θ0) = �−1
n

n∑
k=1

ηkf′k(θ0, ν̂).

Then, using the CLT for martingale arrays ([4, 29]), we have

lim
n

�n(θ̂n0 − θ0)
D= N

(
0, (K0/2)I

) ⇐⇒ lim
n

�n(θ̂n0 − θ0)
D= N

(
0, (K0/2)I

)
.

9. Extension to estimating functions. To simplify notation, we assume
that q = 0. Let Qn(θ; {Zk,ak(θ)}) be defined as in (1.3), where ak(θ) :=
g′
k(θ)[bk(θ)]−1, bk(θ) being Fk−1-measurable. Let θ̂n solve Qn(θ; {Zk,ak(θ)}) =

0. The CLSE solution of (1.1) corresponds to bk(θ) = λk and the QLE to
bk(θ) = σ−2

k (θ).
Following [12], let

Sn(θ) :=
[∫

Qn;i (u; {Zk,ak(θ)}) dui

]
(θ), i = 1, . . . , n,(9.1)
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when this quantity exists. Since
∫

Qn;i(u; {Zk,ak(θ)}) dui](θ) = −∑n
k=1

∫
(Zk −

gk(θ))g′
k;i(θ)[bk(θ)]−1, it follows that when bk(θ) is a function of gk(θ), Sn(θ)

exists (but does not necessarily have an explicit form).
Let ek(θ) := Zk − gk(θ), d

g
k (θ) := gk(θ0) − gk(θ), Da,n(θ) := ∑n

k=1 da,k(θ),
where, for i = 1, . . . , p,

da,k(θ) :=
[∫

d
g
k (u)g′

k;i(u)b−1
k (u) dui

]
(θ0) −

[∫
d

g
k (u)g′

k;i(u)b−1
k (u) dui

]
(θ)

and let db,k(θ) = [∫ g′
k;i(u)b−1

k (u) dui](θ0) − [∫ g′
k;i(u)b−1

k (u) dui](θ), for i =
1, . . . , p, when these quantities exist.

PROPOSITION 9.1. Let us assume that Sn(θ), defined as in (9.1) , exists and
let �∞ ⊂ � be defined by

�∞ = {
LIPθ ({da,k(θ)}) ∩ LIPθ ({db,k(θ)}) ∩ SIθ ({Da,n(θ)})

∩ VARθ ({σ 2
k (θ0, ν0), db,k(θ),Da,k(θ)})}.

Let us assume that P(�∞) > 0. Then limn θ̂n
a.s.= θ0 on �∞.

The proof is the same as in Section 3, where Sn(θ) − Sn(θ0) = ∑n
k=1 da,k +∑n

k=1 ekdb,k(θ). In the particular case bk(θ) = λk , we have da,k = 2−1[dg
k (θ)]2λ−1

k ,
db,k(θ) = d

g
k (θ)λ−1

k and Da,n(θ) = Dn(θ) up to additive constants, where Dn(θ)

is given by (1.8). �∞ is then reduced to the subset defined in Proposition 3.1.
In the general case where bk(θ) depends on θ , since conditions given in Propo-

sition 9.1 may be difficult or even impossible to verify in practice, we may derive
sufficient conditions using Wu’s lemma applied to a Taylor series expansion of
Sn(θ) − Sn(θ0). Writing ek(θ0) =: ek , θa = θ0 + a(θ − θ0), a ∈ (0,1), we have

ck(θ) := (θ − θ0)
T g′

k(θ0)b
−1
k (θ0) + ca,k(θ),

ca,k(θ) := (θ − θ0)
T [

g′′
k(θa)b

−1
k (θa) − g′

k(θa)[b′
k(θa)]T b−2

k (θa)
]
(θ − θ0),

da,k(θ) := (θ − θ0)
T g′

k(θa),

Da,n(θ) :=
n∑

k=1

[da,k(θ)]2 = (θ − θ0)
T

n∑
k=1

g′
k(θa)[g′

k(θa)]T (θ − θ0).

PROPOSITION 9.2. Let us assume that Sn(θ) defined as in (9.1) exists and
that gn(θ) has second derivatives in θ . Let �∞ ⊂ � be defined by

�∞ = LIPθ ({ca,k(θ)}) ∩ ⋂
i

LIPθ ({g′
k;i(θ)})

∩ SIθ ({Da,n(θ)}) ∩ VARθ ({σ 2
k (θ0, ν0), ck(θ),Da,k(θ)})

∩
{

lim
n

sup
θ

[
n∑

k=1

d
g
k (θ)ca,k(θ)

]
[Da,n(θ)]−1 a.s.= 0

}
.
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Let us assume that P(�∞) > 0. Then limn θ̂n
a.s.= θ0 on �∞.

In the particular class bk(θ) = λk , we have VARθ (·) = VARθ ({σ 2
k , (θ − θ0)

T ×
f′k(θ),Da,k(θ)}) = VARθ ({σ 2

k , dk(θ),Dk(θ)}), where dk(θ),Dk(θ) are given by
(1.8). Consequently, �∞ (Proposition 9.2) ⊂ �∞ (Proposition 3.1). In the linear
case with bk(θ) = λk , we have that �∞ is reduced to (1.7) in both propositions.

PROOF OF PROPOSITION 9.2. Let us write Sn(θ) − Sn(θ0) = (θ − θ0)
T ×

S′
n(θ0) + (θ − θ0)

T S′′
n(θa)(θ − θ0). Then

Sn(θ) − Sn(θ0)

= Da,n(θ) − (θ − θ0)
T

n∑
k=1

ekg′
k(θ0)b

−1
k (θ0)

− (θ − θ0)
T

n∑
k=1

ek

[
g′′
k(θa)b

−1
k (θa) − g′

k(θa)[b′
k(θa)]T b−2

k (θa)
]
(θ − θ0)

− (θ − θ0)
T

n∑
k=1

d
g
k (θa)

[
g′′
k(θa)b

−1
k (θa) − g′

k(θa)[b′
k(θa)]T b−2

k (θa)
]

× (θ − θ0)

and then the proof is as in Section 3. �

We will not describe here the asymptotic distribution for these estimators since
the methodology is the same as for the CLSE.

APPENDIX

PROOF OF PROPOSITION 5.1. We work on VARθ ({σ 2
k , dk(θ),D∗k(θ)}). Let

us assume that �̃ is a finite set (i.e., �̃ = {θi}i≤I ). Therefore, there exist some
random integers in ≤ I and jn ≤ I such that supθ∈�̃ |Ln(θ)|[D∗n(θ)]−1 a.s.=
|Ln(θin)|[D∗n(θin)]−1, infθ∈�̃ D∗n(θ)

a.s.= D∗n(θjn). Moreover, thanks to the
SLLNM (strong law of large numbers for martingales, Theorem 2.18, [9]), we
have

∀θ ∈ �̃ lim
n

|Ln(θ)|[D∗n(θ)]−1 a.s.= 0 on
{
lim
n

D∗n(θ)
a.s.= ∞

}
,

which implies that limn |Ln(θin)|[D∗n(θin)]−1 a.s.= 0 on
⋂

i≤I {limn D∗n(θi)
a.s.= ∞},

which contains {limn D∗n(θjn)
a.s.= ∞}.

Let us now assume the general case �̃ ⊂ R
p . The general idea for proving the

result is then to extend the proof concerning the case where �̃ is finite: for each n,
we will use some random Fn−1-measurable discretization �̃n of �̃ that becomes
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finer and finer as n → ∞, together with the fact that, for each k ≤ n, there will
exist a point of �̃k which will get closer and closer to θ as k increases. So, writing

lim
n

sup
θ

|Ln(θ)|
D∗n(θ)

≤ lim
n

sup
θ

|Ln(θ, Gn(θ))|
D∗n(θ)

+ lim
n

sup
θ

|Ln(Gn(θ))|
D∗n(θ)

,(A.1)

where Gn(θ) := {θk(θ)}k≤n, θk(θ) ∈ �̃k being one vertex of �̃k among those clos-
est to θ , and

Ln(θ, Gn(θ)) :=
n∑

k=1

ηk

(
dk(θ) − dk(θk(θ))

)
, Ln(Gn(θ)) :=

n∑
k=1

ηkdk(θk(θ)),

it will be sufficient to prove that each of the terms of the sum of the right-hand side
of (A.1) is null. For the second term, we will use the fact that the set {{θk(θ)}k≤n}θ
is finite, together with the usual SLLNM (strong law of large numbers for martin-
gales), LIPθ ({d∗k(θ)}) and the sufficiently rapid convergence to 0 of the mesh size.
For the first term, we define

Um,n(θ, Gn(θ)) :=
n∑

k=m

ηk

(
dk(θ) − dk(θk(θ))

)[D∗k(θ)]−1(A.2)

and we will use a property of submartingales (Theorem 2.1 in [9]; see also Theo-
rem A.1) that leads to

λP
(

max
n : m≤n≤m′ sup

θ

|Um,n(θ, Gn(θ))| > λ
)

(A.3)
≤ E

(
sup
θ

|Um,m′(θ, Gm′(θ))|
)
.

Then, using LIPθ ({dk(θ)}) and the sufficiently rapid convergence of the mesh size
to 0, we will prove that limm limm′ E(supθ |Um,m′(θ, Gm′(θ))|) = 0, from which

we will deduce that limm supn≥m supθ |Um,n(θ, Gn(θ))| P= 0, thanks to (A.3), and

then limm limn≥m supθ |Um,n(θ, Gn(θ))| a.s.= 0. Finally, the result will follow from
the relationship, due to Lemma A.3,

|Ln(θ, Gn(θ))|[D∗n(θ)]−1 =
∣∣∣∣∣

n∑
k=1

Uk,n(θ, Gn(θ))[d∗k(θ)]2

∣∣∣∣∣[D∗n(θ)]−1,

together with a generalized Toeplitz lemma applied to the supθ of this quantity.
We now provide details of the proof. We define, for each k, a discretization

of R
p by a random grid Gk with fixed directions, a fixed origin and a random

mesh size εk , Fk−1-measurable and converging a.s. to 0 sufficiently rapidly as
k → ∞ according to the assumptions Aε

1 and Aε
2 defined later in the proof. Let

{θk,i}i =: �̃k be the vertices of Gk ∩ �̃ and let, for θ ∈ �̃, θk(θ) ∈ �̃k be one of
the elements of �̃k closest to θ , that is, ‖θk(θ)− θ‖ ≤ cεk , where c is any constant
satisfying c ≥ √

p/2 where ‖ · ‖ is the Euclidean norm.
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Let us first consider the second term of the right-hand side of (A.1). Defining
Dn(Gn(θ)) := ∑n

k=1[dk(θk(θ))]2, D∗n(Gn(θ)) := ∑n
k=1[d∗k(θk(θ))]2, we have

sup
θ

|Ln(Gn(θ))|
D∗n(θ)

(A.4)

≤ sup
θ

|Ln(Gn(θ))|
D∗n(Gn(θ))

[
sup
θ

|D∗n(Gn(θ)) − D∗n(θ)|
D∗n(θ)

+ 1
]
.

Since, for k ≤ n, θk(θ) is Fk−1-measurable and {Gn(θ)}θ is a finite set, we get, as
in the finite �̃ case,

lim
n

sup
θ

|Ln(Gn(θ))|
D∗n(Gn(θ))

a.s.= 0 on
{
lim
n

inf
θ

D∗n(Gn(θ))
a.s.= ∞

}
.(A.5)

Moreover, thanks to LIPθ ({d∗k(θ)}), there exists g∗k , Fk−1-measurable, and h∗(·)
such that |d∗k(θ) − d∗k(θk(θ))| ≤ h∗(‖θk(θ) − θk‖)g∗k , implying that

sup
θ

|D∗n(Gn(θ)) − D∗n(θ)|
D∗n(θ)

≤
∑n

k=1 ε∗kg∗kuk(ε∗k)

infθ D∗n(θ)
,(A.6)

where ε∗k := h∗(cεk) and u(ε∗k) = 2 maxi |d∗k(θk,i)| + ε∗kg∗k .

Let 0 < a < 1 and let us choose {εk} such that Aε
1 : ε∗kg∗kuk(ε∗k)

a.s.
< ak for all k.

Therefore, the limit in n of (A.6) is a.s. finite. Then, also using (A.4) and (A.5), we
get

lim
n

sup
θ

|Ln(Gn(θ))|[D∗n(θ)]−1 a.s.= 0 on
{
lim
n

inf
θ

D∗n(Gn(θ))
a.s.= ∞

}
.

Moreover, limn infθ D∗n(Gn(θ))
a.s.= ∞ is equivalent to limn infθ D∗n(θ)

a.s.= ∞ un-
der Aε

1 because

lim
n

inf
θ

D∗n(θ) ≤ lim
n

inf
θ

|D∗n(θ) − D∗n(Gn(θ))| + lim
n

inf
θ

D∗n(Gn(θ))

≤
∞∑

k=1

ε∗kg∗kuk(ε∗k) + lim
n

inf
θ

D∗n(Gn(θ))

and limn infθ D∗n(Gn(θ)) ≤ ∑∞
k=1 ε∗kg∗kkuk(ε∗k) + limn infθ D∗n(θ).

Next, we show that limn supθ |Ln(θ, Gn(θ))|[D∗n(θ)]−1 a.s.= 0. Let us write(
dk(θ) − dk(θk(θ))

)[D∗k(θ)]−1 =: d̃k(θ, θk(θ)).

Since {ηk} is a martingale difference sequence and dk(θ), θk(θ) and Dk(θ) are
Fk−1-measurable, it follows that {Um,n(θ, Gn(θ))}n, defined as in (A.2), is a mar-
tingale:

Um,n−1(θ, Gn−1(θ)) = E(Um,n(θ, Gn(θ))|Fn−1).
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According to Jensen’s inequality, this implies that {supθ |Um,n(θ, Gn(θ))|}n is a
submartingale:

sup
θ

|Um,n−1(θ, Gn−1(θ))| ≤ E
(
sup
θ

|Um,n(θ, Gn(θ))|∣∣Fn−1

)
.

Therefore, using Theorem 2.1 ([9]; see also Theorem A.1) and denoting by Vm,n

the quantity supθ |Um,n(θ, Gn(θ))|, we get, for any λ > 0,

λP
(

max
n : m≤n≤m′ Vm,n > λ

)
≤ E(Vm,m′).(A.7)

Now, using Vm,m′ := supθ |
∑m′

k=m ηkd̃k(θ, θk(θ))| and LIPθ ({dk(θ)}), which im-
plies that |d̃k(θ, θk(θ))| ≤ εkgk[D∗k(θ)]−1, where gk is Fk−1-measurable and
εk = h(cεk), we get

E(Vm,m′) ≤ E

(
m′∑

k=m

E
(
|ηk|εkgk

[
inf
θ

D∗k(θ)
]−1∣∣Fk−1

))
.

Using Hölder’s inequality and the Fk−1-measurability of εk , gk , [infθ D∗k(θ)]−1,
we get

E(Vm,m′) ≤ E

(
m′∑

k=m

σkεkgk

[
inf
θ

D∗k(θ)
]−1

)
.

Let us choose {εk} such that it satisfies Aε
2 : εkσkgk[infθ D∗k(θ)]−1 a.s.≤ ak , for all k,

in addition to Aε
1. Then E(Vm,m′) ≤ ∑∞

k=m ak < ∞, implying, according to (A.7),
that

lim
m′ λP

(
max

n : m≤n≤m′ Vm,n > λ
)

≤
∞∑

k=m

ak.(A.8)

Consequently, since
∑∞

k=m ak < ∞, (A.8) implies that

lim
m

lim
m′ P

(
max

n : m≤n≤m′ Vm,n > λ
)

= 0.(A.9)

Moreover, since {maxn : m≤n≤m′ Vm,n > λ}m′ is an increasing sequence of
events, it follows that P(supn : m≤n Vm,n > λ) = limm′ P(maxm≤n≤m′ Vm,n >

λ). Therefore, (A.9) becomes limm P (supn≥m Vm,n > λ) = 0 for all λ > 0,

which means that limm supn≥m Vm,n
P= 0. Therefore, there is a subsequence

{supn≥mi
Vmi,n}mi

that converges a.s. to 0 as mi → ∞. However, for m > mi with
m ≤ n, Um,n(θ, Gn(θ)) = Umi,n(θ, Gn(θ)) − Umi,m−1(θ, Gm−1(θ)), which implies
that supn≥m Vm,n ≤ 2 supn≥mi

Vmi,n and, consequently,

lim
m

sup
n≥m

Vm,n
a.s.= 0 which implies that lim

m
lim
n≥m

Vm,n
a.s.= 0.(A.10)
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It then remains to deduce from (A.10) that limn supθ Ln(θ, Gn(θ))[D∗n(θ)]−1 a.s.= 0.
Let us write Sk for

∑k−1
l=1 ηld̃l(θ, θl(θ)) := U1,k−1(θ, Gk−1(θ)). Then

Ln(θ, Gn(θ)) =
n∑

k=1

(Sk+1 − Sk)D∗k(θ).

Using Lemma A.3 and D∗k(θ) − D∗k−1(θ) = [d∗k(θ)]2, we get

Ln(θ, Gn(θ)) =
n∑

k=1

(Sn+1 − Sk)[d∗k(θ)]2 =
n∑

k=1

Uk,n(θ, Gn(θ))[d∗k(θ)]2,

implying that

lim
n

sup
θ

|Ln(θ, Gn(θ))|
D∗n(θ)

≤ lim
N

lim
n≥N

sup
k<N

Vk,n lim
N

lim
n≥N

sup
θ

D∗N(θ)

D∗n(θ)
(A.11)

+ lim
N

lim
n≥N

sup
N<k≤n

Vk,n.

Now, using, in the first term of the right-hand of side of (A.11), Uk,n(θ, Gn(θ)) =
Uk,N−1(θ, GN−1(θ)) + UN,n(θ, Gn(θ)), and, in the second term, Uk,n(θ, Gn(θ)) =
UN,n(θ, Gn(θ)) − UN,k−1(θ, Gk−1(θ)), thanks to (A.10), we get (5.1). �

LEMMA A.1 (Wu’s lemma [34]). If for all δ > 0 sufficiently small,

limn infθ∈Bc
δ
(Sn(θ) − Sn(θ0))

a.s. (P )
> 0, then limn θ̂n

a.s. (P )= θ0.

THEOREM A.1 (Theorem 2.1 in [9]). If {Si, Fi ,1 ≤ i ≤ n} is a submartingale,
then, for each real λ, we have λP (maxi≤n Si > λ) ≤ E(Sn1{maxi≤n Si>λ}).

LEMMA A.2 [16]. Let ak ≥ 0 for all k, with a1 > 0, and Sn = ∑n
k=1 ak with

limn Sn ≤ ∞. Then
∑∞

k=1 akS
−2
k ≤ 2a−1

1 − limn S−1
n .

LEMMA A.3. Let {Sk} with S1 = 0, Dk = ∑k
l=1 d2

l . Then
∑n

k=1(Sk+1 −
Sk)Dk = ∑n

k=1(Sn+1 − Sk)d
2
k .

PROOF.
∑n

k=1(Sk+1 − Sk)Dk = Sn+1Dn + ∑n−1
k=1 Sk+1Dk − ∑n

k=1 SkDk =
Sn+1Dn + ∑n

k=1 Sk(Dk−1 − Dk). Then use Dk − Dk−1 = d2
k . �

Acknowledgments. The author is grateful to V. Vatutin and A. Zubkov from
the Steklov Institute (Moscow) for their fruitful comments.



596 C. JACOB

REFERENCES

[1] ANDERSON, T. W. and TAYLOR, J. B. (1979). Strong consistency of least squares estimates
in dynamic models. Ann. Statist. 7 484–489. MR0527484

[2] BILLINGSLEY, P. (1968). Convergence of Probability Measures. Wiley, New York.
MR0233396

[3] DION, J.-P. (1974). Estimation of the mean and the initial probabilities of a branching process.
J. Appl. Probab. 11 687–694. MR0375488

[4] DACUNHA-CASTELLE, D. and DUFLO, M. (1993). Probabilités et Statistiques. 2. Problèmes
à Temps Mobile. Masson, Paris.

[5] ENGLE, R. (1982). Autoregressive conditional heteroscedasticity with estimates of the variance
of United Kingdom inflation. Econometrica 50 987–1007. MR0666121

[6] FEIGIN, P. D. (1977). A note on maximum likelihood estimation for simple branching
processes. Austral. J. Statist. 19 152–154. MR0471214

[7] GODAMBE, V. P. and HEYDE, C. C. (1987). Quasi-likelihood and optimal estimation. Internat.
Statist. Rev. 55 231–244. MR0963141

[8] GUTTORP, P. (1991). Statistical Inference for Branching Processes. Wiley, New York.
MR1254434

[9] HALL, P. and HEYDE, C. C. (1980). Martingale Limit Theory and Its Application. Wiley, New
York. MR0624435

[10] HALL, P. and YAO, Q. (2003). Inference in ARCH and GARCH models with heavy-tailed
errors. Econometrica 71 285–317. MR1956860

[11] HARRIS, T. E. (1948). Branching processes. Ann. Math. Statist. 19 474–494. MR0027465
[12] HUTTON, J. E. and NELSON, P. I. (1986). Quasilikelihood estimation for semimartingales.

Stochastic Process. Appl. 22 245–257. MR0860935
[13] JACOB, C. and PECCOUD, J. (1998). Estimation of the parameters of a branching process from

migrating binomial observations. Adv. in Appl. Probab. 30 948–967. MR1671090
[14] JACOB, C. (2008). Conditional least squares estimation in nonlinear and nonstationary stochas-

tic regression models: Asymptotic properties and examples. Technical Report UR341,
INRA, Jouy-en-Josas, France.

[15] LALAM, N. and JACOB, C. (2004). Estimation of the offspring mean in a supercritical or near-
critical size-dependent branching process. Adv. in Appl. Probab. 36 582–601. MR2058150

[16] JACOB, C., LALAM, N. and YANEV, N. (2005). Statistical inference for processes depending
on exogenous inputs and application in regenerative processes. Pliska Stud. Math. Bulgar.
17 109–136. MR2181338

[17] JAGERS, P. and KLEBANER, F. C. (2003). Random variation and concentration effects in PCR.
J. Theoret. Biol. 224 299–304. MR2067238

[18] JENNRICH, R. I. (1969). Asymptotic properties of nonlinear least squares estimators. Ann.
Math. Statist. 40 633–643. MR0238419

[19] KLEBANER, F. C. (1984). On population-size dependent branching processes. Adv. in Appl.
Probab. 16 30–55. MR0732129

[20] LAI, T. L., ROBBINS, H. and WEI, C. Z. (1979). Strong consistency of estimates in multiple
regression. II. J. Multivariate Anal. 9 343–361. MR0548786

[21] LAI, T. L. and WEI, C. Z. (1982). Least squares estimates in stochastic regression models with
applications to identification and control of dynamic systems. Ann. Statist. 10 154–166.
MR0642726

[22] LAI, T. L. and WEI, C. Z. (1983). Asymptotic properties of general autoregressive models and
strong consistency of least-squares estimates of their parameters, J. Multivariate Anal. 13
1–23. MR0695924

[23] LAI, T. L. (1994). Asymptotic properties of nonlinear least squares estimates in stochastic
regression models. Ann. Statist. 22 1917–1930. MR1329175

http://www.ams.org/mathscinet-getitem?mr=0527484
http://www.ams.org/mathscinet-getitem?mr=0233396
http://www.ams.org/mathscinet-getitem?mr=0375488
http://www.ams.org/mathscinet-getitem?mr=0666121
http://www.ams.org/mathscinet-getitem?mr=0471214
http://www.ams.org/mathscinet-getitem?mr=0963141
http://www.ams.org/mathscinet-getitem?mr=1254434
http://www.ams.org/mathscinet-getitem?mr=0624435
http://www.ams.org/mathscinet-getitem?mr=1956860
http://www.ams.org/mathscinet-getitem?mr=0027465
http://www.ams.org/mathscinet-getitem?mr=0860935
http://www.ams.org/mathscinet-getitem?mr=1671090
http://www.ams.org/mathscinet-getitem?mr=2058150
http://www.ams.org/mathscinet-getitem?mr=2181338
http://www.ams.org/mathscinet-getitem?mr=2067238
http://www.ams.org/mathscinet-getitem?mr=0238419
http://www.ams.org/mathscinet-getitem?mr=0732129
http://www.ams.org/mathscinet-getitem?mr=0548786
http://www.ams.org/mathscinet-getitem?mr=0642726
http://www.ams.org/mathscinet-getitem?mr=0695924
http://www.ams.org/mathscinet-getitem?mr=1329175


ESTIMATION IN STOCHASTIC REGRESSION 597

[24] LALAM, N., JACOB, C. and JAGERS, P. (2004). Modelling of the PCR amplification process by
a size-dependent branching process and estimation of the efficiency. Adv. in Appl. Probab.
36 602–615. MR2058151

[25] MAAOUIA, F. and TOUATI, A. (2005). Identification of multitype branching processes. Ann.
Statist. 33 2655–2694. MR2253098

[26] NGATCHOU-WANDJI, J. (2008). Estimation in a class of nonlinear heteroscedastic time-series
models. Electron. J. Stat. 2 40–62. MR2386085

[27] PECCOUD, J. and JACOB, C. (1996). Theoretical uncertainty of measurements using quantita-
tive polymerase chain reaction. Biophysical J. 71 101–108.

[28] RAHIMOV, I. (1995). Random Sums and Branching Stochastic Processes. Lecture Notes in
Statistics 96 195. Springer, New York. MR1329323

[29] REBOLLEDO, R. (1980). Central limit theorems for local martingales. Z. Wahrsch. Verw. Ge-
biete 51 269–286. MR0566321

[30] SCHNELL, S. and MENDOZA, C. (1997). Enzymological considerations for a theoretical de-
scription of the quantitative competitive polymerase chain reaction. J. Theoret. Biol. 184
433–440.

[31] SKOURAS, K. (2000). Strong consistency in nonlinear stochastic regression models. Ann. Sta-
tist. 28 871–879. MR1792791

[32] WEDDERBURN, R. W. M. (1974). Quasi-likelihood functions, generalized linear models, and
the Gauss–Newton method. Biometrika 61 439–447. MR0375592

[33] WEI, C. Z. (1985). Asymptotic properties of least-squares estimates in stochastic regression
models. Ann. Statist. 13 1498–1508. MR0811506

[34] WU, C. F. (1981). Asymptotic theory of nonlinear least squares estimation. Ann. Statist. 9
501–513. MR0615427

[35] YANEV, N. (2009). Statistical inference for branching processes. In Records and Branching
Processes (M. Ahsanullah and G. Yanev, eds.). Nova Science Publishers, New York.

[36] YAO, J. F. (2000). On least squares estimation for stable nonlinear AR processes. Ann. Inst.
Statist. Math. 52 316–331. MR1763565

UR341
NATIONAL AGRONOMICAL

RESEARCH INSTITUTE (INRA)
F-78352 JOUY-EN-JOSAS

FRANCE

E-MAIL: christine.jacob@jouy.inra.fr

http://www.ams.org/mathscinet-getitem?mr=2058151
http://www.ams.org/mathscinet-getitem?mr=2253098
http://www.ams.org/mathscinet-getitem?mr=2386085
http://www.ams.org/mathscinet-getitem?mr=1329323
http://www.ams.org/mathscinet-getitem?mr=0566321
http://www.ams.org/mathscinet-getitem?mr=1792791
http://www.ams.org/mathscinet-getitem?mr=0375592
http://www.ams.org/mathscinet-getitem?mr=0811506
http://www.ams.org/mathscinet-getitem?mr=0615427
http://www.ams.org/mathscinet-getitem?mr=1763565
mailto:christine.jacob@jouy.inra.fr

	Introduction
	Examples of models
	Regression models
	Financial time series
	Linear or nonlinear time series models that may depend on nonstationary exogenous inputs {un}, such as ARMAX models
	Single-type discrete-time branching processes
	Models with observation errors
	Multivariate stochastic regression models

	Consistency in MY with q=0
	Consistency in MY containing a nuisance part
	Strong law of large numbers for submartingales
	Asymptotic distribution
	Estimation of nu0
	Examples in branching processes
	BGW process
	Size-dependent branching processes

	Extension to estimating functions
	Appendix
	Acknowledgments
	References
	Author's Addresses

