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CONDITIONAL LEAST SQUARES ESTIMATION IN
NONSTATIONARY NONLINEAR STOCHASTIC
REGRESSION MODELS
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Let {Z,} be a real nonstationary stochastic process such that E(Z;]|
Fu—-1) 2 60 and E(Z,%|.7-'n_1) 2 00, where {F,} is an increasing sequence
of o-algebras. Assuming that E(Z,|F,—1) = gn(6p,vg) = gy(,l)(éo) +
g,(lz) (6o, vo), g € RP, p < 00, vy € R? and g < oo, we study the asymp-
totic properties of O, = argming > ¢ (Zg — gk(Q,ﬁ))z)\lzl, where ;. is
F_1-measurable, V = {Vi} is a sequence of estimations of v, g,(6,7V) is
Lipschitz in 6 and g,(12) (6p, V) — g,(lz) (8,v) is asymptotically negligible rel-
ative to g,(ll)(QO) - g,(ll) (6). We first generalize to this nonlinear stochastic
model the necessary and sufficient condition obtained for the strong consis-
tency of {6} in the linear model. For that, we prove a strong law of large
numbers for a class of submartingales. Again using this strong law, we de-
rive the general conditions leading to the asymptotic distribution of B,. We
illustrate the theoretical results with examples of branching processes, and
extension to quasi-likelihood estimators is also considered.

1. Introduction. Let{Z,}, <N be an observed one-dimensional real stochastic
process defined on a probability space (£2, F, Py,,.,) dependent on a unknown
parameter (6, vp), o € ® CRP, 0 < p <00, vp e N CRY, 0 <g < o0, and
assumed to satisfy

Mz:Vn  Egyy(ZnlFn1) = 2200, vo) = gt (00) + g2 (6o, vo),
a.s.
E@(),V()(Zglfﬂ—l) < OO,

where {F,} is an increasing sequence of o -algebras depending only on observed
processes, 6 is a unknown parameter that we want to estimate, vy is a nuisance

parameter defined, when ¢ = 0o, by vy = {vg,} with g,(,z) (6o, vo) = g,(lz) (6o, von),
g,gl) (6p) is the F;,_1-measurable parametric part of the model that may be nonlinear
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in 6y, and g,(f) (69, vo) 1s F,_1-measurable and such that g,(,z) (6o, vo) — g,(,z) (0, vo)
is asymptotically negligible relative to g,(,l)(Go) — g,(ll) (6) (definition given in Sec-
tion 4). The simplest example of asymptotic negligibility is when g,(,z) (6o, vo) is
independent of 6y. The case ¢ = 0 is defined by g,(qz) (69, vo) = 0, for all n, and
corresponds to the classical parametric setting.

Examples of models M7z are nonlinear regression models with random co-
variates and heteroscedastic variances, stochastic dynamical models in discrete
time, nonlinear time series model (TARMA, SETAR, bilinear processes), finan-
cial models (ARCH, GARCH and others) and branching processes, provided that
the first two conditional moments at each n of all of these processes are finite.
This means, in particular, that processes with a heavy-tailed distribution (see [10]
for such an example) do not belong to this class. However, a solution when
Egyu(ZnlFaz1) < 00 with 0,2(60, vo) = 00, where 62(8, v0) := Egy,v([Zn
Egy,v0(Zn|Fn— 1)] | Fr— 1) could be to deal with the truncated process Zn =
Zy1z,¢1,), where lim,, I = R since by defining 7, := Z — Eg,, vO(anfn_l) and
(60, ) = Eg, v (Zn|Fa—1), we can then define 2, (60) = Egy.vy(ZalFn-1)
and 2% (00, v0) = = Ed.vg(Zu 1,1, | Fn—1)-

We consider the class of weighted CLSE (conditional least squares estimators)
of 6y in the approximate model {gx (6o, V) }x<n, Where V = {V,}, 1, being any esti-
mation of vy based on observations up to n. We will consider two different settings:

Al Vno o gn(6,0) =ga(0. V) or gn(0.V)=gn(0. V)

Such an estimator is defined by
n
i~ . A\ 2 —
(1.1) Gy :=argminSyp(®),  Sup(0) =y (Zk — (0, 9)) A,
e® k=1
where A; is an Fj_-measurable variable independel}\t of (6p, vp). When g;(0,7V)
has a first derivative g}{ (6,7) in 0, (1.1) implies that 6,, is an estimating equations
estimator (EEE), that is,

(12)  Qup@n: {Zk, ak(®)) =071, {ay(8)Fi—-measurable},

(13)  QupO: {Zr. ak(0)}) :=— Y (Zk — gk (6, D))ar(6),

k=1

where, here, a; (6) = g, (6, D)A; ' for all k.

In the classical parametric setting g = 0, the weighted CLSE’s and, more gen-
erally, the EEE’s, are well studied and are known to have interesting properties.
These estimators are robust to the form of distribution of the respective residu-
als {Z, — g, (60, vo)} since they require at most the knowledge of the first two
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conditional moments of the process at each time n and their computation may be
achieved, even in the case of complex or unknown likelihoods. When 0,12(90, Vo)
is an explicit function of (6p, vp), such an estimator may be used to derive the
empirical distribution of the estimated residuals {[Z; — gk(@l,ﬁ)][ak (@,ﬁ)]_l},
thereby allowing a re-estimation of 8y by a maximum likelihood estimator (MLE)
when the theoretical distribution may be modeled by a function of 6y, provided
that the estimator is close enough to 6y and is therefore strongly consistent [26].
In the particular setting o,% (6o, vo) = 02(00, vo)An, Where A, is F,,_1-measurable
and independent of (6, vp), the optimal CLSE of 6y, from the point-of-view of the
asymptotic variance, is obtained by making the errors of the model stationary, that
is, by minimizing Y }_,(Zx — gk (6, vo))zkgl, and is equal to the optimal EEE,
called the quasi-likelihood estimator (QLE) (see [15] for the optimality of the con-
vergence rate in the branching process setting and [7] for the QLE). In the general
case, if g, (0, vp) has a first derivative in 0, then a possible estimator is obtained by
replacing o (60, vo) by 62(6, D) in Qupp(6; {Zxoy ' (60, v0), £ (6, D)oy ' (B0, vo)).
When g =0, the obtained estimator is the QLE. This estimator is optimal from its
asymptotic variance point-of-view within the class of estimators which solve (1.2)
and (1.3), [7], and is moreover equal to the maximum likelihood estimator (MLE)
when the conditional distribution of Z, belongs to an exponential family at each
n [32]. Another possible estimator is the weighted CLSE defined by (1.1), where
{Ar} is a sequence of Fj_j-measurable estimators of {ak2 (6o, vo)} up to a multi-
plicative constant. Since

a2 (60, vo) YU (Zi — g0, D)% ! a2(60, vo)
mn < " 0 ) <max —————
ksno A YU (Zk — gr(0,9))%0, 200, v0)  k=n Ak
if {A,} is such that

9’

(14 0" limo} (G, vo)h, " < Timo, (6. o)y, ' < oo,
n

then the asymptotic behavior of > }_,(Zy — gk(e,ﬁ))zkk_l, and therefore of its
argmin, should be close to that of >} _,(Zx — gk(G,’ﬁ))zak_ 2(190, vg) and of its
argmin. Finally, if fn_l denotes the set of F,,_i-measurable variables, since
Egy v (Zn|Fn-1) is the best predictor of Z, based on fn,l in the least squares
sense because Egq, v, (Z,|Fn—1) = arg mingeﬁn_1 Egy,vo((Zy — g)z)»,jl | Fn—1), pro-
vided that A, is an J,_-measurable variable independent of g [9], a weighted
CLSE should easily be strongly consistent. Since we are particularly interested in
such a property, which is necessary when accurate knowledge of the true parame-
ter is required, we will focus here on the asymptotic properties (strong consistency,
asymptotic distribution), as n — 0o, of the weighted CLSE solution of (1.1) in the
general setting Mz with the weakest possible assumptions on the process behavior,
conditionally on {vV}. However, the results could easily be generalized to the QLE
when a primitive of the estimating functions exists (see Section 9).
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From now on, to simplify notation when studying {6,} which solve (1.1), we
will use the normalized process Y, := Z, A, /2 and denote by My the assump-
tions concerning {Y},,} when {Z,,} verifies M z. More precisely, defining fn(l) (6p) :=
28" 002 % and £7 (60, vo) := g7 (B, vo)an 1%, we have

My:Vn  Egoy(YalFact) = fa(bo,v0) = £V 0) + £,7 (60, v0).
E90,U0(Yr%|fn71) Lo

and 1, :=Y, — Egy,v,(Ys|Fn—1) is a martingale difference. Equations (1.1) and
(1.4) are now written, respectively,

n

—~ . P 2
(1.5) Op =argmin S, 50),  Sup(@) =) (Vi — fi(0. D))",
6e® k=1
. 2 a.S. —— 2 as. 2 2
(1.6) 0 <limo, < hr?lan < 00, o, = Em,|Fa-1).
n

Among published works on the estimator consistency in My, only the case ¢ =0 is
considered and two large classes of proofs exist. One class is based on the station-
arity and ergodicity assumptions of the process [26], on the strongest assumption
of independence of the errors (classical regression) or on the explicit expression
of the estimator according to the process together with the knowledge of its as-
ymptotic behavior. It is, in particular, the case of a branching process when the
corresponding model is linear in 8y [8, 35]. The other approach is based on the
(much more general) martingale difference property of {n,}. Here, we are inter-
ested in this second class, which is particularly useful for processes. When dealing
with the parametric linear model f,(6y) = QOT W,,, where W,, is either a deter-
ministic vector and {n,} are i.i.d. [20] or W,, is stochastic with p =1 [21], then

lim, 6, £ 6 if and only if

(1.7) h’?l/\mm{kzl Wkw,{} 2 0,

Amin{D_f— WkWZ} being the smallest eigenvalue of ) }_; WkW,{. Defining

(1.8) D,(0) := Y _dr(O)F, di(0) == fi(60) — fi(0),

k=1

(1.7) is equivalent to lim,, D, (0) 2 o for all © # 6p. This quantity is the identifi-
ability criterion of 6y in the model. It is interesting to observe that {8} cannot be
consistent, or even weakly consistent, on the set {lim,, D, (6) = oo}.

However, in the general nonlinear stochastic setting My with ¢ = 0, under some

Lipschitz property of the model, all published theorems of consistency require,

besides the condition lim,, anz ‘2" 50 and a condition of the type lim,, Dj, 6,) 2 00
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for some sequence {§n} € ®\ 6y (depending on the author), additional conditions
concerning some rate of convergence to oo of { D, (-)}. Moreover, these conditions
differ from one author to another ([1, 16, 18, 21-23, 31, 33, 36]; see [31] or [14]
for some examples of models that do not verify these additional conditions).

Here, we generalize the necessary and sufficient condition (1.7) to our general
nonstationary nonlinear stochastic model My with 0 < g < co. When g =0, we
prove the strong consistency of {6,,} on the set

(1.9) LIPy({ fi(9)}) N STy ({ D, (8)}) N VARg ({0, di(8), Dk (),
where, in the following, “V§ > 0” means “V§ > 0 small enough” and

e LIPy({fx(0)}) is the set of trajectories satisfying the following Lipschitz con-
dition: for all k, there exists a nonnegative F;_1-measurable function gz and a
function 2(-) : Rt — R* with limy\ o 2(x) = 0 such that for all 6; € ©, 6, € O,

a.s. . .
| fe(@1D) — fi(@2)] < k(|61 — 6218k, where | - || is any norm in R}

e VAR ({02, dy(6), Dy (6)}) that generalizes lim, 02 < 0o (proved in Section 5)
is the set

oo
(1.10) V6>0, sup Y ofldi@P[Dk(@)] < oot
I6-6011=8 (=

e Slp({D,(0)}) concerns the identifiability condition generalizing (1.7):

Vs >0 inf D, (0) is F,_1-measurable,
16—6olI=6

. . a.s.

fi ||9—1§f)f||zs Dn(8) = co.
The same terms LIPg(-), VARg(-), SIp(-) will indicate both the set of trajectories
and the corresponding conditions verified by these sets. The result is then gener-
alized to the setting 0 < g < oo, replacing, in each condition of (1.9), fi(6) by
fk(l) (0). This consistency result is due to an original SLLNSM (strong law of large
numbers for submartingales). In addition, we show that the asymptotic distribution
of the CLSE is easily derived from a classical CLT (central limit theorem), thanks
to this SLLNSM. Therefore, this SLLNSM is the key result of this work.

The paper is organized in the following way. In Section 2, we give some ex-
amples of processes {Z,} satisfying Mz. We deal with the consistency of {5,,} in
Section 3 when g = 0, and in Section 4 in the more general setting 0 < g < co.
This result is obtained thanks to an SLLNSM that is proved in Section 5 using
submartingale properties [9], analytical lemmas and Wu’s lemma concerning the
consistency of estimators minimizing a contrast [34].

The consistency result obtained in the general setting 0 < g < oo shows the ro-
bustness of this property with respect to the chosen model since, if {6,) is strongly
consistent in a given model, then it is strongly consistent in every model “close,”
from the identifiability point-of-view, to this given model.
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In Section 6, we give general conditions for obtaining the asymptotic distrib-
ution of {@1} from the classical CLT for martingales or for random sums. As in
the classical nonlinear deterministic regression model [34], the proof is based on
the Taylor series expansion of 05,%(0)/060, where the convergence to 0 of the
remaining term of the Taylor series is a direct consequence of the SLLNSM.

In Section 7, we estimate the part of vy involved in the asymptotic distribution
of {5,,} and give conditions for its consistency.

In Section 8, we give some examples in the single-type branching processes
field. These processes model population dynamics. The population size N, at n is
defined by N, = Z:V:"I" Xn.i, where the offspring sizes {X, ;};, given F,_1, are
i.i.d. with mean mg,,.,(F,—1) and variance ngwo(Fn—l), F,,_1 denoting the set
of random variables involved in F,_;, and F,,_1 being generated by {Ni}r<n—1
and possibly environmental processes until n. Estimation in this field is well
understood in the framework of a BGW (Bienaymé—Galton—Watson) process
mey,vo (Fn—1) = mo, 0920")0(F,,_1) = 002 or a derived process (BGW with immi-
gration, controlled branching processes), assuming a linear model in 6y, and are
predominantly based on the observation of the size N, of the population at each
time n. The estimators are most often moment estimators, MLE, CLSE, QLE. The
asymptotic properties as n — oo are derived on the nonextinction set from the ex-
plicit expression for the estimator according to { N, } using the asymptotic behavior
of the process, when suitably normalized. An overview of the references may be
found in [8, 35], or in [25] for additional references for multitype processes.

Much more difficult is the study in the nonlinear case when there is no ex-
plicit expression for the estimators. The MLE is generally not easily computed

because of large combinatorial terms. However, if we write Y, := N,,N,:l/2 =

M9 (Fu— )N,y + 1, where 1y = Ny {2 Y00 (X i — gy 9 (Fu 1)), then
is approximately normally distributed on the nonextinction set as soon as # is large
enough. Consequently, the CLSE with {1, } satisfying (1.4) is approximately equal
to the MLE on this set.

Therefore, we began to study the CLSE of 6y in size-dependent branching
processes [15, 24] and in regenerative branching processes [16]. The results pre-
sented in this paper improve on, and generalize, these results. The first example is a
supercritical single-type BGW process, where the offspring mean my is estimated.
We give the asymptotic properties of 7i,. The results are well known [3, 8], but
the indirect form of proof given here for the consistency does not require accurate
knowledge of the asymptotic behavior of the process, as is the case in the classical
direct proof based on the analytical expression of the estimator. We then deal with
some near-critical size-dependent branching processes which model the amplifica-
tion process in the polymerase chain reaction setting [27]. In this setting, we prove
the strong consistency and asymptotic distribution of the CLSE of the parameters
of the replication probability for each model. The more complex model contains
an explosive part tending to 0o, a persistent bounded part and a transient part. In
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this model, despite these three different kinds of behavior, we prove the consis-
tency and the asymptotic normality of the CLSE of a bidimensional parameter
with components belonging to the persistent part and the transient one.

Finally, in Section 9, we extend the consistency conditions to estimators solving
(1.2), (1.3).

In the following sections, we will simply write E(-) for Egj, v, (-).

2. Examples of models. Here, we give some examples of classical models
satisfying Mz.

2.1. Regression models. The observed variable Z,, is explained by a paramet-
ric regression function g, (6p) of a random (or deterministic) vector of observed co-
variates or coprocesses {X }x<, and the residuals {Z, — g,(60)} are assumed inde-
pendent with finite variances. The time regression model withd =1 and X,,; =n
is a simple example.

The general class Mz allows the extension of these models to g, (60, vo) and
nonindependent residuals such as the following example: Z, = g,(60) + €,—1€5.
Since we may write €, as a function of {{Z; — g (00)}2;} , €0}, this model be-
longs to the Mz class.

2.2. Financial time series. The most well known of these are the ARCH
model introduced by Engle [5] and the more general GARCH models. Let
&y = sp(60)Uy, where the {U,} are i.i.d. (0,1), s,(6p) > 0, F,—1 is generated
by {2 k<n—1 and s2(6p) is F,—1-measurable with s2(9) = g + Y« &2 i+
25.7:1 ,Bjs,%_j (0). The process {s,(6p)} is called volatility. Then E("g‘,%lfn_l) =
sﬁ(@o) and {&,} follows a GARCH(p, g) model. If {£,} is observed, then Z, is
defined in the following way: Z, = 5,% = s,%(@o) + s%(@o)(U,% — 1), implying that
£n(60) = 5;7(60), 3 (60, v0) = 5, (00) [ E (U} — 1)*|F,—1)]'/2. More generally, {£,)
may be nondirectly observed [14, 26].

2.3. Linear or nonlinear time series models that may depend on nonstationary
exogenous inputs {u,}, such as ARMAX models. We define e, := Z, — g,(6p),
where g,(0) = Z,le o Zy_i+ ZZ=1 Bren—i + Zfzo Viun—i. Here, F,_1 is gen-
erated by {Zi}k<n—1, {urtk<n-

2.4. Single-type discrete-time branching processes. This class of models is
described in Sections 1 and 8.

2.5. Models with observation errors. In practice, the model may be Z;lh =
g;h(Qo) + ey, Z, = Z,Eh + u,, where Z, is the observation of the theoretical
unknown variable Z", u, is the observation error with a unknown distribu-

tion and g(6p) = E(ZP|F™ |). Then, assuming that E (u,|F,—1) = 0, we have
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gn(60,v0) = E (g (60)|Fn—1). For example, consider the BGW process {N,; thy with
N, = Nth +uy,, fth (m)= m(Nth )1/2 Then, using the first order Taylor series ex-
pansion, we get

fa(mo, v0) := E(fM(@0)| Fu_1)
=mE([Ny—1 — un—11"?1F0_1)

=mN1/2 +m0(E(un 11 Fu—1)N, 3/2

),
where v = {mEu>_,|F,- 1)} F2(m,v) =mOEW2_||Fo_1)N,>1?). The as-

ymptotic negligibility of { fn )(m, D)} is obtained on the nonextinction set for any
bounded sequence v since lim, N, L% 50 on this set.

3/2

2.6. Multivariate stochastic regression models. Estimation in this field may
also be expressed as a finite fixed set of one-dimensional models belonging to one
of the previous types. Let us assume that Z; € R? with E(Zy|Fn_1) = g, (6o, vp)
and let X, be a known F;,_1-measurable positive definite estimation of the condi-
tional variance-covariance matrix of Z,, up to some unknown multiplicative con-
stant. Then 5,, = argmingee Sy»(0), where

n
Sup(0) 1= Y (Zic — 81 (0.9)" = (Zi — 84 (6. 9)).

k=1

Since X is positive definite, we may write Xy = UkAkUk_l, where Uy, is an or-
thogonal matrix and Ay is the diagonal matrix of the eigenvalues of X;. There-

fore, writing Yy = A;I/ZU,{_IZk, where Yy = (Yk.1, ..., Yk, DT, we get £ (6p, V) =
1/2Uk g:(00,V), Yr — E(Yy|Fr—1) isa martlngale difference and
n
~\2
(2.1 Snp(0) = Z > (Yej— frj©,D)"
j=lk=1

3. Consistency in My with ¢ = 0. In this section, we generalize (1.7) to the
setting of the model My under ¢ = 0. So, we have d,ﬁ”(@) = dy(0). Let us as-
sume that 6y € ®, where © is an open set and © is compact. From now on (in all
sections), let {y € B§}:={y :|ly — »oll = &}, where y may be any subset of (0, v).

PROPOSITION 3.1. Let Q5 C Q2 be defined by

Qoo = LIPy({ f£(0)}) N STy({D, (9)}) N VARy ({07, di (6), Dy (9)}).

Let us assume that P(Qs0) > 0. Then lim,, @\n £ 6y on QLuo.

REMARK 3.1. In the linear model, £,(6) =0T W, with lim,62 < 00, Q4 is
reduced to {lim, Amin{D_y_; WkaT} =’ 0o} thanks to Proposition 5.2.
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PROOF OF PROPOSITION 3.1. We use Wu’s lemma ([34], see Lemma A.l)
and Wu’s decomposition based on Yy — fx(0) = ni +di (0) [34], implying S, (0) —
Sn(00) = D, (0) + 2L, (0), where L, (0) = >} _; nkdi(0) and, consequently,

G1)  inf $,(6) — Su(Bo) = inf Du(@)[1 -2 sup [Ln(@) D41 ].
0eB§ feB§ 0eB§

The proof then follows directly from the SLLNSM (Proposition 5.1) applied to
dk(0) = fx(60) — fi(0) and ©® = Bg. [

Let us now assume that @,n = argmingce Zzzhﬂ Yr — fx (0))2, where 4 may
depend on n (e.g., n — h is constant for all n) and let L,(6) — L,(0) =: Ly, ,(6)
and D, (0) — Dy(0) =: Dy, ,(0). Let us define

RAT (D, (0)[ Dy (0)17'}) := {Tim sup D, (0)[D, (0)1™ < 0.
0eBy
PROPOSITION 3.2. Let Qx C Q2 be defined by
Qoo = LIPs ({ i) N SIy({D(0)}) N VARa ({0F, di (), Dx(6)))
NRATy ({ Dy () Di.n ()]

Let us assume that P(Q0) > 0. Then lim,, é}ln =3 6y on QLuo.

PROOF. When # is fixed, we are in the setting of Proposition 3.1. Therefore,
let us assume that 7 — oo as n — oo. According to (3.1) written with Sy , ()
instead of S, (), it is sufficient to prove that lim, sup, L;Z,,,(G)[Dh,n(e)]_l =0

when lim,, infy¢ B Dy, ,(0) 2 50. For that, we use Proposition 5.1 with
Lpn(0) _ La(0) Dn(0)  Lp(6) Dp(8)
Dpn(0)  Dy(0) Dpn(®)  Dp(6) Dyn(0) O

Let us now assume, as in the last item of Section 2, the multidimensional case
Z, € R?. The CLSE of 6 is then given by (2.1) and, more generally, by

d n
Onn = argminz Z (Ye,j — fk,j(G))z.
00 j—1k=h+1

Let Djn,j(0) = Y} _pi1 (fr,j©) — fx.j(60))* and Dy, j(0) := Do, ; (6).

PROPOSITION 3.3. Let Qx C Q2 be defined by
Qoo = [ ){LIPs({ fz.; (6)}) N Slg({ Dy, (6)})

J
NVARs ({0 ;. dk.j(0). Dy j(0)}) NRATy({ Dy j()[ Dp.n.j ()]~ D}

Let us assume that P(Qs0) > 0. Then lim,, 5;,,, L 6y on QLuo.
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The proof follows directly from Proposition 3.2 applied toeach j =1,...,d.

4. Consistency in My containing a nuisance part. Let us now assume that
{ fn(z) (6o, vo)} is not identically null. We prove the consistency conditionally on a
given sequence of estimations {V}.

As in Section 3, 6y € ©, where ® is an open set and O is compact, and, un-
der A2, 7, € N/, where \V is compact.

Let D,(6,9) := YI_ [de(6,D)12, DY 6,) = Yi_,[d" 6, D12, d @,
D) = 00, v0) — £26,9), LY 6,9) = X_, md”6,9), i = 1,2, and so
on.

Let us define the following asymptotic negligibility property under Al:

ANg ({d?6,9),d"(0)}): V8 > 0

_ -1
Ti d?©,v)||| inf |4V @ 0.
l,gn[gs:gg 42 @9 | jnf 47 @)

Under A2, we define ANQ,U({d,gz) ©@,v), d,ﬁ”(e)}) in the same way, replacing ¥ by
v and supg ge by SUP(g e pe in ANy ({d? 0, 7), Y 0))).

PROPOSITION 4.1. Let Q0 C 2 be defined under Al by
Qoo = LIP({ 17 ©)}) NLIP({ 26, 9)}) NSy ({ DV (6)))
N ANy ({d®©0,9),dP 6)}) N VAR, ({of, d" ), DIV 6)}).

Under A2, replace V by v and LIPg(-), ANy (-) by LIPy ,,(-), ANg,, (-), respectively.
Let us assume that P(Q20s0) > 0. Then lim,, é;, = By on QLo

REMARK 4.1. If, for all &,

sup 1(£201.9) — £2O2.0)[ £ 01) — £ 0]
01,0, fk(l)(Gl)#fkm(Gz)

is Fx_1-measurable, then LIP@({fk(z) (6,v)}) is satisfied under LIP@({fk(l)(G)}).

PROOF OF PROPOSITION 4.1.  We assume Al, implying that f;(6,7) is inde-
pendent of n and is therefore Fj_j-measurable. As in the proof of Proposition 3.1,

S (@) = Su(60) = Dy (0,0) — D (6o, D) + 2L, (0, D) — 2LP (69, D).

Since D, (0,9) = D{Y(0) + DX ©0.7) + 20—, d"(6)d> 6,7), using
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Holder’s inequality, we get

inf Sy5(0) — Sy (60)
OeB;

D,gz) (9’]})]1/2

4.1) > inf.D(l)(e)[l -2 sup[
oeB; " oescL DIV (0)

D (60.7) L, (6,9) — L (60, D)
— sup 7(1) — sup M .
0eBS Dy (0) 0eBs D, (9)

The result then follows from Wu’s lemma A. 1, the fact that d (6,V) —d 152) (6p, V) =
d"©) +d® 6,9) — d> 60, D) and Proposition 5.1.

The proof under A2 is similar, replacing vV by v and supy (-) by supy ,,(-) in (4.1).
g

Of course, Propositions 3.2 and 3.3 can also be easily generalized to ¢ > 0.

5. Strong law of large numbers for submartingales.

PROPOSITION 5.1. Let® C R?, 6 compact, p < oo. Let {Fi} bNe an increas-
ing sequence of o-algebras on Q and L,(0) =) }_, nkd(0), 6 € O, where, for
all k, ny is any Fi-measurable variable such that E (ni|Fr—1) =0, E(n,%l]-"k_l) =

okz 2 00 and dy(0) is any Fy_1-measurable variable. For all k, n, let dx(0) be

Fi—1-measurable, D (0) = Y{_, d%,(0), Dy(0) = Y1_, d2(0). Let Qo C Q be
defined by

Qoo = LIPy({di(0)}) NLIPg ({ds(0)}) N STy ({ Dy (6)})
N VAR ({07, di(8), Dsi(0)}),

where LIPy(-), Sly(-) and VARg(-) are defined in Section 1. Let us assume that
P(Qx) > 0. Then

(5.1) lim sup| Ly (0)|[Dsn()] 20 on Qeo.
fe®

The proof is in the Appendix.

PROPOSITION 5.2.  Let {ng, dr(0), Dy ()} be as in Proposition 5.1. Let us as-
sume that for each 6 > 0, there exists a random k,, s € N such that k,, s = min{k >
1: [il’lfgeBg dr (O] > 0} exists. Then

[limo? 2 ool  VARy ({0, di(0), Dk(O))).

n
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PROOF. Let us assume that mna,% ‘2" c0. For each 6 and each trajectory, let
us define f(x) := [dk(0)]1? for x € [(k — 1), k[. Then

o RO fi fdx
k=/§,5+1 [Di ()] k=%+1 [f(ff(u) du)?

©  f(x)dx
</, U £ dul?

1 ki, s
< | rwal.
fo fw)du
1
= .
mf&eBg [dk,.5 0)1? 0

6. Asymptotic distribution. This section is devoted to general conditions
leading to an asymptotic distribution of 6, given V, where 6, is solution of (1.5)
in which either f, (60, vo) = fa(60) + fi” (B0, v0) or fu(B0, v0) = fii"’ (60, vo).
This latter case is suitable when {6, Dy} is strongly consistent, but the assump-
tions leading to the asymptotic distribution are fulfilled only with respect to 6y
(see examples in Section 8.2).

We introduce the following notation [and similarly for f;(60,7V), k <n]:

80 Vl n[v
Ivl(é) . (6) : " (6)[i j]
ag] nll)l] Illl) ’ ’

where S;m(@) [resp., S;{'ﬁ(Q)] is a px 1 (resp., p x p) matrix. Let M,, =
D 5= f,@(@o,’v\)f}f (6o, 7)1~ (assumed to exist for all n sufficiently large) and let
a, €(0,1), 0, =60+ a, (5,1 — bp). Let us define, for ¢ < oo, the following sets of
trajectories:

UNC({6,)): {h,gn[z f;(Qn,ﬁ)f}(T(Qn,ﬁ)}Mn 21},
k=1

> (fe (80, v0) — fiOn, v0)) £ili 1 On, DIMLLL, j]

k=1

N { lim,,

LIM({6,}): ) {limn

i,j,1

.
|

n

> (feOn, v0) = frOn, D)) frt 1 On, DML, ]

k=1
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REMARK 6.1. Note that UNC({6,}) may also be written as follows: for all
(i J)s

[ On, D) [ (0, D
hr]l‘nz Z ( Z fk,t( V)fk,l( V)

; =~ £/ ~
I h:NpGD)#2 k<nkeNp(i,0) i 00, V) fi1 (60, V)

f;é;i(eo,v)f,;l(e)o,ﬁ))

—1
(X s 60)

k<n,keNy (@,

XY fi(00,9) fr (B0, DML, j1E 8;()),
k<n,keNy(i,l)

where N{(i,]) = {k:fk’;l.(éo,'ﬁ)f,;;l(é’o,'ﬁ) > 0}, and similarly for N, (i, /) with
“<0” instead of “>0.” Therefore, UNC({6,}) is verified on the set

O] lim  sup 1A O DA G0 DT = 112 0.
; n,thp— Ok;fk/;i(eo,ﬁ)7£0

PROPOSITION 6.1. Let us assume that fi(0,v) has second derivatives in 0
for each k (and for v =7 under Al and for each v under A2) and that there exists

a p x p Fy—1-measurable matrix V,, such that P(Q2x) > 0, where Q. is defined
under Al by

Qoo = [LIPo (£} 16, D)) N SIAM,IL, D™D
i,j,0
NVARg ({02, f{';16,9), (ML, jD™'D)
NUNC({6,}) N LIM({6,})
N {h,gn WM, > (fi (6o, v0) — fi@o, D))E (60, ) £ 0}

k=1

n
N {lirrln WM, > ik (60, D) Fin distribution}.
k=1

Then, on Qo
o~ ’D n
(6.1) lim W, (6, — 6o) =1i,{n‘1’nMnkzlﬂkﬂ<(90,ﬁ)-

Under A2, replace v by v in LIPy, VARy and replace these conditions by L1Py ,,
VARy ,, respectively.



ESTIMATION IN STOCHASTIC REGRESSION 579

REMARK 6.2. In the linear model f,(0,v) =67 W, with m,,a,f = 00, We
have M,, = [Y7_, Wi W/ ]~! and, if lim,, 6, £ 6, Qo is reduced to

n

k=1

n

" —-1/2
. T . C . .
N [h,?l [,; W, W, i| /; N Wy 3 in distribution ¢ .

REMARK 6.3. A CLT for martingale arrays may be applied to the right-hand
side of (6.1) given ¥ only if f;(Go,ﬁ) does not depend on n, which is the case
under Al.

PROOF OF PROPOSITION 6.1. We derive, as in classical regression, the as-
ymptotic distribution of the estimator from the first order Taylor series expansion
of S;lm-i(@n) atp foralli =1,..., p (see, e.g., [34]):

P
(6.2) 52 Bn) = S (00) + D [9(S)5:)/9010n) Br.j — 60.7),
j=1
where 6, = 60 + a, (6, — 60), an € (0,1). Since S, .(0,) = 0 for all i, (6.2) is
written in matrix form, 0 = S’ - (60) + S”,-(6,)(6, — 6o), implying that if Spp()

n|v njv
is invertible in a neighborhood of 6y, then
(6.3) Wy (B — 60) = —W,[S)5(0)1"'S}5(60)

for any p x p matrix W,,. Moreover, by definition,

o0 =—=2Y"(m + fx (60, vo) — fi(6.9))f,.(6,D)

k=1
(6.4) (@) =2>" 5.0, D 6.9) =2 mf6.)
k=1 k=1

=2 (fx (B0, vo) — fu(6,D))E,(0,D).
k=1

Considering (6.4), if the conditions

(6.5) 12“[2 iy, (O, T)\):|Mn Lo,
k=1
(6.6) 115H[Z(fk(90, V) = fi (6, D)) k/(en,ﬁ):|Mn Lo,
k=1
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= P
(6.7) n,gn[kzl £ (0. DI (0, v)}Mn =1
are fulfilled, then we get lim,, 21 S;{ﬁ}(@n)Mn £ I. Therefore, writing
W (n — 00) = =Wy M, [S)) 5 (0:)M, 17", 5(60)
and using Slutsky’s theorem, we get (6.1) on Q.
Now, concerning (6.5), it is satisfied if, for all i, /,

IM,.[L, j1| =0,

n
Z nkfk/ﬁ,-,;(G, V)

k=1

(6.8) sup lim sup
Lijj ™ 6

which is verified according to Proposition 5.1. Finally, (6.6) and (6.7) are verified
on LIM({6,}) NUNC({6,}). O

When UNC({6,}) is not verified, we may instead use the second order Taylor
serie.s f?xl[>ansion of S;z|ﬁ;i(9") at fp. So, let [8f,€§i’j/891](9,ﬁ) =: k/g/i’j’l(é,’ﬁ) for
any i, j, 1.

PROPOSITION 6.2. Let us assume that fi.(6,v) has third derivatives in 6 for
each k (and for v =7 under Al and for v under A2) and that there exists a p X p
Fn—1-measurable matrix \V,, such that P(Qx) > 0, where Qo is defined under
Al by

Qo= [ {LIPM{f;i,-,z(@,ﬁ)})msn{(Mn[z,j])—l})

i,j.h,lm

NVARg ({0, fi':1(0.9), Mkl jD ') NLIM({6,})

N { lim
n,6,—6y

N SIGEMIL, D'

NVARs ({0, £ .10, 9), (BMp[i, i)~

WMD) 1Y from On D) filp 1(On, D)
k=1

a.s.
<

n
> fi00,v0) fY; 1.1 Bns D)

k=1

ﬂ{ lim (W, M,)[i, j]
0o

n,0,—

il

N {lignlvnMn > (fi(60. vo) — fic(bo. D))} (B0. D) £ 0}

k=1

n
N {lilgn v, M, ]; it (6o, D) Fin distribution}.
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Then, on Qo0, lim, ¥, (é;, —69) 2 lim, W, M,, >7_; nif,. (6o, D).
Under A2, replace vV by v in LIPg(-), VARg(-) and replace these conditions by
the corresponding conditions on 6, v.

PROOF. Consider the second order Taylor series expansion of S’
foralli=1,..., p,

n[o: 1(9,,) at 6y:
P
GRS ,;m(eowz 8(S)5:1)/96,1(60) Bn.j — 60, 7)

(6.9)
+ = 2[82( 71520/ (30; 000)1(6,) Ot — 00.) Bn.j — b0.),

where 6,, =0y + a, (9,, —6p), a, €]0, 1[. Using the definition of gﬂ (6.9) may be
written

~ 1L -
=S,,5(60) + S5(60) (6 — 60) + 3 Z 3(S;15)/2611(6n )(Gn.i — 60.1) @ — 60).
=1

Let ¥, a p x p matrix. Then

1 —~
\Iln(l+[;,,|ﬁ(90)]_l[iz 115)/3016) @t — eo,z)])wn—eo)

[
= —W,[S)5(60)1"'S},5(60).
The proof is then similar to the proof of Proposition 6.1. To prove that
lim,, SZW(GO)MH Lo , we need the assumptions of Proposition 6.1, where {6,}

and 0 are replaced by 6p. Next, using the fact that lim,, S;l’ |’\7(90)Mn Log , we show
that

1 ~ ~
lim , I8} 60)] [5 S 10(S!9)/3011(60) ot — 90,1)])@” —op) £
l

From (6.4), we deduce that

1 asnv Vi ~ / o~ - 1 - / En
5 89' O)[j, hl= ka;,-,,w,v)fk;h(e,v)+ka;h,,(e,v>fk;,~(e,v>
=1

k=1

3 O Fy(0.9) = Y b0, v0) £;,1(0)
k=1

k=1
n
" o~
- Z ﬂkfk;j,hvz(g, V).
k=1

The proof is then as in Proposition 6.1. [
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7. Estimation of vy. In the previous sections, we obtained conditions lead-
ing to the consistency and the asymptotic distribution of 6, given {7, }. When the
asymptotic distribution of 6, depends on vy, it is necessary to derive a consistent
estimator of vg. Let us write vy = (v(()l), voz)) where v( ) is of dimension g1 <00
and v(()Z) is of dimension g < 0o, and such that the asymptotic distribution of 0, is

independent of vél) and

FaB0,v0) = (60, "), a2 (80, vo) = 0.2 (B0, v3),

where, now, (7,12(00,1)(()2)) = E([Yy — E(Yn|Fu_1)1?|Fu_1). Let us further as-
sume that there exists s(6,v®), a continuous function in (8, v?), such that
lim,, W,, (8, — 60)[s (00, v (2))]_1 2 L, where L is independent of the unknown para-
meters. Then, for any sequence of estimators {((9,,,"(2))} such that lim,, (9 15(2)) =
(60, v?)), thanks to Slutsky’s theorem, lim,, W,, (8, —60)[s(G,, 9:>)1' 2 £, which
allows for the elaboration of confidence regions of 6.

Therefore, we build here a CLSE of v(()z) and give the conditions for its consis-
tency. Let us define

(2) = argmin S A(l)( @ )),
LN @

n

Sn|9 vw( @ )) = Z(Yk,n - ﬁ,n(@,, V(z)))z’

k=1

~ ~ ~ ~ ) _
where ¥, = (Y — fi 6, DV))2 = Ok 4+ di @, 7D))2, Frn B0, v57) := E(¥ |
Fi-1) = o (6o, v(gz)) + d,g(@\n,ﬁ(l)). Let us define

BP0 = Fin @ o) = Fon @ v®) = 02O v?) — 0 (B v®),
BB ®) = Fon(60.9?) = Fin(@rv®) = 200, v?) = 02 B ),

n

BOOB). D@ = Y6

1 k=1
Lyn(v@10,) := Y Gk ndic (v'?160),
k=1
fkn = Yin — EVnlFi1) = T + 20k (62, 7D),

M:

D,(v?16,) :=

=~
Il

=

where 7 := nk — o} (90, )). This implies that

(7.1) Lyn(v?16,) = L, (v?18,) + 2L, (v 18,, 7V,
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where
L,(v®16,) : andk v@18,),
k=1
( (2)|9 U(l) Z’?kdk 9 V(l))dk( (2)|9)
k=1
Letok =E |.7-"k 1).

PROPOSITION 7.1. Let us assume that O‘k 2(0, v(() ) ) is continuous in 0, that

E(}Fio1) S oo for all k and that lim,, 6, 2 6. Let Qoo C Q be defined by
Qoo = LIPg o0 ({dk (v?16)}) N LIPg o ({de (6, 9V)di (v®16) })
N STy ({Da(v®16)}) N VAR o (57, di(v216), Dic(v16)})
NVAR, o ({o, dk(0,9D)dk (v?16), Dk (v?16)}).

~(2) as. (2)

Let us assume that P(S2o0) > 0. Then lim, v~ = vy~ on Qec.

Let us write
— Ji@nv®) =Tk + A @lvg”) + di (v 16,).

Then, using Holder’s inequality, this decomposition leads to

PROOF.

> 2
S 50 () = S, 50 (v67)
n
= > [d(v®18,)]
k=1

> D, (v?16,)
which implies that

inf Sn|9 g(l)( (2)) -

@ eB

n
+2 (e + de(Bulv$?))dic (V2 16,)
k=1
nn(v®16,)| — 2[ D, (v@16,)]"2,

~ofE @ulv))" (B,

~

2
Snlgn,ﬁ(l) (U(() ))

> inf D, (1®16,)
VO e B

1Ly n(v®)0)]

sup

X [1 -2
(6,v?)eBy

D,(v®|6)

[D, (B, |vi)112 ]
inf\,(z)eBg[Dn(V(z)l%) 112]

The result then follows from the assumptions of the proposition, from (7.1),

from the SLLNSM applied to sup(g’v(a)eBgIZn(v(z)|<9)|[5,1(v(2)|9)]_1

and to
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~ o _ . a2
sup(gﬁv(a)eBgan(v(z)|9,v(l))|[Dn(v(2)|9)] I and from 11mn|d,%(9n|v(() ))| X

[inf, 2 ¢ geldy (VP10) 171 Z0®a)£0) = 0, which is deduced from the

iIlf »(2) BC
continuity of ok 2(0, v(() ) ) in 6 and which, according to Toeplitz’s lemma, leads to
lim,, Dn (9n|v() )[lnfv(z)ng Dn (V(z)len)] 10, O

8. Examples in branching processes. Here, we deal with single-type Mar-

kovian branching processes in discrete time. The process {/N,} of population sizes

at each time is defined by N, = ZN:"II Xn.i, where the {X, ;}; are i.i.d. given

l
Fn—1 thatis generated by { Ny }x<,—1. In each example, the normalization is carried
out in order to get lim, E(n2|F,_1) < oo, implying that assumption VAR (-) of
Proposition 5.1 is satisfied.

8.1. BGW process. The {X,;}; are ii.d. (mo,aoz) and are independent of
Fn—1. Then My is defined by

Nu—1

2 —1/2
fumo) =moN2 0 = NP (X —mo).
i=1

Y, =N, N—1/2

Therefore, E (n,%l}"n 1) = 002 Let 69 = mg. Then f,,(m) is Lipschitz in m with

=N, 12 | and 1nfm€Bc D,(m) = mfmeBc (mo —m)? Y %=1 Nr—1, which converges
a.s. to 00, as n — o0, on the nonextlnctlon set 240, Where P(25) > 0, for mg > 1.
Therefore, assuming that mo > 1 and using Proposition 3.1, we have lim, /i, =

mo on Q2

REMARK 8.1 (Direct proof). Recall that 7i,, is also the MLE estimator of m
[6] and the Harris estimator [11]:

—kyk k—1

20 Nk Yo (Nkmg ymyg mo 3 k=1 Mg

n = n - n k —(k=1)y k-1
> k=1 Nk—1 2 k=1M > k=1 (Nk—1my my

The strong consistency of {i,} on Q4 is then obtained classically (see [8])
by using Toeplitz’s lemma with lim,, N,m; mas Wy, where Wy, 0 on Qoos
E(Wy,) = No. Note that the indirect proof based on Proposition 3.1 does not re-
quire knowledge of the asymptotic behavior of the process as is the case in this
direct proof.

In this model, (6.1) becomes

n 1 n Ng
@.1)  limW,@m, —mo) =lim W, [Z Nk—1:| ]; X} (Xk,i —mo),

k=1 i



ESTIMATION IN STOCHASTIC REGRESSION 585

which is also the expression obtained classically by directly using the expres-

sion for ,. Since Yop_[f{(mo)l* = Yp_ Ni—1 =t Sut1, j_y mfimo) =
Y hel Zf.vzkl‘l (Xk.i —mo) =: st-"z_ll (Xj —myg), where the {X;} correspond a.s. to

the {Xx ;}i k. ordered according to i and then k. Setting W,, = [>_}_, mgfl]l/z,
(8.1) then becomes

n 12 g —-1/2 Su—1
W, (7l — mo) = ([Zm’{;l} [Z Nk_l} ) (S,,‘_‘{2 > (X, - mo)),
k=1 k=1 j=1
which leads, thanks to Toeplitz’s lemma on the first term of the right-hand side and
a CLT for random sums [2] on the second term, to lim,, ¥, (i, — mg) L W;OIU ,
where U ~ N (0, o*g), U and Wy, being independent.

Similar results may be obtained for 7y, ,, where n — h is constant. In this case,
“Y %—1” must be replaced by “>}_, . ;" When h =n — 1, /iy = Ny /Ny is the
Lotka—Nagaev estimator.

Since mg = 1 is a threshold for the asymptotic behavior of {N,}, if we do

not know a priori whether m < 1 or m > 1, then we may estimate m using
E(Ny|Ny—1, N, #0) instead of E(N,|N,—1).

8.2. Size-dependent branching processes. N, = Z?]:”fl Xy, with {X,, ;} i.i.d.
(mgy(Nu—1), 05 (Ny—1)), limy mg,(N) = mo, og(N) = O(N0), where f is as-
sumed to be known [19]. The model My is then

—(1 2 1- 2
Yn:NnNn_(1+ﬂ0)/ :mQO(Nn—l)N,E_lﬂO)/ + .

A particular example of a size-dependent branching process is the process model-
ing the amplification process in the polymerase chain reaction setting, taking into
account the saturation phenomenon due to the closed medium [17, 30]. The ulti-
mate goal of this technology is the estimation of Ny, the initial number of DNA
molecule fragments, through the amplified population in vitro. At each cycle of the
amplification process, a DNA fragment may product two DNA fragments by repli-
cation after three successive steps— heating, annealing and synthesis. The amplifi-
cation process exhibits three different phases: the exponential phase, during which
the replication is not limited, then a saturation phase involving a “linear” phase,
followed by a “plateau” phase where the replication is less and less efficient. Since
the size of the population increases very quickly (exponential increase during the
first cycles) and since the observation errors are very important during the first
cycles but become more and more negligible relative to the signal as the number
of cycles increases, the estimations should be based on the observations starting
only from the end of the exponential phase. The classical estimation method is
based on a regression model using the observations at the end of the exponential
phase of a set of amplification processes starting from successive dilutions of a
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given DNA sample and assumed to have the same replication probability. Besides
the probable violation of the basic assumptions of this method (i.i.d. errors, iden-
tical replication probabilities, identical initial size up to the dilution factor, etc.),
this method is costly since the accuracy of the estimator requires a large number
of such trajectories. Therefore, we developed conditional least squares estimation
based on a single amplification process (or two if the “observation unit to number
of molecules” conversion is required) [13, 24, 27]. Moreover, because of a very
large population after only a few cycles, the asymptotic properties are obtained
from the end of the exponential phase, leading to a great accuracy of the estimator
of the replication probability, which is crucial for the accuracy of the estimation
of Ny. We focus here on the estimation of the replication probability based on
different models.

The amplification process may be modeled by a simple branching process N,, =
2&1_1 X,.i, where the {X, ;} are i.i.d. given F,,_1 with P(X,,; = 1|F,—1) =1 —
Dn» Pn i= P(Xy,i = 2|F,—1) being the probability of replication at the nth cycle.
When restricting the modeling to the exponential phase, we may assume that the
{Xn.i} areiid. (my, 002), where mg = 1 + po, po = p, and 002 = po(1 — po), that
is, the process is a BGW branching process ([13, 27], see previous item).

We now take into account the saturation phase. Therefore, the probability of
replication is a decreasing function of the current size of the population. For ex-
ample, Schnell and Mendoza [30] proposed the following enzymological model:

M1: p, = [Kol([Ko] + [Na—1]) "' = Ko(Ko + Nu—1) ™,

where [Kg] is the Michaelis—Menten constant, [N,,_1] is the concentration of
molecules at time n — 1 and Ko = [Kg] x V, where V is the volume of the
reaction. Then {N,} is a near-critical process with an a.s. nonextinction and
lim, N,n~!' = Ko [17].

This model may be generalized in order to take into account a saturation thresh-
old Sp > Ny. For example, in [24],

Ko [1 4 exp(—Co(Sy ' Nsy.n—1 — 1))]

M2: p, =
" Ko+ Nsyn—1 2

where Ng, ,—1 = So if N,—1 < So, and N, n—1 = Ny—1 if Ny—1 > Sp. When Cp =
0, So = No, M2 is reduced to M1. Since M2 is a BGW process for all n such that
Ny—1 < 8o, it follows that when So — oo, M»> tends to a BGW process. In the
general case Co # 0 with So < 0o, we have lim,, N,n~ ' =Ky /2. When setting 6 =
(K, C,S), we have lim,, infy D,,(6) ‘2 00 and Ky is the only parameter verifying
lim,, infx D, (K) = co. The asymptotic properties of the CLSE of K, assuming
(Co, So) =: vo, may be found in [24]. They can also be derived in the same way as
for the following model using the general results developed here.
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Let us now assume another generalization of the Schnell-Mendoza model:

104

M3: p, = ( Ko )(1+S00NS() )
Ko+ NSO,n—l 2

As for M2, the limit of this model, as Sy — oo, is reduced to the BGW model

and when «ag = 0 with Sy = Ny, the model is reduced to M1. Let us assume here

that So < oo and 0 < a9 < 00. As in [17] and [24], the asymptotic behavior of

the process is linear: lim;, N,n -les =" K(/2 and the stochastic regression model is
Yy = Ny = fu(60, vo) + 1, where

oo > 0.

Ko (1+ SN “v_)
n 0 k) V) - 1 +( ) 0 ]Nn k)
Fu(60. vo) [ Ko+ Nsy.n—1 2 :
Ny—1
(8.2) M= (Xni— EXnilNaz1)),
i=1
02 = Ny_1pn(1 — py) = O(1).

Let 0 = (K, 8%, «), g = 0. Using the first order Taylor series development, we
have

n
inf D,(®) = inf O kY0 — )2
ot n®) = inf <;< >)

a—op|>

. - 2,26
= 0(&2a0+;§af (a,ao),;“““‘” k ) a5, €10, 11,
which converges a.s. to oo for 0 < 2@ < 1. Therefore, if we assume that «g €
10, 1/2[, then limn(l?n, §nE ,0p) 3 (Ko, Sg‘), ap). Next, since the second deriva-
tive of f,(f) in « increases to oo with n more quickly than its first derivative,
assumptions such that VAR@({ak f 11200, D), (Mg[2, 11)~'}) cannot be verified.
Therefore, we restrict the study of the asymptotic distribution to K, and then to
(Kn. 59).

So, let us ﬁrit\assume that 8p = Ko and (S,,", ag) =: v are nuisance parameters
estimated by (S5, @n,). We have, for Ni_ large enough,

o0

N I+ 52N
(Ko, D) = k—1 ( nokl)ZOI’
fk( O])) (K0+Nk_])2 D) ()
N
(Ko, ) = ———A=L (1 + 5T N, ) = 0k
Jr (Ko, V) (Kot Ni_ 1)3( + ) ()

Let us define

n ~ n
P2 = [+ %2"‘"0 K, o — 1)—“"0)/2]2, v, =, ! Xz[fk/(Ko,?)]2
k=1 k=1
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Then, thanks to Toeplitz’s lemma, lim, ® 1\11 = 1 and Vv, = O(1). Conse-
quently, for 0 < 2a,,, < 1, the assumptions of Proposition 6.1, except the last one,
which we consider now, are verified. By the definition of W,

_ln

(8.3) ‘Pn[Z[fk/(Ko,ﬁ)]z} Y fi(Ko, D) =@, Y i f{ (Ko, D).
k=1 k=1 k=1

Moreover,

lim  £(Ko, D)% 1/2, lim E(m7|Fi1) = Ko/2.
k<n,k— o0 k

Therefore, we may derive the asymptotic distribution of the right-hand side of
(8.3) by a classical CLT for martingale arrays ([4, 29]: “let {M(")}k<,1 be a mul-
tidimensional martingale triangular array Zf‘_ 160> EGrnlF; (n) ) = 0. Let us as-
sume (a) lim, (M)(") =T, Where I' is a semi-definite deterministic matrix and
(M) = S0 E &l 17,7)); (b) for all € > 0, limy, Y%y E (18121 jg 1]

(”)1) = 0. Then lim, M(") D N(0,T).) So, let us define the martingale array
M = &' S f/ (Ko, D). Then

(M) = ®,2 3" E(mi| Fa—D)Lf{ (Ko, D)%,
k=1

which implies that lim, (M)(") = lim,, E(nn|.7-"n 1) = Ko/2. Moreover, for n
large, using Holder’s and Markov’s inequalities, we have

n n
> E(I5kalP ezl Fimt) < @372 Y E(R 1222021 Fi-1)
k=1 k=1

n
<[e®17 " Y [EG; | Fe—1)]"?0x
k=1

Using (8.2), we get E(’?2|fk 1) = O0(1) and o = O(1), which irnplies the Linde-
berg condition since d>2 O (n). Consequently, lim, ®,, (K —Kp) = ./\/ 0, Ko/2)
or, equivalently, lim, v/7(Kn — K0)(2Ko)~"/2 2 N(0, 1). Note that if ag = O (the
Schnell-Mendoza model), then, in the same way, lim, \/n (K — Ko)K, -2 B
N(@©O,1).

We may also derive the asymptotic distribution using the CLT for random sums
[28] applied to the right-hand side of (8.3) using (8.2). According to this CLT, the
asymptotic behavior is obtained, even for small n, because of the expression of 1

as the sum of a large number of centered variables. The asymptotic distribution of
the estimator allows for the derivation of accurate confidence intervals of Kj.
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Let us now assume that 6 = (K, $*) with a¢ = vy estimated by &@,,. We have,
for k <n,

£10,9) = N2 (K + Ni_)"2(1+ SN, 7027 = 0(1),
F2(0.9) = KNi_1(K + N_) ™' N, 927! = 0 (ko)
R 0,9) = = NE_ (K + Ne_) (1 + SN, 1) = 0 k™),
fii22(0,9) =0,
Fl12(0.9) = NE_ (K + Ne—1) 72N, oy = f{21(0,9) = O(k™%),
Therefore, UNC({6,}) is checked and

n 1-a
Z T n =~ n Kn "0
4k_1 f;C(Qs V)f;c (0, U) - 0 (Knl—l)lno Kzan(an0)> ’

1-2a,, 1

where a, (¢0,)) =n (2@, <1} T 1nn1{2a,,0:1}, implying that

M ( 0™ 0<na"o[an<ano>]—1>)
"TNo@ @@ 0(an @1 )

Consequently, all of the assumptions of Proposition 6.1 are satisfied for {0 <
28y, < 1}. Let us define W, = @, 1 [S7_, £, (60, DT (6o, D)1, where

2 — 1 n_ Kon'™o
" 4 \Kon' %0 K§an@n) )

Therefore,

n -1 n n
W, {Z f}(eo,mfﬁ(eo,v)] > midi(00) = @, D" ek (60, D).
k=1 k=1

k=1

Then, using the CLT for martingale arrays ([4, 29]), we have

lim W, @, — 60) N0, (Ko/DT) 4= lim @, (G — ) Z N (0, (Ko/2)1).

9. Extension to estimating functions. To simplify notation, we assume
that ¢ = 0. Let Q,(0; {Zk,ax(0)}) be defined as in (1.3), where a;(0) :=
gi(@)[bk(Q)]_l, by (0) being Fi_1-measurable. Let 6, solve Q,0;{Zr,ar(0)}) =
0. The CLSE solution of (1.1) corresponds to bx(f) = Ar and the QLE to
br(0) = o, ().

Following [12], let

©.1) SA@):UQn;i(u;{Zk,ak(m})du,-](e), i=1,....n,
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when this quantity exists. Since [ Qp.; (u; {Zk, ax(0)}) du;1(0) = — >}, [(Zk —
gk(G))g,’{;i(Q)[bk(G)]_l, it follows that when by (@) is a function of gi(0), S,(6)
exists (but does not necessarily have an explicit form).

Let ex(0) := Zi — gk (), dj (0) := gk(0) — 8k (0), D n(0) ==Y} _; da k(6),
where, fori =1, ..., p,

da s (6) = [ [ a (u)g;;xu)b,:l(u)du,}(eo) - [ [ a (u)g,;,(u)b,:l(mdui}(e)

and let dy 4 (0) = [f g}, by () dui)(00) — [ 8}.; )by ' ) du;1(0), for i =
1,..., p, when these quantities exist.

PROPOSITION 9.1. Let us assume that S, (0), defined as in (9.1) , exists and
let Qoo C Q2 be defined by

Qoo = {LIPy({dy 1 (0)}) N LIPs ({dp 1 (6)}) N STg({Du.n (0)})
N VARg ({0 (60, v0), db k (0), Dax O))}.

Let us assume that P(Q0) > 0. Then lim,, @, = 6o on Quo.

The proof is the same as in Section 3, where S,(0) — S,(60) = >} dak +
Y k—1 €kdp k(0). In the particular case by (0) = Ak, wehave d, = 21 [d,f (9)]2A,:1,
dp k(0) = d,‘f (9))»,(_1 and D, ,(6) = D, (0) up to additive constants, where D, (6)
is given by (1.8). Q2 is then reduced to the subset defined in Proposition 3.1.

In the general case where by (6) depends on 6, since conditions given in Propo-
sition 9.1 may be difficult or even impossible to verify in practice, we may derive
sufficient conditions using Wu’s lemma applied to a Taylor series expansion of
Sn(0) — S, (6p). Writing ex (6p) =: ek, 8, = 0o + a(@ — ), a € (0, 1), we have

k(8 := (8 — 60)T &, (B0)by " (Bo) + cax (6),
cak(0) = (0 —60)[g]Ba)br ' (Ba) — 1. (0) D81 b % (8)] (B — 6p),
da k(0) := (0 — 60)" g, (),

n

Dan(®) = [dar @1 =0 —00)" Y g0a)[g(0)]" (6 — 60).
k=1 k=1

PROPOSITION 9.2. Let us assume that S,,(0) defined as in (9.1) exists and
that g, (0) has second derivatives in 0. Let Qoo C 2 be defined by

Qo0 = LIPy({ca,k(0)}) N[ | LIPy ({g1.; ()}

]

N STs({Da.n(6)}) N VARy ({07 (B0, v0), ¢k (6), Dk (0)})

n {msup[z dy <0>ca,k<e>}[Da,n<e>r1 = 0}.
oy

k=1
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Let us assume that P(Q0s0) > 0. Then lim,, § 0y on Qo

In the particular class bg () = Ay, we have VARg(-) = VAR@({akz, 0 — )T x
£,(0), Dy (0)}) = VARg({akz,dk(Q), Dy (0)}), where di(0), Dy (6) are given by
(1.8). Consequently, Q4 (Proposition 9.2) C Q2+, (Proposition 3.1). In the linear
case with by (6) = Ax, we have that Q2 is reduced to (1.7) in both propositions.

PROOF OF PROPOSITION 9.2. Let us write S,(8) — S,(6p) = (6 — 6p)T x
S;,(80) + (0 — 00)” S}, (84) (6 — 6p). Then

Sn(0) — Sn(6o)

= Dan(0) — (0 — 00)" > exg)(60)by ' (Bo)
k=1

—©—60)" Zekg ©@a)by 0a) — 8 05} 01 b 2 (620 — 60)
k=1

— (0 —00)" > d§ (0a)[8 0B} ' (Ba) — & (0[5 (0)1 b > (0a)]
k=1

x (6 —6o)

and then the proof is as in Section 3. [J

We will not describe here the asymptotic distribution for these estimators since
the methodology is the same as for the CLSE.

APPENDIX

PROOF OF PROPOSITION 5.1. We work on VARg({ak ,dr(0), Dy (6)}). Let
us assume that © is a finite set (.e., 0 = {6;}i<1). Therefore, there exist some
random integers i, < [ and j, <[ such that supgycg | Ly (0)|[Dsn(6)]™ &
| L (0 )[Dsn (6;,)] L infycg Din (9) = D*,, (0;,). Moreover, thanks to the
SLLNM (strong law of large numbers for martingales, Theorem 2.18, [9]), we
have

a.s.

Y0 €®  lim|Ly(0)[Dw(0)] " E on {liPD*n(e) aéoo},

which 1mp11es that lim,, |Ly (91,1)|[D*n(91n)] 1t O on ﬂl<1{llmn *n (91') as. oo}’

which contains {lim,, D, (6 ,n) = oo}

Let us now assume the general case © C R”. The general idea for proving the
result is then to extend the proof concerning the case where O is finite: for each n,
we will use some random F,,_;-measurable discretization (:)n of © that becomes
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finer and finer as n — 0o, together with the fact that, for each k < n, there will
exist a point of ®; which will get closer and closer to 6 as k increases. So, writing
ILa@)] _ |Ln(6, GO | —  [Ln(Gn(0))]

(A.1) limsu <limsup —=""22 4 limsup ———~
e D@ = 1 g Din(®) e T D (0)

where G, (0) := {6k (0)}k<n, Ok (0) € Oy being one vertex of ®; among those clos-
est to 6, and

n n

L0, Ga () := > mi(dk(®) — dx(0x(0))),  Ln(Ga(0)) :=>_ mdi (6(6)),
k=1 k=1
it will be sufficient to prove that each of the terms of the sum of the right-hand side
of (A.1) is null. For the second term, we will use the fact that the set {{6x(6)}k<n}o
is finite, together with the usual SLLNM (strong law of large numbers for martin-
gales), LIPy ({d«x(0)}) and the sufficiently rapid convergence to O of the mesh size.
For the first term, we define

(A2) Unn(0,Ga(0)) 1= mi(di(0) — di (6 () [ D (6)] "

k=m

and we will use a property of submartingales (Theorem 2.1 in [9]; see also Theo-
rem A.1) that leads to

AP max_ suplUp.a(8. Gy(0)] > 1)
n:m<n<m’ ¢

(A3)
< E(SUp| U, 0. G 0))]).
0

Then, using LIPy ({dx(6)}) and the sufficiently rapid convergence of the mesh size
to 0, we will prove that lim,, lim,, E(supg |Upy m' (0, G (0))]) = 0, from which
we will deduce that lim, sup,,-,, supg [Up,» (6, Gn(0))] £ 0, thanks to (A.3), and
then lim,, iy, Supg |Up.n (6, G2 (9))] = 0. Finally, the result will follow from

the relationship, due to Lemma A.3,

Y Ukn (0, Gn(0)[dsk (0)1? | [ Dsn ()],

k=1

1Ly (8, Ga(ON|[Dsn(0)]7' =

together with a generalized Toeplitz lemma applied to the sup, of this quantity.

We now provide details of the proof. We define, for each k, a discretization
of R? by a random grid G with fixed directions, a fixed origin and a random
mesh size €, Fi—_1-measurable and converging a.s. to 0 sufficiently rapidly as
k — oo according to the assumptions~A§ and A$§ defined later in the proof. Let
{6k.i}i =: O be the vertices of Gx N ® and let, for 6 € O, 6; () € O be one of
the elements of (:)k closest to 6, that is, ||0x(0) — 0|| < cex, where c is any constant
satisfying ¢ > ,/p/2 where || - || is the Euclidean norm.
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Let us first consider the second term of the right-hand side of (A.1). Defining
Dy (Gn(0)) := 33— [dk 0k (0)) 7, Dsn(Gn(0)) := 4 [dur (6 (0))]?, we have

L (Gu(0))]
sup ————
P D@
|Ln<gn<9>>|[ |Dsn (G (8)) — Din (6)] }
11.
=S D Gn @) 5P D (®) +

Since, for k =n, 0k (0) is Fi_1-measurable and {G, (6)}y is a finite set, we get, as
in the finite ® case,

. [Ln(Gn(0))] as. . a.s.
(A5) limsup 2 S =0 on [hr{mng*n(gn(Q)) LS oo].

Moreover, thanks to LIPy ({d.x(0)}), there exists g, Fr—1-measurable, and /.. (-)
such that |dy (0) — duk Ok (0))] < hs([|0k (0) — Ok||) gk, implying that

| Dsn(Gn(0)) — Dy (0)| < Zzzl Exk &xk Uk (Exk)
Dy (0) - infg Dy (0)

(A.4)

(A.6)

where &4 = hi(cex) and u(e4k) = 2 max; [duk (Ok,i)| + Exk &sk-

Let 0 < a < 1 and let us choose {€x} such that A : e, gsxtr (€4k) 2 a* forall k.
Therefore, the limit in n of (A.6) is a.s. finite. Then, also using (A.4) and (A.5), we
get

a.s.

lign Sup| Ly (G (0D [ D (0)] ' =0 on iliy{n irelfD*n (G (O = oo}
6
Moreover, lim,, infy Dy, (Ga(9)) = o0 is equivalent to lim,, infy Dy, (6) = oo un-
der A§ because

lir{ning*n ) =< lir{n irglﬂ Dy (0) — Dy (Gn(0))| + lirgning*n (Gn(0))

00
< Z Exk 8k Uk (Exk) + lir{nirglfD*n (Gn(0))
k=1

and limy, infy Dy, (Gn () < Y021 exk gskktk (84k) + limy, infy Diy (6).
Next, we show that lim,, supg|L, (0, G, (6))|[ D )17 0. Let us write
(d(0) — dx (Br(0)))[Dsi (0171 =: di (6, 6 ().

Since {nx} is a martingale difference sequence and di(0), 6x(0) and Dy (0) are
Fr—1-measurable, it follows that {U,, , (8, G,(6))},, defined as in (A.2), is a mar-
tingale:

Um,n—l (9, gn—l (9)) = E(Um,n (9’ gn(e))lfn—l)-
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According to Jensen’s inequality, this implies that {supg |Uy, (6, G, (0))|}n is a
submartingale:

SUPIUp 10 Ga-1O))] = E(50pIUn0 (0. G O] 1)

Therefore, using Theorem 2.1 ([9]; see also Theorem A.1) and denoting by V,, ,,
the quantity supy |Up, (6, G, (0))], we get, for any A > 0,

(A.7) AP( max Vi, > x) < E(WVpm).

n:m<n<m’
Now, using Vi, := supy| - nkc?k(Q, 0r(0))| and LIPy({di(©)}), which im-
plies that |d (6, 0x(0))] < skgk[D*k(G)]_l, where gy is Fy_-measurable and
ex = h(cer), we get

m/ 1

EVinm) < E(Z E(Inelexse | inf Duc (6) ] |fk_1)>.
k=m

Using Holder’s inequality and the Fj_1-measurability of i, gk, [infs Dy (9)]71,

we get

m/

E(Vm,m’) = E(Z ngkgkl:ilng*k(Q):I_l)-

k=m

Let us choose {e} such that it satisfies AS : exox gk [infp Dy (9)]*1 a'fs' ak, for all k,
in addition to A{. Then E(V,, ) < Z,fim ak < oo, implying, according to (A.7),
that

o0

(A.8) limAP( max Vi, > A) <Y a~
m’ n:m<n<m’ ke=m
Consequently, since Y ;2. ak < oo, (A.8) implies that
(A.9) limlimP( max Vi, > ,\) —0.
m n:m<n<m’

Moreover, since {max,:m<p<m’ Vim.n > A}y 1s an increasing sequence of
events, it follows that P(sui)n_:mq Vion > A) = lim,y P(Maxy<p<m' Vinn >
A). Therefore, (A.9) becomes lin;m P(sup,>,, Vimn > 2) = 0 for all A >0,
which means that lim,, SUP, > Vinn £ 0. Therefore, there is a subsequence
{suanmi Vin; .nm; that converges a.s. to 0 as m; — oo. However, for m > m; with
m=<n, Um,n(e’ gn (9)) = Um,-,n(e, gn (9)) - Umi,nz—l(e» gm—l(e))’ which implies
that sup,,~,,, Vin,n <28up,,~,,, Vin, n and, consequently,

(A10)  lim sup Vyn =0 which implies that lim lim V,,, , = 0.
" nzm m n>m
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It then remains to deduce from (A.10) that lim,, sup, L, (6, G,(9))[ D, (0)]™! =0
Let us write S for Z;{:_ll md(0,01(0)) := Uy x—1(6, Gk—1(0)). Then

Ly(8,Ga(0) =Y (Skt1 — Si) D (6).

k=1

Using Lemma A.3 and D, (0) — Dyi—1(0) = [dwk (0)]%, we get

L0, G0 (0) = 3 (Sus1 — SOt (01 = Zuknw G (0)[duk ()12,

k=1 k=1
implying that
— L,(0,G,(0 0
limsup M <lim lim sup Vg, lim hm sup D.v(6)
ALD) nog D (0) N n=N k<N N n=N g Dyn(0)

+ lim lim sup Vin.
N nzN N <k<n

Now, using, in the first term of the right-hand of side of (A.11), Ui », (0, G,(0)) =
Uk, N-1(0,GN-1(0)) + Un.n(0, G (0)), and, in the second term, Uy , (0, G, (0)) =
UNn(0,G,(0)) —Un.x—1(0, Gk—1(9)), thanks to (A.10), we get (5.1). [

LEMMA A1 (Wu’s lemma [34]) If for all § > 0 sufficiently small,
lim, infye g (S1 (6) — S4(60)) S0, then limy 8, = .

THEOREM A.1 (Theorem 2.11in [9]). If{S;, Fi, 1 <i <n} is a submartingale,
then, for each real A, we have A P(max;<, S; > 1) < E(Sy1{max;, 5;>1})-

LEMMA A.2 [16]. Let ap >0 for all k, with a; >0, and S, = Y} _; ax with
lim,, S, <oc. Then ZZO:I akSk_2 < 2a1_l — lim, Sn_l.

LEMMA A.3. Let {S¢} with S =0, Dy = Y5, d?. Then Y0_ (S11 —
S Dk = Y1 (Sus1 — Sk)dz.

PROOF. Y 0_ (Skt1 — SK)Dk = Sp1 Dy + 021 Skt D — Y0_; Sk Dy =
Su+1Dn + X7 _y Sk(Di—1 — Dy). Then use Dy — Dy—y =d?. O
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