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Abstract. The aim of this paper is to build an estimate of an unknown density as a linear combination of functions of a dictionary.
Inspired by Candes and Tao’s approach, we propose a minimization of the £|-norm of the coefficients in the linear combination
under an adaptive Dantzig constraint coming from sharp concentration inequalities. This allows to consider a wide class of dictio-
naries. Under local or global structure assumptions, oracle inequalities are derived. These theoretical results are transposed to the
adaptive Lasso estimate naturally associated to our Dantzig procedure. Then, the issue of calibrating these procedures is studied
from both theoretical and practical points of view. Finally, a numerical study shows the significant improvement obtained by our
procedures when compared with other classical procedures.

Résumé. L’objectif de cet article est de construire un estimateur d’une densité inconnue comme combinaison linéaire de fonctions
d’un dictionnaire. Inspirés par I’approche de Candes et Tao, nous proposons une minimisation de la norme £ des coefficients dans
la combinaison linéaire sous une contrainte de Dantzig adaptative issue d’inégalités de concentration précises. Ceci nous permet
de considérer une large classe de dictionnaires. Sous des hypotheses de structure locale ou globale, nous obtenons des inégalités
oracles. Ces résultats théoriques sont transposés a 1’estimateur Lasso adaptatif naturellement associé a notre procédure de Dantzig.
Le probleme de la calibration de ces procédures est alors étudié a la fois du point de vue théorique et du point de vue pratique.
Enfin, une étude numérique montre I’amélioration significative obtenue par notre procédure en comparaison d’autres procédures
plus classiques.
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1. Introduction

Various estimation procedures based on £; penalization (exemplified by the Dantzig procedure in [13] and the LASSO
procedure in [28]) have extensively been studied recently. These procedures are computationally efficient as shown
in [17,24,25], and thus are adapted to high-dimensional data. They have been widely used in regression models, but
only the Lasso estimator has been studied in the density model (see [7,10,29]). Although we will mostly consider the
Dantzig estimator in the density model for which no result exists so far, we recall some of the classical results obtained
in different settings by procedures based on ¢; penalization.
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The Dantzig selector has been introduced by Candes and Tao [13] in the linear regression model. More precisely,
given

Y =AMl +¢,

where Y € R", A is a n by M matrix, ¢ € R" is the noise vector and Ag € RM is the unknown regression parameter to
estimate, the Dantzig estimator is defined by

AP =argmin|All;, subjectto |AT(AL—V)[, <n.
AeRM N

where | - ||¢,, is the sup-norm in RY |- ¢, is the £; norm in RM and 7 is a regularization parameter. A natural
companion of this estimator is the Lasso procedure or more precisely its relaxed form

N R
A= argmm{iqu — YIIZ, +nlxlle, }
reRM

where 1 plays exactly the exact same role as for the Dantzig estimator. This £; penalized method is also called basis
pursuit in signal processing (see [14,15]).

Candes and Tao [13] have obtained a bound for the ¢5 risk of the estimator A2, with large probability, under a global
condition on the matrix A (the Restricted Isometry Property) and a sparsity assumption on Ag, even for M > n. Bickel
et al. [3] have obtained oracle inequalities and bounds of the £, loss for both estimators under weaker assumptions.
Actually, Bickel et al. [3] deal with the nonparametric regression framework in which one observes

Yi=f(xi)+e, i=1,...,n,

where f is an unknown function while (x;);=;. .., are known design points and (e;);=1.,...
is no intrinsic matrix A in this problem but for any dictionary of functions 7" = (¢,)m=1
weighted sum f; of elements of T

M
= Z Am®Pm
m=1

and introduce the matrix A = (¢, (x;))i m, Which summarizes the information on the dictionary and on the design.
Notice that if there exists Ao such that f = fj, then the model can be rewritten exactly as the classical linear model.
However, if it is not the case and if a model bias exists, the Dantzig and Lasso procedures can be after all applied
under similar assumptions on A. Oracle inequalities are obtained for which approximation theory plays an important
role in [3,8,9,29].

Let us also mention that in various settings, under various assumptions on the matrix A (or more precisely on
the associated Gram matrix G = AT A), properties of these estimators have been established for subset selection (see
[11,20,22,23,30,31]) and for prediction (see [3,19,20,23,32]).

» 1S a noise vector. There
M one can search f as a

,,,,,

yenes

1.1. Our goals and results

We consider in this paper the density estimation framework already studied for the Lasso estimate by Bunea et al. [7,
10] and van de Geer [29]. Namely, our goal is to estimate fp, an unknown density function, by using the observations of
an n-sample of variables X1, ..., X, of density fy with respect to a known measure dx on R. As in the nonparametric
regression setting, we introduce a dictionary of functions 1" = (¢ )m=1.....m, and search again estimates of fo as
linear combinations f; of the dictionary functions. We rely on the Gram matrix G associated with 7", defined by
Gum = f ©m (X) @,y (x) dx, and on the empirical scalar products of fy with ¢,

B = %mei).

i=1
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The Dantzig estimate f D is then obtained by minimizing ||A||¢, over the set of parameters A satisfying the adaptive
Dantzig constraint:

Vme{l, ..., M} [(GMm — Bu| <1ym,

where form € {1,..., M}, (GA),, is the scalar product of f; with ¢,,,

262ylogM 2| ¢mllocy logM
My.m = n * 3n ’
2

0, is a sharp estimate of the variance of ﬁm and y is a constant to be chosen. Section 2 gives precise definitions and
heuristics for using this constraint. We just mention here that 1, ,, comes from sharp concentration inequalities to give
tight constraints. Our idea is that if f{ can be decomposed on 7" as

M
f() = Z )\(),m(pm’

m=1

then we force the set of feasible parameters A to contain Ao with large probability and to be as small as possible.
Significant improvements in practice are expected.

Our goals in this paper are mainly twofold. First, we aim at establishing sharp oracle inequalities under very mild
assumptions on the dictionary. Our starting point is that most of the papers in the literature assume that the functions of
the dictionary are bounded by a constant independent of M and n, which constitutes a strong limitation, in particular
for dictionaries based on histograms or wavelets (see, for instance, [6-9,11,29]). Such assumptions on the functions
of 7 will not be considered in our paper. Likewise, our methodology does not rely on the knowledge of || follco
that can even be infinite (as noticed by Birgé [4] for the study of the integrated L,-risk, most of the papers in the
literature typically assume that the sup-norm of the unknown density is finite with a known or estimated bound for
this quantity). Finally, let us mention that, in contrast with what Bunea et al. [10] did, we obtain oracle inequalities
with leading constant 1, and furthermore these are established under much weaker assumptions on the dictionary than
in [10].

The second goal of this paper deals with the problem of calibrating the so-called Dantzig constant y: how should
this constant be chosen to obtain good results in both theory and practice? Most of the time, for Lasso-type estimators,

the regularization parameter is of the form a,/ @ with a a positive constant (see [3,6-8,12,20,23], for instance).

These results are obtained with large probability that depends on the tuning coefficient a. In practice, it is not simple
to calibrate the constant a. Unfortunately, most of the time, the theoretical choice of the regularization parameter is
not suitable for practical issues. This fact is true for Lasso-type estimates but also for many algorithms for which the
regularization parameter provided by the theory is often too conservative for practical purposes (see [18] who clearly
explains and illustrates this point for their thresholding procedure). So, one of the main goals of this paper is to fill
the gap between the optimal parameter choice provided by theoretical results on the one hand and by a simulation
study on the other hand. Only a few papers are devoted to this problem. In the model selection setting, the issue
of calibration has been addressed by Birgé and Massart [5] who considered £p-penalized estimators in a Gaussian
homoscedastic regression framework and showed that there exists a minimal penalty in the sense that taking smaller
penalties leads to inconsistent estimation procedures. Arlot and Massart [1] generalized these results for non-Gaussian
or heteroscedastic data and Reynaud-Bouret and Rivoirard [26] addressed this question for thresholding rules in the
Poisson intensity framework.

Now, let us describe our results. By using the previous data-driven Dantzig constraint, oracle inequalities are
derived under local conditions on the dictionary that are valid under classical assumptions on the structure of the
dictionary. We extensively discuss these assumptions and we show their own interest in the context of the paper. Each
term of these oracle inequalities is easily interpretable. Classical results are recovered when we further assume:

n
lm I Scl(mﬁfonoo,
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where c; is a constant. This assumption is very mild and, unlike in classical works, allows to consider dictionar-
ies based on wavelets. Then, relying on our Dantzig estimate, we build an adaptive Lasso procedure whose oracle
performances are similar. This illustrates the closeness between Lasso and Dantzig-type estimates.

Our results are proved for y > 1. For the theoretical calibration issue, we study the performance of our procedure
when y < 1. We show that in a simple framework, estimation of the straightforward signal fy = 1jo,1] cannot be
performed at a convenient rate of convergence when y < 1. This result proves that the assumption y > 1 is thus not
too conservative.

Finally, a simulation study illustrates how dictionary-based methods outperform classical ones. More precisely, we
show that our Dantzig and Lasso procedures with y > 1, but close to 1, outperform classical ones, such as simple
histogram procedures, wavelet thresholding or Dantzig procedures based on the knowledge of || folloo and less tight
Dantzig constraints.

1.2. Outlines
Section 2 introduces the density estimator of fy whose theoretical performances are studied in Section 3. Section 4

studies the Lasso estimate proposed in this paper. The calibration issue is studied in Section 5.1 and numerical exper-
iments are performed in Section 5.2. Finally, Section 6 is devoted to the proofs of our results.

2. The Dantzig estimator of the density f,

As said in the Introduction, our goal is to build an estimate of the density fp with respect to the measure dx as a linear
combination of functions of 7" = (¢;,)m=1... M, Where we assume without any loss of generality that, for any m,

lomll2 = 1:

.....

M
fa= Z AmPm -
m=1

For this purpose, we naturally rely on natural estimates of the LL-scalar products between fy and the ¢;,’s. So, for
mel{l,..., M}, we set

Bo.m = /sﬂm (x) fo(x) dx, (L
and we consider its empirical counterpart
1 n
P =2 om(X0) )
i=1
that is an unbiased estimate of Sy ,,,. The variance of this estimate is Var(,ém) = U(:i’" where
T = / O () fo(x) dx — Bg . 3)

Note also that for any A and any m, the LL;-scalar product between f) and ¢;, can be easily computed:

M
/ O (X) fr(x)dx = D Ay / P () (x) dx = (GA),
m'=1
where G is the Gram matrix associated to the dictionary 7" defined for any 1 <m, m’ < M by

Gm,m/z/‘ﬂm(x)wm/(x) dx.



Adaptive Dantzig density estimation 47

Any reasonable choice of A should ensure that the coefficients (GA),, are close to By for all m. Therefore, using
Candes and Tao’s approach, we define the Dantzig constraint:

Vme{l,..., M} |(GMm = Bu| <nym )
and the Dantzig estimate f” by P = f:,,, with

APy = argmin ||A|l¢, such that A satisfies the Dantzig constraint (4),
LeRM

where for y >0andm € {1, ..., M},

25,3,y10gM T 2|@mllcoy log M

e n 3n )
with
5252 +2||¢m||mW+ Sl g .
and
i—1
Aizﬁii(%(&)—@m(xj))z, -

i=2 j=1

Note that 7, ,, depends on the data, so the constraint (4) will be referred as the adaptive Dantzig constraint in the
sequel. We now justify the introduction of the density estimate f D,

The definition of n, , is based on the following heuristics. Given m, when there exists a constant ¢y > 0 such
that fo(x) > co for x in the support of ¢, satisfying ||<,om||?>o = o, (n(logM )~1), then, with large probability, the
deterministic term of (5), w, is negligible with respect to the random one, 4/ W#. In this case, the
random term is the main one and we asymptotically derive

G
Nym X4 2y logM7. ®)

Having in mind that 6,,21 /n is a convenient estimate for Var(f,,) (see the proof of Theorem 1), the shape of the right
hand term of the formula (8) looks like the bound proposed by Candes and Tao [13] to define the Dantzig constraint in
the linear model. Actually, the deterministic term of (5) allows to get sharp concentration inequalities. As often done
in the literature, instead of estimating Var(B,), we could use the inequality

2
N [oF
Var(l) = o < Lol

n

and we could replace &,f, with || foll o in the definition of the 7, ;. But this requires a strong assumption: fg is bounded
and || follco 1s known. In our paper, Var(ﬁm) is estimated, which allows not to impose these conditions. More precisely,
we slightly overestimate a& . to control large deviation terms and this is the reason why we introduce 6”21 instead of
using 6,%, an unbiased estimate of a& - Finally, y is a constant that has to be suitably calibrated and plays a capital
role in practice.

The following result justifies previous heuristics by showing that, if > 1, with high probability, the quantity
| ,3m — Bo,m| is smaller than n,, ,, for all m. The parameter 7, ,, with y close to 1 can be viewed as the “smallest”
quantity that ensures this property.
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Theorem 1. Let us assume that M satisfies
n<M< exp(n’s) ©
for 8 < 1. Let y > 1. Then, for any & > 0, there exists a constant C1(g, 8, y) depending on ¢, § and y such that
PEme(l,.... M}, |Bom — Bul = nym) < Ci(e, 8, y)M'=v/1+e),
In addition, there exists a constant C2(8, y) depending on § and y such that
P(Vme{l,....M}.n5,, < nym <nit)) = 1—Ca(8, )M,
where form e {1, ..., M},

) — g SylogM+2||(ﬂm”ooylogM
Ty.m = O0.m n 3n

[16ylogM  10|l@mllccy log M
n;TYZl:o'O,m " + = o: .

This result is proved in Section 6.1. The first part is a sharp concentration inequality proved by using Bernstein type

log M
— +

and

controls. The second part of the theorem proves that, up to constants depending on y, 1, ;, is of order og

lom ||ool°g—M with high probability. Note that the assumption y > 1 is essential to obtain probabilities going to O.

n
Finally, let Ao = (Ao.m)m=1....m € RM such that

,,,,,

M
Prfo=Y_ hom®m,

m=1

where Py is the projection on the space spanned by 7". We have

(Gro)m = f (Pr fo)gm = / Foom = Bom-

So, Theorem 1 proves that Ao satisfies the adaptive Dantzig constraint (4) with probability larger than 1 —
Ci(e, 8, y)M'=v/(+8) for any ¢ > 0. Actually, we force the set of parameters A satisfying the adaptive Dantzig con-
straint to contain Ao with large probability and to be as small as possible. Therefore, f D — S50y is a good candidate
among sparse estimates linearly decomposed on 7" for estimating fj.

We mention that assumption (9) can be relaxed and we can take M < n provided the definition of 1, ,, is modified.

3. Results for the Dantzig estimators

In the sequel, we will denote A2 = AP¥ to simplify the notations, but the Dantzig estimator f2 still depends on y.
Moreover, we assume that (9) is true and we denote the vector 1, = (1 m)m=1,..,m considered with the Dantzig
constant y > 1.

.....

3.1. The main result under local assumptions

Let us state the main result of this paper. Forany J C {1, ..., M}, we set JC€ = {1,..., M}\ J and define A the vector
which has the same coordinates as A on J and zero coordinates on J€. We introduce a local assumption indexed by a
subset Jy.
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Local Assumption. Given Jo C {1, ..., M}, for some constants kj, > 0 and j, > 0 depending on Jy, we have for
any A,

Ha

I full2 = kg A golly, — Tl

We obtain the following oracle type inequality without any assumption on f.

(N2 geller = Iasller) - (LAJo, K 1os L))

Theorem 2. With probability at least 1 — C1 (e, §, y)Ml_V/(HE),for all Jo C {1, ..., M} such that there exist k j, > 0
and g, > 0 for which (LA(Jo, k j,, L j,)) holds, we have, for any a > 0,

250\ 2 AR, JE)? 11
) 0= +161Jl( =+ — )y I, ¢ (10)
1ol a2

r 2 .
|72 = foll5 = Agﬂg@{ﬂfk — foll3 +a(1 +o

with

UAPlle, = Ixlle)+

AGe J§) = gelley + :

Let us comment each term of the right-hand side of (10). The first term is an approximation term which measures
the closeness between fj and f. This term can vanish if f; can be decomposed on the dictionary. The second term,
a bias term, is a price to pay when either A is not supported by the subset Jo considered or it does not satisfy the
condition ||):D lle; < IAlle, which holds as soon as A satisfies the adaptive Dantzig constraint. Finally, the last term,
which does not depend on X, can be viewed as a variance term corresponding to the estimation on the subset Jy.
The parameter « calibrates the weights given for the bias and variance terms in the oracle inequality. Concerning the
last term, remember that n,, ,, relies on an estimate of the variance of ,ém. Furthermore, we have with high probability:

(160&mylogM . <1on¢m||ooylogM)2)
n

n

2
Iy 12 <2sup
m
So, if fy is bounded then, ag m = folleo and if there exists a constant ¢ such that for any m,

n
llm 1% Sﬂ(@)”fonoo (11)

(which is true, for instance, for a bounded dictionary), then

log M

Iy 117, < Cli folloo

(where C is a constant depending on y and c;) and tends to O when n goes to co. We obtain thus the following result.

Corollary 1. With probability at least 1 — Cy(e, 8, y)M'=V/0+8) if (11) is satisfied, then, for all Jo C {1,..., M}
such that there exist « j, > 0 and py, > 0 for which (LA(Jo, k j,, 1t ,)) holds, we have, for any o > 0 and for any A
that satisfies the adaptive Dantzig constraint,

2
||)»JOC||5,

[Jol

_ _ log M
+es(e! +x2) ol folloo—— (12)

172 = folly < 15— foll} +eca(1 + w213

where c; is an absolute constant and c3 depends on ¢ and y .
If fo = f, and if (LA(Jo, Kk jy, L J,)) holds with Jy the support of Ay then, under (11), with probability at least
1 - Cl(‘?’ 8’ V)MI_V/(1+S)7 we have

n loe M
172 = fols < C/|Jo|||fo||oo%,

/_ -2
where C' = 3"
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Note that the second part of Corollary 1 is, strictly speaking, not a consequence of Theorem 2 but only of its proof.

Assumption (LA(Jo, &, 1t 4,)) is local, in the sense that the constants kj, and 1, (or their mere existence) may
highly depend on the subset Jy. For a given A, the best choice for Jy in inequalities (10) and (12) depends thus on the
interaction between these constants and the value of A itself. Note that the assumptions of Theorem 2 are reasonable
as the next section gives conditions for which assumption (LA(Jy, ky,, tt,)) holds simultaneously with the same
constant ¥ and u for all subsets Jy of the same size.

3.2. Results under global assumptions

As usual, when M > n, properties of the Dantzig estimate can be derived from assumptions on the structure of the
dictionary 7. For / € N, we denote

113 11/, 113
@min(!) = min min and  Pmax (/) = max max .
[JI<l reRM ||AJ||Z2 |JI<l reRM ||)\.]||£2

Ay#0 Ay #0

These quantities correspond to the “restricted” eigenvalues of the Gram matrix G. Assuming that ¢min (/) and @max (1)
are close to 1 means that every set of columns of G with cardinality less than / behaves like an orthonormal system.
We also consider the restricted correlations
(f)»] ’ fk/ , )
O = max max ——— —.
i<t aerM Al IV,

1= 550,24, 70
JNJ' =0

Small values of 6;  mean that two disjoint sets of columns of G with cardinality less than / and /’ span nearly
orthogonal spaces. We will use one of the following assumptions considered in [3].

Assumption 1. For some integer 1 <s < M /2, we have
Pmin(2s) > 0y 25. (A1(s)
Oracle inequalities of the Dantzig selector were established under this assumption in the parametric linear model
by Candes and Tao in [13]. It was also considered by Bickel et al. [3] for nonparametric regression and for the Lasso

estimate. The next assumption, proposed in [3], constitutes an alternative to Assumption 1.

Assumption 2. For some integers s and | such that

M
lfsf?, Il>s and s+I1<M, (13)
we have
[Pmin(s +1) > sPmax (). (A2(s, 1))

If Assumption 2 holds for s and / such that / > s, then Assumption 2 means that ¢min (/) cannot decrease at a rate
faster than /~! and this condition is related to the “incoherent designs” condition stated in [23].
In the sequel, we set, under Assumption 1,

05,25 05,25
s = 'min 2 - — s § =
K13 fmin( S)< ¢min(2s)> >0 - ®min(2s)

and under Assumption 2,

[ G ~ ;
K251 = Pmin(s +1 ( boin(s +1) \/7> 0, MH2,s,1 =/ ¢max(1)\/;-
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Now, to apply Theorem 2, we need to check (LA (Jo, k j,, 4 J,)) for some subset Jo of {1, ..., M}. Either Assumption 1
or 2 implies this assumption. Indeed, we have the following result.

Proposition 1. Let s and | two integers satisfying (13). We suppose that (Al(s)) or (A2(s,l)) holds. Let Jy C
{1,..., M} of size |Jo| =s and ) € RM | then assumption (LA(Jo, k y,, 1 4,)), namely,
Ms,1
I fall2 = ks, i llAgglly, — %(”)\JOC lle, — II)»JOIIZI)JF,
holds with ks = k1,5 and g = 1,5 under (Al(s)) (respectively, ks = k2,51 and (s = W25, under (A2(s,1)). If
(A1(s)) and (A2(s, 1)) are both satisfied, ks, = max(k1 s, k2,5,1) and (g =min(U s, 42,5.1)-

Proposition 1 proves that Theorem 2 can be applied under Assumption 1 or 2. In addition, the constants «; ; and jus ;
are the same for all subset Jy of size |Jy| = s. From Theorem 2, we deduce the following result.

Theorem 3. With probability at least 1 — Cy(e, 8, y)M'=V/0+8)  for any two integers s and | satisfying (13) such
that (A1(s)) or (A2(s, 1)) holds, we have for any o > 0,

2 c\2
AD 2 . . _ 2 25,1 A4, J()) l L 2
I/ fo ”2 = )\511@% Joc{llr,lf,M}{ 172 Jolla + a<1 * Ks.I ) s t16s o + K2, Iyl
[Jol=s ’

where

UARPlle, — Ixlle)+
2 b

AQe J) = 1 g ey +
and ks and s are defined as in Proposition 1.

Remark that the best subset Jy of cardinal s in Theorem 3 can be easily chosen for a given A: it is given by the set
of the s largest coordinates of A. This was not necessarily the case in Theorem 2 for which a different subset may give
a better local condition and then may provide a smaller bound. If we further assume the mild assumption (11) on the
sup norm of the dictionary introduced in the previous section, we deduce the following result.

Corollary 2. With probability at least 1 — Cy (¢, 8, y)M'=v/1+8) if (11) is satisfied, for any integers s and [ satisfying
(13) such that (A1(s)) or (A2(s, 1)) holds, we have for any o > 0, any A that satisfies the adaptive Dantzig constraint,
and for the best subset Jy of cardinal s (that corresponds to the s largest coordinates of A in absolute value),

2
”)\JOCHZI logM

3o i )sl folloo—— (14)

AD 2 2 -2 2
1P = fol; < 1fr — foll3 +aca(l + Kol Msr)
where c; is an absolute constant, c3 depends on c| and y, and ks,; and [ are defined as in Proposition 1.

Note that, when A is s-sparse so that A €= 0, the oracle inequality (14) corresponds to the classical oracle inequal-
ity obtained in parametric frameworks (see [12] or [13], for instance) or in nonparametric settings. See, for instance,
[6-9,11,29] but in these works, the functions of the dictionary are assumed to be bounded by a constant independent
of M and n. So, the adaptive Dantzig estimate requires weaker conditions since under (11), ||¢y, |0 can go to co when
n grows. This point is capital for practical purposes, in particular when wavelet bases are considered.

4. Connections between the Dantzig and Lasso estimates

We show in this section the strong connections between Lasso and Dantzig estimates, which has already been il-
lustrated in [3] for nonparametric regression models. By choosing convenient random weights depending on 7, for
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£1-minimization, the Lasso estimate satisfies the adaptive Dantzig constraint. More precisely, we consider the Lasso
estimator given by the solution of the following minimization problem

M
N 1
)LL,V =argmin —R()\)'i‘g 77)/,m|)‘m| , s
reRM 2

m=1

where

2 n
RO =£ll3 = = f(X0).

i=1

Note that R(-) is the quantity minimized in unbiased estimation of the risk. For simplifications, we write AL =Ly,
We denote f L— f;\ 1 - As said in the Introduction, classical Lasso estimates are defined as the minimizer of expressions
of the form

1 M
{ER()»)JrnZIAmI},

m=1

where 7 is proportional to logTM. So, AL appears as a data-driven version of classical Lasso estimates.
The first-order condition for the minimization of the expression given in (15) corresponds exactly to the adaptive
Dantzig constraint and thus Theorem 3 always applies to A%. Working along the lines of the proof of Theorem 3

(replace fj by f D and f D by f L in (26) and (27)), one can prove a slightly stronger result.

Theorem 4. With probability at least 1 — Cy (e, 8, y)M'~V/U4®) for any integers s and | satisfying (13) such that
(A1(s)) or (A2(s, 1)) holds, we have, for any Jy of size s and for any o > 0,

L 2
2 ||A
2 1256,
Ks.,1

A A 1 1
172 = 3= 17~ 3] <a(1+ w165+ o )i

Ks,l

where kg and s | are defined as in Proposition 1.

To extend this theoretical result, numerical performances of the Dantzig and Lasso estimates will be compared in
Section 5.2.

5. Calibration and numerical experiments
5.1. The calibration issue

In this section, we consider the problem of calibrating previous estimates. In particular, we prove that the sufficient
condition y > 1 is “almost” a necessary condition since we derive a special and very simple framework in which
Lasso and Dantzig estimates cannot achieve the optimal rate if y < 1 (“almost” means that the case y = 1 remains an
open question). Let us describe this simple framework. The dictionary 7" considered in this section is the orthonormal
Haar system:

T={¢u: —1<j<jo. 0<k <2/},
with ¢_10 = 1j0.1}, 207! =n,and for 0 < j < jo, 0 <k <2/ — 1,

2
bik =272 (M 27 4r0.5)/21 — Liks0.5)/27 ks 1y/277)-
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_o5 L L L L L
0 0.5 1 15 2 25 3

Fig. 1. Graphs of y > logQ(R_n(y)) forn =27 with, from top to bottom, J =4,5,6, ..., 13.

In this case, M = n. In this setting, since functions of 7" are orthonormal, the Gram matrix G is the identity. Thus, the
Lasso and Dantzig estimates both correspond to the soft thresholding rule:

M

fD = fL = Z Sign(Bm)(lel - Uy,m)1{‘3m|>,7m}<ﬂm-

m=1

Now, our goal is to estimate fo = ¢_19 = 1jo,1] by using f D depending on y and to show the influence of this constant.
Unlike previous results stated in probability, we consider the expectation of the L,-risk.

Theorem 5. On the one hand, if y > 1, there exists a constant C such that

N Cl
E|? - fol = —=. (16)

On the other hand, if y < 1, there exist a constant ¢ and & < 1 such that
N 2 C
B/~ hlhz 4

This result shows that choosing y < 1 is a bad choice in our setting. Indeed, in this case, the Lasso and Dantzig
estimates cannot estimate a very simple signal ( fo = 1jo,1]) at a convenient rate of convergence.

A small simulation study is carried out to strengthen this theoretical asymptotic result. Performing our estimation
procedure 100 times, we compute the average risk R, (y) for several values of the Dantzig constant y and several
values of n. This computation is summarized in Fig. 1 which displays the logarithm of R, (y) for n = 27 with, from
top to bottom, J =4,5,6,...,13 on a grid of y’s around 1. To discuss our results, we denote by ymin(n) the best y:
Ymin(n) = arg miny>0 R_,,(y). We note that 1/2 < ypin(n) < 1 for all values of n, with ypi, (n) getting closer to 1 as n
increases. Taking y too small strongly deteriorates the performance while a value close to 1 ensures a risk withing a
factor 2 of the optimal risk. The assumption y > 1 giving a theoretical control on the quadratic error is thus not too
conservative. Following these results, we set ¥ = 1.01 in our numerical experiments in the next subsection.

5.2. Numerical experiments

In this section, we present our numerical experiments with the Dantzig density estimator and their results. We test
our estimator with a collection of 6 dictionaries, 4 densities described below and for 2 sample sizes. We compare our
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procedure with the adaptive Lasso introduced in Section 4 and with a nonadaptive Dantzig estimator. We also consider
a two-step estimation procedure, proposed by Candes and Tao [13], which improves the numerical results.
The numerical scheme for a given dictionary 7" = (¢;u)m=1,...,m and a sample (X;);=1,. ., is the following:

(1) Compute ,ém for all m.
(2) Compute 6,,21.
(3) Compute 1, ,, as defined in (5) by

2672y logM 2||<pm||ooV10gM
My.m = n 3n ’

with

Y. |262 ylogM 8l 12,y log M
62 =62+ 2l¢mllco - = p
and y = 1.01.

(4) Compute the coefficients APY of the Dantzig estimate, APy = argmin, .pm ||A]l¢, such that A satisfies the
Dantzig constraint (4)

Vme{l, ..., M} |(GM = B| <nym

with the homotopy-path-following method proposed by Asif and Romberg [2].
(5) Compute the Dantzig estimate f FDy = Zm 1 AD Y om.

Note that we have implicitly assumed that the Gram matrix G used in the definition of the Dantzig constraint has been
precomputed.
For the Lasso estimator, the Dantzig minimization of step 4 is replaced by the Lasso minimization (15)

1
L,
A V—argmln{iR(k)+E 77ym|)\m|}

)\ERM m=1

which is solved using the LARS algorithm. The nonadaptive Dantzig estimate is obtained by replacing &2 in step 3

by || folloo- The two-step procedure of Candes and Tao adds a least-square step between steps 4 and 5. More precisely,

let /27 be the support of the estimate AD-¥  This defines a subset of the dictionary on which the density is regressed
(APFLSYY 1p, =G (B oy

Jpy

where G jp , is the submatrix of G corresponding to the subset chosen. The values of APHLS.Y outside JP7 are set

to 0 and f D+LS.v s set accordingly.

We describe now the dictionaries we consider. We focus numerically on densities defined on the interval [0, 1] so
we use dictionaries adapted to this setting. The first four are orthonormal systems, which are used as a benchmark,
while the last two are “real” dictionaries. More precisely, our dictionaries are:

the Fourier basis with M = n + 1 elements (denoted “Fou”);

the histogram collection with the classical number \/n/2 < M = 2/ < ./n of bins (denoted “Hist”);

the Haar wavelet basis with maximal resolution n/2 < M = 2/1 < n and thus M = 2/! elements (denoted “Haar”);

the more regular Daubechies 6 wavelet basis with maximal resolution n/2 < M = 2/l < and thus M = 2/

elements (denoted “Wav”);

e the dictionary made of the union of the Fourier basis and the histogram collection and thus comprising M =
n + 1+ 2J0 elements (denoted “Mix”);

e the dictionary which is the union of the Fourier basis, the histogram collection and the Haar wavelets of resolution

greater than 2/0 comprising M = n + 1 + 27! elements (denoted “Mix2").
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The orthonormal families we have chosen are often used by practitioners. Our dictionaries combine very different
orthonormal families, sine and cosine with bins or Haar wavelets, which ensures a sufficiently incoherent design.

We test the estimators of the following 4 functions shown in Fig. 2 (with their Dantzig and Dantzig+Least Square
estimates with the “Mix2” dictionary):

e a very spiky density

f1() =047 x (41 x L;<05 +4(1 — 1) X 1;20.5) +0.53 X (75 x 10.521<0.5+1/75);

n = 500 n = 1000 n = 2000
50 45 45
40 40
40 35 35
® 30 30
25 25
fl 20 20 20
15 15
10
10 10
5 5
0
0 PRy “ 0
1% 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1 ~o 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

1
YV PR\ \k_AA!
Uk N—AW Ny

0 0.2 04 0.6 0.8 1

Fig. 2. The different densities and their “Mix2” estimates. Densities are plotted in blue while their estimates are plotted in black. The full line
corresponds to the adaptive Dantzig studied in this paper while the dotted line corresponds to its least square variant.
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e a mix of Gaussian and Laplacian type densities

e~ (1—0.45%/(2(0.125)%) 20/1—0.67|
1) =0.45 x +05x | =—— )i
) (fol e—(u—0.45)2/(2(0.125)2) du) (/01 20(1—0.67| du)

e a mix of uniform densities on subintervals

f3(1) =025 x ( 10.33</<0. 47) +0.75 x < 1p.64<1<0. 80)

0.14 0.16

e a mix of a density easily described in the Fourier domain and a uniform density on a subinterval

1
fa(t) =0.45 x (1 + 0.9COS(27U)) +0.55 x <m10'64§t50'80>'

Boxplots of Figs 3 and 4 summarize our numerical experiments for n = 500 and n = 2000 and 100 repetitions of
the procedures. The left column deals with the comparison between Dantzig and Lasso, the center column shows the
effectiveness of our data driven constraint and the right column illustrates the improvement of the two-step method.
As expected, Dantzig and Lasso estimators are strictly equivalent when the dictionary is orthonormal and very close
otherwise. For both algorithms and most of the densities, the best solution appears to be the “Mix2” dictionary, except
for the density f; where the Haar wavelets are better for n = 500. This shows that the dictionary approach yields
an improvement over the classical basis approach. One observes also that the “Mix” dictionary is better than the
best of its constituent, namely the Fourier basis and the histogram family, which corroborates our theoretical results.
The adaptive constraints are much tighter than their nonadaptive counterparts and yield to much better numerical
results. Our last series of experiments shows the significant improvement obtained with the least square step. As
hinted by Candes and Tao [13], this can be explained by the bias common to £; methods which is partially removed
by this final least square adjustment. Studying directly the performance of this estimator is a challenging task.

6. Proofs
6.1. Proof of Theorem 1
To prove the first part of Theorem 1, we fix m € {1,..., M} and we set for any i € {1, ...,n},
1

Wi = ;(‘pm(xi) - IBOm)

that satisfies almost surely
2
Wi < l@m lloo .
n

Then, we apply Bernstein’s inequality (see [21] on pages 24 and 26) with the variables W; and —W;: for any u > 0,

(18)

. 202 u 9
P(lﬂm_ﬁo,m|2 0.m + ””(l)m”oo)Sze_u.

n 3n

Now, let us decompose &,%, in two terms:

~ 2
oi——2n01 é; o (Xi) = on (X))

——Zwa>mm wa*mﬁ
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with

Sn

=Sp

n

i—1

2
- nn—1) ZZ((p’"(Xi) - ﬁO,m)((Pm(Xj) - ,BO,m)

i=2 j=1

2

-,
nn—1)

n

i=1

n i—1

i=2 j=1

1
; Z(wm(xi) - /30,m)2 and u, = Z Z(@m(xi) - IBO,m)(QOm(Xj) - IBO,m)-
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Let us first focus on s,, that is the main term of &,% by applying again Bernstein’s inequality with

04 m — (Pm(Xi) — Bom)?
n

Y, =

which satisfies
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One has that for any u > 0

0,m

0,2
]P’(o'g’m zsn+ 2vmu~|— 3n ) Se_u

with

1
Uy = —E([O’&m - (‘pm(Xl) - :30,’")2]2)'

n
But we have
1
v = (00t +E[ (9 (X0) = Pon) '] = 208, E[ (0 (X0) = Bo.n)])

1

= ;(E[((Pm(xz) - IBO,m)4] - O—g,m)

2

o,

= (:/;m (||§0m lloo + |:80,m|)2
402

< — g

Finally, with for any u > 0

u Uozmlxl
S@) = 28200 mll@mllooy| = + ——.
n 3n
we have
P( 2 —u
Oom = Sn+ S(u)) <e . (20)

The term u, is a degenerate U -statistics that satisfies for any u > 0

P(lun| = Uw)) <67, @1
with for any # > 0

Uu) = %Auz + (4ﬁ+ %)Bum + (21) + %F)u +2v2CVu,
where A, B, C, D and F are constants not depending on u that satisfy

A< 4gnl’,

B <2vVn—1|gnl%.

nn—1) ,
C <,/ Tao’m,
D <,/ an_ I)O&m

F < 2v2)lgm 13,/ (n — D log(2n)

and
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(see [27]). Then, we have for any u > 0,

2 32 llgml?, 8\ lemls, 3,
—U(u) < ——= 1632 + = | 2202 3/
nn—1) (u)_3n(n—1)u + +3 n«/n—lu
2 2 2
of 8+4/2 /log(2 4o
N <2ﬁ om V2 /log( n)||<pm||oo)u+ o
Jnn —1) 3 nvn—1 Jnn—1)
Now, we take u that satisfies
u=o(n) 22)
and
V1og(2n) <+ 2u. (23)
Therefore, for any &1 > 0, we have for n large enough,
72 Uu) <10l + (16\/54- 8)7”('0”’”go u’? 27”('0’"”%0 u?
nn-—1) = 1%0m na/n —1 3nn—1)
So, for n large enough,
2w <erod, + Crllgmit (L) 24)
_ £10, - ,
nn—1) = E1%,m ](pmoon
where C; = 164/2 + 19. Using inequalities (20) and (21), we obtain
P02, 262+ 5w+ ———Uw ) =P(o2,, > : FS@ + U
(o 0, u —_— u = O Sp — ——U u —_— u
O.m = nin—1) Om =" pyn—1) " nn—1)
< P03, = 50 + S@)) + Pluy > U(w))
<7e ™.
Now, using (24), for any 0 < &2 < 1, we have for n large enough,
52 4+ 8 2y 52 +24/2 \/7 % 2y
m T (’U‘FW (u) =0, + 00,m |1 @mllooy/ = + i +n(n—l) (u)
2 3/2
R u [of u u
< ,%,+2f2<ro,m||¢m||oo\ﬁ+ 03’" +sm&m+cl||¢m||§o(—>
n n n
~2 u 2 2 (U 32
<o, + 2\/500,m||(pm”oo\/;+ €200 1 +C ”‘Pm”oo(:l) .
Therefore,
2 ~2 u 2 (U 32
IE”((1 —€2)00,y =0, + 2ﬁ00,m||¢m||w\/;+ C |I¢mllm(;) > <7e”". (25)

Now, let us set

3/2
u N u
a=1-ze, b=\/§||<0m||oo,/;, C=0,3,+C1|I§0m||§o<;>
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and consider the polynomial
P(x)= ax?® —2bx — c,

. /21 e
with roots biaﬂ. So, we have

b+ b%+ac

a

5 ¢ 2b* 2by/bX+ac
= Ggpz—t St
s a a2 a2

P(UO,HI) >0 — o0,m =

It yields

a2 a

, _ ¢ 2b* 2bVb?+ac _u
Plog, = -+ ——— | =77,
a

S0,

4> 2b
P<2 >S4+ 4 */5)57&“,

%om =T 2 a/a

which means that for any 0 < £3 < 1, we have for n large enough,

3/2 3/2
~ u u u . u
P(o&m > (1 +83><o,i + clngomnio(;) +8llgmlI% - + 2ﬁ||<pm||oo,/;\/o,%1 +Ci ||¢m||§o(;> ))

<Te ™.

Finally, we can claim that for any 0 < &4 < 1, we have for n large enough,

. u o U _
P(o&m > <1+s4)( ,%;+8||¢m||§o;+2||<pm||oo,/2o,%1;>> <7e7".

Now, we take u = y log M. Under assumptions of Theorem 1, conditions (22) and (23) are satisfied. The previous
concentration inequality means that

P(og, > (14 4)55) <TM 7.

Now, using (18), we have for n large enough,

2&,%ylogM+2||som||ooylogM )
n

P(1B0.m — Bl = 1y.m) =P(|ﬁo,m — Bl = o 0 < (1 +s4>&,%,)

+P(|ﬂ0,m - ,ém| 2 Ny.m> G(im > +54)631)

) 202 y(14+¢e4)~llogM 2 1 ~logM
SP(Iﬂo,m—ﬁmIZ\/ o &M | 2gmlloo 3+e4> og
n n

+P(0g,, = (1 +62)67)

< 21‘/1—1/(14%?4)7l +TM7Y.
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Then, the first part of Theorem 1 is proved: for any ¢ > 0,
P(1Bo.n — Bl = ny.m) < C(e,8, )M 7059,

where C (¢, 8, y) is a constant that depends on ¢, § and y.
For the second part of the result, we apply again Bernstein’s inequality with

L, _ nX) — o) ~ o3,

i

n
which satisfies

S (om (X)) — Bom)? - 4||<pm||§o.
n n

Z;

One has that for any u > 0

2 4 omIZu —u
P{ s, > 00 m +2v,u + T — <e

with

. 1 2 212 40(?,rn 2
Uy = ;E([U(),m - ((Pm(Xi) - IBOm) ] ) < T”‘pm”oo

So, for any u > 0,

u 4 Zu
IP><Sn z O()z,m + 2*/500,;71 ”(Pm”oo\/;‘i‘ %) <e "

Now, for any &5 > 0, for any u > 0,

2
4 2
IP’(sn > (14 &5)07,, + In oo (— + —)) <e™™.
’ n 3 &5

Using (21), with

2
Sty = Lomlect (f +2 )

n 3 g
P(62 > (14¢5)ad,, +S(u) + #U(u)
m= 0.m n(n—1)
2 2 ~ 2
=P Sp — mun > (1 + SS)O'O,m + S(M) + mU(M)
<P(sn = (1+85)03,, + S@)) +P(—un = Uw))
<e "4 6e " ="TeTH.
Using (24),
3 u\ 32
IP’(&,,% >(1+¢ +£5)002,m + S(u) +C1||gom||§o(;) ) <7e".
Since

26,y log M n 2l gmllocy log M

My.m = n 3n
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. 262y logM  8llomllZ VlogM
2 =62 4 2l gmllocy —2 + —=
n n

we have for any ¢ > 0,

25'2 logM 4 2 lo M2
77)2/,1115(14-86)(%)_’_(1_,’_86—1)( ||<pm||009(ny2 g M) )

2ylog M\ | . [262y1log M 8|| 2,y log M

4 log M \?
e )(ngomnooy og )
9 n

o [ 2ylogM _ log M \?
s(1+86)20,3,(—y > )+4s61(1+86)<—”“’m”°°’f = )

<||¢m||ooylogM)2+4<1+eg1>(||¢m||wylogM>2
n 9 n '

with

+ 16(1 + &6)

Finally, with u = y log M, with probability larger than 1 — 7M =7,

2 2 ~ 5 (vlogM 3/2
Oy < (L +e1+e5)0g,, +S(ylogM) + Cillgnmlls —

and

2y logM ylogM 2 8 4
77)2,’,,1 <(1+ 86)2(1 + &5+ 81)0()2,;41 (T) +(1+ 86)2<T ||§0m||§o 2 I g

loe M 5/2
+zcl<1+56)2||¢m||§o<y ng )

4(1 +ag1)>

log M\ >
FllgmlZ ( L22E) (4er" (14 26) +16(1 +26) +
n 9

Finally, with eg =1, &1 = &5 = %, for n large enough,

[ylogM 10 log M
P(Uy,m > 460.m y log 4 lomll ooy log ) <M.
n n

Note that \/32/3 + 32+ 8 + 32 + 8/9 =9.1409.
For the last part, starting from (25) with u = y log M and &; = % we have for n large enough and with probability
larger than 1 — 7MY,

6 . log M log M) *
foz,m5631+2f200’m”¢m”00\/7+clugomnio(y . )

ylogM

R 2 ylogM
<624 03+ Tlemli - +c1||<om||§o<

\]

n
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So, for n large enough,

4 ylogM
200m = G+ 8llgml—— <5,
and
8ylogM  2|lomllecy logM
Ny,m > 00,m + .

Tn 3n

6.2. Proof of Theorem 2

Let A = (Ap)m=1,..m and set A =X — AP . We have
15— fol2= /2 — fol3 + | £ — Dy|2+2f( Py = fo) () — FPx)) dx. (26)

We have || fi — f213 = || fall3. Moreover, with probability at least 1 — C (¢, 8, )M '~7/(1+9 we have

M
‘ / FP) = fo) (fux) = P ) ‘ Z —D(GAP),, — Bom]
< 1Al 2y e 27)

where the last line is a consequence of the definition of the Dantzig estimator and of Theorem 1. Then, we have
| £P = foll3 < 15 = folly +4lmy lles I Alle, = 1 Fal3-
We use then the following lemma.
Lemmal. Let J C{1,..., M}. For any » € RM
IAyclle, < NAsNe, + 202 clle, + (|‘;\D’|z1 A
where A =X — AP,
Proof. This lemma is based on the fact that
321, = 1l + (18], ~ 0,
which implies that
A7 =2glley + 1A e = hyelley < Mralley + Ixgelle + (JAP [, = 12le)
and thus
IAslley, = ANy +MAselley = Ayelle, = NAslle, + 12 clle, + (H)A»DH@1 —lIAlle,) - U
Using the previous lemma, we have

(I8¢ lley = 1Al ), = 2004 e + (AP, = 1Al -
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_—
We define A(x, Jg) = lIAclle, + QAT WAl 2””“”

condition). We obtain then

(note that A(A, J5) = I|A i€ l¢, as soon as A satisfies the Dantzig

My
V1ol
My

V1ol

I fall2 = kil Aglly, — (”Ajocnﬁl —lAxle),

> ksl Anlly, — 22 A, J§)

and thus

My

—A(A, JS).
1ol g, (%)

1
Aplly, < — +2
AR, < o I fall2

We deduce thus
IAlle, < 21Aplle, +2A(, J§)
<2V1JolllAsly, +2A (1. J§)

2/ 1Jol 21
< K—IIfA||2+2A(X,J§)<1+ .

Jo Ko

and then since

2170l 16]Jolllny 17,
2

Ay e Il falla < + 11 £all3,

KJy KJ()

we have

161 Jolllmy 112
Ay llealAlle, = 1 fall} £ ———=

24y
+8||Uy||zooA(A,J(§)(l+ ")
Jo

KJy

11 A, J6)? 20\
< 16|Jo|(;+K7>||nyII%w+a |Jo|0 <1+ K,O ’
Jo 0

which is the result of the theorem.
6.3. Consequences of Assumptions 1 and 2
To prove Proposition 1, we establish Lemmas 2 and 3. In the sequel, we consider two integers s and [ such that
1<s<M/2,l>sand s + 1 < M. We first recall Assumptions 1 and 2. Assumption 1 is stated in a more general
form, which allows to unify the statement of the subsequent results.
Assumption 1.
Omin(s +1) > Ql,s+l~
Assumption 2.

[$min(s +1) > SPpmax(D).

In the sequel, we assume that Assumptions 1 and 2 are both true.
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Lemma 2. Let Jo C {1,..., M} with cardinality |Jo| = s and A € RM. We denote by J; the subset of {1, ..., M}
corresponding to the [ largest coordinates of A (in absolute value) outside Jo and we set Jo1 = Jo U J1. We denote by
Py, the projector on the linear space spanned by (¢m)me Jj,, - We have

min(feq,s,1, 12,5,1)
1Py fallo 2 Y min(s + D18 g, = ———7=="=1A el

with

01 s+1 \/? \/?
= [ — d = l —.
M1,s,1 PG £ D ] an M2.5,1 =/ Pmax (1) /

Proof. For k£ > 1, we denote by Ji the indices corresponding to the coordinates of A outside Jy whose absolute
values are between the ((k — 1) x [ + 1)th and the (k x [)th largest ones (in absolute value). Note that this definition
is consistent with the definition of J;. Using this notation, we have

Z P, fAJk
k>2

> (| fagy, 12 = D1 Psy fay, ll2.

k>2

”PJ()lfA”Z > ”PJOlfA./Ol

Since Joi has s + [ elements, we have

1 sy, 12 = v/ Benin(s + DI A1,

Note that Py, fa, = fc,, forsome vector C € RM . Since,

(Pj()]fAjk _fAjkVPJ()]fAjk) =

one obtains that

1Psoy fas 5= (fay> fey,)

and thus
Il fcyy, 112
2 Jo1
1Py Sy, 12 < O+l A sl 1 C gy llg, < Orstill Ay ||g2m

01,541

< 0T
" A/ Pmin(s +1)

1A 7N, 1 Proy Sy, l2-

This implies that

ls+l
1Pafag o = <o Ay = umf A

Moreover, using that Ji has less than / elements, we obtain that

l
1Py fag 12 < 1 fay 12 < vV @max DI Ay NIy, = /tz,s,z\/;HAJkllgz-

Now using that Ay, ||€2 <Ay, ||/é1/\/7» we obtain

min(/i,s.1, 42,5.1)
D Py Sy, ll2 < s Il

k>2
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and, finally,

min(1,s,1, 12,5,1)
I Proy fall2 = v/ min(s + DIA g 1l — %”A‘]guel' O

Lemma 3. We use the same notations as in Lemma 2. For ¢ > 0, assume that
IIAJOCIIKI <NAglle +ec. (28)

Then we have

c
\/E )

_ . _ OLs+i s _ - _ S Pmax (1)
KL&Z—~V¢mmCT+l)(1 S (s £ D) l) and Klml—“v¢mm(9+l)<l Jigg;z;ljs).

Proof. Using Lemma 2 and (28), we obtain that

min(/ey g1, 2.5.1)
”PJol Sfallz = v/ @min(s +l)||AJ()1 ”Zz o +(“AJO”& +C)‘

1Py fallz = max (i g0, k2,5 DI Ay, N, —

with

Using [|A g lle, < V/sIA ||€2, we deduce that

min(u1 s/, 12,s,1)

I Proy fall2 = (Vdmin(s +1) — min(ui 51, 12,5.0) 1A g, e, —¢ NG

min(1,s,i, 142,5,1)

NI :

= max (k5,15 k25,01 Ay llg, — €

6.4. Proof of Theorem 5

The dictionary considered here is the Haar dictionary (¢ ;) ; « and is double-indexed. As a consequence, in the fol-

lowing, the quantity Bo_j«, ,3 ik U& ik My.jks &].2,( and 612,{ are defined as in (1)—(7) where ¢, is replaced by ¢ ;. Note

that, since fo = 1(0,1], we have, for j # —1, B¢, jx =0 and for any j, O’&ik =1ifk€{0,...,2/ — 1} and O otherwise.
The proof of (16) is provided by using the oracle inequality satisfied by hard thresholding given by Theorem 1 of

[27] and the rough control of the soft thresholding estimate by the hard one:

=28kl 4

jk|=ny k) —

“’Bjk| _ny‘jk‘l{lﬁ ikl =0y, k)
An alternative is directly obtained by adapting the oracle results derived for soft thresholding rules in the regression
model considered by Donoho and Johnstone [16].

To prove (17), we establish the following lemma.

Lemmad. Let y < 1. We consider j € N such that

n . 2n
<2/ <
(logn)* — (logn)«

(29)

for some o > 1. Then for all ¢ > 0 such that y +2¢ < 1,

2/ -1

Z ]E(BJz'kllﬁ_,'kIZﬂy_jk) =

k=0

2y(1 -2
FELDE togmy! 20~ (1 4.0,(1).
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Then, we use the following inequality. For j that satisfies (29), we have for r > 0,

2/ -1

E(|£7 = fol3) = 3 BB = 1y 0) 5,012 )

k=0

N 2
> Z ]E((|}3]k| - Uy,jk) l\ﬁjk\i(l“‘r)ﬂy,jk)

22/-1
r 32
= <r+ 1) 2 BBy t4my, )

k=0

- 22/—1
Yl
= (r + 1> =0 E(ﬂjkllﬁjk|2njk.(1+r)2y)'

So, if 7 and ¢ are such that (1 +r)%y + 2¢ < 1, then applying Lemma 4, inequality (17) is proved for any 8 such that
A4+r)2y+2e<8<1.

Proof of Lemma 4. Let j that satisfies (29) and 0 < k <2/ — 1. We have

logn logn
&5k =871+ 2 kllooy 283 == + 8 9l —

So,forany0<8<l_TV<

D=

logn  _
65 < (Lt )65+ 27 Idjale—— (e +4).

Now,

-, logn  2(¢jkllecy logn
Ny.jk =4/ 2v0 Jzk +— 302
logn i logn 2/1¢;.llocy logn
s/zy%((l+s)afk+2y||¢j,k||go%(e1+4))+%

logn  2||¢ix logn (1
\/2V(1+ £)6 7, f 19, ”;OV 2 <§+¢4+s—1).

Furthermore, we have

2

~2
G = Snjk — ——Unjk,
jk nj n(n_l) nj

where s,x and u, ;i are defined as in (19) with ¢, replaced by ¢ ;. This implies that

logn 2 2|l¢; logn (1
g x $kllooy log <_+m>.

logn
ny,jkf\/zy(1+8) 3

Snjk +\/2y(1 +e&)——

Using (21), with probability larger than 1 — 612, we have

lunjk| < U(2logn),
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. 2 _
and, since 90 jk = 1

——U (21 ) < < —/1 1 lé ” ! " lé ”2 ! 2
U 2 ogn 0, n+ 0O, I’l+ +C i
( ) g 4 g C3Pjkll o 41Pj,kll oo

logn logn 3/2
sclT+cz||¢j,k||§o( ) :

where ¢y, ¢2, 3, ca, C1 and C, are universal constants. Finally, with probability larger than 1 — 6n~2, we obtain that

logn 2 n\>*
\/2y<1+e>%xmmms\/2y<1+e>cl—+\/zy<1+e)cz||¢jk||oo< = ) :

So, since y < 1, there exists w(¢), only depending on ¢ such that with probability larger than 1 — 612,

logn
Snjk + W@ [Djklloc— =

logn
Ny, jk <4/2v(1+¢)

We set

212 1ogn

— logn
Ny.jk =1/ 2y (1 + &)snjk ; +w(e)

S0 1y, jk < 7y, jk- Then, we have

n

1
Snjk = Z(¢jk(Xi) - /30,,'/<)2
i=1
2]

Z(IX,e[kZ I 405271 — Lxselr05,2-0 s 12-ip)°
i=1

20 _
= I(Njk +Ny).
with
Jk - ZIX €[k274,(k+0.5)2=/ [ ]k = ZIX,E[(I(-‘:-O 5)2=J, (k+1)27J [
i=1 i=1
We consider j such that

2n
< < s
(logn)* — (logn)®

In particular, we have

(logn)*

: <n277 < (logn)“.

Now, we can write

i
Bix=~ Zm(X)— — (N = Njx),
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that implies that

2/-1
2y
Z ]E(ﬂjk1|,3_jk|27iy,_ik)
k=0
2/-1
A2
= E(:Bjk1|/§jk|2W1|Llnjk|§U(210g"))
k=0
21y 2
n _
> pE((N e = N3 V1= /3T ey +w(e) 217 logn/m Hanje|<U 2logm)
k=0
V-l 2] 2
> —E N+ s
= ; n2 (( N]k) (2(1/2>/n)|Nf ]k|>\/2y(1+£)(2//n)(N y+N ) (logn/m)+w(e)(2//2 logn/n)
X Ly |<U @logn))
2/ -1 )
+ —
> — T — N i
= ]; an((Njk Njk) 1‘Nﬁ—Nﬁ(|Z\/2)/(l+£)(Nﬁ+Nﬁ()logn+w(s)lognllu”-’k‘SU(ZIOgn))
5
> 2—JE((NJT —N._)21 Lju,41<U @logn))-
= 2 TN Y N Nz 2y (L) (N 4N Tog nbw(e) logn - ik I=U (2 logn

f

Now, we consider a bounded sequence (wy), such that for any n, w, > w(e) and such that is an integer with

vnj = (/47 (1 + €)finj log(n) + wy log(m))’
and fi,; is the largest integer smaller or equal to n2~/~1, We have

vpj ~ 4y (1 +&)fiyjlogn

since

(logn)* n)"‘
2

(logn)*
4

Now, set

—1<n27/! —1 < finj <n2” 1<

- 1 - 1
lnj = Unj + Eﬁa Mpj = Unj — EM»

that are positive for n large enough. If N /+1 =1l,j and N 1= "Mnj then we have N /+1 /Uy . Finally, we obtain

Jl -
that

_ i
Z BV iz, ) = S PNy =loj, Ny =, nji] < U 2logn))

> vyj(logn) > [B(N; = lnj, N7} =mnj) = P(lunjs| > U(2logn))]

n!

— lpi+m (] . 6
> “(lo 20 "/ nj 1—=2p:)" (njt+mpj) _ =
= vnj(logn) [znj!mnj!(n "y —mg 72 n2
n!

)—2(1
ln] ’mn] (n — 2,“«11])’

~ 6
> v, (logn 2un/ (1— pj)n—zunj — ﬁ} (30)
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where

Pj =/1[27,"(1_,_0.5)27]'[(x)f()(x)dx=/1[(1_,_0_5)2—/',27,41[(x)fo(x)dx=2_j_1.

Now, let us study each term of (30). We have

2in; s
Pjﬂ /= exp(2fnj log(p;))

= exp(Z;l,,j log(Z_j_l)),
(1 =2p)" =27 = exp((n — 2fin)) log(1 — 2p;))
= exp(—(n — 2/in))27 + 0,4(1))
= exp(—n277)(1 4+ 0,(1))

and

(n — 2ﬁnj)n_2ﬂ"" = exp((n — 2fin;) log(n — 2finj))

= exp((n - Zﬁnj)(logn ~|—10g(1 - mzl—r”)))

- exp((n 271, logn — M)(l T ou(D)

= exp(nlogn — 2finj — 2itnjlogn) (1 4 0,4(1)).
Then, using the Stirling relation, n! = n"e™"+/2nn(1 + 0, (1)), we deduce that

n! 2/7.,,,' —20i
—————p; (1 =2p;)tHn
(n =2/ ’

en—Zﬁnj n"

en X _2"’ . n_zﬂnj
(n Mn/)

2fnj 20
x pj " (1= 2p)" i (14 0,(1))

exp(nlogn)

2finj 200
2y X P (=2 (1 on(D)
= 2nj)"

= exp(—2jinj) X

exp(nlogn + 2fi,; log(2~/ 1) — n27/)
exp(nlogn — 2fi,; — 2fi,jlogn)

= exp(—2flyj) X (1+0,(1))
= exp(2iin; logn + 2finj log (277 1) —n277) (1 4 0, (1)).

It remains to evaluate [,;! X m,;!:

1 : Inj N Mnj
lnj' xmnj’z (ﬂ) <mé1]> ‘/ZTtln]\/ZTEmnj(l‘l—On(l))

€

= exp(lpjloglyj + myjlogm,; — 2fis;) X 2n/2nj(l +on(1)).

If we set

m =o0,(1),

Xpj =~
" ZI:Ln_]

71
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then
~ v U j ~
Inj = finj + 5 = finj (1 4+ Xn),
~ \( v j ~
Mpj = [nj — Tn] :,unj(1 — Xnj)s

and using that

2 3
x“. x>
(1 + xn) log(1 + x,j) = (1 +xnj)(xnj -5 t3 +O(X3j)>

2 3 3
X X X
x2. 3

we obtain that

lnj 1Oglnj = lln/(l +xn/)10g(,anj(l +xnj))
= i (1 + xnj) log(1 + xnj) + it (1 + xnj) log(fin;)

2 3
. . Lj_ﬁ o4 (1 31 T
= Unj| Xnj + ) 6 + (xnj) + (1 + xpj) log(fin;).
Similarly, we obtain that
2 3
X<, x>,
mpjlogmy,; = fiy; (—an + % + % +O(xf{j)> + i (1 = xpj) log(itn;),

that implies that
Injloglyj + mpyjlogmy; = finj (xsj + O(xﬁj)) + 2ty log(fin))
< finx; + 2fing log(n2 7 7") + O(finsxt).-
Since

- 2 Unj
M”]‘xn = =
/ 4finj

~y(+e¢)logn,

we have, for n large enough,

llnjx;%j + O(llnjxij) <(y +2¢)logn
and

Injloglyj +myujlogmy,; < (y + 2e)logn + 2fiy; 10g(n2—j—1).
Finally, we have

Inj! x my;! = exp(lyjlogly; + myjlogmy; — 2fi,;) x 27[;2,,](1 ~|—0,,(1))
< exp((y +28)logn + 2fin; log(n27 ) = 2f1,;) x 27 (1 + 04 (1)).
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-y

Since 0 < ¢ < - < %, we conclude that there exists § < 1 such that

2/ -1
A2
Z E(ﬂjkllﬁjklzny_jk)
k=0
> v, (logn)~2* eXp (/i logn +2fn;log2 /1) — n27) _6 (14 0,(D)
> Upj exp((y +2¢)logn + 2finjlog(n2=7=1) — 2fi,;) x 2nfi,;  n? "
. 1 —2a 6
> M |:exp(—()/ +2¢)logn — 2) — —2](1 —i—on(l))
n

27 fipj

2y(1 -2
> &(bgnﬂ—%n—(yﬁ-%)(] +0n(1))
T

and Lemma 4 is proved. (|
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