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There is a growing interest in the literature for adaptive Markov chain
Monte Carlo methods based on sequences of random transition kernels { P, }
where the kernel P, is allowed to have an invariant distribution 7, not nec-
essarily equal to the distribution of interest & (target distribution). These al-
gorithms are designed such that as n — oo, P, converges to P, a kernel that
has the correct invariant distribution sr. Typically, P is a kernel with good
convergence properties, but one that cannot be directly implemented. It is
then expected that the algorithm will inherit the good convergence properties
of P. The equi-energy sampler of [Ann. Statist. 34 (2006) 1581-1619] is an
example of this type of adaptive MCMC. We show in this paper that the as-
ymptotic variance of this type of adaptive MCMC is always at least as large
as the asymptotic variance of the Markov chain with transition kernel P. We
also show by simulation that the difference can be substantial.

1. Introduction. Adaptive Markov chain Monte Carlo (AMCMC) is an ap-
proach to Markov chain Monte Carlo (MCMC) simulation where the transition
kernel of the algorithm is allowed to change over time as an attempt to improve
efficiency. It grows out of the seminal works of [11, 12]. Let 7= be the distribu-
tion of interest. The problem is to sample efficiently from 7 given a family of
Markov kernels {Pg, 6 € ®}. This can be solved adaptively using a joint process
{(X,,6,),n > 0} such that the conditional distribution of X, given the infor-
mation available up to time n is Py, and where 6, is adaptively tuned over time.
Some general sufficient conditions for the convergence of such algorithms can be
found in [6, 18]. It is also shown in [1] that under some regularity conditions, if a
“best” limiting kernel Py« exists, the marginal chain {X,,, n > 0} in the joint adap-
tive process behaves in many ways like a standard Markov chain with transition
kernel Py+. In all the above-mentioned papers, the assumption that each Py has
invariant distribution 7 plays an important role.

More recently, interest has emerged in building Monte Carlo algorithms where
the transition kernel P, used at time » has invariant distribution 7, not necessarily
equal to «r. These algorithms are designed such that as n — oo, P, converges to a
transition kernel P which is invariant with respect to 7. This limiting kernel P is
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typically a very efficient kernel that would be difficult to implement otherwise. The
interest of this approach is that as n — oo, P, approaches P and one expects the
algorithm to inherit the good convergence properties of P. The equi-energy (EE)
sampler of [15] is an example. Another example based on importance resampling
appeared independently in [3] and [5].

This paper provides a detailed analysis of the law of large numbers and central
limit theorem for the EE sampler. It is also an attempt to address the question
of whether such algorithms can deliver the same performance as their limiting
kernel P. We give a negative answer. We show, in the case of the EE sampler, that
its asymptotic variance is always at least as large as the asymptotic variance of the
limiting transition kernel P. The difference can be substantial and we illustrate this
with a simulation example.

On the related literature, the law of large numbers for of the EE sampler has been
studied in [3] but using different techniques than those in this work. We also men-
tion a new class of interacting MCMC algorithms proposed by [8, 10] for solving
numerically some discrete-time measure-valued equations. These algorithms share
the same framework with the EE sampler. In these two papers, the authors develop
a number of asymptotic results for interacting MCMC including a strong law of
large numbers and a central limit theorem.

The paper is organized as follows. In Section 2 we present the EE sampler and
IR-MCMC in a slightly more general framework. The limit theorems are devel-
oped in Section 3 and proved in Section 4. The main ingredient of the proofs is the
martingale approximation method. We present a simulation example in Section 3.5
comparing these algorithms to a Random Walk Metropolis algorithm.

2. A class of adaptive Monte Carlo algorithms. Let (X, 13, 1) be areference
Polish space equipped with its Borel o-algebra B and a o-finite measure A and
K > 1 an integer. We denote by M the set of all probability measure on (X, B).
Let {rr(l), [ =0, ..., K} be probability measures on (X, B) such that

1
(1) 7D dx) = 7e—El<X>x(dx)
)

for some measurable functions E;: (X, B) - R. Z; := [, e~ B (dx) (assumed
finite) is the normalizing constant. We study a class of Monte Carlo algorithms to
sample from the family {7 ’}. These algorithms will generated an ergodic random
process {(X,(,O), ceey X,(,K)), n >0} on XX+ with limiting distribution 7@ x ... x
7 (K)

We introduce some notation in order to describe the algorithm. Whenever nec-
essary and without further notice, any subset of R? will be equipped with its Borel
o-algebra. If (V, £) and (Z, F) are two measurable spaces, a kernel from (), £)
to (£, F) is any function P:Y x F — [0, 1] such that P(y, ) is a probability
measure on (Z,F) for all y € ) and P(-, A) is a measurable map for all A € F.
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If (Y, =(Z,F), wecall Pakernel on (Z,F).If P is a kernel from (), ) to
(Z,F), f:(Z,F)— R ameasurable function and y € ), we shall use the nota-
tion P(y, f) or Pf(y) to denote the integral [ P(y,dz) f(z) whenever it is well
defined.

2.1. A general algorithm. Let {P¥ 1 =0, ..., K} be kernels on (X, B) such
that 7 is the invariant distribution of P®, Let {T(l),l =1,..., K} be kernels
from (X2,B%) to (X,B), {®,1 =1,..., K} positive real-valued measurable
functions defined on (X2, B%) and 6; € (0,1) for/ =1, ..., K. For u € M and
[=1,..., K, we define the following kernel on (X, B):

PO, A)=0,PD(x, A)

2)
S u@yo®y, x)Th(y, x, A)
[ n(dy)w®(y, x)

For n > 1, we introduce the maps H,: M x X — M defined as H,(u,x) =
uw+ n_l(Sx — W), where 8, is the Dirac measure. Let {(X,(,O), e, X,(,K), u,ﬁo), e
,u,gK_l)), n > 0} be the nonhomogeneous Markov chain on X K+ 5o MK [de-
fined on some probability space (€2, F) that can be taken as the canonical space

(X K+ 5 MEK)>] with sequence of transition kernels P, given by

l_’n((x(o), ...,X(K),/L(O), ,[,L(K_l)),

+ -6 , xeX,AeB.

3) @y, ... dy® av® . dvE-Dy)
K } K—-1
= P(O)(x(o),dy(o)) 1_[ Pli(g_l)(x(l),dy(l)) l_[ 5Hn(u(1>,y(1))(dv(l)).
=1 =0

Throughout, we denote {F,,n > 0} the natural filtration of the process. We will
assume that the initial value of the process is fixed. For simplicity we take /L(()l) =0.
Finally, we call IP and E the probability distribution and expectation of the process.

Algorithmically, {(X,(qo), e X,(lK), Mﬁf’), e u,(/lK_l)), n > 0} can be described
as follows.

ALGORITHM 2.1. At time n and given {(X,EO), - X,EK), /,L](CO), e, M,(CK_D),
k<n-—1}:
1. Generate X" ~ P(O)(X,(gl, ).
2. For [ =1,..., K, generate independently X ,(,1) from P(lg_l)(Xr(lli 1
"
by (2). I I I I !
3. For{=0,..., K —1,set ,uﬁ,) = Hn(,u() X,S)) = M1(1)—1 +n_1(8X,(f) — IL,(,)_l)-

n—1°

-) as given

n—1
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The heuristic of the algorithm is the following. By construction, {X,SO), Fu}is

a Markov chain with kernel P9 and invariant distribution 7. If this chain is

ergodic, then as n — oo, IP’(X,(,I) € AlF,—1) = P(%,),l)(Xfllzl, A), will converge to
M1

KD where K is given by
KO, 4)=6PV(x, A)
1
z®O(x)
where zO(x) = an(l_l)(dy)w(l)(x,y). We will discuss below two ways of

choosing ) and T® so that K" has invariant distribution 7). With these

choices we can reasonably expect {X,gl) } to be ergodic with limiting distribution
7. The same argument can then be repeated. In other words, with appropriate

4

H(1—6) /X 2D (@y)o® e, Ty, x, A),

choice of ¥ and T, the marginal process {X ,(,l), n > 0} can be used for Monte
Carlo simulation from 7 ®.

2.2. Importance-resampling MCMC. Forl =1, ..., K define the importance
function

r(l)(x) = exp(El_l(x) - E[(X))-

In Algorithm 2.1 we can take 0® (x, y) = r@O(y) and T (y, x, A) = T\ (y, A),

where To(l) is some kernel on (X, B) with invariant distribution 7). This leads
to the IR-MCMC algorithm ([3, 5]). In this case, step 2 of Algorithm 2.1 can be

described as follows: with probability 6; we sample X,(ll) from P(l)(X,(lll 1»+) and
with probability 1 — 6;, we obtain ¥ by resampling from {X(()l_l), ey X,(ll__ll)}
with weights {r(l)(X(()l_l)), R r(l)(X(l_l))} and then propose X,(,l) ~ To(l)(Y(l), 3.

n—1

The /th limiting kernel here takes the form
KO, A)=0PO(x, A) + (1 —0pr(A)

has invariant distribution 77 ) and has better mixing than P, But direct sampling
from K ® is impossible as it requires that we be able to sample from 7 ) which is
the problem that we are trying to solve in the first place.

2.3. The EE sampler. Taking o) (x, y) =1 and

5) TOy,x, A)= min(l, m>1A(y) + (1 — min(l, M))1A(x),

ri(x) ri(x)
in (2), we get the EE sampler ([15]). In this case the limiting kernel becomes

KO, A)=6P0x, A)+( —91)/ 7=V @y Oy, x, A)
X

(6)
=6, PD(x, A)+ 0 —0)RP(x, A),
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where R® is the kernel of the Metropolis—Hastings algorithm with proposal 7z ¢~
and target distribution 7 ®:

0]
RO (x, A) =/:4min<l, :(1)83>n(l_1)(dy)

(PN -
+ [1 —Amln(l, r(l)(x))n(l 1)(dy):|1A(x).

Clearly, K has invariant distribution 7. In general K will converge faster
than P®. For example if E; — E;_ is bounded from below it is easy to show that
K ® is always uniformly ergodic, independently of P,

For the EE sampler, step 2 of Algorithm 2.1 can now be described as follows.
With probability 6; we sample X,(,l) from P (l)(Xr(lli 1»*) and with probability 1 —
6;, we obtain Y by resampling uniformly from {X,(cl_l) :k <n —1}. Then Y?
rOy®)

) ’”)(X,(fil)) in which case we set X, :

is accepted with probability min(1

otherwise Y is rejected and we set X ,(,l) =X ,(,111-

Actually the EE sampler described above is a simplified version of [15]. Their
original algorithm uses an idea of partitioning. Let {X;,i =1, ..., d} be a partition
of X (in [15], E;(x) = E(x)/t; and they take X; = {x e X1 E;_1 < E(x) < E;}
for some predefined valuse Eg < E| < --- < Eg). Define the function I (x) =i
if x € &}; so Xj(x) represents the component of the partition to which x belongs.
Now set 0w (x, y) = lXI(x) (y) and 7O asin (5) and we get the EE sampler of [15].
In this general case, the limiting kernel has the same form as in (6) but where R
is now a Metropolis—Hastings algorithm with target distribution 7 ") and proposal
kernel Q¥ (x, dy) o n(l_l)(y)lx,m (y)A(dy). Partitioning the state space and us-
ing the proposal 0D (x, dy) x n(lfl)(y)l,yl(x) (y)A(dy) works well in practice as
it can allow large jumps in the state space to be accepted. But it does not add any
significant feature to the algorithm from the theoretical standpoint. Therefore and
to simplify the analysis, we only consider the case where no partitioning is used
(Xjx) =X forall x € X).

3. Asymptotics of the EE sampler. For the remaining of the paper, we re-
strict our attention to the EE sampler. In other words, we consider the process
defined in Section 2 with 0® (x, y)=1 and TO as defined in (5).

3.1. Notation and assumptions. We start with some notation. If Py, P, are
kernels on (X, B), the product P; P, is the kernel Py Py(x, A) = fx Pi(x,dy)P>(y,
A). If u is a signed measure on (X, B), we write u(f) to denote the integral
[ (dx) f (x) and we will also use u to denote the linear functional on the space of
R-valued functions on (X, B) thus induced. Similarly, we will write u P;(A) for
[ (dx)Pi(x, A).Let V: X — [1, 00) be given. For f: (X, B) — R, we define its
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V-norm as | f|y :=sup,cy K%g‘ and we introduce the space Lj’ of measurable

real-valued functions defined on X such that | f|y < oco. For a signed measure £ on

(X, B) we define by [|llv := sup{lu(f)], f € LY, | flv < 1}. We equip M, the

set of all probability measures on (X, 13), with the metric ||« — v||y and the Borel

o-algebra Ba((V) induced by || - ||y. Whenever V is understood, we will write

(M, By) instead of (M, Ba(V)). For a linear operator 7' from (Lf7, | - |v) into

itself, we define its operator norm by || T ||y :=sup{|T f|v, f € LY, | flv < 1}.
We assume that 77 ) is of the form

1
(7) 7D dx) = ?e_E(X)/ )\ (dx)
[

for some continuous function E: (X, B) — R that is bounded from below and
t; > --- > tg = 1 is a decreasing sequence of positive numbers (temperatures). In
addition, we make the following assumption.

ASSUMPTION (Al). Forl=1,..., K, there exist a set C; C X, a probability
measure ¢; such that ¢;(Cy) > 0 an integer ng > 0 and constants A; € (0, 1), b; €
[0, 00), &7 € (0, 1] such that for x € X and A € B,

(8) [PD]"(x, A) > e11(A) 1, (x)
and
9) POV (x) <V (x) +bilc,(x),

where V(x) = ce¥E@) > 1 for some finite constants ¢ > 0 and k € (0, 1) and 0 <
1 1

K< (5 — E)' Moreover

1

10
(10 T+ A =2t =) =1

<6 <1, I=1,...,K.

REMARK 3.1.

(1) The drift and minorization conditions (8)—(9) of Assumption (A1) can be
checked for many practical examples. If each P) is a Random Walk Metropolis
kernel or a Metropolis Adjusted Langevin kernel then (8) and (9) are known to hold
under some regularity conditions on the energy function E (see [4, 13]). In these
cases, it is always possible to choose « small enough to satisfy 0 < k < (% — ﬁ).

(2) The condition (10) is a technical condition that quantifies the idea that the
rate of resampling 1 — 6; should not be too large. It is needed to guarantee that the
geometric drift condition (9) on P transfers to kernels of the type P,L(L]) that drive

the EE sampler.
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3.2. Law of large numbers. We consider an arbitrary pair {(X ,(11_1), X ,(,l)), n>
0}. We will show that under Assumption (A1), if {X ,(ll_l), n > 0} satisfies a strong
law of large numbers, then so does {X,(,l),n > 0}. Then we use the fact that
{X ,(10), n > 0} is an ergodic Markov chain to derive a law of large numbers for

0}
any {X, ,n > 0}.

THEOREM 3.1. Assume Assumption (Al) holds and let B € [0,1). Let
f:(M, Ba) x (X, B) > R be a measurable function such that

1D sup | fylys < 00.

veM
Suppose that there exists a finite constant C such that for any v, u € M,
(12) | fo = fulys = Cllv — pllys.

Suppose also that for any h € L“’/Oﬂ,
(13) - Z h X(l 1) — 7D, P-a.s. as n — 00,

and that there exists D € F, P(D) = 1 such that for each sample path o € D,
fng)(x)(w) converges to fa-1(x) asn — oo forall x € X. Then

1 n
(14) p kz=:1 fu,(f_‘l”(X/(cl)) — 7D (fra-n), P-a.s. as n — oo.

PROOF. See Section 4.3. O

The following corollary is then immediate.

COROLLARY 3.1. Assume Assumption (Al) holds and suppose that {X,(lo),
n > 0} is a ¢-irreducible aperiodic Markov chain with invariant distribution = ©
and 7O (V) < 0. Let f € LY, B €l0,1). Then foranyl € {1, ..., K},

(15) Zf X(l) —>71(Z)(f) P-a.s. as n — oo.
i=1

3.3. Central limit with a random centering. We now turn to central limit the-
orems. It can be shown that the kernel P,El) admits a unique invariant distribution
nl(f). Since the conditional distribution of X,(ll) given F,_1 is P (I(L,), it is natural

n—1
to con51der a central limit theorem for > }_; f(X (Z)) in which f(X ,((l)) is centered
around (H)( f). This is done in the next theorem. = denotes weak conver-
n—1
gence and N (u, %) denotes the Gaussian distribution on R with mean p and
variance o .
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THEOREM 3.2. Assume Assumption (Al) holds. Let f € Lc"/oﬂ, B €10,1/2) be
such that 1O (f) = 0. Define

(16) (N i=x (A +2 Y [ 2Ok foo.
k=1

where KO is given by (6). Assume that 012( f) > 0. Then there exists a random
sequence {77,51)( H} JT,E[)( f)— 7O f) (almost surely) as n — oo such that

S —xP(HI=NO, D) asn— .

1
17 _—
W e &

PROOFE. See Section4.4. O

3.4. Central limit theorem with a deterministic centering. We now derive a
central limit theorem for Y }_; f(X ,({l)) around 7 (f) which gives more in-
sight in the efficiency of the method as a Monte Carlo sampler from 7). We
restrict ourselves to the case where [ = 1; that is, we only consider the pair
{ (X,SO), X,(LD), n > 0}. Moreover, we assume in this section that X’ is a compact

subset of R? (equipped with its Euclidean metric). More precisely:

ASSUMPTION (A1l’). X is a compact subset of R?. For1 =0, 1, there exist an
integer nog > 0, a constant ¢; € (0, 1] a probability measure ¢; such that for x € X
and A € B,

(18) (PO (x, A) > 11 (A).

Let C(X,R) be the space of all continuous functions from X — R. We en-
dowed C(X, R) with the uniform metric | f | := sup, ¢y | f(x)| and its Borel o -
algebra. Let Lip(X, R) be the subset of Lipschitz functions of C(X, R) [we say
that f: X — R is Lipschitz if there exists C < oo such that for any x,y € X,

|f(x) = fI=Clx —yll.

For f:X — R bounded measurable, define the function

U) =Usrx) =Y (PL) (0.

j=0

the solution to the Poisson equation for f and P (13). To simplify the notations,
T

we omit the dependence of U on f. Notice that Pﬁg) is the limiting kernel in the
EE sampler, denoted KV in (6). Clearly, Assumption (A1’) implies as shown in
Lemma 4.1 below that the kernel P,El) is also uniformly ergodic, uniformly in pw.
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In particular |U|s < 0o. We assume that the function U is Lipschitz whenever f
is Lipschitz:

(19) feLip(X,R)  impliesthat Y (Py)’ f €Lip(X,R).
j=0

We comment on (19) below. Let f € C(X, R) such that x( f) =0. Consider
the partial sum S, = > }_; f(X ,El) ). Since U satisfies the Poisson equation U —
Pjil((),)U = f, we can rewrite S, as

n
1 1 1
= Z U(Xl(c )) - P;(g)U(X,E ))

1 1 1 1 1
=M, +ZP((3) Ux") - P;(R»U(X,E ) 4 e(D,
k=1

where M, =3 }_; U(X(l)) P(B) U(X(l) ) is a martingale and 8(1) P(B)
My~
1 1 1
Uxg) - P((g)U(X( ).
We 1ntr0duce the function

Hy(y) =TV (y,x,U) - RV (x, V)
(20)

=/T(l)(y,x,dZ)U(Z)—/n(o)(dy)/T(l)(y,x,dZ)U(Z)-
Since P\ (x, dz) =01 PV (x,dz) + (1 — 6)) [ u(dy) [ TV (y, x, dz), we have
POUG) = PQU = (=60 [ m@nHi(),

so that we can rewrite S, as

Sp = M, +(1—91)Z ZH o V) + el

= M, +(1—91)Z f ne(XD) + e8P,
where 7;, is the random field

m(x):=n 1/2ZH X(O)).
k=1

We will see that 5, is a C(&X', R)-valued random element. To describe its asymp-
totic behavior we introduce the function

vy =Y POV H. (),

j=0
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where for a kernel Q, QH,(y) = [ Q(y, dz) H,(z) and the covariance function
1) T'(x,y)= / WO U (@) - (POUL @) (POUL ()] (@2).

If f,g € C(X,R), with an abuse of notation we will also write I'(f, g) for the
quantity

T(f, g) = /[U}O)(Z)Uéo)(Z) _ (P(O)U}O)(z))(P(O)U§O)(z))]n(O)(dz),
where U}O)(x) =3 ;20[POV f(x).

THEOREM 3.3. Assume Assumption (A1) and (19) hold and suppose that
E e Lip(X,R). Let f € Lip(X, R) such that 7V (f) = 0. Then

(22) fo (X)) = N(0,02(f) +4(1 —61)°T'(3,3)  asn— oo,
where g(-) := [V (dx)H,(-) and

@) oA =rV(A)+2Y fX 7 dx) £ (PO ),
k=1

PROOF. See Section4.5. O

Notice from (20) that g(-) = [7 P (@x)TV (-, x,U) — [P (dz) [ 7D (dx) x
T (z,x,U). Thus Theorem 3.3 shows that the asymptotic variance of the EE
sampler is the sum of the asymptotic variance in estimating 7V (f) as if the

limiting kernel P is known [the term o2(f)] plus the asymptotic in using

7(0)
the chain {X n ,hn > 0} to estimate the expectation under 7© of the function
f 7D @x)TMV (., x, U). In their analysis [8] arrive at a similar CLT for interact-
ing MCMC algorithms. Notice also that U(x) =) ij(P:(g))j f(x). Thus in most
cases, the function [ 7™M (dx)T (-, x, U) will typically take large values and the
asymptotic variance in estimating its expectation will also tend to be large partic-
ularly if the kernel P(®' mixes poorly. Theorem 3.3 thus suggests that for the EE
sampler to be effective in practice it is important that the initial chain {X,, © ,n>0}
enjoys a very fast mixing.
A remaining question is to know whether n | (O iy f (X )) ] converges to
o2(f)+4(1—61)?I'(g, g). Unfortunately the answer is no in general as shown by
the following example:
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PROPOSITION 3.1. Assume Assumption (Al") holds. Suppose that P© =
PO =Pand 7@ =70 =7, Let f:X — R be a bounded measurable func-
tion such that w(f) = 0. Then

n 2
Tim_ n_1E|:<Z f(x,i”)) } =o2(f)+2(1-6)’T (. ?).

k=1

In the present case g(x) = U (x) = ijo 01j P/ f(x) and
o2 =m(fP) +2 36k [ 7(dx) F PR f ().
k=1

PROOF. See Section 4.6. U

REMARK 3.2. Assumption (19) can often be easily checked. Indeed, we
have U(x) = f(x) + PloU(x), where P{Q =61 P(" + (1 — 61)RD, where
RW is the independent Metropolis—Hastings algorithm with target (1) and pro-
posal 7@ Let us assume that P(V is also a Metropolis—Hastings kernel with
target M and proposal g(x, y). Denote a(x,y) [resp. @(x, y)] the acceptance
probability of pM [resp. RM1], and denote a(x) := Ja(x,y)g(x,y)dy [resp.
a(x) = [a(x, y)n(o)(y) dy] the average acceptance probability at x for pM
[resp. for RM7]. Then we have

U)(1—61(1 —a(x)) — (1 —6)(1 —ax)))

=f(x)+91fa(x,y>q<x,y>U<y>dy+ (1 —61>/&(x,y)n“”(y)U(y)dy.

Thus if 79, 7D and ¢ such that ¢ and @ remains bounded away from 0 and the
integral operators & — [a(x, y)q(x, y)h(y)dy and h — [ a(x, y)n(o) Mh(y)dy
transform bounded measurable functions into Lipschitz functions, then (19) hold.
For example, if 7@, 7 and ¢ are all positive on X" and of class C! then (19)
hold.

REMARK 3.3. The result developed above relies heavily on the Lipschitz con-
tinuity assumption. Under that assumption, we show that the stochastic process
{nn,n = 0} lives in the Polish space C(X’, R) which allows us to use the standard
machinery of weak convergence in Polish spaces. If f is only assumed measurable
the theorem above no longer hold. But a similar result can still be obtained using
weak convergence techniques in nonseparable metric spaces. But we do not pursue
this here.
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3.5. An illustrative example. Consider the following example. Suppose that
we want to sample from the bivariate normal distribution N (0, ¥), with covariance
matrix

5 _[0.96 244
244 7.04]

For this problem, we compare a Random Walk Metropolis (RWM) algorithm, the
EE sampler, the MCMC algorithm based on the limiting kernel of EE sampler (call
it limit EE sampler), IR-MCMC and the MCMC algorithm based on the limiting
kernel of IR-MCMC (limit IR-MCMC sampler).

For the RWM sampler, the proposal kernel is N (0, I;), where I, is the 2-
dimensional identity matrix. For the adaptive chains, we use four chains with
7O =g /10 7 = 715 7@ = 7z1/2 and 74 = 7. We take 6 =6 =0.5 and
P Y is taken to be a RWM algorithm with target 77" and proposal (0, I5). It can
be checked that Assumption (A1) holds for this problem. We simulate each of the
five samplers for N = 10,000 iterations. We compare the samplers on their mean
square errors (MSE) in estimating the first two moments of the two components of
the distribution 7. We calculate the MSEs by repeating the simulations 100 times.
The results are reported in Table 1.

From these results we see (as expected) that the limit EE sampler is 3 to 25 times
more efficient than the RWM sampler, and the limit IR-MCMC sampler is 15 to
50 more efficient than the RWM sampler. But IR-MCMC itself is hardly more
efficient than the RWM sampler. If we take the computation times into account, it
becomes hard to make the case that any of these adaptive sampler is better than the
plain RWM. Similar conclusions can be drawn for the EE sampler.

TABLE 1
Mean square error and ratios (with respect to the RWM sampler) for IR-MCMC, limit IR-MCMC,
EE and limit EE. Based on 100 replications of 10,000 iterations of each sampler

E(X1) E(X2) E(X3) E(X3)
RWM MSE 0.0099 0.0803 0.0091 0.5525
Ratios 1.0 1.0 1.0 1.0
IR-MCMC MSE 0.0098 0.0774 0.0047 0.2962
Ratios 1.00 1.04 1.95 1.87
Limit IR-MCMC MSE 0.0002 0.0017 0.0006 0.0296
Ratios 48.43 46.20 14.18 18.66
EE MSE 0.0057 0.0435 0.0045 0.2810
Ratios 1.74 1.84 2.02 1.97
Limit EE MSE 0.0004 0.0030 0.0034 0.1966

Ratios 25.99 26.36 2.67 2.81
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4. Proofs.

4.1. Preliminary results on kernels of the form P(l). For a probability mea-
surevand [ =1,..., K, let PV( as in (2) with o =1 and T" as in (5). The
following lemma shows that PV() satisfies a drift and a minorization conditions
with constant that actually do not depend on v.

LEMMA 4.1. Assume Assumption (A1) holds. Then there exists )\; e (0,1)
that does not depend on v such that for x € X and A € B:

(24) [P (x, A) > a1 (A) 1, (x)
and
(25) POV (x) <AV (x) +bilc(x),

where Cy, ¢y, by, €y and V are as in Assumption (Al).

PROOF. We have Pv(l) > 0; PO Therefore (24) follows from the minorization
condition (8).
Define 8§ = («x~1(t;' —#,}) — 1)~. We will show that

(26) / v(@)TD (y,x, V) < (14 8)V ().
Given the drift condition (9), this will imply
POV () < (@n+ 1 —0)(1+8))V(x)+ bl (x)
<M V(x)+ble(x),

where ;) = 64 + (1 — 6)(1 + §) € (0, 1) by the condition on x in Assump-
tion (Al).

Observe that O (x) = e*E(x)(’l_I*tl_—ll), tl_l — tl__ll >0and V(x) = ceXE™ > 1,
k € (0, 1). This implies that r) (y) /r® (x) > 1if and only if E(y) < E(x). Denote
Ax)={ye X:E(y) < E(x)}and R(x) ={y € X: E(y) > E(x)}. Then we have

/ v(@dy)TO(y.x, V)

:/ v(dy)T(l)(y,x,V)—i—/ v(@dNT Oy, x, V)
A(x)

r®
= [, @V [ vy @Ey ; )
rOG)
+veo [ van(1- S,
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- / @)V () + V(x) ] v(dy)
A(x) R(x)

r(y)
- /mx) v(dy)W(V(y) — V()

rO) (V(y) B 1)

sve+ve [ van (G

= V(x)[l —}—/ e (EM=EQ)(1/n=1/1-1)
R(x)

« (< EOI=E@) _ 1)U(dy)}
K
1/t — 1/t —Kk

In the last line we use the following inequality: for 0 < x < y: eV (e* — 1) <
x/(y—x). O

<VXx)

From Lemma 4.1, we deduce that for any probability measure v, Pv(l) has an

invariant distribution n\gl) such that

(27) D) <b.

See [17], Theorems 15.0.1 and 14.3.7. The lemma also implies that for any g8 €
(0, 1], there exist constants Cg < oo and pg € (0, 1) that does not depend on v
such that

28 [[POT ) —aPO)ys < CoolkVEx),  k=0xeX.

See, for example, [7] for a proof. The following lemma holds.

LEMMA 4.2. Fix B €0, 1] and i and v two probability measures on (X, B)
(29) 128 = POy <21l = vllys.

PROOF. For f € Lf/oﬂ such that | f]ys < 1, we have

POfx) =PV fx)=1-6) / Ty, x, £)(n(dy) — v(dy)),

where 70 (y, x, £) = min(1, ZE)(f (y) — f(x)) + f (x). Therefore
PP fe) — PP f(x)
(1-6)VP(x)

B / min(1, 7D (y)/rO ) (f(y) — f(x))
N VBx)VE(y)

VA (u(dy) — v(dy)).
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Now for [f]ys < 1, |m@rCO/rOCGOS@ yB(y 0 <2 for all x € X.

VE@)VE()
Therefore
min(L, rO @)/ rP NG = FX) g
‘/ VB VA VE(y) (n(dy) — v(dy))
<2 sup /f(y)(u(dy) —V(dy))‘
1flyp=<1
=2[lu—vllys. O

Forl e {1, ..., K}, define the kernel

)
Nﬁf(x):/u(a’y)f(y)min(],%), xeX.

LEMMA 4.3. Let i be a probability measure on (X, B). For x1,xy € X, and

feLyy. Bel0,1]

0 IND ) = NP £(x)]

< |f|vﬁ|eTE(x1) _eTE(x2)|

/ 1u(dy)e~ T FBEW)

witht =1/t; — 1/tj—1 and k as in Assumption (Al).

. . D .
PROOF. Fix x; and x, and define A(y) = Vﬂ(y)|m1n(1, rr<(l>((xy1))) — min(1,
rO)

)l 0 rO(y) = max(r® ey, P (x2)), A(y) = 0. 0n rP(x) <r®O(y) <
r®(x2),

0]
_ B r(y)
A=V (y)(l - (xz))

- eKﬂE(y)(] — e—r(E(y)—E(Xz)))
— o (T—(BYEQ) (erE(y) _ etE(xz))
< (ef(E(xl) _ erE(m)))e—(r—Kﬁ)E(y)‘
Similarly, on r® (y) < min(r(l) (x1), F(l)(xz)),
A(y) < [P FOD — e EOIVE (3)r D (y)

— [eTEOD _ gTEG) |~ kBIE)

Putting the three parts together yields the lemma. [
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REMARK 4.1. Lemma 4.3 will be useful in deriving a uniform law of large
numbers for { X ,(,l)}. Actually, this lemma shows that if the function E is continuous
then the kernel N ,SZ )isa strong Feller kernel that transforms a bounded function f
into a continuous bounded function N ,(Ll) (uniformly in w). We will use this later.

4.2. Poisson equation. A straightforward consequence of Section 4.1 is that
forany f € L{}, B € (0, 1] the function

o

31) U fo0) =[PP — 21 Fx)
k=0

is well defined and

(32) UL flys +1PPUL flys < Clflve,

where C is finite and does not depend on v nor f. U\gl) f satisfies the (Poisson)
equation

(33) UP ) = PUD fF) = fo) —a(f), xeaX.

Lemmas 4.1 and 4.2 implie that for all 8 € (0, 1], and u, v probability measures
on (X, B):

(34) |7 @ =28 < Cliw = vllys:

for f € L7y,

(35) UL f=UL flys < Clflyslle—viys
and

(36) 1PPUDL F—PPUD |5 < Clelvallie —vliys.

The inequalities (34), (35) and (36) can be derived, for example, by adapting the
proofs of Proposition 3 of [2]. We omit the details. An important point is the fact
that the constant C (whose actual value can change from one equation to the other)
does not depend on f nor v, u.

4.3. Proof of Theorem 3.1. Let f:(M, Bay) X (X, B) — R be a measurable
function. We will use the notation f;,(x) when evaluating f. We introduce the

partial sum associated to {X ,(,l), n>0}:

n
I
S =" fu-n (x)
k=1
)
B I; 7[“]((1__11) (fﬂl(cljll))

n
Oy _ O
+ ](Xzzl(ful(f:ll) (Xk ) T[U'](cl:ll) (f’u/((l—_ll))).
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Using the Poisson equation (33), we have the decomposition

sOf) = Z 7w (, o (fy0-0) + MPCf) + R (1) + R (),
k=1 -1

(37)
1
MP(f) = ZD“(f),
where
1 1 I I
D](c)(f)= (z 1)f (l 1)(X()) P((g 1)U((z 1)f g_—]n(X,((ll),
I I I
Rr(l,)l(f) = P(Z)U(g)fO(X(())) P((i 1>Uli<l—1)fuy*1>(xf(11))
and
I 1 1 1 1 1
RO, = Zplig ) (l 0 - b (xD) - P/i(L])U(&fl)fua—w(X/E))-
=1 k=1 M1 k=1
LEMMA 4.4.

sup sup E(V(X' D) (x{)) < oc.
1<I<K k,k'>0

PROOF. This is a straightforward consequence of the (uniform in v) drift con-
dition on P,,(l). O

LEMMA 4.5. Let p > 1 such that pB < 1. There exists a finite constant C such
that

E[|R",(/)|"] < Clogn)”.

Moreover n™! R,(l{)2( f) converges P-almost surely to 0.

PROOF. We use (36) (32) and (11) to obtain

I
|Pli(1 ) <l l)f <1 1>(X()) P((z 1) <l l)f <1 1>(X())’
k
(38)
I—1 -1 I
= C sup 1ol L™ = w20 [,V (X07):
Butu(l 1)—/,L£ll 11)+n 1(8)(,(1’*”_“3—_11)) and we get

R T I (T e ey (0]

|
Ifl,p=1
1
< L X(l 1) + Vﬂ X(l D
(e B )
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In view of Lemma 4.4 and since pf < 1, E[Vpﬁ(X(l))(Vﬁ(X,(,l_l)) + % X

Zk:o VB(X ,El 1)))P ] < C for some finite constant C that does not depend on n.
Therefore, given (38) and (11), we can use Minkowski’s inequality to conclude the
first part of the lemma.

For the second part, by Kronecker’s lemma, it is enough to show that the series

l 1) l l 1)
Zk P(g 1)U(l 1>f = 1>(X1(<)) P(g 1)U(1 1)f (1 1)( ))
k>1

converges almost surely. This will follow if we show that

Zk IE P(lg 1>U(11 1>f <1 ‘>(X1£1))_ P;il}} 1>U(1/ 1)f (’ 1>(X1£1))D
k>1 -1

is finite. But from the above calculations, we have seen that

) ) ) ) ) —1
(|P(<3 HU (<)t 1)f U 1>( ())_P/ig 1) (()z 1)f U 1>(X())|)§Ck .
k_
The lemma thus follows. [

LEMMA 4.6. Let p > 1 such that Bp < 1. Then
1
supIE[|R,(17)1(f)|p] < 00.
n
Moreover for any § > 0,

Pr[sup |m_1R,(21(f)|>5]—>0 asn — oo.

m>n

PROOF. The first part is a direct consequence of (11) and (32). For the second
part, by Markov’s inequality, we see that

— 1 — - /
Pr[sup [m ™' R, (f)] > 8] < 6 pE[Zm ”|R,51?1(f)|p}
m>n m>n
§C8_p2m_p—>0 asn — oo.
m>n O
LEMMA 4.7. Let p > 1 such that pB < 1. There exists a finite constant C such
that

E[|MO (f)["] < Cnm@xr/2),

PROOF. By Burkeholder’s inequality applied to the martingale {M,gl) (H}, we
get

n p/2
E[lMé”(f)l”]sCEKZID,E”l(f)lz) }

k=1
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If p > 2, we apply Minkowski’s inequality and use (32) to conclude that

n p/2
sl i = el D] <
k=1
If 1 < p <2, we use the inequality (a + b)* < a“ + b* valid for all a, b > 0,
o € [0, 1] to write

B[0P < CE(i \D,E’)<f>|p)

k=1

n
< CYRIP(XD) <Cn )
k=1

To deal with the remaining term, we will rely on the following result which is
also of some independent interest.

LEMMA 4.8. Let u, L1, ... be a sequence of probability measures on a mea-
surable space (X, B) such that u,(A) — w(A) for all A € B and let f, f1,...
be a sequence of measurable real-valued functions defined on (X, B) such that
sup, | fulv < o0 and f,(x) — f(x) for all x € X for some measurable function
V (X, B) — (0, 00) such that u(V) < oo and sup,, (V) < 0o for some o > 1.
Then

Tim (o) = 0 (f).

PROOF. By [19], Chapter 11, Proposition 18, we only need to prove that
Un (V) — (V). By [19], Chapter 11, Proposition 17, we already have (V) <
liminf, o 1, (V). Now we show that limsup,_, .o, (V) < w(V) which will
prove the lemma.

Since V > 0, there exists a sequence of nonnegative simple measurable func-
tions {V,} that converges increasingly to V u-a.s. For k > 1, N > 1, define
Exn={xeX:Vx) - V,x) > % for some p > N}. Clearly, Ex v € B and
w(Er.n) = 0as N — oo forany k > 1. Fix k, N > 1. Then for any n > 1 and any
p > N, we have

un(V) = lan(Vp) + un(V — Vp)

— (V) + [ @DV ) = V()
(39) + /E @D (V)= Vo)

1
< 1a (V) + /E @V +
1

= Mn(vp) + C(Mn(Ek,N))q + X
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with ¢ = 1 — 1/« for some finite constant C. The last inequality uses the inequality
of Holder and the assumption that sup, u, (V%) < oo for some « > 1. Since Vi
is simple, w,(Vk) = w(Vi). Also u,(Ex.n) — w(Ek, n). With these and letting
n — oo and p — oo in (39), we have by monotone convergence

. 1
limsup,,_, oo tn (V) < u(V) + C((Ex, )7 + o

Letting N — oo and then kK — oo, we get limsup,,_, . (V) < (V). O

LEMMA 4.9. Jr(l(),,l) (fu(l—l)) — 0 as n — oo with P probability one.

n

PROOF. To simplify the notations, we write rr,,(/), P,fl) and f, instead of

n(l(),_l), P(l(z_l) and f -1 respectively. For x € X', and n, m > 1, we have
Mn Mn Hn

7D (f) = 7O (fran)| < 7P F) = (PO)" fu ()]
F[(POY" £ x) — (KDY 0o (x)]

(40) + (KDY fran @) = 2D (fra)]
<2 sup | folysCpVP (x)p}
veM

’

+ |(Pn(l))mfn(x) - (K(l))mfﬂa—n(x)

using (28). We will show next that there exists Dy € F, with Pr(Dy) = 1 such that
for each path w € Dy, (P,fl))mfn (x)(w) converges to (K Dym fra-n(x)asn — 00
for all x € X, all m > 0. Then, going back to (40), we can conclude that for each
[OXS D(),

limsup, o0 |7 (f) = 7 (fra-n)|(@) < 2C VP (0)pff

and the proof will be finished by letting m — oo.
We can rewrite P,fl)(x, A) as

POx, A)=6,PO(x, A) + (1 —0)ND (x, A) + (1 —N14(x)(1 = NP (x, 1)),

. D (v
where N\”(x, A) = [ pun(dy)14(y) min(1, ey and NP, D) = [ un(dy) x

rG)
r®Ox)’"

By the law of large numbers assumed for {X,(ll_l), n > 0}, and since (X, B) is
Polish, there exists a dense countable subset C in X', a countable generating algebra
By of Band D € F, P(D) = 1 such that for all x € C and all A € By:

(41) NOx, A) = NO(x,A)  asn— oo,
(42) NOx, 1) > NO(x,I)  asn— .

min(1,
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We can also choose D such that the convergence of f,(x)(w) to f,«-1(x) for
all x € X which is assumed in the theorem hold for all w € D. If we fix a sample
path w € D, and we fix x € C, the convergence in (41) can actually be extended
to all A € B by a classical measure theory argument. Also, again for w € D and
A € B fixed, we can extend the convergence in (41)—(42) to hold for all x € X.
To see why, take x € X’ arbitrary. Lemma 4.3 and the continuity of E implies that
N, (x, A) is a continuous function of x uniformly in w. Since C is dense, for all
k > 1, there is x; € C such that

1
[N (e, A) = NP (o, A) <

for all 1. In particular, N\” (x, A) > N (x¢, A) — 1/k for all n > 1. As n — o0,
it follows that liminf,—o Ny’ (x, A) = N)_\ (x¢, A) — 1/k. As k — oo, by
the continuity of NJ(TZ(),_I) f() (Lemma 4.3), we see that liminf,,_, 5 N,El) (x,A) >
NJ(TZ(),_U (x, A). Similarly, we obtain lim supn_)ooN,gl)(x, A) < NJ(TI(),_I) (x, A). So that
limy—oe Ny (x, A) = N (x, A). Similarly, lim,—oo Ny (x, 1) = N (x,
D).

This shows that for each sample path w € D, P,El) (x, A) converges to K D(x, A)

for all x € X all A € B. By a successive application of Lemma 4.8 (with V = 1),
we can therefore conclude that for each sample path w € D

(PO)" (x, A) — (KD)" (x, A),
(43)
asn—ooforallx e X, AeB,m=>0.

Since sup,, | fulys < 0o (B €[0,1)) and (P’)"V (x) is uniformly bounded
in u and m, we can apply Lemma 4.8 again to conclude that for each w € D,
(Pn(l))mfn (x) converges to (K(l))mfn(z_n(x) for all x € X, all m > 0, which ends
the proof. [J

PROOF OF THEOREM 3.1. We are now in position to prove Theorem 3.1.
Since B € [0, 1), we can take p = 1/8 in Lemmas 4.5 and 4.6 to conclude that
Rl.(,g( f)/n — 0, P-as. for i = 1,2 and by the strong law of large numbers for

martingales [9], we conclude that M,El) (f)/n — 0, P-a.s. We finish the proof using
Lemma4.9. U

4.4. Proof of Theorem 3.2. Take p =1/8 > 2 (since B € [0, 1/2)). By the
martingale approximation (37),

S = 2w (fg-0) = MDD + RPCP).
k=1 -
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As above, we will simplify the notations by writing nn)( fn) instead of
T (,,1)(]‘ ¢-1) and similarly for U,gl), Pn(l),
L

By Lemmas 4.5-4.6, E[|R’(£)|?] = O((log(n))?). We then deduce that

R,gl) (f)/s/n £ 0 and it remains to show that a central limit theorem hold for the
martingale {M, o (f), Fn}. We need to show that the Lindeberg condition holds:

<z> P
(44) ZE ) (H1 |D<”<f>|>ef}] -0 foralle >0asn— oo

and that

1 & ) P
(45) S E[(D) (NI Fiea] > ().
k=1
where 02(f) = 7 (f2) + 232, 7O £ (KD)! £1. Since sup, E(IDY (f)|?) < 00
for p > 2, it follows that the Lindeberg condition (44) holds.
For the law of large numbers, we need some notations. Let U") denote the fun-

damental kernel of the limiting kernel K () and define the functions Aﬁ,l)(x) =
PPW? £(x) and AP (x) = [PPUL £(x)12. Simularly, define AM (x) =
K(l)(U(l)) f(x) and AP (x) = [K(I)U(l)f(x)]z. Then we can rewrite

1 n
= Y EB(D) ()1 Fi)
n
k=1
| R ) \2 1 n H \72
= ; Z Plc(—)l(Ulgzl) f(Xl((ll) - [Pk( )1 ()1f(X/5) 1)]
| l 2 I
< Al + AP )

Fix f e L("/Oﬂ We have seen in the proof of Theorem 3.1 that = 1)( f) con-

verges almost surely to 7O f). Combined with (43) and using dominated con-
vergence it follows that there is D € F, Pr(D) = 1 such that for all sam-

ple path w € D, Unl)f(x) converges to U(l)f(x) for all x € X. By virtue of

Lemma 4.8, it follows that for all w € D, A ) (x) converges to AW (x) for all
X € X j = 1,2. Then the strong law of large numbers (Theorem 3.1), implies

that 1 Iy 1IE((D(Z)) (f)|Fr—1) converges almost surely to n(l)(K(l)(U'(l))zf -
[K<1>U<l)f] ) which is equal to 02(f) =7 D (f2) + 22, 7 O[F(K D) £].

4.5. Proof of Theorem 3.3. 'We continue with the notations of Section 3.4.

LEMMA 4.10. Under the assumptions of Theorem 3.3, there exists a finite



ON THE EFFICIENCY OF SOME ADAPTIVE MONTE CARLO SCHEMES 863

constant cq such that

IT'(x1,x) —T'(x,x)| <colx1 — x| forall x,x; € X.

PROOF. Given the expression of I" in (21), it is enough to show that |U )EO) (y)—
U)g?)(y)| < cglx — x1|. But since

U ) = UD 0] = | Y[POY (He(y) = Hey ()| < ClHx — H, oo
jz0

(where for a kernel P with invariant distribution 7z, P = P — 1), the lemma follows
if we show that there exists a finite constant ¢y such that for any x1, x2, y € X,

|Hx, (y) — Hx,(¥)| < colx1 — x2.
It is easy to check as in Lemma 4.3 that for any x1, xp, y € &,

|Hyy (¥) = He, (D) < 2|U (x1) — U (x2)]

+|U|Oo(e—rE(y)+/e—rE(y)n(O)(dy))|erE(x1) _efE(x2)|.

Now the result follow from (19), the Lipschitz assumption on E and the compact-
ness of X. [

PROPOSITION 4.1. Under the assumptions of Theorem 3.3, n, converges
weakly in C(X, R) to a mean zero Gaussian process G with covariance function I’
and sample paths in C(X,R) and

(46) E<f§£ |G(x)|) < co.

PROOF. The existence of G and the bound (46) follows from Lemma 4.10
and Dudley’s Theorem on the existence of Gaussian processes with continuous
sample paths (see, e.g., [16], Theorem 6.1.2). Indeed, if dr(x, y) := (I'(x,x) +
I'(y,y) —2I(x, y))l/ 2 denotes the pseudo-metric associated to I', Lemma 4.10
implies that dr (x, y) < +/2¢o|x — y|'/? and since X is compact, this in turn implies
that NV'(X, dr, €) < (Ke~1)/2 for some finite constant K, where N (X, dr, -) is
the metric entropy of X under dr.

We now show that 7, converges weakly in C(X’, R) to a mean zero Gaussian
process with continuous sample path and covariance function I'. Indeed, the con-
vergence of the finite-dimensional distribution is given by the standard central limit
for uniformly ergodic Markov chains. We use a moment criterion to check that the
family {n,,n > 0} is tight ([14], Corollary 16.9). It suffices to check that:

(i) For some xg € X, {n,(x0), n > 0} is tight.
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(i) For some positive finite constant a, b, co,

|d+b

E[ln,(x1) — nn(x2)1“1 < colx1 — x2 forall x;,x, € X,n>0.

The condition (i) is trivially true. To check (ii), we use the resolvent UJEO) to write
0 0 0 0
Hy, () = He,(3) = (U (1) = U () = (POULY (v) = POUL (). It follows
that
Nn(X1) — M (x2) = My (x1, X2) + €,(x1, X2),

0 0 0 0 0 0
where M, (x1,x2) = i (UL X)) — Ux) — POUD X)) —
POUDXY)) and e(rx) = POULXY) — POUD D)
POUL (x”) — POULD (x{).

The term M, (x1, x2) is a martingale and €, (x{, x2) is bounded in n by a con-
stant. By Burkholder’s inequality and some additional straightforward arguments
it follows that for any a > 2

E[lna(x1) = na(x)[“1 < C|UY = UD|S < Clxy — xa|*.
Then it suffices to take a > d. [

We will also need the following simple result.

LEMMA 4.11. If {xi} is a sequence of real numbers such that x, — 0 as
n — oo then n=1/? Iy k=12x, — 0 as — oo.

PROOF. Take ¢ > 0. Let ng > 1 s.t. n > ng implies |x,| < e. Then for
n = no,n 2 S k2 <0 P kT g ke <

n~1/2 220:1 k~1/2|x;| 4 2. Letting n — oo and & — 0 yields the result. [

PROOF OF THEOREM 3.3. For the rest of the proof, let G be a mean zero
Gaussian process on X with covariance function I' and almost surely continuous
sample paths. We take G independent from the process {(X ,(,0), X ,(,1)), n > 0}. From
the Gaussian process G, we define 7(G) := [ G (x)m D (dx) as follows. For each
sample path w € 2, if G,(-) is continuous then 7(G)(w) = frt(l)(dx)Gw(x).
Otherwise, we set 7(G)(w) = 0. Since f — M f) is a continuous map from
C(X,R) — R, 7V(G) is a well-defined random variable.

Back to the partial sum S, we have seen that

n
Su=My+(1—00) > k2 (x(V) + €0,
k=1
where M, :=Y"_, U(X{") — P UX")and el = (P,0U (Xo) =P o %
U (X)), Clearly
sup |(PM(<)0>U(X(()])) - PoUX )=,

n>1
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¢

thus the term ¢, ) is negligible. That is,

Su= M+ (1 =00 S k2 (XV) + 0p (Vn),
k=1

= M, +(1—91>Zf G(x;")

FA—0) (e (xD) — (X)) + o (V).

k=1
In the above, we denote op(n") any random variable X, such that n="X,, con-
verges in probability to zero. To deal with the term Zzzlk_l/ 2(nn(X,(cl)) —

G(X ,51))), we use the Skorohod representation of weak convergence. First note
that

—l/ZZk 1/2 X(l)) G(X,El)))

<n”'/? Zk‘”z sup |7, (x) — G(x)|.

k=1 xeX

By the Skorohod representation theorem, there exists a version G of G and a
version {7,,n > 0} of the random process {n,,n > 0} such that sup, .y |7,(x) —
G(x)| = 0 as. Therefore, by Lemma 4.11, n~!/2 il k=172 SUp, ey |7n(x) —
G )| converges almost surely and thus in probability to zero. It follows that
n1/2 dhei k‘l/z(nn (X,((l)) — G(X,((l))) converges also in probability to zero. We
thus arrive at

Sy =M, +(1—91)27G (X") +op (V).

To deal with the term 22:1 ﬁG(X,E ) ), we introduce Vp = 0 and V; =
Z§:1<G(X(-”) —2(G)):

Z (1) (1)(G))

"o
—(Vik = Vi)
L

"1 1

Bl ) S
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1
:f it ¥ T

I R s =
f VEA+ JTT T/ K = 1)) Vit
We deduce that

n
n2S =n"PMy + (1= 0)a V(G2 kT2 nT Y,
k=1

+ 1 i( ! > ! Vi—1+op(1)
— k—1 Tt o0 .
Vi E\VRKU+ TF T/ G=D)/ k=1 i

For almost every path w € 2, G,,(+) is a continuous function from & — R. There-
fore, by the independence assumption and the law of large numbers of Theo-

rem3.1,n~! lezl G(Xi-l)) — 1M (G) converges in L' to zero. Using Lemma 4.11

. 1 \n .
again, we conclude that NG D kol N Vik—1 converges also in

1/2

I 1
) B

L' to zero. The term ﬁ > i—1 k'~ converges to 2. We thus arrive at

n 128, =n12M, +2(1 — )7V (G) + 0p(1).

Proceeding as in the proof of Theorem 3.2, we see that ﬁM,, converges weakly

to Z, where Z ~ N(O, 0*2( f)) and is independent from G. We thus conclude
that n—1/2§, converges weakly to Z 4+ 2(1 — 01)frr(1)(dx)G(x), where Z and
[ (dx)G(x) are independent.

Since f — aM( f) is a continuous bounded function from C(X, R) — R, it fol-
lows from the above that n(l)(nn) converges weakly to n(l)(G). But n(l)(nn) =
n=1/2 Iy frr(l)(dx)Hx (X,EO)). By the central limit theorem for the uniformly
ergodic chain {X,EO), n > 0}, the latter term n~1/2 pIy fn(l)(dx)Hx (X,((O)) con-
verges weakly to N(0,(g, g)), where g(-) = [V (dx)H,(-) and we are fin-
ished. [

4.6. Proof of Proposition 3.1. In the present case, one can check that
Ux) = ijo(P;‘(g))J f(¥) =X j206{ P/ f(x) and Hy(y) = U(y). Then the re-
solvent function Ux ) becomes U;O)(y) U (O)(y) =Y =0 PIU (y) which allows
use to write le‘:l Hx(XE.O)) = M,go) + 6,50), where M,EO) = 21}21 U(O)(X,EO)) -
PU© (X,(gl) and e,io) = PU(O)(X(()O)) PU(O)(X(O)) Thus we have

n
Sp=M,+(1—0) Y k' MO +e,
k=1
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where €, = (1) +> 0 6150). The term ¢, is negligible and is suffices to study
the limit of
E[(Mn +(1-6)) Zk_lMIEO)) } —EM2) + (1 - 91)21@[(2 k—lM,ﬁo)) }
k=1 k=1

n
+2(1 — 91)E[Mn Zk_lMIEO)}.

k=1
Define DO (x, y) = U@ (y) — PUO(x) and DD (x,y) = U(y) — PU(x). It is
easy to see that for any i, j > 1, E(D(O)(Xi(g)l, Xl.(o))D(l)(Xﬁ)I, X;l))) =0. From
which we deduce that E[M,, > 7_, k! M,EO)] =0.
We write > 7 k™ IM(O) Y Yk k~'DO (XQI, X;O)) and since the
terms D(O)(X 5.0_)1, X 5-0)) are martingale dlfferences, we get

ASE )

=1 \k=j

-3k Eooe, 10y

n 2
_/n(dx)[P(x dy)(D(x, ) Z(Z k—l)
=)

n n 2
3 (26) (L0, 10

j=1 \k=j

—/n(dx)/P(x,dy)(D(O)(x,y))2>.

Since D© is a bounded continuous function and {X,(lo)} is uniformly ergodic,
the second term on the r.h.s. divided by n converges to zero. Then we notice that
limy, s 0o~} 1 (ZZZJ k~1)2 = 2 and we conclude that

nlirgoE(n_lS,%)=f71(dx)/P(x,dy){(D(l)(x,y))2+2(1—91)2(D(0)(x,y))2}.
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