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Testing for Non-Gaussianity on Cosmic
Microwave Background Radiation:
A Review
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Abstract. Cosmic microwave background (CMB) radiation can be viewed
as a snapshot of the Universe 13 billion years ago, when it had 0.002% of
its current age. A flood of data on CMB is becoming available thanks to
satellite and balloon-bormaissions, and a number ofagistical issues have
been raised consequently. A very relevant issue is the characterization of
the statistical distribution of CMB and, in particular, procedures to test the
assumption that the generating random field is Gaussian. Gaussianity tests are
of fundamental importance both to validate statistical inference procedures
and to discriminate between competing scenarios for the Big Bang dynamics.
Several procedures have been proposed in the cosmological literature. This
article is an attempt to provide a brief survey of developments in this area.
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1. INTRODUCTION AND MOTIVATIONS

One hundred years ago we did not know
how stars generate energy, the age of the
Universe was thought to be only millions
of years, and our Milky Way galaxy was
the only galaxy known. Today, we know
that we live in an evolving and expanding
Universe comprising billions of galaxies, all
held together by dark matter. With the hot
Big Bang model, we can trace the evolu-
tion of the Universe from the hot soup of
quarks and leptons that existed a fraction
of a second after the beginning to the for-
mation of galaxies a few billion years later,
and finally to the Universe we see today,
13 billion years after the Big Bang, with
its clusters of galaxies, superclusters, voids,
and great walls. .... As we enter the 21st
century, a flood of observations is testing
this paradigm (Turner and Tyson, 1999).
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It has been extensively argued that a golden age is
beginning for cosmology. This is due to an impressive
combination of theoretical developments and experi-
mental advances. In particular, a fundamental probe
for the physics of primordial epochs is the analysis
of cosmic microwave background (CMB) radiation,
whose existence was theoretically predicted in the late
1940s and then observationally confirmed by Penzias
and Wilson in 1964. Loosely speaking, CMB can be
viewed as a snapshot of the Universe at the time of
so-calledrecombination, which is reckoned to have oc-
curred approximately 3Q000 years after the Big Bang
(i.e., at about 0.002% of the current age). The basic
mechanism for CMB formation can be sketched as fol-
lows. There is now overwhelming evidence that the
Universe evolved from a hot and dense state, where the
temperature was so high that matter was completely
ionized, that is, electrons were not bound in atoms and
thus were scattered continuously with photons; dur-
ing this stage, the Universe was therefore completely
opaque to light. As the expansion went on, the temper-
ature decreased steadily; the energy of photons hence
dropped until it reached a critical value where it was no
longer enough to keep the electrons and protons apart.
Thus electrons were captured into orbits to form stable
atomic nuclei, and photons started to move freely; as
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a first approximation, we can assume they reached thedata sets are already available from balloon-borne
present time without any further interaction with mat- missions, the most important so far being MAXIMA
ter. This stream of photons that permeates the Universghttp://cosmology.berkeley.edu/group/cmb) and BOO-
and reaches the Earth from every direction is the CMB; MERanG (http://oberon.romal.infn.it/fboomerang).
in this sense, the latter can be viewed as a signature of Of course, the correlation function and the angular
the distribution of matter and radiation in the very early power spectrum completely determine the distribution
Universe, and as such it is expected to yield very tight of a spherical random field if the field is Gaussian.
constraints on physical models for the Big Bang. By itself, this provides strong motivation for Gaus-
The photons are distributed over the various frequen- sianity tests. There is, however, much more important
cies according to &lanckian curve, which character-  motivation, concerning the mechanisms that underlie
izes the distribution of radiation emitted by a black the dynamics of the Universe in the tiny fractions of
body in thermal equilibriumThus, the amount of ra-  seconds which followed the Big Bang. There are al-
diation at any given frequency uniquely identifies a ternative models for the latter, the most popular of
corresponding temperature, which we can easily de-which is the inflationary scenario (see Peebles, 1993;
rive from CMB observations. This temperature has a peacock, 1999), which predicts a Gaussian distribution
mean value of about 2.73 K. Fluctuations around this oy the density fluctuations. Alternative cosmological
value are labelled anisotropies in the cosmological lit- theories, such as topological defects or nonstandard in-
erature; this terminology is to some extent misleading, fjationary models, predict other types of behavior, so
because the CMB random field is indeed assumed {0, ssjanity checks are expected to play a crucial role
be statistically isotropic, that is, invariant in law un- discriminating between competing scenarios. Non-
der rotations, and the observed random fluctuations ares qussianities may also have a nonphysical origin, that
just viewed as sample realizations of this random field. is, they might be generated by systematic errors i’n the
The magnitude of these fluctuations is on the orderci\/IB map, such as noise which has not been properly

?r:e%)?; tictgnes :Qdei'(r: t;n deﬁ]n tleTaetéTf;éB:XgStznﬁﬁrsz:r removed, contamination from the galaxy or distortions
yp y in the optics of the telescope. Of course, as mentioned

ofsme_ntlsts (mcludlngthewell k_nown SOV|etphys_|C|st above, a proper understanding of the distribution of
Andrei Sakharov) and first confirmed by the National . . . : :
. . . fluctuations is also instrumental for making correct in-
Astronautics and Space Administration (NASA) satel- . .
ference about the physical constants which can be es-

lite mission COBE in the early 1990s (Smoot et al., . o
1992). Many, if not most, of the greatest challenges timated from _CMB radiation. For these reasons, rece_,\nt
years have witnessed an enormous amount of attention,

of current cosmological research relate to the analy-: . N
sis of the distributional properties of the random field n the astrophysical and cosmological literature, to test-

of CMB fluctuations. The dependence structure of the N9 for Gaussianity of spherical random fields. _
field can be expressed in terms of the angular corre- . OUr aim in this article is to provide a review of this
lation function and its harmonic transform, the angu- lt€rature, trying to point out directions for future re-
lar power spectrum. These statistics are expected to>8arch from the point of view of mathematical and
yield very tight constraints on fundamental issues such COmputational statistics. An impressive amount of bril-
as the large scale geometry of the Universe (in turn ll@ntideas has originated in the cosmological commu-
determining its ultimate fate—perpetual expansion or Nity. However, they mostly have been developed with
recollapse into a Big Crunch), the existence and na- SUrprisingly little connection to the existing probabilis-
ture of nonordinary (baryonic) matter, the existence tic/statistical literature. An enormous amount of work
and nature of vacuum energy, the nature of physicalls heeded to assess their performance, not only from the
interactions at the highest energies (Great Unification Point of view of analytic properties, but often even in
theories) and the shape and mechanisms of primordialferms of Monte Carlo simulations for size and power.
fluctuations that have led to currently observed large The latter task only very recently has become feasi-
scale structure. The ongoing NASA satellite mission ble: the construction of numerical algorithms to sim-
WMAP (http://map.gsfc.nasa.gov) and the forthcom- ulate non-Gaussian spherical random fields of some
ing European Space Agency (ESA) mission Planck physical relevance is by itself a very important topic
(http://astro.estec.esa.nl/index.php?project=PLANCK) for research. Our plan for this work is as follows. In
will probe CMB to an unprecedented accuracy, pro- Section 2, we review some basic facts and notation on
viding a flood of data on the order of several bil- spherical random fields; particular attention is spent
lion observations to address these issues. Preliminaryon the discussion of the two possible representations
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of the random field, that is, in real space or in har- in the mean square sense (see, e.g., Hannan, 1970;

monic space. Section 3 addresses methods and procéAong, 1971; Leonenko, 1999):

dures which focus on the morphological properties of o I

_(3au55|§1r_1 fields, such as thg dlstrlbu.tlon of their max- (1) TO.9= Y amYin®.¢).

ima, minima and saddle points, their local curvature P —

anq the Iength of the boundary be'Fwehm andgold In (1), the triangular array{a;,,} represents a set

regions. Secthn 4 Is concerned with harmonic SPACet random coefficients, which can be obtained from

methods, that is, those procedures _based on harmonlcT(e’ ¢) through the inversion formula

transforms of higher order correlation functions and o

related ideas. Section 5 draws some conclusions and :/ / T 6, 9)Y, 6, ¢)sind do de,

points out directions for future research. To make ref- -7 J0

erences more easily available for the statistical commu-@) m=0,41,.... 4+, [=1,2,....

nity, we have provided the web site locations of several

preprints; in the cosmological community, such web These goefficient_s are zero mean and uncorrelated,;

sites are by far the most popular instruments for spread-N€nce, if7(6, ¢) is Gaussian, they have a complex

ing scientific methods and resullts. Gaussian distribution, and they are independent over

[ and m > 0 [althougha; _, = (=1)"a;,], with

varianceE |aj,|2 = C;, m =0, +1, ..., £[. The index

[ is usually labeled a multipole and, in principle, it
As stated in the previous section, CMB can be runs from 1 to infinity. In any realistic experiment,

represented as a random field®, ¢) indexed by  however, there is an upper limit (which we denote

the unit sphereS?, that is, for each azimuth & by L) on the multipoles we may observe, depending

6 < 7 and elongation & ¢ < 27, T(0,¢) is a real  on the resolution of the experiment and the presence of

random variable defined on some probability space.noise;L is reckoned to be on the order of @00 for

For notational simplicity, we assume tH&t6, ) has ~ WMAP and 15002000 for Planck.

zero mean; physical motivations imply that it has  The sequencéC;} denotes the angular power spec-

finite variance and it is mean square continuous andtrum. We always assume thay is strictly positive,

isotropic, that is, its covariance is invariant with respect for all values of/. The angular power spectrum com-

to the group of rotations. For such fields, it is useful to pletely identifies the correlation structure of a spherical

2. SPHERICAL RANDOM FIELDS

introduce the spherical harmonics, defined by random field. Denote byr = y/(6, ¢; ', ¢) the an-
gle between®, ¢) and(¢’, ¢’), and denote by (v/) =
2+1(1—m)! ET®,9)T (0, ¢") the angular correlation function.
dr (I +m)! We have
Yin©@.9)=1" . P, (cosy) exp(img), form >0, i i Xl: Xl:
L'(y) = EanaimYim 0, ¢)
(_1)mYlf_m (97 (,0), form < 0, 1=1=1m=—lm'=-I
where the asterisk denotes complex conjugation and Ym0, )

P, (cosd) denotes the associated Legendre polyno-
mial of degreé€, m, thatis,

l

Cr Y. Yim®, )Y im0, ¢)
1 m=-—I1

2

m [

P (x) = (=1)™(1 — xz)'"/zd— Pi(x),
dxm

| P

> (2 +1)C;P(cosy),
=1

d' ) ; Az
Pi(x) = WF(X -1,
nax where we have used the identity (Wong, 1971)
m=0,1,2,...,1,1=1,23,.... l
_ 1
A detailed discussion of the properties of the spherical 2 Yim(0,9)Y1m(0',¢") = L bi(cosy).

harmonics can be found in Liboff (1998, Chapter 9) m=—1
and in Varshalovich, Moskalev and Khersonskii (1988, Thus the angular spectrum can be viewed as the
Chapter 5). The following spectral representation holds Legendre transform of the angular correlation function,
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in obvious analogy with well-known results from aim at completeness. Our effort has been to divide
the Fourier analysis of random processes. A naturalthese contributions into two main classes: (1) methods

estimator forC; is that search for non-Gaussianity by looking directly
, at T(0,¢) and (2) methods that search for non-

~_ 1 2 _ Gaussianity by looking at the spherical harmonic

R C==——= > laml®> 1=12..., >S!
2+1 —~, coefficientsq;,,. We label these approaches real-space
o _ _ and harmonic space methods, respectively, and we start

which is clearly unbiased and consistent for> oo; our review with the former class.
see also Wasserman et al. (2001) and Miller, Nichol,
Genovese and Wasserman (2002). 3. REAL-SPACE METHODS

The preceding framework is appropriate for missions We start by considering methods which search for

Wh'Ch provide a full-sky map of CMB radlatlpn. This departures from Gaussianity in real space, that is, di-
IS true for the NASA satellite WMAP, for which data rectly on the observed fielfi(-). Early attempts in this
first were released on February 14, 2003 and muchrection were made by Bond and Efstathiou (1987)
more data are anticipated over the next three years, anding vittorio and Juszkiewicz (1987): the aim of their
for the ESA satellite mission Planck, which is due o \york was to characterize the expected shape of “hot
be launched in ZOQ7 and will provide high resolution spots” (e.g., connected regions where the temperature
data for the following two or three years. Most of s ahove some threshold level) and their correlation
the data Currently available, however, are prOVided by structure under Gaussianity. This approach was gen-
balloon-borne experiments, such as MAXIMA, DASI,  eralized in Novikov and Jgrgensen (1996), where a
BOOMERanG and ARCHEOPS. These experiments detailed analysis of the morphological properties of
observe only a small fraction of the sky, a “patch” two-dimensional Gaussian fields is provided. These au-
of a few degrees width (approximately square regions thors were able to derive an explicit expression for the
with sides on the order of 10-30°). It is thus not density of saddle points, the expected value and the
surprising that many articles so far have adopted thevariance of a Gaussian field around two neighboring
so-called flat sky approximation of CMB. The latter maxima and the expected value of the length of a clus-
can be explained as follows. The observed regions carter of peaks. It was then sugged that these quantities
be considered to be small enough to be approximatedcould be exploited to test for Gaussianity, but no spe-
by a plane tangent to the sphere. The CMB field cific testing procedure was advocated.
is thus defined on an ordinary subset 8 and More recently, Heavens and Sheth (1999) and
the spherical harmonic representation is replaced byHeavens and Gupta (2000) produced exact predictions
standard Fourier methods. The two approaches aréor the correlation function of extrema (maXima and
usually considered broadly analogous and, indeed,Minima) of Gaussian random fields. More precisely,
many equivalence results in the limit where the scale they defined a six-dimensional vectb(®, ¢) by
goes to zero can be proved. Note, however, that some T©, ¢) = (T, Ty, Ty, Too, Toy, Tpy)
differences persist for any finite scale; for instance, the
spherical harmonic coefficients are exactly orthogonal
for a full-sky map, whereas Fourier transforms are not T,=—, a=6,¢
if we exclude the degenerate case of a white noise field. da
From the practical point of view, it is also important and 9
to note that, although the parameter space is typically T, = 3_T
assumed to be continuous, the observations provided da db
by any experiment are pixelized, that is, the observed Explicit expressions for these derivatives can be ob-
field is discretized. In other words, on§(9,, ¢,) on  tained from (1), which yields, for instance,

where

a,b=20,¢.

a finite grid p =1,2,..., N, is observed. A rigor- 3T (0 o Y (6

ous treatment of these issues should include correct al- % => > azm$,

lowance for so-called aliasing effects, but, for brevity’s I=1m=-1

sake, we do not address these issues herein. with similar expressions for the other partial deriv-

Although the literature on Gaussianity tests in a atives. Heavens and Gupta (2000) then considered
cosmological environment is fairly recent, it comprises the 12-dimensional Gaussian zero mean vetites
such a high number of proposals that we cannot (T (61, ¢1)’, T(62, ¢2)") for the covariance matrix for
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which they provided an explicit expression. The cor- These nice properties are not shared, in general, by

relation function of maxima can then be obtained by other statistics that focus only on extrema.

integrating numerically the joint density function, sub-  DCB then proposed a testing procedure based on

ject to the constraint that the two points are maxima, these results. Writep(v) = (p(v), p;(v))’, where

that is, pr(v) and p;(v) are the observed relative frequencies

o 2 of hills and lakes among pixels above the threshold

To=T1,=0. Too. Ty <O. TooTyy = Tj, > 0. As discussed before, their expected valbig(v) is

A heuristic testing procedure was then suggested thatkknown analytically under Gaussianity, up to a single

compares the shape of the expected correlation funcmnuisance parameter to be estimated from the data. Then

tion among maxima with the sample correlation func- consider a grid of threshold values i = 1,2, ...,k

tion evaluated on realizations of Gaussian and non-and compute the chi-square statistic

Gaussian fields. Some exploratory analysis was then

erformed on the power of the test by applying this k P
P P s ponerated b 2o(P) = Ep@)Y @ ) (p(w) = Ep(v).
i=1

procedure over two non-Gaussian maps generated b
cosmic strings models.

More recently, a related approach was advocated byHere, the variance—covariance matfixv;) is defined
Doré, Colombi and Bouchet (2003) (hereafter DCB). by
Choose first a threshold and divide the sphere into N _ _ _ A/
two parts: hot regions, where the random figlgasses Qi) = Elpi) = E(pidHpi) = E(pi)}.
the threshold, and cold regions, whére< v. The hot In principle, Q(v;) can be derived analytically; the
region is also called the excursion set of the fi#fld computations are hard, however, and the authors found
over the threshold (Adler, 1981) or the spherical mea- it more convenient to resort to Monte Carlo simula-
sure of excess of level (Leonenko, 1999, page 164). tions. It was then argued that the distribution of (4)
The insight behind the DCB approach is to consider the should be well approximated by a chi square with
probability distribution not only of extrema, but of all degrees of freedom. Although some exploratory simu-
points in the maps that exceedclassified according lation results in the article showed a good agreement
to their local curvature and for varying values of the with this assumption in the Gaussian case, note that
threshold. The relative abundances of the three typesthe addends in (4) are not independent; indeed, they
of points are then measured and compared with theirbecome closer and closer for higherso that some
Gaussian expected values, which were analytically de-caution is needed with this approximation. With this
rived. More precisely, and maintaining our previous caveatin mind, some exploratory analysis suggests that
notation, we consider the Hessian mat(f¥s}a,p=6.¢- this method can be a useful probe of non-Gaussianity.
which is real and symmetric: denote by and A In particular, DCB considered a linear mixture between
its eigenvalues, which are well known to be real. We g Gaussian map and a non-Gaussian map simulated ac-

call hills the points where both eigenvalues are nega-cording to a cosmic string model; that is, they consid-
tive, lakes the points where they are both positive and ered a map formed by

saddles the points where the two have opposite signs. G cs

It is obvious that the local maxima are a proper subset? (60, 9) =BT, 9)+(1=p)T~>0,¢), B<[0,1],

of the hills and the local minima are a proper subset of whereT®(6, ») andTCS(9, ) represent, respectively,
the lakes, whereas both the observed and the expected 5ussian and a cosmic string field. DCB were then
proportions of the three types of points must sum 10 a6 (g show that a significant value of the chi-square
unity. DCB then provided an expression for the prob- ;; (for @ = 1%) is obtained atg = 0.7, even for
ability that a point above a given threshold belongs to an experiment that observes less than ’1% of the full

any of these three classes. W(_e do not repqrt their ex'sky. As expected, the value of the test rises steadily

plicit result here, but we note its two most important as B decreases to zero. These results refer, however,

features. to a single map; a proper Monte Carlo evaluation of

1. The probhility depends on a single unknown para- power has not yet been provided for this as has been
meter, related to the shape of the spectral density. for related methods.

2. The asymptotic value of the probability for— co Martinez-Gonzéalez et al. (2000) considered two
is independent of any nuisance parameter, that is,different methods to test for Gaussianity in real space.
identical for any Gaussian field. On one hand, they analyzed the curvature and the
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eccentricity of regions around a local maximum of the by morphological we mean the properties which are
field. Simulation results, however, suggest that such ainvariant under translations and rotations, and which
procedure might have very little power against non- are additive. Denote byK“¢ the class of convex,
Gaussian alternatives. Alternatively, they focused on compact sets irR¢, and consider the class of maps
the partition function, intbduced in the cosmological which satisfy the properties of motion invariance and
literature by Diego et al.1999). The partition function  additivity, that is,

is defined as follows. Divide the CMB map into a grid

of cells, each of sizé, and denote byWpoxedd) the T(gK)=T(K),

number of such cells ngeded to cover the map; these  7(x, U Ky) + T(K1N Ky) = T(K1) + T(K>),

cells are labelled by. Define a measurg; () on each

cell, for instance, byt; (8) = 3 pecel |17 (95, ¢p)|. The  where g belongs to the groups of rigid motions
partition function is then defined as (i.e., rotations and translations) &f and K, K1, K>,

K1 U K5 are assumed to be convex sets. Tliegan

be expressed as a linear combination of Minkowski
functionals:

Npoxedd)

Z@@. 5= Y, mi@®)".
i=1

The idea is that variations ové&ishould be sensitive to
the dependence structure of the map, whereas fluctu-
ations ovelg should help to detect skewness, kurtosis
and other non-Gaussian features of the marginal distri- This can be interpreted by stating that all the morpho-
butions. Again, some exploratory analysis is provided logical information of a convex body is contained in
on simulated maps, but a full Monte Carlo study is not the Minkowski functionals (Winitzki and Kosowsky,
yet available. 1998).

Among real-space methods, probably the most pop- For Gaussian random fields, the expected values of
ular set of non-Gaussianity tests relates to Minkowski the three Minkowski functionals can be derived in
functionals, which were introduced into the cosmolo- analytic form. Assuming for simplicity that units are
gists’ toolbox by Mecke, Buchert and Wagner (1994). chosento give a unit variance, and denotingity) the
We mainly follow the presentation of Winitzki and cumulative distribution function of a standard Gaussian
Kosowsky (1998) and Novikov, Schmalzing and variate, they are
Mukhanov (2000); for a probabilistic reference, see

d
T(K)=)Y aiM;(K), «o;€R.
i=0

Stoyan, Kendall and Mecke (1987). To analyze a spher-(°) EMo(v) =1—®(v),
ical map in terms of Minkowski functionals, we con- JT v2
sider again the excursion sets, that is, the map subset) EM;y(v) = 8 exp(—?>,
which exceed a given threshold value. The threshold is 5

" : ) T v
labelledv, as before, and it is treated as an indepen @) EM(v) = vexp(——)
dent variable on which these functionals depend. The V8r3 2)
three functionals of interest then are, up to irrelevant

. where
constant factors, the following.

. . > I(1+1)

1. Area: Mp(v) is the total area of all hot regions, that T= Z(Zl +1)C; 5

is, points on a sphere wheTg#6, ¢) > v. =1
2. Boundary length: M4(v) is proportional to the
total length of the boundary between cold and hot
regions.
3. Euler characteristic: M»(v), a purely topological
quantity, counts the number of isolated hot regions
minus the number of isolated cold regions.

An immediate consequence of (5)—(7) is that, although
the expected value of the first Minkowski functional
is invariant with respect to the dependence structure
of T(.), for the second and third Minkowski function-
als this is not the case and calibration for a given an-
gular power spectrur@; is needed. In practice, the lat-
The rationale behind these statistics can be explaineder is unknown and must be estimated from the data.
from mathematical results in Hadwiger (1959). The Moreover, even for the first Minkowski functional,
idea is to use a completeness theorem to characteriz&nowledge of the angular power spectrum is required
the morphological properties of a spherical map. Here, for a Monte Carlo evaluation of its sample variance.
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This is clearly an important drawback of these meth- a specific alternative is taken into account. Phillips
ods, and significant effort has been undertaken to pro-and Kogut (2001), for instance, considered a class of
vide at least some crude upper bound for the function- pseudo-likelihood ratio tests defined as follows. Let

als’ variance (Winitzki and Kosowsky, 1998). S=(S1,...,5,) beasetof statistics, for instance, the
We note also that if we define, as is usually done, the values of one among the Minkowski functionals, evalu-
empirical distribution function by ated at threshold;, i =1, ..., n. Denote its variance—
N covariance matrix under the assumptirby
1 p
Fn,(v) = N > (T Op. ¢p) <), Qu=En{S—Eu(S)HS — Eu(S)Y
Pp=1 and consider the normalized (pseudo) chi-square sta-
then tistic defined by
Mo(v) =1— Fy, (). Xi =18 = En(S)Y (S — En(9)).

A pseudo-likelihood ratio test for the two competing

Therefore, it seems possible to derive some approx- . : L
hypothese$y vs. H; is then obtained by considering

imation to the asymptotic distribution of the first

. : . T . 1/2
Mlnkowskl functlpnal by taking into aF:count the rich LR(Ho. Hy) = det(Qp,) _}( 2 2 )
literature on empirical processes. For instance, becaus 0, H1 det2y,) 2 \XH1 ™ XHo) (-

the CMB temperature field is known to be character- Und G . . ¢ th ted val
ized by a slow decay of autocovariances (long range nder non-t>aussian circumstances, the expected val-
uesQy, and Ey, (S) are usually very hard to derive

dependence), it seems potentially useful to expand the ; . . )
first Minkowski functional into Hermite polynomials analytically, and their numerical values obtained from

and derive uniform approximations for its limiting be- simulations depend very heavily on the chosen specifi-

havior; see, for instance, Dehling and Taqqu (1989) andcatlons. As such, this approach s highly model depen-

. . “dent and very demanding from a computational point
Doukhan, Lang and Surgailis (2002). Some attention . o i
must be paid, however, to the interpretation of the in- of view. Phillips and Kogut (2001) tookio o repre

. . . . sent a standard Gaussian model, joint with some pre-
dices: in the usual framework, an increase in the num-

. . ) . specified angular power spectra, and téhkto entail a
ber of observationsV,, yields nice ergodic theorems o .10 drexture model alternative. They then focused
and convergence results. Here, Ms grows, we are

: . , i on the third Minkowski functional and on the corre-
smp_ly samp_llng, onafiner grid, the same mean-squar€ation function for extrema under the two competing
continuous field: although, of course, as the informa- gyematives. These authors did not attempt to derive
tion g.rows, no ergodic proper.ty is applicable, .so SOME ihreshold values for LRHo, Hy) by a Monte Carlo ex-
'Cl'irig if ;?y%?f; \;,)vrr(])irl]e;pf%erilr?)?;t?eﬁg{nagtggcagijg-sperime-ntf but rather they performed some exploratory
k ‘ o - analysis in which they claim a detection every time a
totic theory with CMB statistical analysis. , value higher than unity is obtained. The results are in-
Many articles have applied Minkowski function-  teresting, but it is difficult to assess the size and power

als to experimental data. References include Kogutof this procedure and its robustness against departures
et al. (1996) for COBE data, Polenta et al. (2002) for fom the joint assumptions iy and H;.

data from the BOOMERanG experiment, and Komatsu  To conclude this section, we address one more
et al. (2003) for the first release from the WMAP mis- practical issue. As argued extensively, CMB can be
sion; none of these works has detected significant non-characterized as a random field on the unit sphere.
Gaussianities. Note, however, that the most interestingm real-world experiments’ however, the data are pro-
(and popular) non-Gaussian models predict deviationsyided as a time series of signal plus noise. If we de-
from Gaussianity far too low to be detectable from cur- note by (4,, ¢;) the pixel observed at time and we
rently available data, so it is safe to wait at least until takee, to represent a zero mean, covariance stationary
the Planck release (expected in 2008/2009) before anyhoise sequence, we have that the time series of the data
definite conclusion is drawn. can be written asl =T + e, whered = (d1, ..., dy)’,

The Minkowski functionals, and the other ap- T =(T(01,¢1),...,TOn,en)) ande= (eq, ..., en),
proaches so far considered, can be performed with-N denoting the total number of observations. The
out any assumption on the distribution of the random seriesT ande are assumed to be uncorrelated; it is cus-
field under the alternative. Less popular, but still widely tomary to label their corresponding covariance matri-
diffused among cosmologists are approaches whereces asS= ETT’, N = Ee€¢/, andC =S+ N = Edd’.
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Of course, we are interested in the Gaussianity of thewhere the bispectrum is given by

signal, which can be disguised by the distribution prop-

erties of noise. To overcome this problem, Wu et al. (9) Biimalomolsms = E (@1imy QlomyQizms) -

(2001) used principal components as follows. Assume . o

that S and N are known, the former depending on By symmetry of the Gaussian distribution, both (8)

the angular power spectrum of the field, the latter on @1d (9) are clearly equal to zero for centered fields.
the spectral density of noise. In reality, in both cases, Moreover, the assumption that the CMB random field

there are at least many parameters to be estimateds statistically isotropic entails a number of constraints

(for noise, see, e.g., Natoli et al., 2002), but we ne- ON Biymyiom,lsms- INdeed, the latter must ensure that
glect this issue as a first order approximation. Then the three-point correlation function on the left-hand

we formd; = h.d, wherefori=1,2,..., N, h; repre- side of (8) remains unchanged if the three directions
sents the eigenvector that corresponds toi théhigh- vy, U, andWs are rotated by the same angle. Careful
est eigenvalue of the matri¥—/2CN~%2. Wu et al. choices of the orientations allow us to prove that the

(2001) applied these ideas to data from the balloon ex-angular bispectrum of an isotropic field can be nonzero
periment MAXIMA, and focused only on eigenvalues only if the following conditions are met:
larger than unity, thus considering only 639 modes out _ .
of almost 6000 observations. It is then possible to an-4(a) /1. 2 and/s satisfy the triangle rule; </; + I,
alyze the new samplé;, i = 1,2,...,639. By con- for all choices of, j, k =1, 2,3.
struction, the elements of the sample are uncorrelated4(b) /1 + /2 + I3 = even.
that is, independent under Gaussianity. On these ob-4(c) m1 + m2 +m3=0.
servations we can then perform standard tests for in-
dependent and identically distributed (i.i.d.) samples, A .
for instance, a Kolmogorov—Smirnov statistic. By the and sufficient condition f0B;yny/,m,izm; 1O represent
same rationale, Wu et al. (2001) considered other re-th€ angular bispectrum of an isotropic random field is
lated procedures, such as Wiener filtering of the cMB that there exists a real symmetric function/gfly, /s,
signal from a noisy time series prior to implementing Which we denote;,;,;;, such that we have the identity
Gaussianity tests. mymom

Of course, the effect of noise is an important issue (10) Biymatomatsms = Giyiyls Phtals-
for any procedure which is meant to be useful in : m
practical applications. It is important to be cautious, In (10) we used the Gauntlntegr%lzlzl
however, when performing linear transformations on mymams
data prior to implementing a Gaussianity test. These ~ $uii; = /52 Yiymy (W) Yigmy (W) Yigma (V) d W
transformations, in fact, can erase, to various degrees,

More generally, it can be shown that a necessary

32’”3, defined as

non-Gaussian components due to the central limit _ ((211+1)(212+1)(213+1))1/2
theorem. We return to this issue when we discuss A
harmonic space methods in the following section. N L b s

0O 0 O/\m1 mo m3z)’

4. HARMONIC SPACE METHODS

Probably the single most popular approach to the Where the(,,l}l ,,1122 ,,lfs> represent the “Wigner @sym-
detection of non-Gaussian signatures relates to thebols”; see Varshalovich, Moskalev and Khersonskii
bispectrum of the CMB random field. The bispectrum (1988, Chapter 8). It can be shown that the Gaunt
can be viewed as the harmonic transform of the three-integral is identically equal to zero unless conditions
point correlation function, much as the angular power 4(a)—(c) are fuffilled.
spectrum is the Legendre transform of the (two-point) | practice, of course, the bispectrum is not observ-
angular correlation function. More precisely, writ¢ gple. The statistics which are usually considered are the

VU, = (6;, ¢i) fori =1,2,3. We have (observed) angle averaged bispectrum, defined as

ET(W)T (V)T (W3) I I I3
- [ l l
(8) = Z Z Biymtomalgms Yiymy (W1) Biyipls = Z Z Z (ml m2 mS )
I1,l2,l3m1,m2,m3 my=—ly my=—Ilp m3=—I3 ! 2 3

: lemz (IIJZ) Yl3m3 (\Ij3)7 : (a11n11a12n12a13m3)7
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and the (observed) reduced bispectrum, defined as ~ where the weightsy;,;,;, are based on an approximate
12 estimate of the variance of the residual term in (11);
<(211 + D2+ D@+ D) here, we write 8(l1, [2,13) for the set of(i1,[2,13)

4r which fulfills conditions 4(a) and (b). As we mentioned
. <ll Iz 13) B —B in the Introduction, in the analysis of real data the high-
0 0 Q) hkls™ Fhlls est observable multipole must be considered equal to a
the experiment. From physical arguments, KS argued
L& & g that even for an ideal iment logical i
Z Z Z 1 o 3)_y at even for an ideal experiment, no cosmological in-
mi mo m3 ) formation should be expected over the value 3000.

— 1 ol Ma——1 - . . .
T Mam T2 S By an approximate evaluation of the Fisher matrix

The bispectrum has a number of nice characteristics for this regression model and by numerical implemen-
which suggest it is potentially important as a probe of tation for a given set of parameters, KS concluded that
non-Gaussianity. In particular, for some important non- 5 pigh resolution experiment like Planck may be able
Gaussian models, it has been possible to evaluate anay, gistinguish non-Gaussian features dowiftg ~ 5.
lytically the form of the bispectrum up to finitely many  Thjs result rests on a number of specific assumptions
parameters to be estimated, so that a model fit approe}ct&nd approximations, and it is an important research
can be used to test these types of non-Gaussianityyonic 1o validate it either theoretically or by means of
A particularly relevant contribution in this area is the 4 proper Monte Carlo experiment. Also of great im-
article by Komatsu and Spergel (2001), hereafter de-5ance is the analysis of the robustness properties of

noted KS. As in much other related work, in this ar- his model-fit approach in the presence of some mis-
ticle the amount of non-Gaussianity is measured by gpecification either irBlflzls or BII;\L/1213 and taking into

5 .

parameterfy,, such thatfy, x 107> is the ratio be-  j.cqnt the extra variance due to estimated parame-
tween the non—C}aussmn an_d the Gaussian componenty, s From a computational point of view, even a sin-
of the map (which are not independent, though). For 10 oqtimate of the parametefg and A, is very de-

a specific, physically motivated non-Gaussian model, manding, becaus@ (L3) bispectrum values need to be
KS were then able to derive an explicit formula for the calculate’d' a Monte Carlo study is completely out of
bispectrum in terms of parameters which can be esti- reach on a standard computer with the current tech-

mated from the angular power spectrum afid.; we nigues, because the required CPU time is on the order

o ot o o oat. O STl years. Indeca, wnen e WHAP data were
P P made available in February, 2003, KS decided not to

experiments, they also provided an analytic expressmnadOIOt this methodology, because they found it numer-

for the bispectrum for various kinds of noise compo- . . . : . .
. . . ically infeasible. They thus implemented a Minkowski
nents which can partially contaminate the cosmolog- : .
functionals approach on real data (see the previous sec-

ical signal, such as, for instance, instrumental nOise’tion) and a more heuristic method in harmonic space
dust and foreground sources (astrophysical objects P

. ) . that has statistical properties that call for further dis-
E:r?]\gri/r\;gntthgn?(’)\ﬂs?ég\]’:/eestl?hbeeIretglrse;soi:annprcr)]r:)?jﬂéf?%. cussion (Komatsu et al., 2003). The main result is that
- available data suggest thgl,; should not be larger
(11) By = AlBl‘flzl3 + AzB{flzls + el1i5135 than 150. Much tighter constraints are needed, how-
g ever, to bridge the gap between theory and obser-

where e, 1,, denotes a regression residual. Provide . . .
: : yations, because theoretical physicists expect values

the assumptions on the non-Gaussian components ar _
correct, we haved; = A, = 1. The idea is then ©Of /i onthe order of unity or below. _
to implement a regression-based test of the latter 1N€ @pproach by KS can be considered a parametric

assumption, performed on the weighted least Squarefa'[temptto identify non-Gaussian components. As such,

estimates it is clearly very .powerful aga}inst specific departures

from the Gaussian assumption. On the other hand,

A1, A, = arg min Z (§111213 _ Alef1213 this appr_oach relies _heaV|Iy on specific condltlor_ls on
ALA2 | 1 1 1aeB o ls) the physical mechanisms to generate non-Gaussianities

(12) and on a number of other details, including the values

of many unknown physical parameters. It is thus also

— A2BY, )? . . 1S, .
2Biyiia)"/ (Wiato) important to consider methods which impose little
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or no assumptions on the form of the non-Gaussianargued that better statistical properties, in terms of both
alternative. The bispectrum has been widely adopted insize and power, can be obtained by resorting to the
this context as well. Note first that, under Gaussianity, related statistic

o 1/2
the distribution ofa;,, /C;”* does not depend on any 2 -~ 2
nuisance parameter. Hence, the bispectrum can be [Z] 2. (=2log® (T +a)’,
easily made model-independent, namely we can focus tep.Ll
on the normalized bispectrum defined by Whgre ®;(-) approximates the distribution function
~ of I;; and thec; are chosen to make the summands
By i
Iyt = ol mean zero. For a low number of multipoles, thresh-
VCi,C,Cly old values can again be derived by Monte Carlo
It is not difficult to show that Vaili i} = Ay, simulations. Note that we consider only bispectrum co-

where Ay, = 1,2, 6 for the cases where the three efficients withly = Io = I3, an assumption th_at can be_
indexes are all different, two of them are the same, and"€/@xed only at the cost of an enormous increase in
all three of them are equal, respectively. In practice, of COMputational complexity. This was the first method

Courseyllllzl3 is infeasible and it is Usua”y replaced by to detecta Slgnlf!cant non'GaUSS|an|ty.0n eXper!mentaI
the observable statistic data, more precisely, on the observations provided by

the pioneering experiment COBE (Ferreira, Magueijo

Do = §111213 ) and Gorski, 1998). This finding was especially remark-
10213 — ’

—~ ~ ~

e able, because the data from COBE are much less in-
1213 . .
formative than other data from subsequent experiments
see (3). A possible way to test for Gaussianity is then (as mentioned before, the observations are considered
to compare the absolute value Bf;,;, with threshold  reliable only up to multipoles on the order of 20, much
levels in the Gaussian case obtained, for instance, byless than the few hundreds allowed for instance by
Monte Carlo simulations. This idea was pursued, for WMAP) and the resulting level of non-Gaussianity was
instance, by Komatsu and Spergel (2001), who per-therefore several orders of magnitude larger than ex-
formedi = 1,2,...,50,000 realizations of Gaussian pected from the most popular physical scenarios. In
fields and evaluated,;,;, ; for each realization. Then fact, this result was not confirmed by alternative ex-
the normalized bispectrurﬁllzl&COBE also was esti-  periments and many subsequent articles, for instance,
mated from the COBE data, thus obtaining the empiri- Banday, Zaroubi and Gorski (2000), have argued that

cal p values, the detection of a non-Gaussianity in such a case was
50,000, = ~ merely due to systematic errors in the data.
Piiy = 2i=1 Whigls.i > Iipls COBE} Winitzki and Wu (2000) entertained an analytic in-
50,000 vestigation into the properties of the bispectrum at

Note that this approach is computationally feasible Small scales, that is, ds— oo. Their results are pre-
because the resolution of COBE was approximately Sented in terms of the flat sky approximation and
only 7°, so the highest observed multipole was approx- Fourier, rather than Legendre, trgnsforms, but for our
imately L ~ 25 (rather than 50050 for WMAP or purposes they can be summarized as fqllovv_s. For
1500/2000 for Planck). No detection of non- Nigh/, the sample bispectry,;,;, of a Gaussian field
Gaussianity was claimed, but again it is difficult to as- &ré themselves approximately Gaussian and indepen-
sess the power of this procedure, especially for the low dent variables for different values of at least one of the

resolution experiments for which it is computationally tréeindexes, b, /3. Therefore, one can treat them as
feasible. a sample of i.i.d. Gaussian observations and perform

Other authors (e.g., Ferreira, Magueijo and Gérski, sta_ngjard_Gaussianity tests based on s_kewness_, kurtpsis
1998) have used chi-square statistics such as or joint hlgher order momerjtg. The article by Winitzki
R and Wu is analytically sophisticated and presents some
2 1,7 exploratory analysis in non-Gaussian circumstances;
[Z] AT Ay’ the evidenpe provided on _the power of th.is procedure,
" however, is somewhat mixed and certainly deserves
where [-] denotes the integer paffi2/L] is just the more investigation.
number of elements in the sum, as g(,/,1) if and The joint distribution of the spherical harmonic co-
only if it is even. Ferreira, Magueijo and Gorski (1998) efficients for a Gaussian map is also the starting point

(13)
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for an approach proposed by Marinucci and Piccioni spectrum is not negligible, however, in the sense that
(2004) and further developed by Hansen, Marinucci, both the asymptotic expected value and the variance
Natoli and Vittorb (2002) and Hansen, Marinucci and of K:{(al’ ...,ax; r) are affected (see Marinucci and
Vittorio (2003). The idea can be explained as follows. Piccioni, 2004, fork = 1, and Hansen et al., 2002, for
Let us drop, for brevity's sake, the =0 term and con-  generalk). The power properties of these tests also

sider for eactt, the sequences have been investigated: the general outcome is that the
Dlaim 2 Re(a),,) power _of the test is usually (much) Iar_ger_ for= 3
Im = s Mim = , m=12 ... 1 (especially) andk = 2 than for the univariate case
Ci Im(ajm) (k > 4 is almost infeasible from a computational point
Under Gaussianity, it is not difficult to see thii,, } of view). A possible heuristic explanation is as follows.

is a sequence of i.i.d. exponential random variables, For some non-Gaussian models, the marginal distribu-
whereagn;,,} is ani.i.d. Cauchy sequence. The two se- tions of theq;,,’s can be close to Gaussian, especially
guences represent the random (normalized) amplitudedor high values of, because of central limit theorem-

and phases afy,,, respectively. It is easy to implement like arguments. Note that the spherical harmonic co-
a Smirnov transformation and make both sequencesefficients are linear transforms of the observed map;

uniform on[O, 1]: see (2). This is basically the same sort of problem
1 1 that we mentioned in the previous section for filtered
U =1 —exp(—¢m), vm = > + - arctann;,). maps in real space. On the other hand, the joint as-

) _ o sumption that they,, are Gaussian and independent
Itis then natural to propose (possibly multivariate) em- yniquely identifies a Gaussian random field. Therefore,
pirical processes techniques, for instance, considering it s natural to expect that procedures for probing this

KS(o,... o5 1) joir_1t assumption should have sat_isfactory power prop-
erties against a variety of alternatives: see Hansen et al.
AN k (2002, 2003) for more discussion on this point. The
- /L ; Fileg, ... o) = .Ulo‘/ » €=M.¢  same references also address a number of practical is-
- = sues, such as the presence of noise and gaps in the map.
where The idea to probe non-Gaussianity by investigating the
e dependence structure of the random phdsgs also
plo, o) was considered by Chiang, Naselsky and Coles (2001)
1 Ik and Chiang, Naselsky, Verkhodanov and Way (2003).
= —k+1 Z [(cim <01, Clmtk—1 < o), Many other articles have focused on harmonic meth-
m=1 ods to detect non-Gaussian features in the CMB.

c=n,¢. A very technical contribution by Hu (2001) discussed
. . the general form of the four-point correlation function

c .

The asymptotic behavior ok (ca, ..., ak;7) CaN e 4 harmonic transform, the trispectrum. Particular

established rigorously under Gaussianity, and it is im- . L .
. . care is devoted to the determination of an explicit form
mediate to use such results to propose Cramér—\Von

) . for the trispectrum and the analysis of its signal-to-
Mises or Kolmogorov—Smirnov tests. As for other har- . ) . .
. . . noise properties for forthcoming experiments. A ma-
monic space methods, a nice feature of such tests is_ . . . . o .
: : . jor issue in this area is the possibility of making such
that they provide some information not only on de-

o . . procedures computationally feasible, given the enor-
partures from Gaussianity, but also on its location in . ; .
. .~ mous amount of data provided by satellite missions and
the multipole space. There are of course alternative

methods by which the same procedure can be imple_the difficulties in implementing higher order harmonic
. . : transforms.

mented. For instance, there is no need to restrict at-

tention only to adjacent:’s; indeed it is useful also

to consider the joint distribution afy,,, ¢, at differ-

ent multipoles (i.e., for different values o). It is also No definite conclusion can be drawn presently on

worth noticing thaty,, is infeasible, because the angu- the relative performance of harmonic space and real-

lar power spectrum is unknown. It is, however, possible space methods. It is difficult to perform comparisons,

to obtain a feasible statistic by replaciay with C;. because the various procedures require quite different

The effect of introducing an estimated angular power inputs; for instance, all real-space methods require a

5. FINAL REMARKS
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pretty accurate knowledge of the angular power spec-CMB field into spherical wavelets (see, e.g., Barreiro
trum to derive threshold values under the null hy- et al., 2000; Cayo6n et al., 2001, 2003; Martinez-
pothesis of Gaussianity. This is not the case for mostGonzéalez et al., 2002; Aghanim, Kunz, Castro and
harmonic space methods, which can be performed onForni, 2003). The first aim of these articles was the
normalized coefficients and are thus free of nuisanceextension to spherical random fields of the most com-
parameters under the null. A proper comparison, there-mon wavelet bases, such as the Haar basis or the Mex-
fore, requires some preliminary assumptions on the ac-ican Hat; optimality properties were also discussed.
curacy of our estimates for the sequence"pfOn  Gaussianity tests can then be implemented by looking
the other hand, it is known that harmonic space meth- ot the skewness and kurtosis of the spherical wavelet
ods are less robgst in the presence of partially pbserveqandom coefficients. This approach is extremely inter-
sky maps, that is, when there are gaps, for instance esting and promising; the area of wavelet analysis for
due to the presence of the Milky Way and other fore- ¢ certainly deserves a lot of attention from the sta-
ground sources. Again, a number of assumptions arestical point of view, not only as far as Gaussianity is
neeqled here on the po§S|b|I|ty _of filtering out these ;oncermed but also in connection with other statistical
spurious effects in realistic experiments. Another prac- s e |n this article, however, we avoided a full dis-
tical Issue relates to J.[he EﬁeCt,Of instrumental noise, cussion of the wavelet formalism on spherical surfaces
the statistical properties of which are by themselves for brevity's sake. We refer to a very recent work by
a very important area for theoretical and applied re- Aghanim et al. (2003) for a nice introduction to this

search. More importantly, the power of the different . . ,
. area of research and some numerical comparisons with
procedures clearly depends heavily on the nature of the .
: L other procedures we have discussed.
non-Gaussian alternative; there are models where non- X o
We conclude by noting that a major issue, on the

Gaussianities produce stronger effects in pixel space : . -
and other models where the reverse is the case (Segorder between physics and computational statistics,

Hansen et al., 2002, 2003). In general, there is no doubt'S the numerical generation of non-Gaussian maps. Of

that any empirical analysis must resort to a combina- COUrse, itis not hard to make a map non-Gaussian, for
tion of different methods to produce reliable results.  Nstance, by simply squaring and centering its value

With these caveats in mind, it is still possible to pilxe! py pixel. However, this is ofillttle, if any, practical
have some preliminary indication of the relative per- significance. There _have been_lntergstlng attempts to
formance of the various procedures. Among real-spaceProduce non-Gaussian maps with a given spectrum and
methods, the first Minkowski functional seems to rep- Pispectrum; see, for instance, Contaldi and Magueijo
resent a valuable option, because it is less sensitive(2001). The resulting maps, however, do not corre-
to the specification of the correlation structure and spond strictly to any viable physical alternative. Algo-
presents good power properties against a wide vari-fithms to implement non-Gaussian full-sky maps with
ety of alternatives (Cabella et al., 2003). Among har- physical meaning are currently being studied (Bartolo,
monic space methods, there is some evidence that théatarrese and Riotto, 2002). In the near future, such
bispectrum may have little power against generic alter- maps will provide an important benchmark for com-
natives (Gangui, Pogosian and Winitzki, 2002; Cabella parison of different testing procedures.
et al., 2003). On the other hand, this statistic is at
present the most promising as a match filter for specific ACKNOWLEDGMENTS
non-Gaussian models (Komatsu and Spergel, 2001, _ _
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