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1. Introduction

In two recent papers, [8] and [9], the problem of survival analysis on a gen-
eral complete separable metric space was approached from the point of view of
set-indexed martingales (cf. [6]). The goal of these papers was to build a mathe-
matical structure that would handle data on general spaces (including, but not
limited to d-dimensional Euclidean space) subject to very general types of cen-
soring mechanisms. In particular, the cumulative hazard function was defined on
a class of sets, and a corresponding Nelson-Aalen-type estimator was proposed.

In [8], the censoring mechanism in a set-indexed framework was defined by
introducing the concept of a stopping set, a random set with a particular kind
of measurability. The stopping sets acted as windows, since we could observe
the data points only through them, and they permit the consideration of more
sophisticated censoring schemes than the usual multivariate generalizations of
right-censoring; however, the stopping sets were still restricted to certain shapes.

The theory of stopping sets was expanded to more general random sets called
anti-clouds in [9]. The name is inspired by the example of aerial photography,
where pictures are taken from high in the air and clouds may interfere with
the observation of whatever the subject of interest is. Anti-clouds, then, are
the complement of the clouds: the regions where we can actually observe the
data points. The difference between stopping sets and anti-clouds is, quite sim-
ply, that anti-clouds have virtually no restriction on the shape they can take;
obviously, this makes for much more realistic censoring schemes.

The measurability requirement imposed on these random sets allow one to
apply the theory of set-indexed martingales as developed in [6] to produce a set-
indexed Nelson-Aalen estimator for the cumulative hazard on a general complete
separable metric space in the presence of generalized censoring. In the case of
censoring by stopping sets, consistency and asymptotic unbiasedness of the es-
timator, as well as asymptotic normality of its finite-dimensional distributions,
are proven in [8]. The Nelson-Aalen estimator in the presence of censoring by
clouds presented more of a challenge, due to the general geometric nature of the
clouds; nevertheless, the estimator was shown to be consistent and asymptoti-
cally unbiased in [9)].

Unfortunately, there were still some gaps in the general theory. Aside from the
lack of a functional central limit theorem for the general estimator of [9], there
remained a critical problem limiting the applicability of the estimator. As will
be seen subsequently, a process needed to construct the Nelson-Aalen estimator
may not be observable under some common data structures. In practice, this
could render the estimator unusable much of the time.

Our first goal is to address the observability problem and produce a working
estimator for the cumulative hazard, while still preserving the general censoring
model of [9]. It happens that the root of the observability problem lies in the
measurability requirement of the anti-clouds. By asking for a slightly weaker
measurability condition, it is possible for us to achieve our objective. We call
the new kind of random set that came from this modification a *-anti-cloud. If
the complements of these sets, the *-clouds, act as the censoring in the survival



A. Carabarin Aguirre and B.G. Ivanoff/Multidimensional hazard estimation 351

model, then we are always able to construct a Nelson-Aalen estimate that can
be observed.

Our second goal is to prove a functional central limit theorem for the Nelson-
Aalen estimator under generalized censoring on Euclidean space. In this case,
we can also establish the validity of bootstrap procedures.

It should be pointed out that various estimators for the cumulative hazard
have been proposed for bivariate data under right censoring. However, for the
most part they have been designed en route to producing a Kaplan-Meier-type
estimator for the survival function. Unfortunately, in higher dimensions the rela-
tionship between the survival and the hazard functions is not as straightforward
as it is in one dimension. In two dimensions, for example, the survival function
is determined by the hazard and both marginal distributions. For a good exposi-
tion of the representation of a bivariate survival function S in terms of the hazard
and the marginals, we refer the reader to [5] or [10]. Usually, one-dimensional
Kaplan-Meier estimates are used for the marginal survival functions; what will
change is the way the hazard is estimated. As Kalbfleisch and Prentice explain in
[10], the simplest of this type of estimator is due to Bickel, who uses the ratio of
the number of failure points that were uncensored in both components at (¢1, t2)
to the number of pairs at risk at that point. The Dabrowska estimator and the
Prentice-Cai estimator represent attempts at improving this approach, by con-
sidering not only the ratio of the number of double failure times to the at-risk set,
but also the ratio of the number of failures on one coordinate when the other is
still alive to the at-risk set. Lastly, Pons proposed a martingale-based estimator
of the cumulative hazard of two right-censored survival times in [11], which she
then used to produce a test for independence of the two survival times by com-
paring it to the product of the usual one-dimensional Nelson-Aalen estimates of
both marginal cumulative hazards. However, her model required independence
of the components of the survival time.

All of the preceding estimators depend strongly on the structure of Euclidean
space and as well on the censoring mechanism, which is generally assumed to
be right censoring of each component of the data point separately. The ad-
vantage of the martingale methodology used here is that it provides a unified
and versatile approach to hazard estimation; in particular it is applicable to
both Euclidean and non-Euclidean spaces, and may be applied to very general
censoring mechanisms.

In this paper, for clarity we will restrict our attention to d-dimensional Eu-
clidean space. All of our applications and examples illustrating the problem
of observability are for two-dimensional data sets, and our theorems on the
asymptotic behaviour of the Nelson-Aalen estimator are stated for Ri—valued
observations. However, even in this familiar framework our results are new, since
the censoring mechanism is completely general. Details on the extension of the
model to non-Euclidean spaces are available in [2]. Furthermore, while this pa-
per focusses on the theoretical aspects of the estimation problem, the practical
utility of our approach is illustrated in [3], where the set-indexed hazard esti-
mator is used to analyze a bivariate medical data set involving subjects with
cardio-vascular risk factors.
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We will proceed as follows. In §2 we provide the mathematical framework
for our model. We develop the notion of the x-anti-cloud and show that certain
martingale properties are preserved under filtering by this more general censor-
ing mechanism. In §3, the observability problem of the original Nelson-Aalen
estimator is discussed. The results of §2 allow us to redefine the Nelson-Aalen
estimator of the cumulative hazard under censoring by *-clouds. We present
several examples to illustrate how our new estimator can be used to circum-
vent the observability problem through a transition from the anti-cloud model
to the #-anti-cloud structure. The price we pay is a possible loss of previously
uncensored data that will now need to be discarded. In §4 we show that the
Nelson-Aalen estimator satisfies a functional central limit theorem. These re-
sults are applied in §5 to show how the Nelson-Aalen estimator can be used
to develop various tests involving the dependence structure of the underlying
distribution. The validity of bootstrap methods is established in each case.

Most of these results can be found in additional detail in [2] (the doctoral
thesis of the first author), where estimation of the distribution and survival
functions is also considered.

2. Framework and definitions
2.1. The set-up

By restricting our attention to Euclidean space, the framework we will be using
is a particular case of that used in [2, 6, 8] and [9]. Let T' = [0,r] = Hf[(),ri]
denote a compact rectangle in Ri and let B denote the Borel sets of T'. Without
loss of generality, we will usually assume that 7' = [0,1]¢, For D an arbitrary
subset of T', let Tp be a countable dense subset of D. We will use ‘C’ to indicate
strict inclusion; moreover, D denotes the closure and D° denotes the interior of
D. The usual partial order on Ri will be denoted by ‘<’: s = (s1,...,84) <
(t1,... ta) =t s; <t,i=1,....d. Ifs; <t; Vi=1,...,d we write s<<t. The
‘past’ of t € T'is Ay :={s € T : s <t}, the ‘future’ of t is By :={s €T :s> 1},
and the ‘wide past’ of t is Dy := {s € T : t<&s} = (EY)".

Definition 2.1. Let (Q2, F, P) be any complete probability space. A filtration
on T is a class of complete sub-o-fields of F, {F; : t € T} such that

e If s <t, then Fs C F; Vs, t €T.
o Fi =), Fy, for any decreasing sequence (¢;) in T such that ¢; | t. (Con-
tinuity from above).

We will refer to (2, F, P) = (Q,F, P; Fi,t € T) as a filtered probability space.

We can think of F; as the history at ¢ (or the information available in the
past of t). The ‘wide’ history (the information available in the wide past of ¢) is
defined by

-7:: = \/SEDt]:s-

All processes will be indexed either by 1" or by 3. We generally use the nota-

tion X (¢) for a T-indexed process, and X 4 for a B-indexed process. Clearly, any
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B-indexed process X can be identified with a T-indexed process: X (t) := Xa4,.
Conversely, any T-indexed process Y has a unique extension to an additive pro-
cess on the class of left-open right-closed rectangles C := {(s,t] = Hf(si, ti];s <
t € T} via the usual sort of inclusion-exclusion formula. We say that Y is
increasing if each sample path of Y is continuous from above and satisfies
Yo(w) > 0 VC € C for every w € Q. If YV is increasing then Y can be uniquely
extended to B as a measure-valued process; the same is true if Y is the difference
of increasing processes.

Definition 2.2 (cf. [9]).

e Given a filtered probability space, a T-indexed stochastic process ¥ =
{Y(t) : t € T} is said to be adapted if Y (t) is Fi-measurable for every
t € T. A B-indexed stochastic process X = {X4 : A € B} is said to be
adapted if X 4, is Fi-measurable for every t € T.

e A B- (respectively, T-) indexed process X is said to be integrable if
E[| Xa|] < o0 VA € B (respectively, E[| X(t) |] < oo Vt € T).

e A T- or B-indexed integrable process M called a strong martingale if it is
adapted and for any C' = (s,t] € C, E[M¢|F:] = 0. If the process M is
not adapted, it will be called a pseudo-strong martingale.

e A process X is called a x- compensator of the process X if it is increasing
and the difference X — X is a pseudo-strong martingale.

Before moving on to adapted random sets, we should note that although we
are restricting ourselves to a compact set T, all of the definitions and develop-
ments throughout this work can easily be expanded to Ri using the structure
found in Definition 2.1 of [§].

2.2. Clouds and *x-clouds

We begin with the definition of an adapted random set, a notion that was first
introduced in [9]. Recall that a closed set D C T is a domain if D = D°. Let K
be the class of domains D in T' whose boundaries 0D have Lebesgue measure
0, and let £ be the class of open sets that are complements of sets in /.

Definition 2.3. A random set 7 : Q@ — B is an adapted random set if for any
teT, {w:tenw)} e F.

e An adapted random set p taking its values in £ is a cloud.
e An adapted random set £ taking its values in K is an anti-cloud.

We now define a new class of random sets, the so-called x-adapted sets:

Definition 2.4. A random set 7 :  — B is a *-adapted random set if for any
teT,{w:ten(w)}erF;.

e A x-adapted random set p taking its values in £ is a *-cloud.
e A x-adapted random set £ taking its values in K is a *-anti-cloud.
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The following theorems were proven in [9] for anti-clouds. We give the state-
ments for x-anti-clouds; the proofs are analogous to their anti-cloud counter-
parts. For details, see [2]. We recall from the definition of an increasing pro-
cess that if X is increasing, it can be extended as a measure to . Therefore,
Xe(w) 1= X¢(u)(w) is well-defined for any anti-cloud or *-anti-cloud.

Theorem 2.5. Let X be an increasing process (or the difference of two increas-
ing processes) and suppose that £ is a *-anti-cloud. Then for any A € B, both
Xane and Xanoe are random variables.

Now we deal with the filtered process Xi = X¢na.

Theorem 2.6. Let & be a x-anti-cloud and X =Y — W, where Y and W are
increasing processes such that Ype = Wye =0 a.s.

1. If X is a (pseudo)-strong martingale, then X¢ is a pseudo-strong martin-
gale.
2. X& will not generally be adapted, even if X is.

3. Hazard estimation and observability
3.1. The Nelson-Aalen estimator

The model is the same as the one in [8] and [9]. Assume that (€2, F, P) is a com-
plete filtered probability space. Let Y : 0 — T be a T-valued random variable,
and p(B) = P{Y € B} its distribution. The survival function associated with
Y is S(t) = p(E;). We assume that p is absolutely continuous with respect to
Lebesgue measure and denote by ,u/ the Radon-Nikodym derivative of p.

Definition 3.1. e For t € T, the hazard function of Y is h where
0,
h(t) = —=.
(t) S
If S(t) =0, h(t) is defined to be zero.
e The integrated hazard function of Y is H where

Hy = / h(u)du for any A € B.
A

Let N = {Na, A€ B} = {I{yecay, A € B} be the single jump process associ-
ated with Y and F¥ = {F} ,t € T} its minimal filtration: 7} = o{Np : B €
B,B C A} U{Py}, where Py is the class of P-null sets. This filtration is in fact
continuous from above, as was proved in [7]. N is increasing, and it was proved
in [8] that it has a *-compensator:

Proposition 3.2. (/8], Proposition 2.9) The process N defined by

Na= [ wB) 0 = [ hwdu= [ Iyep bl
ANAy ANAy A
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s a x-compensator of the process N with respect to its minimal filtration, where
Ay (w) = Ay ().

Suppose we have a T-valued random variable Y whose associated single jump
process N is adapted to a filtration F, as well as an F-*-cloud p with correspond-
ing x-anti-cloud & = p°. The filtered jump process N¢ = Iy cen.y corresponds
to observing occurrences of Y only on the complement of the *-cloud; then we
can say that N has been filtered by the *-cloud p.

Example 3.3. This example shows that our framework includes the usual bi-
variate censoring model, as presented in [11]. We assume that T = [0, 1]? (or
any bounded rectangle in R2). Let Y = (Y1, Y5) € [0, 1]? be a two-dimensional
failure time on a filtered probability space (2, F, P), and suppose that F satis-
fies F) C Fy for every t € [0,1]2 Let t = (t1,t2) € [0,1]% F\V =V, Fiera)s
fg) =V, Fty.t2), and let 7 = (71, 72) be a two-dimensional censoring time,
where 7; is an }'(i)—stopping time for ¢ =1, 2.

Suppose we can observe Y A1 = (Y1 A7y, Y2 ATo) and Iy, <3, % = 1,2. Now
we can express everything in terms of sets, letting A; = [0,¢], and & = [0, 7].
The random set ¢ is a *-anti-cloud, since

{te&t={(ti,t2) €[0,m]x [0, 7]} = {t <m}N{t2 <} € F 0 F C F7.
Finally, the counting process of censored times is

N&(t) = Nf;t = Iy ar<t,yi<m,Yo<m} = I{vea,ne}-
O

In what follows, if £ : Q@ — K, let F¢ denote the minimal filtration with
respect to which £ is a x-anti-cloud.

Definition 3.4. Let Y be a T-valued random variable and let FY be the
minimal filtration generated by its associated jump process N. Let F be a
filtration such that F z/ C Fy VvVt €T and let € be an F-*-anti-cloud. £ is

1. weakly independent of Y if the *-compensator of N with respect to F is
the same as the x-compensator with respect to FY ;
2. independent of Y if Y is independent of F¢ and Fy = FY Vv FS, vt € T.

The following lemma is an immediate consequence of Theorem 2.6.

Lemma 3.5. Suppose that & is a *-anti-cloud, that Y and & are weakly in-
dependent and that the filtration F satisfies Fy = .7:2/ \% .7"%, vVt e T. If N is
the single-jump process associated with Y, then (N — N)& is a pseudo-strong
(F-)martingale.

Now we are able to define the Nelson-Aalen estimator of the integrated hazard
function using filtered data. We will use definitions analogous to those in [9].

Henceforth, we assume that we have a sequence of i.i.d. T-valued random
variables (Y;) with the same distribution as Y, as well as a sequence (§;) of
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s-anti-clouds independent of the Y;'s. Define the following processes: for A € B
and t € T,

N1(4n) = ZI{EGA};
i=1

Zn(t) = ZI{YieEt}I{tegi}a (1)
i=1

)

NY = [ Zawhwt,
A

n -

N = Y Ivieanc)-
i=1

By independence and Lemma 3.5, N(n) is a *-compensator for N (")5, and
the B-indexed process

M) = NE _ / Zo(6)h()dt (2)

is a pseudo-strong martingale with respect to F, the minimal filtration generated
by the sequences (Y;) and (&;). Since

N (dt) = Zo (Oh(t)dt + M™ (dt),

regarding M (™) as noise, we come to a set-indexed version of the Nelson-Aalen
estimator for H 4:

. (m)t
A= [ - Y @ 0

) {i:Y;€ANE; }
We observe that H 1(4") —Hy={ A %((td)t); the following is analogous to Propo-
sition 4.5 of [9]; for details, see [2].

Proposition 3.6. H™ — Hisa pseudo-strong martingale.

3.2. The observability problem

The Nelson-Aalen estimator defined in (3) is identical to that introduced in [9],
with the exception that in [9] it was assumed that £ is an anti-cloud. We will
now explain the reason for incorporating the more general censoring mechanism
(#-clouds) into the survival model.

Example 3.7. Ideally, we would like to have all the information regarding the
events in F; at time t. Unfortunately, this is generally not possible in practice,
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§C

Fic 1. The observability problem: we don’t know whether Y € E.

and we have to settle for somewhat more limited information. Specifically, if £
is a fully observable anti-cloud, typically we may only be able to observe

Hi = o{liyeaney, I{scey : AC Dy, s € Dy} C F.

We need the event Iy ep,yI{tcey to be observable in order to construct the esti-
mator for the integrated hazard function. But the problem is that Iy cp, ) f{reey
is not ‘H;-measurable, and so the estimator cannot be used. Indeed, suppose t € £
and D;NEC # (. If Y is not observed in D; N¢E, it is impossible to know whether
Y € D;NE°or Y € Ey. This situation is illustrated in Figure 1.

To correct this, we can define £*(w) = {t : D:NE°(w) = B}. £ is a x-anti-cloud,
since {t € £} = {DyN& =0} = {Ds C €} = Nyp {3 € &} = Naery, {5 € €} €
H; C Fy, recalling that Tp, stands for a countable dense subset of D;. Figure 2
pictures the x-anti-cloud £* corresponding to the anti-cloud ¢ in Figure 1.

Now consider Ity cp,yI{iee~y- We have that if £ € £*, then Dy C &, and so

{YeE}n{tec} = {YeD}n{tec}
{YGDtﬂf}cﬂ{tef*}th.

This means that Ijycp, ) {tee+) is Hi-measurable and hence observable, and
now we are able to calculate the estimator.

Of course, there are instances where it is not possible to observe Ij;c¢y when-
ever the observation Y happens before time ¢; in other words, when the anti-
cloud is not fully observable and Y € A,. In this case, the information available
up to time t consists of

He = o{l{yeaney: Iiseenmey © AC Dy, s € Dy} CFy;

nevertheless, we can still observe the event Iyycp,y/fice+y: indeed, using the
fact that {Y € Ei} = (e, {s € By} and {t € £} = N,op {5 € {}, we have
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g*

Fia 2. The resulting x-anti-cloud £*.

that

(YeE}n{tee}= (] (seEsin{seeh)= (| {s€Ey N e,

SGTDg SGTDE'

This example demonstrates that an estimator can always be constructed, but
in some sense it would be a worst-case scenario: we observe that the move from &
to £* as defined above may entail articially censoring observed values of Y that lie
in &\ £*. Therefore, in practice, we should examine each information structure
closely to determine whether the Nelson-Aalen estimator can be constructed
using the anti-cloud £ (cf. Example 3.10), and if not, how best to define an
appropriate anti-cloud that censors as few observations as possible. This will be
illustrated in Example 3.9. O

Example 3.8. We now consider a generalization of Example 3.3. Again, assume
that T = [0,1]%. Let Y = (Y1,Ya) € [0,1]? be a two-dimensional failure time
on a filtered probability space (Q, F, P), t = (t1,t2) € [0,1]? with F} C F; for
every t € [0,1]% and fg:) as in Example 3.3 for ¢ = 1, 2; but instead of having
a single two-dimensional censoring time, we will consider a finite sequence of
f(i)—stopping times 0 = M1 < vi1 < Mio <o < oo < Mgy < Vi, for i =1, 2.
Let s = (s1,52) and u = (uy,u2) and suppose we can observe

He = {I{K-Ssl-,YiGU:il[mJ‘M‘j]}’ Iviewiymigi)mign<u} 2 S € Ay i =1,2}
An illustration of this kind of situation can be seen in Figure 3. This scenario

could arise in a laboratory, where test animals are under continuous observation
during the day, but not at night.
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L1 R
_— L1l LIl
C_”Z__-_§nmnir—-—Z-—JmIxa;g3 =
V22 Tt Tt
L1 R
L1 R
L1 R
L1 R
L1 R
22 T Y i =4 H -
C - —_—_-_I''»iI--—-“"31334<=
C ___~_©Hh#aIr-_Z-J304904d:cZ
Vo1 ] | |
L1 R
L1 R
L1l LIl
Vi1 M2 V12 m13

Fic 3. We can observe the failure times in the unshaded area.

Let & = {UjL, [mj, vis] x Uj21 025, v25]}. We have that

ni n2

{tee} = {(tr,t2) € JImg vas) x Jn2s vesl}

Jj=1 Jj=1

= {tr € Ulmj v} n{ta € (J 02y w251}

j=1 j=1

= (ULt € gm0 (Y {E2 € 2, v251})

Jj=1 j=1
e FYerlcr,

so §* is a *-anti-cloud. Then I{ycp,l{ce) can be observed and we get our
estimator for the integrated hazard function. O

Example 3.9. Once more, assume that 7' = [0, 1]2. Suppose now that we have
a sequence of i.i.d. T-valued random variables (V;) = (Y7 ;, Y2,;) with the same
distribution as Y, as well as a sequence of i.i.d. [0, 1]-valued random variables
K1, < kg fori=1,2,.. .. Define the filtration F7 "™ = o{I{x, <5}, Ifro <s1} -

s1 < t1}, and let Fltots) i= '7:2;17152) v }-';17“2’ as well as _7-'%) = \/t2 F(t1,t2)5

.7:1(55) = \/t1 f(tl,tz)- Let pi = {(tl,tg) PR < t1 < K24, t] < tg <11+ C}
represent the censored region, where ¢ denotes a constant. Then it is easy to see
that p; is a sequence of *-clouds, since the x;; are stopping times. This kind of
data structure can arise when, for example, Y7 is the age of start of pregnancy
and Y is the age of onset of a disease such as tuberculosis. At k1, it is found
that the test used for diagnosing the disease is dangerous for a pregnant woman,
so once the pregnancy starts it becomes impossible to diagnose that disease for
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K1 K2
F1G 4. The regions p and p*.

the next nine months. At time ko though, a new safe test becomes available and
the times of onset of the disease are no longer censored. See Figure 4.

In this case, we would censor the pairs (Y7, Y2;) on the extended region
fz‘c = p;‘ = {(tl,tQ) DRy <t < Koy, t1 < ta < Koy +C} U {(tl,tQ) :
t1 < K14, K14 < t2 < K2, + ¢} in order to be able to observe the indicators
Iiye Et}I{tegg‘} needed to obtain the Nelson-Aalen estimator, as illustrated in
Figure 4. Note that p is also a sequence of *-clouds, since all the endpoints of
the intervals in the definition of each p; are stopping times with respect to both

7 i(fi) and 7 i(fi)? hence
* F 1 F 2 : F 1 F 2 F*
{(tla t2) E p’L} E 1(51) ® 1(52) — 1(51) \/ 1(52) (tl,tg)'

The censored region defined by p* is clearly much smaller than the #-clouds of
Example 3.7, and would result in less lost data. O

Example 3.10. There are examples that fit the original censoring model of [9]
when T' = [0, 1]%. Suppose that ¢ is an anti-cloud which is a lower layer (L is a
lower layer if ¢ € L implies that A; C L) and that we can observe

He = {I{Yiﬁsi}aI{uef} ss,u € Ay i = 1,2},

where Y = (Y1,Y2), s = (s1,52). Since { is a lower layer, Ijyecp, 1 teey =
(1 = Ipyy<ey)(X = Ipyvp<ny ) geey € Hy, and the anti-cloud ¢ itself may be used
in (3). An application of this model to the analysis of a medical data set in given
in [3]. O

4. A functional central limit theorem

In this section, for clarity of exposition we will assume that 7' = [0, 1]2, but all
results can be extended to bounded rectangles in R%. Our objective is to prove
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a functional central limit theorem for the T-indexed process
U™ = (A — Ha,).

We will use the functional delta method, for which [13] is an excellent reference.

Throughout this section, we will make extensive use of the following nota-
tion. If X is an arbitrary set, then the Banach space [°°(X) is the set of all
functions f: X — R that are bounded uniformly and equipped with the norm
|l fIl = sup, | f(z)|. C[0,1]? denotes the continuous functions, and D[0, 1]* is the
Banach space of all functions f : [0,1]? — R continuous from the upper right
quadrant and with limits from the other quadrants. Both €10, 1]* and D[0, 1]?
are equipped with the uniform norm. Finally, BVj,[0, 1]? denotes the space of
all functions in D[0, 1]? with total variation bounded by M. Products of these
spaces will always be equipped with a product norm.

The next lemma will be used in the proof of the functional central limit
theorem. It is a two-dimensional version of Lemma 3.9.17 in [13], and since the
proof is similar, it will be omitted.

Lemma 4.1. For each fized M, the maps ¢ : 1°°[0,1]? x BVj/[0,1]> — R and
¥ 1°°]0,1]% x BVar[0, 1] — D[0, 1],

$(A,B)= | AdB, Y(A,B)(t)= | AdB (4)
(0,1] (0,t]

are Hadamard-differentiable tangentially to C[0,1]?> x D[0,1]? at each (A, B) in
1°[0,1]* x BVar[0,1]* such that [ |dA| < oo, and the derivatives are given by

mﬁ@m:/ﬁw+/w3 mﬂ@m@—(wAw+Aﬂwa

where [ Adf is defined via the two-dimensional integration by parts formula
found in Theorem 8.8 of [4] if B is not of bounded variation.

Before moving on to the central limit theorem, we have to make some as-
sumptions that will allow us to apply the delta method to our processes.

Assumption 4.2. P(t € &) is continuous int € T and there exists € > 0 such
that P(t € £) > € for every t € T. For all s,t € T, P(s € ) — P(s,t € §) <
K |s —t|, where K is a constant and |-| denotes the Euclidean norm.

The preceding assumption is quite natural: any point has a positive proba-
bility of being uncensored, and given that a point is uncensored, it is likely that
nearby points are uncensored as well.

Assumption 4.3. The survival function S satisfies a Lipschitz condition of
order 1.

Assumption 4.4. If S(1,7) > 0, then g(-) := (S(-)P(- € €))~! is of bounded

variation on [0, 7]?.
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The following functional central limit theorem is the main result of this arti-
cle.

Theorem 4.5. Under Assumptions 4.2, 4.3 and 4.4,
1 1
(J220) - B0, =75~ BVS ) ) = (AT)

where A and T are tight Gaussian processes on C[0,1]? and D[0, 1]? respectively.
Moreover, U™ = \/ﬁ(ﬁg") — Hp) = G in 1°°[0,7)? for every T such that
S(r,7) > 0, where G is a mean-zero Gaussian process such that fort € T,

dTl (u) A(u)h(u)
0,0 S(W)Puwe&)  JigySu)P(uel)

The first term in Gy is defined by integration by parts.

Gt = du.

Before proceeding with the proof, we make a few observations and prove
a lemma that will be required. The statement of the CLT is very similar to
Example 3.9.19 in [13]. One of the differences, obviously, is that we are working
on two dimensions instead of one. However, the major difference resides in our
censoring mechanism and the information we are provided with; a consequence
of this is that Z,,, the survivor function process, will not be in D[0, 1]2. This
lack of sample path regularity necessitates Assumptions 4.2 and 4.3 above, which
yield the following lemma and its corollary:

Lemma 4.6. Under Assumptions 4.2 and 4.3, the sequence of processes Dy, (t) :=

%E[Zn(t) — E(Z,(t))] converges in distribution in [°°[0,1]? to a tight Gaussian
process A taking its values on C|0,1]?.

Proof. Let Wy = Ijycp,y and V; = Ijeey. Note that Assumption 4.2 implies
that E|V; — V5| < 2K |t — s/, since

E|V; ~ Vil = Ellyeey — Ijseey| = P(t € €5 € €) + P(s € &, € ).
Then we have that

E|I{Y€Et}j{t€§} Iiyepaiseey|)
E[E(|W,V; — W, Vs|)|[We, W
BV = Vs|[[Wy =W =1 P(W, = W =1)
+ E[Vi) W =1, W, =0] (Wt—l W =0)
+ EVeWy =0,W, =1]P(W; =0,W, =1)
< 2K |t—s]S(sVt)+ P(te&)(S(t) —S(sVi))
+ P(s€&)(S(s) — S(s Vi)
< K|t
for some constant K*, where the first inequality follows from the independence
of the processes V and W and the observation at the beginning of this proof; the
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second is a consequence of Assumption 4.3. But by a nearly identical argument
to that in Example 2.11.14 in [13] -we use two-dimensional blocks instead of
closed intervals- this implies that the sequence of processes defined by

% ;I{mem}f{tegi} —nS({H)P(tef)| = %[Zn(t) — E(Zn(1))] = Dn(1)

converges in distribution to a tight Gaussian process A on [°°[0, 1]2. Continuity
of A is a consequence of the fact that E|Dy,(s) — Dy (t)|* < Ki|s — t| for some
constant K1 < oo (cf. [13], pg. 41): from Assumptions 4.2 and 4.3, we have that

E|D,(s) — Dn(t)]? = S(s)P(s € &)+ St)P(t € ) —25(s Vt)P(s,t € )
—[S(s)P(s € &) = S(t)P(t € £))?
= [S(s)P(s € &) —S(s Vt)P(s,t € §)] + [S(H)P(t € §)
—S(sVt)P(s,t € &) = [S(s)P(s € §) = S(t)P(t € &)
S(s) = S(s V)]P(s € §) + [S(t) — S(s V)| P(t €§)
t)[P(s €& — P(s,t €8]
[P(tel) —P(s,teg)
s€&)—St)P(t el

I
—

) =
S(sV
S(

sV

e

—[S(s)P
Kl |S — t| .

IN

Corollary 4.7. Under Assumptions 4.2 and 4.3

Zn(t
sup (t)
tel0,1)2 n

-SSPt eg) —p0

as n — Q.

We are now ready to proceed with the proof of our main result.

Proof of Theorem 4.5. Since the &’s are i.i.d., we have that the sequence of
processes (Cy,) defined by

lZI{YEAtﬁé} P(Y € Ay, Y €€)

converges in distribution to a tight Gaussian process I' on D0, 1]2. This fol-
lows simply from the CLT for empirical processes, since we are working with a
subdistribution. Combined with Lemma 4.6, this means that

[(Z0(), NS ) = (B(Za (), BN )] = (A,T)

ik
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on [*°[0, 1]? x D0, 1], where (A, T') is a Gaussian process on C10, 1]> x D[0, 1]2.
Recalling (3), we note that the estimator depends on the pair (£, N (f ) through

the maps
(A,B) — (%,B) —>/%dB. (5)

It is a consequence of Lemma 4.1 that the map (5) is Hadamard-differentiable
tangentially to C[0,1]? x D[0,1]? on a domain of the type {(4, B) : [|dB| <
M, A > €} for given M and € > 0, at every point (A, B) such that 1/A is

of bounded variation. Whenever ¢ is restricted to an interval [0, 7]? such that

e
S(7) > 0, by Assumption 4.4 and Corollary 4.7, the pair (%, N(n) ) is contained

in this domain with probability tending to 1 for M > 1 and e sufficiently small.
The derivative map is given by

(@.0)— [a/a)d5 - [(a/4%a5

Now we can apply the delta method to conclude that

U,(") = \/ﬁ(ﬁ(")A —Hy) =G,

where

L[ oA Aw
- 0.4 S(w)P(u €¢) /[0 g (S(w)P(ue gdP(Y €AY €8

is again Gaussian. As in Lemma 4.1, the first term in the limiting process has
to be defined by integration by parts, since I' may not be of bounded variation.
To complete the proof, we observe that dP(Y € A,,Y € ) = P(u € §)u(du) =
S(uw)P(u € §)h(u)du. O

The following proposition will allow us to identify the covariance structure
of the limiting Gaussian process G.

Proposition 4.8. Under Assumptions 4.2 and 4.3, if A is a Borel subset of
[0, 7']2 where S(r,7) > 0, then as n — oo,

(n)

2 (n) M (dt)
[\/E(HA [/S P(ted) n P 0.
Proof. For any Borel set A C [0, 7]?

VA —Hy) = \/_/ (dt)

N / ( Z,(t)  S(t)P l(t c 5)) M(:/)ﬁ(dt) (6)

MM (dt)
/S Piteg) Vn @)

Using Corollary 4.7, we can show that (6) converges in probability to 0 with
exactly the same argument as in the proof of Theorem 5.1 in [8]. O
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Remark 4.9. Proposition 4.8 gives us the central limit theorem for the finite-

dimensional distributions of \/n(H 1(4") — H4) over a more general class of Borel

. 1 M (dt) . . -
sets, since fA HOICH R the normalized sum of n i.i.d. processes, as

noted in [8]. This comes up short of giving us a functional CLT since we need to
prove tightness. It is for this reason that we believe the use of the delta method
is a more elegant approach to this particular problem. Furthermore, as will be
seen in the next section, the delta method justifies the use of bootstrapping.

The next proposition is identical to its counterpart in [9] (Corollary 4.7).

Proposition 4.10. Let g be a continuous function on T. Then [ g(t)M ™ (dt)
is a pseudo-strong martingale and for C, D € C,

Cov ( /C g(s)M™ (ds), /D g(t)M(")(dt)> (8)
= n [/cm G ()S(t)P(t € E)h(t)dt

+ //z(c,m 9(s)g(t)(Es N Ey)P(s,t € §)h(s)h(t)dsdt] ,

where
(C,D) = {(c,d)eCxD:ceASNEG}
{(¢,d) e CxD:de ASn ES}.
Now that we have Propositions 4.8 and 4.10, we are in position to give the
covariance structure for the limiting process in Theorem 4.5.
Lemma 4.11. The covariance structure for the process G in Theorem 4.5 is
given, for C;D e C, by
Cov(Ge.Gp) = [ (S0Pt <) har (9
cnD

w(Es N E)P(s,t € €)
- //l(c,D) S(s)S(t)P(s € £)P(t € &) h(s)h(t)dsdt.

Proof. From Proposition 4.8, we have that the only term that contributes to
the covariance is (7), and so (9) follows by an application of Corollary 4.10. O

5. Applications

For all our applications, we will assume that 7' = [0, 1]%, and that F; = F, 1)
is trivial if either ¢; = 0 or {2 = 0. We recall that .7-'8) = Vi, F (t1,t5) and fg) =
Vi, Fty,ts)- We have F; = .7-'8) \Y }'g), and by triviality of F; on the axes,

Fltro) = .7-'8) and F o4, = }'g). Assumptions 4.2, 4.3 and 4.4 will be assumed
to hold throughout this section.
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Ko oo T

K1
Fic 5. The stopping times k1 and Ka.

5.1. Test of independence

We now concern ourselves with the construction of a test of independence of
the components (Y7, Y3) of the random vector Y € T. We will follow closely the
development of the ideas presented in [11].

As noted in [8] and [11], when Y7 and Y3 are independent, the hazard is the
product of the marginal hazards. Therefore, we have to be able to estimate the
marginal hazards in order to obtain a test of independence. We will review the
four examples given in §3.2 in order to illustrate how this is done.

e Example 3.7: Given £ and the corresponding #-anti-cloud £*, define

k1 = sup{ti: (t1,0) €&}
ke = sup{tz:(0,t2) € £},

see Figure 5; note that x; is an f(l)—stopping time: for any ¢; € [0, 1],
{k1 <t1}={t1 <r1}° = {(t2,0) € &}° € Ff, o) = Fi.

Similarly, we can show that ko is an F (2)—stopping time. Taken separately, each
Y; is censored on the intervals &f := (k;, 1] for j =1, 2.

e Example 3.8: This example is illustrated in Figure 3. In this case, since
Vij, Jlij are }'(i)—stopping times, ¢ = 1,2;,5 = 1,2,..., Y; is censored on the
F9_adapted clouds U;(Vij, pij), 0 = 1,2.

e Example 3.9: Referring to Figure 4, taken separately, Y; is not censored at
all, since it is always possible to determine whether the individual is pregnant
or not, but Y3 is censored on the interval (K1, k2.; + ).

e Example 3.10: In this structure, Y] is censored on the right by the F .
stopping time

k1 = inf{s: (s,0) & &}.
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Likewise, Y5 is censored on the right by the F (2)—stopping time
ko = inf{u : (0,u) & &}

In each of these examples, we end up with the same type of one and two-
dimensional structure: the pair (Y7,Y53) is filtered on an F--cloud, and each Y;
is filtered by an F ) _%-cloud &5, aunion of random open intervals with endpoints
that are FU )—stopping times for j = 1, 2. We would like to note that in classical
one-dimensional problems, the intervals are usually taken to be left-open and
right-closed in order to ensure predictability, but since we are assuming that
P(Yp¢ = 0) = 1, the endpoints of the intervals can actually be ignored.

Now we are in position to define the analogous one-dimensional processes

Nl(n)fl(tl) = iI{YI,iStl}I{YI,iefl,i}
=1

N2(n)£2(t2) = iI{Y2,i§t2}I{Y2,i€£2,i}
=1

Zn,l(tl) = ij{yl,iztl}j{tlefl,i}
=1

Zn,2(t2) = ij{yz,iztﬂ]{tzeiz,i}’
=1

as well as the processes C, ;(t;) = n*1/2[N;")§j(tj) - E(N;")gj(tj))] and
D, (t;) = n='2[Z, ;(t;) — E(Z,;(t;))] for j = 1,2. We will also make use
of the one-dimensional analogues of the process Mv("):

n n)Si .
MO0 = N0 — [ Zusuphlude, =12
The cumulative marginal hazards are estimated by

(n)&i

A (n N; (duj) _

i ’(m:/ — =12
[0,t5] Z"J(U’J)

Lemma 5.1. n!/2(H™ — H, ﬁf") — Hy, ﬁén) — H3) = (G, Gy, G3) in the space
1°°([0, 7] x [0, 72]) X 1°°[0, 1] X I°°[0, 2] for every T = (11, 72) such that S(7) > 0,
where the vector (G, G1,G2) is jointly Gaussian with continuous sample paths.

Proof. We start very similarly to the proof of Lemma 4.1 in [11]. Recall that
Dy (t) :=n"Y2[Z,(t) — E(Zu(t))] and Cp(t) := n~V2[N®™S — B(N™S )], We
already saw in the proof of Theorem 4.5 that (D,,C)) converges to (A,T)
on [*°[0,1]* x D[0,1]%. We also know that (D, j,Cy ;) converges to a joint
Gaussian process (A;,T';),7 = 1,2, on [*°[0, 1] x DI[0, 1], since the same argu-
ments for the convergence of (D,,, C),) still apply. Therefore, the joint sequence
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(Dyn, Dy1y Dy 2, Cr, Cy 1, Cy 2) is tight in the product of topologies of the space
1°°]0,1]2 x (1°°[0,1])? x D[0,1]? x (D[0,1])?. This, coupled with the fact that
its finite-dimensional distributions converge to those of a Gaussian process with
continuous sample paths, give the convergence of the sequence.

Next, note that both the estimators for the cumulative marginal hazards
(n) &5

depend on the pairs (Z:‘l’j , —=—), j = 1,2, through the map (5), where the in-

tegral is defined on R instead of R2. Using the same arguments as in Theorem

4.5,we can show that n1/2(ﬁj(-") — H;) = G in D|0,7;] for every 7; such that
S;(1;) > 0, where G; are mean-zero Gaussian processes for j = 1,2. As a conse-
quence of this fact and the joint convergence of (D,,, Dy 1, Dy 2, Cp, Cp 1, Ch 2),
we get the desired result. O

As was the case in [11], in order to construct our test of independence be-
tween (Y7 ;) and (Y2,), ¢ = 1,2,..., we will take the difference between the two-
dimensional Nelson-Aalen estimator and the estimator under the hypothesis of
independence. Define V,, := n/2(H™ — H™ H{™) on [0, 7], where 7 = (11, 72).
We could calculate the covariance structure of V,,, but since the statistic of in-
terest will be seen to be sup;c( - Vi (%), we prefer to use a bootstrap test based
on V,, and our efforts will now turn towards that goal.

We shall use the delta method for the bootstrap, and for that we need to
verify that the classes of functions needed are Donsker classes. Let Xi,..., X,
be a sample of random elements in a measurable space (X, .A) with distribution
P, let G be a collection of measurable functions g : X — R and let P, be
the empirical measure of the X;, which induces a map from G to R defined by
Prgi=n"" 300, 9(Xa).

Ivanoff and Merzbach observed in [9] that an anti-cloud is measurable as a
random closed set as a consequence of part 2 of their Corollary 3.10; it is easy
to see that the same is true of x-anti-clouds. Now assume that we can fully
observe the pair (Y, &;); that is, suppose we can observe the point Y; even if it
lies inside the censored region and, conversely, we are able to observe the whole
shape of the anti-cloud &; regardless of the location of Y;. Then we can take
(Y;, &) to be the random elements X; in the previous definition. Let P be the
joint distribution of the pair (Y3, &;), let P, denote its empirical measure, P, the
bootstrap empirical distribution and G,, the bootstrap empirical process defined
by G, := v/n(P, — P,). For a more complete description of these elements, as
well as for the exact statement of the delta method for bootstrap in probability
-which we will use a few lines ahead- refer to Sections 3.6 and 3.9 of [13],
respectively.

Let Gt ={g :te€T} and G? ={g? :t €T} be defined, respectively, by
9:(Yi, &) = Iivieny ey and g7 (Yi, &) = Iiviea 1 I{viee;y- Then both G
and G2 are Donsker classes, since both were shown to be convergent in distribu-
tion to tight Gaussian limits on (°°[0,1]? in the proof of Theorem 4.5. We can
apply Theorem 2.10.6 in [13] to find that the pair (G!, G?) is also a Donsker class,
since each one is uniformly bounded. It is also clear that G' and G? have finite
envelope functions because both classes are comprised exclusively of indicator
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functions. Hence, by Theorem 3.6.1 in [13], the conditions (3.9.9) of [13] are
met. Furthermore, we have shown that the map (5) is Hadamard-differentiable
tangentially to C[0, 1]2x D0, 1] on a certain domain. Then we only need to ap-
ply Theorem 3.9.11 in [13], the delta method for bootstrap in probability, to get
the conditional convergence given (Y;,&;) of the bootstrapped Nelson-Aalen es-
timator. Similar arguments lead to the same conclusion for the one-dimensional
bootstrapped Nelson-Aalen estimators.

The above is summarized in the next lemma, which is an analogue of Lemma
5.1 for the bootstrapped estimators.

Lemma 5.2. Assume we can observe the pairs (Y;,&;) for i = 1,2,..., and
let (f’l,é) denote the bootstrap sample. Then if f{("), f{fn), f{én) represent the
bootstrapped versions of the joint and marginal Nelson-Aalen estimators, we
have that n*/2(H™ — H™), f{f") - ﬁf"), f{én) - ﬁén)) converges conditionally
given (Y;,&;) to the Gaussian process (G,G1,G2) of Lemma 5.1.

Now that we have seen that the bootstrapping is working correctly under
the assumption of complete observability of the pairs (Y;,&;), we note that the
bootstrapped version of the statistics only involve the product of indicator func-
tions q; = Itviean{iviee,y and 3 = Ify,ep, ) I{ree,y- This means we can drop
the assumption of complete observability, since those indicators can still be con-
structed because the events involved are observable under the survival model.
Therefore, we can in fact bootstrap directly from the observed values ¢;,r; and
come up with the same estimators.

We can deduce from Lemma 5.1 that on [0, 71] x [0, 72],

(m/z (A (b1, t2) — A (8 HS () — (H (b1, ta) — Hy (tl)HQ(tz))])

converges in distribution to a mean-zero Gaussian process; indeed, we can
rewrite V,, = n!/2(H™ — AM M) as
Vi, = nY2(H™ - H)—n2H™ - m1)AM - 22\ - Hy)H
+n'/?(H — H,H,),
hence
W2 (AW RS (- ) = a2 - )

— 2 — Hy) (A — Hy)
— nl/Q(IA{fn) — Hl)HQ
— nl/Q(ﬁén) — HQ)Hl,

which converges weakly to G — HoGG; — H1G2. Lemma 5.2 guarantees us that
for the bootstrapped estimators,

sup |n'/2[H"™ (tr,t2) — H{™ (t) HSY (t2) — (H™ (11, t2) — H{™ (t1) H{™ (2))] | (10)
te(0,7]



A. Carabarin Aguirre and B.G. Ivanoff/Multidimensional hazard estimation 370

converges in distribution to the sup of the absolute value of that same Gaus-
sian process. Then we can bootstrap from (g;,r;) jointly and find ¢, so that
(1 — «)100% of the absolute values of (10) fall below ¢, which would give us
(1 — @)100% uniform confidence bands for the difference H — HyHo.

Finally, for our test of independence H, : H = HyHs vs. H, : H # HyH>,
we reject Ho if supyeo n'2|H (8, t5) — ﬁf")(tl)ﬁén)(tz)’ > Cq.

5.2. Test of hazard rate order

Let X1,...,X, and Y7,...,Y,, be independent random samples from bivariate
distributions F' and G respectively, and suppose that there is a common cen-
soring mechanism in the form of a sequence of independent *-clouds. We are
interested in testing whether the distributions are equal on a particular set or,
more generally, on a suitable class of sets, against the alternative that there is
a difference in the hazard rates.

We start with the case where we look at the hazards on a fixed set A. The
null hypothesis is H, : ' = G, and we can test it either against a single-
sided alternative such as H§ < H§, or the double-sided alternative HY # HY.
Tests using a one-sided alternative lead us to tests of hazard rate order such
as H, : F = G vs. H; : h¥ < h% on A, since this alternative would imply
HEY < HS. Tt is natural to consider the difference between the Nelson-Aalen
estimators H¥ and HE of the integrated hazards, which leads to the test statistic

”yN /””L r(n)F r(m)G
where N = n =+ m.

By Remark 4.9, we still have that both Ulg")F = \/ﬁ(ﬁg")F — HY) and
Ulgm)G = m(H gm)G — HY) converge to independent mean-zero Gaussian limits
UL and US respectively. We can write

N m n)F n m)G nm
W ):\/NUﬁx) —\/NUﬁx) +\/W(H£—Hf)-

Under the null hypothesis of equality of the cumulative hazards on the set A,
and assuming =~ — X as n,m — 0o, we get that

w = vi— Uk - VU§.

The limit variable has the same distribution as U} under the null hypothesis.
Then we have a test of asymptotic level « for a two-sided alternative if we reject
the null hypothesis whenever |W£N)| > w™) | where we choose w™) such that
w) — wF = inf{t : P(|UY| > t) < a}. A test with a one-sided alternative
would be handled similarly; we just have to remove the absolute values.

We can also consider testing for the hazard rate over a whole class, as long
as it is Donsker in order to preserve the Gaussian limits. An example would
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be to take the class of rectangles A = {A, =[0,2]: 2z € [0, 7]}, where [0,7] =
[0,71] x [0, 73] for 7 = (71, 72). All the previous remarks about W) are still
valid, but now use sup_¢g - |W1g)| and sup,¢(o -] Wf(g) as the test statistics,
as well as choosing w™) — w! = inf{t : P(sup,¢jo.] UL | > t) < a} and
w™) — wf = inf{t : P(sup.cpo,- UL > t) < a} for two-sided and one-sided
alternatives, respectively.

Assuming we can fully observe the pairs (X;, &), (V;,¢;) fori=1,...,n and
j=1,...,m, we determine the appropriate critical value for w™) by bootstrap-
ping from the pooled sample SW) = (X1, &), ..., (X, &), (Y1, €0, .o, (Yo, €0,
where we choose any of these observations with probability 1/N, as was done
in Section 3.7.2 in [13]. Define J = AF + (1 — A)G, and note that under the null
hypothesis, H/ = H¥'. We assign the first n elements from the resampling to F,
and the rest to G. Let H™NF and H™NE be the Nelson-Aalen estimators
for the pooled sample assigned to F' and G respectively, and HW) the estimator
for the complete pooled sample. Set

W — /%(H(H,N)F _ H(m,N)G)'

Next, note that by Hadamard-differentiability and Theorem 3.7.6 in [13], we
know that /n(H™NF — HN)) = U7 and /m(H™NG — H(N)) = UJ, where
U/ and Us are independent mean-zero Gaussian processes with covariance as
defined in Lemma 4.11, with S equal to the survival function of J and h = J’/S.
Then if we let Ay =n/N,

WO = /(T =AY (HONF (O iy (HNE O,

which converges in distribution to v/1 — AU{ — v/ AU, also a Gaussian process
on [0, 7] equal in distribution to U{. Then, as remarked in Section 3.7.2 of [13],
we can use
wy = inf {t : P( sup W{gjj) >1) < a}
z€[0,7]

as critical values for a one-sided test, and

Wy = inf {t : P( sup |W1g)| >1) < a}
z€10,7]

for the two-sided test.

Once again, as we did following the statement of Lemma 5.2, we can see
that the bootstrapped version of our test statistic only uses the functions ¢; =
Iixieanlixieay, ri = Iixiemylpeey, 4G = Ivsean Iyeeyy and 7y = Iiyiep,y X
Iic AL then we can safely drop the assumption of complete observability, given
that even without it we can still construct the appropriate estimators. Thus,

the test can be performed by bootstrapping directly from the recorded values
/ / : .
4i; i, ¢, r; and following the procedure described above.
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5.3. The hazard of a copula

Suppose we have a sequence (X;,Y;) of i.i.d. bivariate random vectors with
continuous distribution J and continuous, strictly increasing marginals F' and
G, and let H denote the integrated hazard function. Our goal is to estimate the
hazard of the copula C' associated with J.

As usual, each pair (X;,Y;) will be censored by an F-x-cloud &§. Let C(p, q) =
J(F~Y(p), G=Y(q)), the copula function for J, and let C be the survival function

for the copula: C'(p,q) =1—p—q+ C(p, q). It is straightforward to verify that
the integrated hazard of the copula, H®, satisfies

H(p,q) =H(F (p),G "(q)),0<p,g < 1. (11)

In other words, calculating the cumulative hazard of the copula at (p, q) is the
same as calculating the cumulative hazard of the original distribution at the
point (F~1(p), G71(q)). We would like to estimate the cumulative hazard of the
copula, and the equation above seems to suggest that we could do so by looking
at the Nelson-Aalen estimator for the integrated hazard of the distribution J
evaluated at the appropriate quantiles of F' and G. If F and G are unknown,
we would replace (F~1(p), G1(q)) with the quantiles of the respective Kaplan-
Meier estimates of the marginals F' and G (See Section IV.3.1 in [1]).

Now, suppose for the moment that F' and G are known. Define the pseudo-
observations (X7, V) := (F(X;), G(Y;)), so that the distribution of (X7, Y;*)
is the copula C. The observable region then becomes

& = {(F(2),G(y) : (z.y) € &},

and the new filtration (now defined on [0, 1]2) is F# (p, q) = F(F~'(p), G~ 1(q)).
Using Equation (3), we have
H™(p, q) = ) (ZEE YN (12)

{e(X7 Y ) <(p.q),(XF Y )ec#y}

But note that
ZF(wv) = Y Iixt vhren, .y uoeety
7=1

= ) LXYIEE by 0t o HE 1 @),6- et}

=1

= Zo(F7'(u),G7(v)),
SO

(12) = > (Zn(Xi,Y)) 7!

(5:(X0, Y <(F=1(p),G—1(9)),(X:, Vi) €6:}
H™(F~(p), G~ (q)), (13)
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and hence we have an empirical analogue of (11). More generally, for D C [0, 1],
let (F~1,G Y (D) := {(FY(p),G7(q)) : p,q € D}, in which case we can
estimate H§ with ﬁgl)c = HM((F~',G~")(D)). The asymptotic normality of
\/ﬁ(ﬁgl)c — HY) follows from Remark 4.9.

If F and G are unknown, the next step is to estimate the quantiles F~—!
and G~'. We will do so by taking the appropriate quantiles of the Kaplan-
Meier estimators F , G of F and G respectively; then our estimator will be
HMC = g(F-1,G1), where F~1(p) = inf{s : F(s) > p} and G'(q) is
defined in a similar manner. It is important to note that A( P1(p).G1(q) is still
a s-anti-cloud: indeed, since F(s) and G(t) are adapted to F*(s) and F3(¢)
respectively,

(Sat) € A(}:"fl(pxéfl(q)) = {5 < Fﬁl(p)} N {t < éil(‘])}
= {Fu)<p, YVu<s}n{G) <q Yv<t}
FOVFD C Floy

m

An immediate consequence of this is that our estimator still maintains a pseudo-
strong martingale structure. Moreover, under Assumptions 4.2, 4.4 and 4.3, the
composition map

mé n)é1 n)§2
(ZnaN( ) ;Zn,laNl( ) ;Zn,2aN2( ) )

P HWe (PTG (9)

is Hadamard-differentiable tangentially to C[0,1]* x BVj[0,1]* x (C[0,1] x
BV[0,1])? on a domain analogous to map (5): the maps ¢; and ¢3 are Hadamard-
differentiable as a consequence of Theorem 4.5, ¢5’s Hadamard differentiability
comes from Lemma 3.9.30 in [13], and ¢4 and ¢5 are Hadamard-differentiable by
Example 3.9.24 and Lemma 3.9.25, respectively, in [13] again. Hence, the pro-
cess \/ﬁ(ﬁ.(")c — HC) converges in [°°[0, 7] = 1°°([0, 71] x [0, 72]) to a mean zero
Gaussian limit for every (71, 72) such that S(F~1(y), G~ 1(72)) = C(71,72) > 0.

An example: The FGM copula

We can apply the preceding results to Farlie-Gumbel-Morgenstern (FGM) cop-
ulas. The FGM copula with parameter 0 is defined by Cy(u,v) = uv + Quv(1l —
u)(1 — v). Suppose Cj, and Cj, are two FGM copulas with parameters 6,
and 0j,, respectively, and we are interested in testing H, : Cj, = Cj, vs.
H, : Cj, < Cy,. For FGM copulas, this is equivalent to testing H/ : 05, = 0,
vs. Hf : 05 < 0j,. This test can be performed by ‘translating’ these conditions
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to those of a test of hazard rate order: we look for a specific set A under which
05, < 0, is equivalent to h®71 (u,v) < h7z(u,v) for (u,v) € A, and then we
can apply the results of the preceding sections.
We have Cp(u,v) = (1 —u)(1 — v) 4+ Guv(l — u)(1 — v), as well as gjg@ =
1+ 6(1 —2u)(1 — 2v). Then h1 (u,v) < h®2 (u,v) becomes
14605 (1—2u)(1—2v) 14605(1—2u)(1-2v)
(I—uw)(1—=v)+05uv(l —u)(l—w0) < (1—u)(1—v)+0nuv(l —u)(l—0v)

which is equivalent to

(9J2 — HJI)U’U < (9J2 — HJI)(l —2’(1,)(1 — 2’0)

after cross-multiplying and rearranging terms. Under the alternative hypothesis
0y, < 68;,, the previous inequality becomes

wv < (1 —2u)(1 — 2v),

and finally
1—2u—2v+ 3uv > 0.

This means that, under Hj : ;, < 6,,, we have h®% (u,v) — h1 (u,v) > 0
for every (u,v) lying in the set {(u,v):1—2u — 2v + 3uv > 0}. Now in order
to ensure that C, is uniformly bounded below, i = 1,2, define A := [0,7] N
{(u,v) : 1 = 2u — 2v+ 3uv > 0} for any 7 = (7, 72) with =, < 1,4 =1,2.

We consider two scenarios. First, suppose the distributions J; and Js have

the same (known) marginal distributions F' and G. Since [, (h72 — h®n)d\ =

HS” — HS‘]I, an appropriate test statistic would be (letting N = n + m)

B (),

which would get large if 05, > 0, .
More realistically, suppose the marginal distributions of J; and Jy are un-

known. If 65, > 6,,, then Hgf - Hgil

appropriate test statistic is WIEXN) = Sup,ca /5 (ﬁi;:)ch - I}X)C‘jl), which
would get large if 05, > 0;,. We need to consider two different cases for calcu-
lating the critical values for our test statistic.

If it is reasonable to assume that the marginals from the two distributions
are equal, we proceed with bootstrapping from the pooled sample as indicated
in Subsection 5.2. Under H,, we know that WIEXN) converges to the sup over A
of a mean-zero Gaussian limit Uch, and our test of level a would reject H,
whenever WIEXN) > 1y, where wy = inf{t : P(V IgN) >t) < al.

On the other hand, if the assumption of equal marginals is not justified, we
can no longer pool the samples. In this case we will start by bootstrapping each
sample separately. Let H X)C‘Jl and H ,(E)Cjz denote the bootstrapped Nelson-
Aalen estimators. Now let

grnm) = T (rmCay O (im0 frmCa))
N )

> 0 for every u € A. In this case, an
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which can be rewritten as

n m

u (\/E( Fm)Cay _ g<m>c~fz)) - (\/E(H("Wh - HWG"I)) :

~_ — )\ as n,m — 00, the last expression converges con-
n+m

ditionally given the original samples to VAU®2 — /1 — AU by Lemma
5.2, where U1 and U2 are the independent mean-zero Gaussian limits of
Va(H™CH — 1Y) and /m(H ™% — HC7) respectively. Under the null hy-
pothesis, WIEXN) has the same limiting distribution as W{g"’m) = SUD,c A Ugi’m).
Then we have a test of asymptotic level « if we reject the null hypothesis when-

ever WIEXN) > Wy, m, Where Wy, , = inf{t : P(W{g"’m) > 1) < al.

Assuming that
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