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1. Introduction

In the Bayesian non-parametrics literature, several general results about poste-
rior consistency (see e.g. [1]) and posterior rates of convergence (see for instance
[5; 13]) are now available. Roughly, the rate of convergence of the posterior is
generally thought of as an e, as small as possible such that the posterior prob-
ability of the ball centered at the true fy and of radius ¢, still tends to 1 in
probability. In this context a natural question is, starting from a fixed prior,
what is the actual rate of convergence of the posterior ? The tools proposed in
the cited articles often allow to get an upper bound for this posterior rate.

Also, from the practical point of view, non-parametric type priors are now
commonly used in applications, as an example the book [12] presents applica-
tions of Gaussian priors in machine learning. In non-parametric situations many
priors will not lead to optimal rates; in some cases the corresponding posterior
will still converge at some reasonable rate towards the true parameter or func-
tion; in other cases the convergence might be extremely slow or consistency
might even fail. Determining the precise rate of convergence of the posterior
can then help in choosing the type of prior adapted to the practical situation
or in adjusting the prior parameters.

Given a class of functions, upper bounds for the rate are clearly optimal if they
coincide with the minimax rate of convergence over the class. In the case where
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the upper bound is slower than the optimal rate, one would like to establish a
bound from below for the rate. If both upper and lower bounds match, say up
to some constant or logarithmic factor, then the exact rate of convergence of
the posterior remains determined. In this paper, the issue of obtaining a lower
bound for the posterior rate is considered in the case of Gaussian priors. Though
the focus will be mainly on the class of Gaussian priors, the methodology we
introduce can be used in some cases to obtain lower bounds for other priors as
well. In particular, we shall derive a lower bound result for a non-Gaussian prior
in a specific example.

The organization of the paper is as follows. In the next section, we enounce
our main result on lower bounds in a general framework and give its proof.
This result is applied in Section 3 to obtain lower bounds in two nonparametric
models: the Gaussian white noise model and the problem of density estimation,
with respectively Gaussian series priors and Riemann-Liouville priors. For the
latter prior, upper bounds are also obtained which extend previous results of
[14]. Technical results are gathered in Section 4. Concluding remarks are given
in Section 5.

Let us introduce some notation. For any real numbers a,b, we denote by
a A b their minimum and by a V b their maximum. We define Hellinger’s dis-
tance h(f, g) between two probability densities f and g by the L?-distance be-
tween the root densities /f and \/g. Let K(f,g) = [ flog(f/g)dp stand for
the Kullback-Leibler divergence between the two non-negative densities f and
g relative to a measure p. Furthermore, we define the additional discrepancy
measure Va(f,g9) = [ fllog(f/g) — K(f,g)*du. Let L?[0,1] be the space of
square integrable functions on the interval [0, 1], equipped with the L?-norm
I fll2 = (fol f2du)'/2. Let €°[0,1] denote the space of continuous functions on
[0, 1] equipped with the supremum norm || - || ~. Let C?[0, 1] denote the Hélder
space of order (3 of all continuous functions f that have 3 continuous derivatives,

for 8 the largest integer strictly smaller than 3, with the gth derivative f(ﬁ)
being Lipshitz-continuous of order 3— 3. This means that there exists a positive
constant C, which might depend on the function f, such that

FD@) ~ Q@) < Cly -2’2 Yayelo]

2. Lower bound result

Let (X, AM), PJS"); f € F) be a sequence of statistical experiments with ob-
servations X (™) where the parameter set F is a subset of a Banach space B (for
instance L?[0, 1] or CY[0, 1]) and n is an indexing parameter, usually the sample
size. We put a prior distribution II on f. In this paper we consider the case
where the prior is the law of a Gaussian process taking almost surely its values
in B (see below). We are interested in properties of the posterior distribution
(- X ™)) under P}:), where fj is the “true” function. We denote by Eq the
expectation under the latter distribution. For any sequence € > 0 let us define
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a Kullback-Leibler neighborhood of fy as
Brr(fo.e) = {f+ KPP <ne?, Vao(P, Pi") <ne?}.

In this work Gaussian processes Z are supposed to be centered and tight
measurable random maps in the Banach space (B, | - ||). We refer to [15] for
an overview of basic properties of these objects. Let H be the Reproducing
Kernel Hilbert Space (RKHS) of the covariance kernel of the process. We will
generally assume that fo belongs to the support of the prior in B, which for
Gaussian process priors is nothing but the closure of H in B, see for instance
[15], Lemma 5.1.

First let us review the key upper-bound results obtained in [14], where the
authors show that for Gaussian priors an upper-bound for the concentration rate
of the posterior can often be obtained in a simple way from the so-called con-
centration function of the Gaussian process. This quantity is defined as follows.
For any € > 0, let

en(@)=, il [~ logP(|Z] <) 1)
Assume that the norm || - || on B is comparable to a metric d appropriate to
the statistical problem (often, d is a distance for which certain tests exists,
which allows to apply the theory presented in [5]; for instance, in i.i.d. settings,
one might choose Hellinger’s distance). Here “comparable” means that the ball
{feF, |If—foll <en} should be included in the ball for d around fy of radius
cen, and also in the Kullback-Leibler neighborhood B, (fo, cep,) defined above,
for some ¢ > 0. The authors in [11] prove that if £, — 0 satisfies

Pfo (En) < TLE%, (2)

then the posterior contracts at the rate €, for the distance d, in that for large
enough M > 0, EoII(f : d(f, fo) < Me, | X)) = 1 as n — oo.

These results mean that for Gaussian priors an upper-bound on the rate of
the posterior is obtained as soon as the next two quantities are controlled

O =, it @ =—lgP(iZ] <o) @)

The first term measures how well elements in the RKHS H of the Gaussian
process can approximate the true function. Note in particular that if fo happens
to be in H, this term simply remains bounded. The second term, which does
not depend on fy, is the so-called small ball probability of the Gaussian process.
Small ball probabilities have been studied in many papers in the probability
literature and precise equivalents as e — 0 of pP(g) are available for many
classes of Gaussian processes, see for instance [11]. Yet at first sight it is not
obvious to see why the concentration function ¢y, should appear in the study
of posterior rates. Lemma 2 below answers, at least partially, this question.

Let us conclude the overview of upper-bound results with an example. In
a context of density estimation, if one chooses Brownian motion as prior on
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continuous functions, the rate ¢, depends on the Holder regularity 3 of the true
fo as follows. If 5 > 1/2, then &, can be chosen equal to n~'/* whereas if
< 1/2 the rate €, must be in n=%/2 to satisfy (2), see Section 4.1 in [14] or
Theorem 3 below. Thus, up to constants, the rate is optimal in the minimax
sense if § = 1/2. However, for all other values of 3, the obtained rate is below
the minimax rate which is n=%/(26+1)_ Thus it is natural to ask whether the
rate of concentration for Brownian motion is really the one described above or
if in fact the posterior contracts faster.

Let us now define a notion of lower bound for a given prior II on F. Let d
be a distance on the parameter space. We say that the rate ¢, is a lower bound
for the concentration rate of the posterior distribution II(-|X (™) in terms of d
if, as n — +o0,

Eoll(f : d(f, fo) < ¢ | X™) — 0. (4)

This mainly means that ¢, is too fast for the posterior measure to capture
mass in the ball of radius ¢,, around fy. The aim is then to prove that such a
result holds for (,, as large as possible. In the sequel, we will be able to prove
in some examples that the posterior puts asymptotically all its mass inside a
ring of the type {f € F, mue, < d(f, fo) < en}, for m,, either a small enough
constant or slowly decreasing (e.g. of logarithmic order), see Section 3. Note also
that a lower bound in the sense of Definition (4) will not be an upper-bound
for the same distance, so our definition is, in a way, in a strict sense. But it
seems to us to be the most natural one, for symmetry reasons with respect to
upper-bound definitions, and also in view of the aforementioned ‘ring’-behavior.
It would also be interesting to be even more precise about the behavior of the
posterior: for instance, if asymptotically the posterior sits on a ring for a distance
d, to see how the mass is distributed inside this ring. However, the presently
available techniques, including the ones of this paper, give only results up to
constants, so this would probably require introducing new techniques or refining
the mentioned ones.

Theorem 1 below establishes a lower bound for the concentration rate of the
posterior TI(-| X (™) for Gaussian priors in terms of the norm || - || of the Banach
space. Its proof relies on two basic ideas. The first one is that, roughly, if the
prior probability puts very little mass (in some sense) on a certain measurable
set, then the posterior probability of this set is also small. The following lemma
is Lemma 1 in [6] (see also Lemma 5 in [1]).

Lemma 1. If o, — 0 and na% — 400 and if B, is a measurable set such that

T(B,,)/T(Bx1(fo, an)) < €2,
then EoIl(B,, | X)) — 0 as n — 4o0.
The second ingredient is a general result about Gaussian priors which gives

control from above and below of non-centered small ball probabilities associated
to the process in terms of ¢. For a proof, see for instance [9] or [15], Lemma 5.3.
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Lemma 2. Let Z be a Gaussian process in B with associated RKHS H. Assume
that fo belongs to the support of Z in B. Then for any e > 0,

vro(e) < —logP([|Z = foll <&) < ¢, (e/2)-

In view of this result, it seems natural to see the concentration function
s, appear when studying rates of contraction for Gaussian processes, since
the latter function gives a direct control on how much mass the prior puts on
neighborhoods of the true function. The following lemma now states some useful
properties of ¢y, . In particular, it implies that this function has an inverse <p1701.

Lemma 3. Let Z be a non-degenerate centered Gaussian process in (B, || - ]).
For any fo in B, the associated concentration function ¢ — @y, () is strictly
decreasing and convex on (0, 400). In particular, it is continuous on (0,400).

This lemma is proved in Section 4. We can now state our first Theorem.

Theorem 1. Let Z be a Gaussian process with associated distribution I1 on the
space (B, ||-])). Let the data X™) be generated according to Py, and assume that
fo belongs to the support of 11 in B. Let o, — 0 such that na? — +oo and
(BkL(fo,an)) > exp(—cna2) for some ¢ > 0. Suppose that ¢, — 0 is such
that vy, (Cn) > (24 c)na?. Then, as n — +oo,

EolL(||f — foll < ¢ | X™) — 0.

Proof. Due to Lemma 2, it holds II(|| f — fo|| < () < exp(—¢y,(¢n)). Combining
this with the assumption on the KL-type neighborhood, one gets that

(|| f = foll < ¢n)
H(Bx 1 (fo, on)

The assumption on ¢y, ((,) ensures that the last display is further bounded
from above by exp(—2na?2). An application of Lemma 1 with the choice of set
By ={f€F, |f - foll < (u} leads to Eoll(B,| X(™) — 0. O

< exp(—pf, (Cn) + cnai).

Before commenting on this result, let us state a direct consequence of it.
If the rate e, satisfies (2) and if the norm || - || combines correctly with the
Kullback-Leibler divergence, so that for some d > 0, it holds

(BxL(fo,den)) = TH(|[f = foll < 2en),

see Section 3 or [14] for some examples, then due to Lemma 2 we obtain that
(BkL(fo,den)) > exp(—ne?). Hence according to Theorem 1,

Cn = <p1701((1 +2d*)ne?)

is a lower bound for the rate of convergence.
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Furthermore, if ¢, is “nicely varying” (see below, this depending of course on
the particular function fp), then one expects to be able to chose ¢, of about the
same order as €, (e.g. ¢, = &,/logn or even (, = &, /K for K large enough).
For instance, if <pf01 is of regular variation in the neighborhood of +o0, then
Cn(fo) is at least €, /K, for some K large enough.

Thus we complement the result of [14], where the upper bound part was
obtained, by proving a lower bound counterpart. Note also that interestingly, to
prove Theorem 1, just the lower bound of Lemma 2 is used. By contrast, note
that the main ingredients of the proof of the upper bound in [14] are Borell’s
inequality and the upper bound of Lemma 2. Note also that the assumptions of
Theorem 1 are mainly in terms of the prior, the model coming in only through
the Kullback-Leibler neighborhood.

As stated Theorem 1 can be used for Gaussian priors only. However, it illus-
trates well how the simple Lemma 1 can successfully be applied to obtain lower
bounds for the concentration rate. In fact, when dealing with general priors, one
can try to apply Lemma 1 directly. This idea enables us to obtain a lower bound
result for a non-Gaussian prior (though constructed from Gaussian priors) fur-
ther in this paper, see Theorem 3. This approach seems to be useful to get lower
bounds for general priors in other contexts as well. Further contributions on this
question are in preparation and should be available soon.

Another interesting question is how to get more explicit estimates of the rates
en and ¢, in terms of the class of functions the true fy belongs to and of the
“regularity” « of the process in some sense (for Brownian motion and Holder
classes we would have o = 1/2). In the next section, we address this question
in some simple cases.

3. Applications
3.1. The L?-setting and Gaussian series priors

Let {ex}r>1 be an orthonormal system in L?[0, 1], being chosen for simplicity
equal to the trigonometric basis e1 = 1 and for k > 1, g9 (-) = cos(27k-) and
€ak+1(-) = sin(27k-). The Sobolev ball Fg 1 of order 5 > 0 and radius L > 0 is

For={f€L?0,1], f=)_ frer and Y E¥f} <IL?}.
k>1 k>1

Gaussian series priors. Let {ag}r>1 be a sequence of independent standard
normal random variables and let {o%}r>1 be some square-integrable sequence
of real numbers. For simplicity let us choose o), = k~/27¢ for some « > 0. Let
us define II as the probability distribution generated by

+oo
Xo() =D orarer(). (5)
k=1

This defines a process with sample paths in B = L2[0,1]. The RKHS H® of
X, in B is H* = {3, o, hkoker, (hi)r>1 € [?}, equipped with the norm
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[ > ks1 hwowerllf, = Ygs1hi, see for instance [15], Theorem 4.2. Since the
support of the process in L? is then the closure of H® in L2, it is easy to check
that the support is in fact L? itself. Furthermore, the small ball probabilities
P for this process have a well-known behavior, that is —log P (|| X4 |2 < €) is
of the order of e~/ as & — 0, see for instance [¢], Theorem 4.

Gaussian white noise model. To simplify the formulation of the upper-bound
results, we will assume that we are in a particularly simple model, namely the
Gaussian white model. In this model the data X (™) is given by

1
AXM™ (1) = f(t)dt + —=dW (t), te[0,1], (6)
vn
for some f in L?[0,1] and W standard Brownian motion. Let us denote, for any
positive real numbers o and g3,

anB

rof & 2T, (7)

In the sequel the notation < is used for “smaller than or equal to a universal
constant” and 2 is defined similarly.

Theorem 2. Let 5 > 0, L > 0 and suppose the data is generated according to
(6). Let the prior process be defined by (5) with o > 0. Let fo be in Fp 1, and
let the rate r&" be defined by (7). Let e, and (, be such that

@ro(en) <meh and G < @7 (Inel).
Then for M large enough,
Eoll(Gu < |If = foll2 < Men | X™) — 1,

as n — +oo. For any fo in Fp 1, one can choose €, such that €, < B and,

~ N

if o < 3, one can choose (, such that (, > r%?. Furthermore, if 3 < «a, there

~ 'n

exists fo in Fp.r, such that, for p > 1+ (/2 and M large enough, as n — 400,

Eoll(ry P log " n < ||f = folla < Mrp? | X™) — 1.

The first convergence result is essentially a consequence of Theorem 3.4 in
[11] for the upper-bound and of Theorem 1 for the lower bound. The second
part of the statement reveals that there are indeed functions in the class such
that the posterior rate is 7%?, up to a log-factor if 3 < a. In this sense the rate
can be said to be optimal (up to a log-factor) over Fp 1.

It is interesting to compare these results to the ones obtained by [17] and
[2], where the authors also study estimation in model (6) from the Bayesian
perspective. Both works obtain the upper-bound result on ¢, for priors defined
by (5) by different methods but they do not consider the question of optimality
of the rate r®# when a # 3. In [2], the focus is on the question of adaptation
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when one puts also a prior on « and the authors obtain the minimax rate for
the resulting prior for unknown [ under some conditions. In [17], an interesting
observation about non-optimality is made, but in a rather different direction
than ours, the author noting that though the prior (5) leads to the minimax
rate for a = 3, both the prior and the posterior put mass zero on the Sobolev
space {f = (fu)k>1, Yopoq k2P f2 < +0o0} the true function fo belongs to.

Remark 1. If a < f3, the precise rate of convergence of the posterior is, up to
constants, equal to r&® = n~*/(*+1 If o > 3 more information on fy (for
instance about the rate of decrease of its Fourier coefficients) is needed to evalu-
ate the RKHS-approximation term and eventually obtain an explicit expression
of the rate, see for example the special “worst-case” function fy considered in
the proof of the theorem.

Remark 2. 1t is natural to ask whether it is possible to avoid the log-factor for
the lower bound. The answer is yes if one allows sequences of functions: it can
be checked that there exists a sequence fo, in Fg r, where the function fy
has only one properly chosen non-zero Fourier coefficient, such that, for M large
enough, Ep, TI(r&8 /M < ||f — fonll2 | X™) tends to 1 as n — +oc.

Proof of Theorem 2. The fact that the posterior concentrates in a ball of radius
Me,, for the || - [[2-norm is the conclusion of Theorem 3.4 in [14]. The explicit
upper-bound for &, is obtained as follows. Denoting fx = Zszl fo.ker(+), note
that fx belongs to H*. Since fy belongs to Fg r, it holds

Ifx = fol} = > <K > pPR, <LK
p=>K+1 p>K+1
K K
I fxllZe = Zpuzafpzo < K(1+2a=28)V0 szﬁfgo < [2K(1+2a=28)V0
p=1 p=1

Let us now choose K = ¢, /8 The last display then implies that the approxi-
mation part <p?0 (en) of the concentration function is at most €, (1+20=28) /A0,
On the other hand, the small ball probability ¢ (g,,) is at most constant times

-1/«
n

€ for n large enough as noted at the beginning of this Section. Hence

0o (en) S et/ 4 g 1H2a=28)/8M0,

If we choose ne? equal to the latter quantity we get e, < n~\/Gatl) — o8,

To obtain the lower bound result, we apply Theorem 1. Simple calculations
reveal that for model (6), the set Bxr(fo,€) coincides with {f, ||f — foll2 < €},
see Lemma 6 in [06] and thus II(Bg (fo,2e,)) = (|| f — foll2 < 2e5,). Now apply
the remark after Theorem 1 to obtain that if ¢y, (e,) < neZ, then any ¢, such
that ¢y, (¢,) > 9ne? is a lower bound for the rate. To obtain a more explicit
form for (,,, we distinguish the cases a < g and § < «.

In the case a < 3, let us use the fact that

010 (Ca) = —logII(|| fll2 < Ca) 2 G,
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where the last inequality is obtained using the asymptotics of the small ball
probability of X,. Thus the condition ¢y, (¢,) > 9ne? is satisfied if ¢, is equal
to constant times n~®/(2¢+1) = @ gince ¢, can be chosen equal to constant
times r&f = oo,

In the case @ > 3, let us define fy by specifying its Fourier coefficients as

L= 1/248(1 + log k) /?loglogk, kE>1).
0,k

Note that the series Y k%% f027 . converges so without loss of generality one can
assume that fy belongs to Fp 1, (otherwise consider afy for @ > 0 small enough).
Moreover, one just needs to prove the lower bound result, the upper-bound
resulting from what precedes. In the remainder of the proof the rate ¢, is thus
taken equal to Cr%? for some constant C' > 0.

Let us denote (,, = d,&,, where §,, — 0 is to be chosen, and let us bound
from below @y, (¢,). We have ¢y, () > <p?0 (Cn). Let h be in the RKHS H* of
the prior with ||h — foll2 < (u. Then, for any k(n) > 1, using the inequality
(x4 y)? > 2%/2 — y? valid for all reals z and v,

k(n)
IalE = D ETPRE =Y k(b — for + for)?
E>1 k=1
1 k(n) k(n)
Z 5 Z k1+2af027k _ Z kl+2a(hk _ fO,k)2-
k=1 k=1

That is, with the notation S(K) = S5, k2 2, using that ||h — foll2 < G,

Il > 5 S(k(n)) — k(n) 2. (8)

N =

Let us choose k(n) = n'/(1+2®) logn and §,, = log™? n for some p > 0. Using the
explicit form of the fy s, one obtains, denoting I, = loglogn, that S(k(n)) 2
E(n)'*t20=26]-210g" ! . Thus

S(k(n)) = nell;%log’* 2 n

~

k(n)'t2e¢2 = n5i10g20‘+172pn.

Since @ > (3, the first of these two terms is of larger order than ne?. As soon as
2p > 1420, it is also of larger order than the last term in the preceding display.
Minimizing Equation (8) in h, we conclude that in this case,

©5,(Cn) 2 neql, 2 log** ~* n.
Thus ¢y, (¢,) divided by ne? tends to infinity. In view of the Remark after
Theorem 1, we obtain that (,, = d,&, is a lower bound for the rate, which
concludes the proof. O
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3.2. The C°[0,1]-setting and Riemann-Liouville type priors

In this subsection we obtain new upper and lower bounds for posterior rates in
the following model of density estimation. The observations Xy, ..., X,, are a
random sample from a positive density fy on the interval [0, 1]. Let us denote
wo = log fo, so that fy = e™°.

Now let us explain how we construct a prior on positive densities f, fol-
lowing the approach considered in [14]. To any continuous function w on the
interval [0, 1], we associate the density p,, (that is a nonnegative function which
integrates to 1) defined by

ew(s)

—_ e [0, 1].
fol ew(wdy s€(0.1]

Puw(s) =

Let W be a Gaussian process defining a prior IT,, on C°[0, 1]. Then the quantity
pw defines a random (non-Gaussian) density. The corresponding prior on the
set of densities is denoted by II,,. As Gaussian prior W we choose the process
X defined below.

First, let us define the Riemann-Liouville process of parameter a > 0 as

a ! — s a—1/2 S
R, —/0 (t—s) dB(s), te]0,1], (9)

where B is standard Brownian motion. Then the process prior, which we call
the Riemann-Liouville type process (RL-type process), is defined as

a+l
Xf =Ry +> Zith, te0,1],
k=0
where Zo, ..., Zo41, R are independent, Z; is standard normal and R{ is the

Riemann-Liouville process of parameter «. Note that if & = 1/2 then RY is
simply standard Brownian motion and if {«} = 1/2, with {a} € [0,1) the
integer part of «, then Ry is a k-fold integrated Brownian motion. It can be
checked that the support in C°[0,1] of X is the whole space CY[0,1] (it is in
fact in order to get the whole space as support that one adds the polynomial
part), see [14], Section 4 and Theorem 4.3.

Let us denote by ., the concentration function associated to the process
X and the continuous function wy. Upper-bounds on ¢,,, used in the proof of
the next Theorem to get explicit upper bound rates are obtained in Section 4.1.

Theorem 3. Suppose that wy = log fo belongs to the Holder class CP[0,1] for
some 3 > 0 and let the prior on densities be the distribution 11, of px«, where
X is a Riemann-Liouville type process of parameter o > 0. Then there exist
finite constants C'1, Cy > 0 such that, if €, and (,, are such that

Puo(En) < TLE% and G, < Cl(ﬂ;;(CQnEi),
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then for M large enough, as n — +o0,

EolL,, (h(f, fo) < Me, | X™) — 1,
EolL,, (If — follo > G | X™) — 1,

where h is Hellinger’s distance. Moreover, one can choose &, such that e, < r&?
if {a} = 1/2 or a does not belong to +1/2 + N and ¢, < n= 8/t 1ogn
otherwise.

These results describe in a rather complete way the rate of convergence of
the posterior for the prior II,  constructed from the Riemann-Liouville prior,
for all values of the parameter « in (0, +00). Also, from the upper-bounds point
of view, it improves on Theorem 4.3 in [14], where o = 3 is needed.

Note that, while upper-bound rates are obtained for Hellinger’s distance, the
lower bounds are in terms of the uniform norm. To obtain the lower bounds,
the uniform norm is in a way the most natural (and easiest) distance to work
with since it is the norm on the Banach space where the prior lives and in
the proof, the idea will be indeed to apply Lemma 1 with sets of the form
B, ={f, If = folloo < ¢n}. For upper-bounds, Hellinger’s distance is a rather
natural choice since it is a natural testing distance for i.i.d. observations in view
of the theory of [5]. A natural extension of our results would be to obtain results
in terms of a common distance on the parameter space. While such a refinement
is beyond the scope of the present contribution, we hope that future papers will
answer this type of question.

In the above Theorem, explicit bounds for &, are obtained using explicit
upper-bounds for the concentration functions obtained in Section 4.1. It should
also be possible to obtain explicit bounds for (,, in the spirit of those of Theo-
rem 2 by bounding the concentration function from below. One difficulty here
with respect to Theorem 2 is the presence of the extra polynomial part in the
definition of the process, which makes the evaluations even for the small ball
term more difficult. We will not further discuss this issue here but note only
that in some simple cases, an explicit expression for (, follows quite directly
from what precedes.

Remark 3. For Brownian motion released at zero X; = B; + Zy, by a slight
adaptation of the preceding, one can obtain an explicit evaluation of (,, and
show that if fp is smooth enough, more precisely if 3 > 1/2, there exist a
constant m such that, as n — +o0o,

My, (If = follee = mn~ 4 X™) — 1.

Note that X; is almost the RL-type process with o = 1/2 except for the term
tZy. It can still be checked that the support in C°[0, 1] of this process is the full
space C°[0,1], see [14], Theorem 4.1, and that Theorem 3 still holds, following
the same proof. We always have ¢y, () > ¢P(e) = —logP(||X||s < €). But
on the event that || X|eo < e, we have |Xo| = |Zo] < € thus ||Blle < 2e.
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Using the behavior of the small ball probability of Brownian motion, we obtain
that there exists a constant C' such that ¢y, () > Ce™? for ¢ small enough
and thus <p1701 (u) = w2, Hence ¢, can be chosen equal to constant times

(ne2)~1/2, where ¢, is the upper-bound rate obtained for X;. By the smoothness
assumption on fy, the rate €, can be chosen equal to a constant times r,ll/ 21/2
n~1/%, which yields the announced result on ¢,.

The following Lemmas are used in the proof of Theorem 3. The proof of

Lemma 4 can be found in Section 4.2.

Lemma 4. Let ¢,, denote the concentration function associated to the process
X¢ and the function w € C°[0,1] and let p denote both the real p and the constant
function equal to p. Then for any € > 0,

Puotn(€) = Puo(€) + p* = 2(lwo(0)] + €)lpl.-

Lemma 5 (Lemma 3.1 in [14]). For any v,w elements of C°[0,1],
h(pv;pw) < H’U - wHOOeHviw”m/2
K(po,pa) VV(Popw) S o= w]Zel ™12 (1 4 [[o — w]|)?.
Proof of Theorem 3. The fact that any &, such that ., (g,) < ne? is an upper
bound for the rate is Theorem 3.1 in [14]. Now Theorem 4 in the Appendix
enables to get the explicit expression of &, in terms of 7.

To obtain the lower bound result, we show that if ¢, = C3 "¢y (Cine?) for
large enough constants C; and Cj then IL,, (|[f — folleo < ¢n) < exp(—3ne).
This is enough to obtain the lower bound statement, since then one can ap-
ply Lemma 1 with B,, = {f, ||f — folle < (n}. The prior probability on the
Kullback-Leibler type neighborhood is bounded from below using Lemma 5 to
obtain a neighborhood in terms of the || - || «o-norm, and finally, due the fact that
the support of X in C°[0, 1] is the whole space C°[0, 1], Lemma 2 can be used.

Let A, be the set {w € C°[0,1], [[pw — folleo < ¢n}. Since ¢, — 0 and
fo > p > 0 for some p > 0, it holds 2| fo|lcc > pw = p/2 > 0 on A,, for n large
enough. Since the logarithm is a Lipshitz function on the interval [p/2, 2|| follso],
one gets, on A, for some d > 0,

[ log puw —1og folloo < dl[pw — folloo < dCn-
Noting that
ev w
[ log pw — log folloo = || 10%@ —wolloo = [|w —wo —10g/€ lloo>
one obtains that, on A,,, it holds ||w —wo— Zy ||cc < d(,, where Z,, is a constant

function and |Z,| < ||w||co. We shall use the fact that with high probability,
this value is not too large. Note that if w is in A,, and ||w| e < Cv/ne, then w
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belongs to U{cvszBk, where By, = {w, ||w—wp— cklloo < 2d(,} with ¢, = kd(,
and N the smallest integer larger than C'v/ne,, /(d(,). Thus

I, (1f = folloe < Cn) = Hu([lpw — folloo < Cn)
N

< Z Iy, (JJw — wo — cklloo < 2d¢n) + Iy (||w]|se > Cv/ney).
k=—N

It is an easy consequence of Borell’s inequality, see [3] or [16], Proposition A.2.1,
that I, (|[w]|e > Cv/ney) is bounded above by exp(—4ne?) for C' large enough.
Now due to Lemma 2,

My (|lw — wo — cxlloo < 2dCn) < exXP(—Pugter, (2dCn)).

Let I; be the set of indexes k such that |c;| < 4|wo(0)] and I the set of indexes
such that |ck| > 4|w(0)]. According to Lemma 4, we have for n large enough

G (2dCr) — 9w (0)[2, it kel,
P ter (2dCn) >
P (2dCn) + ¢2/2, if kel

Thus for some Cy > 0, it holds

I, (I1f = follee < ¢n)

< <7:169|um(0)|27gawo(2d<n)4_ Z efk2d2<3/2f@wo(2dgn)+674n53
o ' SIKISN

< 04(@:167@”0 (2d¢n) + 6747153)'

Using the behavior of the small ball probability for the process at stake, we have
that @, (2d¢,) = C;l/a hence for n large enough it holds ., (2d¢,,)+2log ¢, >
©wo (2dC,)/2. Thus the last display is bounded from above by 2C4 exp(—4ne2)
as soon as Yy, (2d¢,) > 8ne?, which concludes the proof. O

4. Appendix
4.1. Concentration function of RL-type processes: upper bounds

In this subsection, we establish an upper-bound result on the concentration
function of the RL-type process which is of independent interest and which is
used in the proof of Theorem 3 to get explicit upper bound rates.

First let us introduce the classical notion of fractional integral, whose defini-
tion is as follows. For & > 0 and f a continuous function on [0, 1], the fractional
integral of order « is defined as

Ig f(t) = / (t — 5" f(s)ds,
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for any ¢ in [0, 1]. If ¢ < 0, we set I, f(t) = 0.

We shall use the following two Lemmas, the second enabling to handle a
case discarded by the first one (namely the case where oo + A = 1). In the next
statement, the symbol * stands for the usual convolution between functions.

Lemma 6 (Lemma 5.2 in [14]). Let A € [0,1] and « € [0,1) be such that
a+A€(0,2) and a+\#1. If f € C*0,1] and g € L1(R) has compact support
and satisfies [ g(u)du =0 and, in the case that a+ X > 1, also [ug(u)du, then

184 (F * Do / | g () .

Lemma 7. Let § € (0,1) and f € C°[0,1]. If g € L1(R) has compact support and
satisfies [ g(u)du =0 then

1565°(f * 9)lI5 S /u2{1 +1og?(1 + [u| ") }g(u)*du.
The proof of Lemma 7 can be found in Section 4.2.

Theorem 4. Suppose fo belongs to C°[0,1], with 3 > 0. The concentration func-
tion @y, associated to the process Xi* satisfies, if 0 < a < 3, that @y, (c) =
O(e ') as € — 0. In the case that a > f3, as € — 0,

o () = O(e= =) if {a}=1/2 or ag¢f+1i+N,
o O(e™ = log(1/¢)) otherwise.

This extends Theorem 4.3 in [14] in the case that « # (. There is an extra
difficulty in the case where o — (3—1/2 is an integer and {«} is not 1/2, resulting
in the presence of the extra log-factor. Roughly, the difficulty arises from the
fact that, if o € (0,1) and A € [0, 1], the fractional integral I§, does map
C*0, 1] — C*[0,1] only if o+ X # 1, see [7]. Lemma 7 enables us to deal with
the case where o + A =1 is an integer.

Proof of Theorem 4. Let us denote by Z = X — R* the polynomial part of X¢
and by H* the RKHS of R®. The proof is quite similar to the one of Theorem 4.3
in [14] and the starting point is identical. Using Theorem 2.3 in [14], the initial
step of the proof is to bound from above the concentration function ¢y, (2¢) by
a multiple of the sum ¢g,_p(e/2, R*) + ¢p(c/2, Z) with the polynomial P to
be chosen in the RKHS H? of Z. The spaces H? and H* are known explicitly.
The space HZ is the set of polynomials P = Z%:Ol &it' equipped with the norm
| Pell? = Z%:ol £2. The RKHS H” is the space Igflﬂ (L?[0, 1]) with associated
norm HIgflﬂfHHa = [|fll2/T(a+1/2), where T" is the Gamma function, due to
Theorem 4.2 in [14].

Let us check that for the process X, the small ball term ? (¢) is bounded
above by a constant times e~/ for £ small enough. Indeed, it is known that for
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the Riemann-Liouville process R®, the quantity —logP(||R%|lc < €) behaves
as a constant times e~ %/* as ¢ — 0, see [10]. Moreover, for any integer k, the
quantity P(|| Zxt*||oc < €) behaves as a constant times e, which by independence
of Z and R® implies that —log P(||X®||c < €) is smaller than a constant times
e~/ for ¢ small enough.

Now we study the RKHS-approximation term <p?0 (€). There are different
cases depending on the value of {a} which are: {a} € (0,1/2), {a} € (1/2,1),
{a} =0 and {a} = 1/2. We will focus on the first case, that is {a} € (0,1/2),
the other cases being similar. Also, we assume that o > 3, the case a < (3 being
similar though easier since the small ball term dominates in that case.

Thus we focus on the RKHS-approximation term <p?0 (¢) in the case where
a > [ and {a} € (0,1/2). Let ¢ be a smooth, compactly supported kernel, of
sufficiently large order and for o > 0 define ¢,(t) = o~ 1¢(t/o). Since fo € C?,
we have || fo— fo* ¢o |loo < 7 thus [|[{fo— P} —{fo*x o — P}l < eifo = Csl/ﬁ
for some constant C'.

Let us write Taylor’s theorem in the form

= (fo* 6,) (0 o —{a} /B (a—p+1)
fowott) = 3 T E Ot g g g2 g2 220
=0
For the polynomial P let us choose the polynomial part in the preceding display.
Its squared RKHS-norm ||P||2, is proportional to Y%, (fo * ¢o)*)(0)%. The

term of largest order is (fo * ¢ )@ (0)? fé@ * (bt(ygiﬁ)(())? Note that, since fo

is in C%, denoting by {3} the fractional part of 3,

7D 42Dy = |/{ D(0—5) = 1203622 ()ds
/ |s|“’}¢>§?’ﬁ’<s>ds Sofe

Hence ||P[Z, < 0?7722 < g~ 1722%20, Now notice that fo * ¢, — P belongs to
H* and has RKHS-norm proportional to |\Iéi27{a}(féﬁ) (b((,a ﬁH))HQ. Thus, in

the case where 1/2 — {a} + {8} # 1, we can use Lemma 6 to get

IN

a}, (B) (a—pB+1)
12 x e = )l

< / ([ L/2~ (0148 gt B=2) 4 @=B4D) 4y )y < o~ 1/2—0 4B,

Thus || fo* o — Pl|Za S o7 1720%20 < ¢=(2a=2641)/8 The small ball term ¢ be-
ing of smaller order, the concentration function is at most of order e~ (2¢—24+1)/8
which concludes the proof in this case.

If 1/2 — {a} + {8} = 1, let us apply Lemma 7 to obtain

L)}dv.

I P s B € o2t [ ol ) 110t (1
ov
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Using the inequality 1 + (Jov])™ < o711 + |v|71) valid for 0 < o < 1, one
obtains that the norm of fy * ¢, — P in H® is bounded by constant times
log(o~ 1o~ 1/272+8 wwhich concludes the proof. O

4.2. Proof of the Lemmas

Proof of Lemma 3. The concentration function ¢y, is the sum <p?0 + P of two
decreasing functions, see Equation (3). Let us show that o is strictly decreasing
that is p?(e) > B (') ife’ > e. It suffices tosee that C = {y € B, ¢ < ||y|| < &’}
receives positive mass under the law of Z. Since Z is non-degenerate, its RKHS
H contains a non-zero element hy. For some A > 0, the element A\h; € H belongs
to the set C. Since C is an open set, there exists 7 > 0 such that the ball B(Ah1,n)
is included in C. Thus to obtain the strict monotonicity, it suffices to show that
the probability P(||Z — h|| < n) of an arbitrary open ball centered around an
element of h € H is positive.

This can be proved as follows. Using Cameron-Martin change of variables
formula, see e.g. Lemma 3.2 in [15], it suffices to prove that any ball centered
at zero of positive radius receives positive mass under the law of Z. Since B is
separable, for any r > 0 the space B is the union of a countable number of balls
of radius r thus at least one of these balls say B(x,r) receives positive mass.
Let Z’ be an independent copy of the process Z, we have

0<P(Z € B(z,r))P(Z' € B(z,r)) <P(Z - Z" € B(0,2r)).

Now note that (Z — Z')/+/2 has the same distribution as Z (these are Gaussian
processes with the same covariance function) thus P(Z € B(0,r)) is positive for
any r > 0.

Now just the convexity statement remains to prove. Using the fact that the
function h — ||h||% is convex together with the definition of the infimum, one
gets that ‘/’?o is convex. The fact that ¢? is convex is a consequence of the
general fact that the probability measure of a mean-zero Gaussian process is
log-concave, see for instance Lemma 1.1 in [1]. O

Proof of Lemma 4. First, let us check that for any h in the RKHS H of X/,
it holds [|h]|Z = h(0)® + ||h — h(0)||%. We use the well-known fact that if a
process X is a sum of two independent centered Gaussian components V' and
W, with supports BV and B" and RKHS HY and H" respectively, such that
BY NBY = {0} and B" is complemented by a closed subspace that contains
B"W, then the RKHS H of X is the direct sum of HY and HY and ||hY +h" % =
AV [|Zv +[|R"Y |2, see for instance Lemma 9.1 in [15]. We apply this fact to the
decomposition X =V + W, with V = Zy and W = X — Zj, see Equation (9).
The support BY is the set of all constant functions, while BY is included in the
(closed) set of all continuous functions f with f(0) = 0. Since BY NB" = {0},
the preceding result implies the announced decomposition.
Now note that

inf Kl = inf + ol?.
heH, Hh7w07p|\ao<5H HH g€eH, |\g—wo|\m<ng pHH
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For any g belonging to the set defining the latter infimum,

lg+oll = llg+p—g(0)—pli+ (9(0) + p)*
= g —9(0)lF + (9(0) + p)* = llgllf + 29(0)p + p°.

Since ||g — wolles < € in particular we have |g(0) — wp(0)| < &, which gives the
desired bound on the infimum and hence on the concentration function. O

Proof of Lemma 7. From the proof of Theorem 14 in [7][p. 588], we know that
forany 0 <t <1and 0 < u <t it holds

t/u
|Ié;5 (t—u)— Ié;‘s ) Su+ u/ w{(w—1)"% — w9} dw.
1

Since § € (0,1), the latter integral is bounded if ¢/u < 2. If t/u > 2 we split
the integral in a part over [1, 2], which is bounded, and a part over [2,¢/u]. For
the latter part, the mean value theorem gives |(w —1)"% —w ™% < (w—1)79"L.
Thus using the inequality w < 2(w — 1) for w > 2, we obtain that the integrand
is bounded from above by (w — 1)~!, which leads to

|Ié;5 (t—u)— I&;‘s )] S w(l+log(l+t/u)) (10)

But this also holds for ¢ < u since then by definition I&;‘s (t —u) = 0 and
we can use the preceding display with ¢ = u to get that |Ié;5 f@) St <
u{l + log(1 + ¢t/u)}. Thus using Fubini’s theorem and then (10), one obtains
that for any ¢t > 0 and any real u,

1L (9] S /IIél‘sf(t—U)—Iél‘sf(t)llg(U)ldu

/IUI{1+10g(1+t/IUI)}|g(U)|dU-

A

Hence by the Cauchy-Schwarz inequality

I 9l3 S / 1 ( [0 +t/|u|>}2u2g<u>2du) dt

A

/u2{1 +log?(1+ |u| )} g(u)2du. O

5. Conclusion

We have defined a notion of lower bound for the rate of convergence of the poste-
rior distribution and given a scheme to obtain lower bounds in a nonparametric
framework when the prior is a Gaussian process. Lower and upper bound rates
turn out to be intimately related to the behavior of the concentration function
¢y, of the Gaussian process at the true fo. When fy is smooth enough, the
small ball term in ¢y, dominates and determines the rate. On the contrary,
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when the prior is much smoother than the function, the RKHS-approximation
term dominates and in general some extra information on fj is needed in order
to determine the precise behavior of ¢y, explicitly. In the framework of Section
3.1 we were able to obtain that known upper bound rates are, up to constants or
log factors, also lower bounds rates, thus leading to optimality of these rates up
to constants or log factors. In Section 3.2 we have obtained lower bound results
for the posterior rate when the prior is itself non-Gaussian (though constructed
from a Gaussian prior) using Lemma 1 directly. Since the proof of Theorem 1 on
Gaussian priors also relies on this result, our work also underlines the usefulness
of Lemma 1 in obtaining lower bound results.

Acknowledgments

The author would like to thank the Associate Editor and the referees for their
detailed and useful comments.

References

[1] BARRON, A., SCHERVISH, M. J., AND WASSERMAN, L. The consistency
of posterior distributions in nonparametric problems. Ann. Statist. 27, 2
(1999), 536-561. MR 1714718

[2] BELITSER, E., AND GHOSAL, S. Adaptive Bayesian inference on the mean
of an infinite-dimensional normal distribution. Ann. Statist. 31, 2 (2003),
536-559. Dedicated to the memory of Herbert E. Robbins. MR1983541

[3] BOrRELL, C. The Brunn-Minkowski inequality in Gauss space. Invent.
Math. 30, 2 (1975), 207-216. MR0399402

[4] GAENSSLER, P., MOLNAR, P., AND R0OsT, D. On continuity and strict
increase of the CDF for the sup-functional of a Gaussian process with ap-
plications to statistics. Results Math. 51, 1-2 (2007), 51-60. MR 2375638

[5] GHOSAL, S., GHOSH, J. K., AND VAN DER VAART, A. W. Conver-
gence rates of posterior distributions. Ann. Statist. 28, 2 (2000), 500-531.
MR1790007

[6] GHOSAL, S., AND VAN DER VAART, A. W. Convergence rates of posterior
distributions for noniid observations. Ann. Statist. 35, 1 (2007).

[7] HArRDY, G. H., AND LiTTLEWOOD, J. E. Some properties of fractional
integrals. I. Math. Z. 27, 1 (1928), 565-606. MR 1544927

[8] KUELBS, J., AND L1, W. V. Metric entropy and the small ball problem for
Gaussian measures. J. Funct. Anal. 116, 1 (1993), 133-157. MR1237989

[9] KuELBs, J., L1, W. V., AND LINDE, W. The Gaussian measure of shifted
balls. Probab. Theory Related Fields 98, 2 (1994), 143-162. MR1258983

[10] L1, W. V., AND LINDE, W. Existence of small ball constants for fractional
Brownian motions. C. R. Acad. Sci. Paris Sér. I Math. 326, 11 (1998),
1329-1334. MR1649147

[11] L1, W. V., AND SHAO, Q.-M. Gaussian processes: inequalities, small ball
probabilities and applications. In Stochastic processes: theory and methods,


http://www.ams.org/mathscinet-getitem?mr=1714718
http://www.ams.org/mathscinet-getitem?mr=1983541
http://www.ams.org/mathscinet-getitem?mr=0399402
http://www.ams.org/mathscinet-getitem?mr=2375638
http://www.ams.org/mathscinet-getitem?mr=1790007
http://www.ams.org/mathscinet-getitem?mr=1544927
http://www.ams.org/mathscinet-getitem?mr=1237989
http://www.ams.org/mathscinet-getitem?mr=1258983
http://www.ams.org/mathscinet-getitem?mr=1649147

1. Castillo/Lower bounds for posterior rates 1299

vol. 19 of Handbook of Statist. North-Holland, Amsterdam, 2001, pp. 533—
597. MR1861734

[12] RasmusseN, C. E.; AND WiLLIAMS, C. K. Gaussian processes for ma-
chine learning. MIT Press, Cambridge, MA, 2006.

[13] SHEN, X., AND WASSERMAN, L. Rates of convergence of posterior distri-
butions. Ann. Statist. 29, 3 (2001), 687-714. MR 1865337

[14] VAN DER VAART, A. W., AND VAN ZANTEN, J. H. Rates of contraction
of posterior distributions based on Gaussian process priors. Ann. Statist.
36, 3 (2008), 1435-1463. MR2418663

[15] VAN DER VAART, A. W., AND VAN ZANTEN, J. H. Reproducing kernel
Hilbert spaces of Gaussian priors. IMS Collections 3 (2008), 200-222.

[16] VAN DER VAART, A. W., AND WELLNER, J. A. Weak convergence and
empirical processes. Springer-Verlag, New York, 1996. MR 1385671

[17] ZHAo, L. H. Bayesian aspects of some nonparametric problems. Ann.
Statist. 28, 2 (2000), 532-552. MR 1790008


http://www.ams.org/mathscinet-getitem?mr=1861734
http://www.ams.org/mathscinet-getitem?mr=1865337
http://www.ams.org/mathscinet-getitem?mr=2418663
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=1790008

	Introduction
	Lower bound result
	Applications
	The L2-setting and Gaussian series priors
	The C0[0,1]-setting and Riemann-Liouville type priors

	Appendix
	Concentration function of RL-type processes: upper bounds
	Proof of the Lemmas

	Conclusion
	Acknowledgments
	References

