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ON PATHWISE UNIQUENESS FOR REFLECTING BROWNIAN
MOTION IN C*? DOMAINS!

BY RICHARD F. BASS AND KRZYSZTOF BURDZY
University of Connecticut and University of Washington

Pathwise uniqueness holds for the Skorokhod stochastic differential
equation in C'*7 domains in R? for y > 1/2 and d > 3.

1. Introduction. We will prove pathwise uniqueness for the Skorokhod equa-
tion in every C'*” domain D ¢ R?, with y > 1/2 and d > 3. We begin by giving
rigorous definitions of these terms and state our main result.

We will write x = (x1, ..., X4—1, Xq) = (£, xq) for x € R?. We will say that a
function ®:R4~! — R is C!17 if ® is bounded and for some constant ¢; and all
X and y,

IVO@E) - VOM| <crlt =31, £ FeR

A C'*7 domain is one which can be represented locally as the region above the
graph of a C!*7 function.

Reflecting Brownian motion in a Euclidean domain with Lipschitz boundary
can be represented as a solution to the following Skorokhod stochastic differential
equation:

t
(1.1) x=m+m+£m&mm

where n(x) is the inward pointing unit normal vector at x € D, W = {W; :t > 0}
is a d-dimensional Brownian motion with respect to a filtered probability space
(Q, F,{F}),P), Xg € D, and we require X; € D for all t. Moreover, L, is a
nondecreasing continuous process that increases only when X; € D, that is,
fooo 1{X,GD} dLl = O, a.s.

THEOREM 1.1. If X and X' are two solutions to the Skorokhod equation with
respect to the same Brownian motion (but with possibly different filtrations {F;}
and {,‘F/}, resp.) in a CtY domain D c R, with y >1/2and d > 3, then

P(X, =X, forallt >0)=1.
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Weak existence and weak uniqueness for (1.1) are known; see, for example,
Theorem 4.2 in [6]. This and the pathwise uniqueness proved in Theorem 1.1 imply
strong existence by a standard argument (see [10], Theorem IX.1.7).

Pathwise uniqueness for (1.1) has been proved for all Lipschitz domains D C
R? with Lipschitz constant 1 in [5]. See [4] for a shorter proof. In particular, path-
wise uniqueness holds in C'*7 domains in R? for every y > 0. See [3] for an in-
troduction to the theory of reflecting Brownian motion and [5] for the history of the
problem considered in this paper. It was asserted in [6] that pathwise uniqueness
holds in C!'*” domains for all y > 0. The proof given in that paper is incorrect;
see Remark 3.8 for further details.

We have a heuristic argument showing that pathwise uniqueness fails in some
C'*7 domains for some y > 0 and some d > 3. At this time, we are not able to
supply all the details needed to turn this claim into a rigorous proof. However, we
present a counterexample showing that y = 1/2 is the critical value for Proposi-
tion 3.4, a result on pathwise uniqueness for reflected SDEs in a half-space that
are closely related to the reflecting Brownian motion in C'*? domains. The coun-
terexample gives credence to our belief that Theorem 1.1 is sharp, that is, it does
not hold for y < 1/2.

The proof of Theorem 1.1 is based on an analysis of the distance between two
solutions to (1.1). We use It6’s formula to express the distance as the sum of a
martingale and a process with finite variation. The size of the oscillations for each
of these processes is bounded above using estimates for the Green function of
the solution to (1.1) and bounds for partial derivatives of a mapping of D to a
half-space. Some of the crucial estimates are taken from the literature on PDEs in
C'*7 domains. We conclude that the distance between the two solutions has to
be 0, hence pathwise uniqueness holds.

The paper has three more sections. The next section gives some estimates for
solutions to partial differential equations. The proof of the main theorem is given
in the third section. A counterexample showing that Proposition 3.4 is sharp is
given in the last section.

2. Estimates for solutions to elliptic PDEs. First, we introduce some nota-
tion. By standard techniques, it is enough to prove uniqueness in the region above
the graph of a C'*7 function ®. Suppose ®:R?~! - R, and D = {(X, x4) : xg >
(1)}

Let

QCx,r)={y:lyi—xil=ri=1,....d},
B(x,r)={yeR":|y —x| <r},
BR,r)= (peR 5 —% <r).
Let I': R? — R? be defined by
F(x)=(x,xq — P(X)).
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We use U = {x4 > 0} for the upper half-space.
Let

VO () — VOl
X =3I

| P |14y = sup
E#Y

’

the usual seminorm for the space C'*7.
We will use the well-known fact that if /4 is harmonic in a ball B(x,r) and
bounded by M in absolute value in B(x, r), then

@1 Vheo) < 2,
r

see [1], Corollary II.1.4, for example. By induction, the jth-order partial deriva-
tives of 4 at x are bounded in absolute value by ¢; M /r/.

PROPOSITION 2.1. For any cp < 00 theAre exist c1, cp < 00 such that the fol-
lowing is true. Suppose that ®(0) =0, V& (0) =0, sup; [P (X)| < 1/4, |P|c1+y <
co, and that ®(x) =0 if |x| > 3/4. Suppose h is harmonic and bounded in ab-
solute value by 1 in DN Q(0, 1) and h is C?on each face of 9(Q(0,1)N D)\ dD.
Suppose either 1)) h =00n Q(0,1)N 3D, or (ii) 0h/on=0a.e.on Q(0,1)NID.
Then:

(a) we have
|VA(x) = VR(y)| < c1lx — yI7, x,y€B(0,5/8)ND,

and |Vh(x)| < cy for x € B(0,5/8) N\ D;
(b) foranyi, j <d, we have
3%h

<cpdist(x, dD)’ ™', xeB(0,1/2)ND.
0x; 0x;

(x)

PROOF. (a) Case (i) follows immediately from Theorem A of [7], if we take
A(x,y, p) = p and B(x, y, p) = 0 in their theorem.
Let us consider case (ii). First we claim that & is C* in A; U A,, where

Ar = (B(0,15/16) \ B(0, 13/16)) x (0,7/8),
A = B(0,15/16) x (1/2,7/8).

Moreover, we claim that the absolute values of the kth partial derivatives of A
are bounded in Ay U A, by constants depending only on k and ¢ but otherwise
independent of ® and h.

The result for A, follows from (2.1) since 4 is bounded in absolute value by 1
and A is a positive distance from the boundary of D. We turn to A;. Consider any
vertical line segment in A of the form L = X x (0,7/8). Let T = B(%o, 1/32) x
(—15/16,15/16) be a tube about this line segment and define f(x) on a7 to be
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equal to h(x, |x4|). If Z is a standard d-dimensional Brownian motion and t(7') is
the first exit of this process from 7', then the function

2.2) h(x) = E* f(Ze(r)) + ES 7D £(Zy (1))

is easily seen to have the same boundary values as # on D N d7T. The function
h is harmonic because each term in (2.2) is separately harmonic in 7. We have
ah /on=0 on T NadD by symmetry. Hence h=hin T NU. This implies that
h is C* on Aj. The estimate (2.1) and the remark following it can be applied
to / inside B(x,1/32) for x € L. We see that the absolute values of kth partial
derivatives of / are bounded on L by constants depending only on k. The same
holds for A, because h = h on L. This finishes the proof of our claim about the
behavior of & and its derivatives on A1 U A».

Since 4 and 0h/dn are bounded in Dy = (é(ﬁ, 7/8) x (—=7/8,7/8)) N D, by
Green’s first identity,

/ |Vh(x)|2dx:/ h(x)%(x),o(dx)<oo,
Dy aD) on

where p is surface measure on dD;. Hence the function 4 is in Wb2(Dy), the
Sobolev space of functions whose gradient is in L?. Choose a C* function
g: D — R of compact support that equals / in D1 N D and has zero normal deriv-
ative on dU \ Dj. Such a g is easy to find because 9 D is flat outside of Dj.

Let f = Ag. We now apply Theorem 5.1 of [9] in the domain {x : x; > ®(x)}.
We set £(s) = sY, so that 1(¢)(¢) = [é ;‘(s)% =c3tY. We set A(x,z, p) = p so
that div A(x, u, Vu) = divVu = Au. We set B(x, z, p) = —f(x), and therefore
u = g solves div A(x, u, Vu) + B(x, u, Vu) = 0 in the region above the graph of
®. We set 1 (x, u) =0, so the boundary condition in the theorem in [9] becomes
dg/on = 0. Set « = y. With these choices, verifying assumptions (5.1)—(5.6) of
Theorem 5.1 in [9] is routine. According to a remark in the second to last paragraph
on page 98 of [9], one can take § = 1 in Theorem 5.1 of that paper. The conclusion
of part (a) of our lemma in case (ii) follows now from (5.7) in [9].

To prove (b), fix i and let g(x) = a 3¢ (X). Then g is harmonic in D and is Ccv
in B(0,1/2) N D. Fix x € B(0, 1/2) ﬁ D and let r = dist(x, dD)/4. Let ¢ be
a nonnegative C? function supported in B(0, 1) with [¢ =1, and let ¢, (y) =
r~do(y/r). Let g, = g * ¢,. Since

80 — g ()| = ] [150) - ¢ = o) dz
5c3/|z|y<pr<z>dz5c4ry,
then by (2.1)

Ccs _
(2.3) V(g —g)(X)| <= sup |g(y)— g <cer’ .
T yedB(x,r)
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Note that |V, (z)| < c;r~?~!. Using dominated convergence to justify inter-
changing differentiation and integration and the fact that [ ¢, (z) dz = 1, we have
[ Vr(z) dz = 0. Therefore

Vg ()] = ‘ / [g(x — 2) — ¢()]Ver (2) dz

(24) <c [ 1271V @)l dz
< cor? L.
Combining (2.3) and (2.4), we obtain
IVg(0)| < (c6 +co)r? ™,
which proves (b). U

3. Pathwise uniqueness.

LEMMA 3.1. Suppose 0 € dD and <D(6) = 0. There exist a continuous map
H=(h,...,hg):D — U with HQ0) =0, ¢ > 0 and cy, ¢co > 0 such that:

(a) H is one-to-one on B(0,g) N D,

(b) H maps 0D N B(0,¢) to U,

(c) the functions hy, k=1, ...,d, are harmonic on B(0,&) N D,

(d) hg(x) =0forx e aD N B(0, ¢),

() Vhgy - m=00n0DNBQO,¢) fork=1,...,d —1,

(f) Vhg(x) =c(x)n(x) for x e 9D N B(0, ¢),

(g) the Jacobian of H is bounded above by 2 and below by 1/2 on B(0,¢)N D,
(h) 0hg/0xq = c1 and

() fori,j, k=d,

’ 8%hy
0x; 0x;

(3.1) (x)| <eadist(x,dD)Y™',  x e B(,¢)N D.

PROOF. It is routine to construct the following functions ®, and the corre-
sponding domains 53- For each ¢ > 0 let 538 agree with ® on B 0, e), ‘55 x)=0
if |x| > 3¢, and |CT>€|C1+y <2|®|,1+y. Note that for some § > 0 and all ¢ € (0, §),
[P |l < €. Let

58={x:|x,-|<88f0ri=1,...,d—1and<58()?)<xd<88}.

Let D, be the dilation of D, by the factor (8¢)~!, that is, D, = {x:x/(8¢) € 55}.
Let ;D = {x € 0D, :8sxg = ®.(8£%)}.

For each ¢, we define h{, i <d, on D, as follows. For i <d, let h} be the har-
monic function whose boundary values are x; on d D, \ a1 D, and whose normal
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derivative on a7 D, is 0. Define 4, to be the harmonic function whose boundary
values are xg on d D, \ 97 D, and 0 on 97 D;.

By Proposition 2.1, we see that the 47 and their gradients are equicontinuous
in B(0, 1/2) N D,. Taking a sequence & j — 0 along which the hfj and their gra-
dients converge, it is clear that in the limit, we obtain for i < d a function that is
harmonic in Q(0, 1) N U, has boundary values x; on dQ (0, 1) N U, and has zero
normal derivative on Q(0, 1) N dU. Therefore the limit must be the function x;.
For i = d, a similar argument shows that the limit is the function x;. The gradients
also converge, so the limit of the gradients of hfj must be e;, the unit vector in the
x; direction.

Therefore, if we take j sufficiently large, and set ¢ = ¢, then the function

Hx)=(h{(x/@&))),....hj (x/(8e})),  xeB0,e)ND,

will have all the properties stated in the lemma on B(0, ¢j) N D. It is routine to
find an extension H of H to D satisfying the desired properties on all of D. [

Let E C R? be a domain and Z a continuous process taking values in E. Let us
say LZ is alocal time for Z on d E if L is a nondecreasing function that increases

only when Z € 9E, thatis, [5° 1{z,cgydL? =0 a.s.

LEMMA 3.2. Suppose that H and ¢ > 0 are as in Lemma 3.1, xo € D N
B(0,¢e/2), and X is a solution to

t
X =x0+ W, +/0 n(X,)dLY,
where W = (W', ..., W%) is a d-dimensional Brownian motion and L,X is a
local time of X on 0D. Assume that these processes are defined on a filtered

probability space (2, F,{#:},P), and W, X and LX are adapted to {¥;}. Let
Y= ...,YY = H(X) and let

t=inf{r > 0: X; ¢ DN B(0,3¢/4)}.
Thenfort <tandi=1,...,d —1,

t 4 ah
—Yi= / (H™(Y,)) dWk
O
and
ah :
yd —yd = /0 —"(H 1(YQ)de—|—/() n(H~'(v,)dLY,

where L,Y is a local time of Y on dU that is adapted to {F;}.
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PROOF.  The lemma follows from It6’s formula, but we cannot apply It6’s for-
mula directly because the function H is not necessarily of class C2 on D. For
6 >0, let

Hs((x1, ..., xa)) = H((x1, ..., Xa—1, Xa + 8)),

and Y® = (Y51, ..., Y%9) = Hs(X). Note that for § € (0, &/16), the components
of Hs are harmonic and C2 on D N B(0, 7¢/8). Leteg = (0,...,0,1) and n(x) =
(my(x),...,ng(x)), the inward pointing normal vector on 0 D. By It6’s formula,
fort<‘randl_1 ., d,

SI_Y(Sz /
0

k= 1

/’da

By Proposition 2.1, the first partial derivatives of h;’s are Holder continuous
with exponent y > 1/2. This and the fact that X is a continuous process imply that
for any i and k, the processes g—g(X s + 8e4) converge uniformly to gi’i (X,) on the
time interval [0, 7], a.s., when § — 0. It follows that, a.s., when § — 0,

(3.2)

d
(3.3) /Z Ohi (X +(Sed)de—>/ Z (X)de

By convention, let n(x) be the zero vector for x ¢ d D. Recall from Lemma 3.1
that Vi -n=0on dD NB0,e)fork=1,...,d—1and Vhy(x) = c(x)n(x) for
x € 3D N B(0, ¢). We use the Holder continuity of the Vi;’s and the continuity of
X to conclude that fori =1,...,d — 1 and all &k,

(3.4) Ohi

uniformly on [0, t], a.s., when § — 0. This also holds for i =d and k # d. For
i =k =d, we obtain

(3.5)

where c(x) is a bounded function. _ _ '
Since H and X are continuous, Y,‘S” - Yg "' — Y} — Y§. We combine this obser-
vation with (3.2)—(3.5) tosee that fort <t andi=1,...,d — 1,

d
(3.6) Y — Y= /t Ohi To (X)W
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and

t 4 9p '
3.7) yd — yg:/ Z—d(xs)deJr/ n(X,)c(X,)dLX.
0 =7 90Xk 0

Note that LtY a f(; c(X5)d LgX satisfies the definition of local time of ¥ on dU, that
is, it is a nondecreasing continuous process such that for liy,epyd Lf =0, a.s., and
is adapted to {#;}. Since H is one-to-one, we can replace X, with H ~1(¥,) in
(3.6)—(3.7). The last two observations and (3.6)—(3.7) yield the formulas stated in
the lemma. [

Let o;j(x) = (0h;/dxj) o H~(x), where the ;’s and H are as in Lemma 3.1.

LEMMA 3.3. There exists c1 such that for each i, j, k < d, and for each x €
H(B(0,e/2) N D),

(3.8) L) <eilxal”™', xeR9
Xy

‘ d0;

PROOF. In view of (3.1), all we have to show is that there exists ¢ > 0 such
that for all x € B(0,¢) N D,

hg(x) > cadist(x, 0D).

But this is immediate from Lemma 3.1(h) and the fact that h; =0 on d DN B(0, &).
O

Let
(3.9) G(x) = |xq|” "

PROPOSITION 3.4. Suppose o maps RY to the class of d x d matrices, y >
1/2, and there exists c| such that for each i, j, k <d,

00i;
X
Consider the stochastic differential equation

(3.11) dY, =o(Y,)dW, +m(Y,)dLY, Yo = Yo,

where Y; is a d-dimensional process, W, is a d-dimensional Brownian motion with
respect to a filtered probability space, yo € U, m is the inward pointing normal
vector on U, and L,Y is a local time of Y on dU. If Y and Y’ are two solutions
with respect to the same Brownian motion and for some bounded stopping time t,

(3.10) <cylxg|” 7t x e RY,

(x)

(3.12) IE/OT(G(YS)Q +G(Y)?)ds < oo,

then
PY; = Y,/for allt €[0,t]) =1.
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PROOF. Let § > 0 be small. We can find ¢, ¢3 < 0o such that for each € > 0
there exists a C2 function f; : RY — R such that f,(x) is a nonincreasing function

of |x|, fe(x) = —log|x| for |x| > ¢, fe(x) > —loge if |x| < ¢, and
82
(3.13) |Vfi(x)| < 2, fe (x)‘fc—3, i,j<d, x eRY.
x|’ dx; 0x; |x|?

We see that 9f,(x)/dxy <0 for x € U and 3f:(x)/dxy >0 for x € UC.
Using (3.10), for any i, j the mean value theorem tells us that

|07 (x) — 0;; (V)| < ealx — y[(1xal? ™"V yal” ™)
< aalx = y[(G(x) + G(»)).

Let Z; =Y, — Y, and apply It6’s formula with the function f,. We have

(3.14)

32 f,
fg(zt)—fg(zo)+f (Z)dzk 2] S g0 aizb 2,

P 0xi 0xy¢

A Z—(z ) (Lpmaymi (Yy)d LY — 1y gymyi(Y))d L)
k=1

d
= fe(Zo) +/ —(Z )|:Z(Ukj(Ys) - Ukj(Ys,))dWsj]
j=1

32 fe
(3.15) 2/ Z e

Pl Xy 8xe
d
x {Z(%(m — 01 (Y)) (04 (Yy) — %(Y;))} ds
j=1
+ f L (zy@L! —ar’)
= fe(Zo) + Mz +Ar + Vi
Note that if Yy € 09U, then Z; € U° and so afs (Z ) >0, while if Y] € 9U, then

Zs € U and so %(Z s) <0.Hence V; is a nondecreasmg process.
By (3.13) and (3.14),

A= [ — 7l = HPG) + G ds

<o fo (G2 + G(Y)?)ds
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Also by (3.13) and (3.14),

T ¢
(M), 5/0 ﬁle—Y§I2(G(Ys)+G(Y§))2ds
S

T
< cgfo (G(Y5)? + G(Y)?) ds.
Therefore, using (3.12),
IE|Ar| =< ¢o, E{(M); <ciop.

So there exists N > 1, independent of ¢, such that

ElA
P(A,| > N) < ATl 90 g
N N

and

EM?2 E(M); co

P(|M;|> N) < NZT = Nzr SWS
Since f:(Zp) > log(1/e) and V; is nondecreasing, (3.15) and the above estimates
imply that except for an event of probability at most 28, we have

liminf f;(Z;) > liminf f.(Zg) — 2N = o0.
£—0 e—0

8.

We conclude that Z; = 0, with probability greater than or equal to 1 — 2§. Since
4 is arbitrary, Z; = 0, a.s. This is true, a.s., simultaneously for all stopping times
T A t, for rational ¢. Since Z, is continuous in ¢, our result follows. [

COROLLARY 3.5. Suppose that ¢ > Qis asin Lemma 3.1, x9 € DN B(0, /2),
and X and X' are solutions to

t
X, =x0+ W, +f0 n(X;)dLY,

t !
X, =x0+ W, +/ n(X))dLY,
0
relative to the same Brownian motion W . Let
t=inf{r >0:X, ¢ DN B(0,3¢/4) or X; ¢ DN B(0,3¢/4)}.

Then

P(X,; =X, forallt €[0,7])=1.

PROOF. Let H be as in Lemma 3.1 and Y = H(X) and Y’/ = H(X'). It will

suffice to show that P(Y; = Y,/ forallt € [0, t]) = 1. In view of Lemma 3.2 and

Proposition 3.4, all we have to show is that (3.12) holds for these processes Y
and Y.
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Extend the definition of each oj; by setting 0y; (X, xg) = 0y (X, |x4|) for x €
R4 \ U. By [8] (see also [2]), the Green function K (x, y) for the corresponding
elliptic operator is comparable to |x — y|>~¢. Let U; = H(B(0, )N\ D). If Yo = yo,
then

' 2 2
E/O G(Yy) dsf/UlK(yo,x)G(x) dx.

We will estimate the last quantity in the special case yg = 0. The general
case can be dealt with in an analogous way. Let A;; = {x € U : 27k < x| <
2K+l 2=i < x4 <27/t For x € Agj, we have K (yo,x) < c127%2=d) apnd
G(x)2 < ¢2272r=DJ The volume of Ay; is bounded by 327 Kd=D2=J Since
y > 1/2, the series }_ ;- 277@r=1 js summable, and we have

/ K (yo, x)G(x)2 dx < Z Z cl2_k(2_d)c22_2(7’_1)jC32_k(d_1)2_j
Ui

k>1j>1
<cy Z 2k Z 277 2y=D o0,
k>1 j>1

It follows that E [{ G(Y,)?ds < oo and similarly, E [{ G(Y))?ds <oco. O

PROOF OF THEOREM 1.1. By standard arguments, the local version of path-
wise uniqueness proved in Corollary 3.5 can be extended to the global assertion
stated in Theorem 1.1. [J

REMARK 3.6. The same proof as that in Proposition 3.4 proves the following
theorem.

THEOREM 3.7. Suppose Z and Z' are two solutions taking values in RY to
the stochastic differential equation
(3.16) dZ, =0ij(Z;)dW;,

where W; is a d-dimensional Brownian motion. (We allow Z,Z' to be adapted
to possibly different filtrations.) Suppose there exists a function G :R? — [0, 00)
such that for each t < o0, a.s.,

/Ot (G(Z)* + G(Z)?) ds < o0,

and foreachi, j=1,...,dand x,y € RY, we have
(3.17) |oij (x) — i (V] < |x = y[(G(x) + G(y)).
Then

P(Z;, = Z;for allt >0)=1.
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REMARK 3.8. The proof in [6] that weak uniqueness holds for (1.1) is correct,
but the proof of strong existence is not. If {#;} is the filtration of the Brownian
motion, it was proved that there exists a solution X; of (1.1) with X; being F
measurable for all ¢+ < 1, but the process X constructed there was not necessarily
adapted, that is, it was not shown that X; was ¥; measurable.

4. Counterexample. Let U be the upper half-plane and consider the stochas-
tic differential equation

4.1) dY, =o(Y;)dW, +n(Y,)dLY, Yo = yo,

where Y; is a three-dimensional process, W; is a three-dimensional Brownian mo-
tion with respect to a filtered probability space, yp € U, n is the inward pointing
normal vector and LY is the local time of ¥ on 3U.

THEOREM 4.1. For every y € (0,1/2) there exists o which maps U to the
class of 3 x 3 matrices such that o is bounded, uniformly positive definite, there
exists c1 such that for each i, j, k <3,

(4.2) o|<axy™",  xeU,

‘80’,‘1‘
0xk

and there exist two solutions Y and Y’ to (4.1) with respect to the same Brownian
motion and with yo = 0 such that for some t > 0, P(Y; #Y/) > 0.

PROOF. We will identify 9U and R?. Choose a function ¥ : R? — [0, oo) with
the following properties:

(1) ¥(x)=v(|x]|) for some { : R — [0, 00).
(i) ¥(x)is C=.
(iii) ¥ (0) =1, ¢ is decreasing on [0, 00), ¥ (r) =0 for r > 3/4.

For integer k, let

(4.3) Wlx) =27 w2k,
(4.4) W)= > Wl(x+3Bi275,3i270).
(i1.in) €72

Let ¢ be the harmonic function in U which has boundary values Wy (x) on oU.
Consider a large integer n; whose value will be specified later and let ¢ =
ZmZO Pmn, -

Letojj=0fori# j,o33=1and oj;(x) =1+ ¢(x) for j =1,2.

First we will show that the o;;’s satisfy (4.2). For some ¢, ¢3 < 00, all j, and all

x € 90U, we have |gp(x)| < ¢p and |%(x)| < ¢3. Since ¢y and % are harmonic,
J J
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we have |@o(x)| < ¢» and |37¢’5?(x)| <3 forall x € U. By (2.1), |§%?(x)| <cs/x3

for x3 > 1. We use scaling to see that

9 —k(y—1) . —k
ﬁ(x)‘f cs2 ) ) ?fx3§2 k,
627 [ x3, if x3 > 27F.

Hence, for some ¢7 <00, j=1,2,3andall x e U,

< Z cs2 k=1 4 Z 662_ky/X3§C7x;/_1.

kix3<2—k kix3>2—k

This and the definition of the o;;’s imply that (4.2) holds.

Assume that pathwise uniqueness holds for (4.1). We will show that this as-
sumption leads to a contradiction. Pathwise uniqueness together with weak exis-
tence imply strong existence. Let ¥ and Y’ be the unique solutions to (4.1) with
the same driving Brownian motion W, with starting points Y and ¥;). Most of the
time we will be concerned with ¥ and Y’ starting from different points, that is,
Yo # Y.

We will write Yy = (Y1 (s), Y2(s), Y3(s)), and similarly for Y, .

Note that the third component of Y is a one-dimensional reflecting Brownian
motion starting from 0 and the same is true for Y'. Moreover, if ¥3(0) = Y5(0),
then the third components of ¥ and Y’ are equal to each other for all 7, a.s.

By Itd’s formula, for k =1, 2,

(Ye(0) — Y[ (1))

0x;j

dg
e
Xj

= (Y(0) — Y[(0))* + /0 2(Ye(s) — YL(5)) (0w (Yy) — o (Y])) dWE
t
+1 /0 2ok (Yy) — o (¥))) ds
t
= (Y1(0) — Y{(0))* + /O 2(Yi(s) — Y{(9)) (9 (Yy) — @(¥))) dWE

t
2
4 /0 (0(¥y) — p(Y)) ds.
It follows that if we set R, = |Y; — ¥/ 2, then

;2
Ri=Ro+ [ 3" 2(Hi(s) = ¥(9) (p(Yo) = o)) d W)
k=1
4.5)

t 2 5
+ [ Sl ey
0 =1

This implies that R; is a time-change of the square of a two-dimensional Bessel
process. Hence, the process t — |Y; — Y/| has the same exit probabilities from an
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interval as a two-dimensional Bessel process. The main technical goal of this proof
will be to show that R hits 1 before some time #y < co with probability pg > 0,
where 79 and pg are independent of Ry > 0.

We will now derive some estimates based on (4.5) that will be needed later in
the proof.

Suppose that Y (0) # Y'(0), Y3(0) = Y5(0) and consider b > 0, ag € [0, 1) and
a; > 1. Let

Ty =inf{t > 0:|Y; — Y/| ¢ [aolYo — Yl a1|Yo — Yyl1},
t
T = inf{t > 0:/ ((Yy) — p(Y))*ds > b|Yy — Y(;|2}.
0

Since |Y — Y’| is a time-change of a two-dimensional Bessel process, we have for
a two-dimensional Brownian motion W,

’ ' T ! N\ 2
Y, v/ = Yo—Yo-i-W(/O (oY) — p(Y))) ds).

Note that if 5 < oo, then
/sz(wm) —p(¥))*ds =b|Yo— Yy,
and therefore
Yo, =Y, | =|Yo— Yo+ W(b|Yo — Y3
Hence, if we take a = (Yo — Y{))/|1Yo — Y|,
P(ry < 11) < P(r2 < 00, |Yo, — ¥, | € [ao|Yo — Y|, a1 Yo — YgI])

< P(|Yo — Y5+ W(b|Yo — Y§I*)| € laolYo — Y§l, a1|Yo — Y§I1)
=P(la+ W(®)| € [ao, ai1]).

The last quantity is a constant pg > 0 depending on ag, a; and b but not depending
on Y or Y’'. Moreover, it is easy to see that for fixed ag and a;, po — 0 when
b — o0o. We record the above inequality for future reference as

(4.6) P(z2 < 11) < po.

We will now estimate the probability of the complementary event in the same
setting. We have

IP’(T1<T2)§P< U {IYt—Y,/I¢[ao|Yo—Y6I,a1IY0—Y6I]})

0<t=<m

= P( U {IYo — Y5+ Ws|Yo — YgI*)| ¢ [aol Yo — Ygl, a1|Yo — Yél]})

0<s<b

P( U {|a+W<s>|¢[ao,a1]}>.

0<s<b
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This easily implies that
4.7 P(t1 <) < p1,

where p; — 0 as b — 0, for any fixed ag and a;.
Take 1 —ap =a; — 1 > 0 and consider an arbitrary finite stopping time 7. Note
that

{||Yf ¥ = [Yo— Y| > (a1 — D|Yo — ¥},

/0 (0(Yy) — (Y)) ds < b|Yo — Y(;|2} Cln <),

If we take a» = a; — 1, it follows from (4.7) that for any a;, po > O there exists
b > 0 such that for every stopping time t,

P(HYr = Y| — Yo — Yyl| > a2|Yo — Yy,
4.8) )
/0 (0(Y) — o(¥))2ds < b|¥y — YO’F) < no.

We will next estimate ¢(x) — ¢(y) for x and y such that x3 = y3 > 0.
The function g is not constant on horizontal planes, so for some x° € U we

have (g%l), %)(xo) =v #0. Let ryp > 0 be such that B(x°, ry) c U and

dpo 990
4.9) '(a—xl, 8_x2)(x) —v| <|v|/100

forall x € B(xo, ro). By scaling,

dgp
(4.10) ’(ﬂ ﬂ)(x) _ 2 kr=Dy| < 27k=Dy| /100
0x1 0x2

for k > 1 and all x € BQ27*x0, 27 %ry).
We have |gg (x)| < 27% for all x, so 2 k>0 1ok lloo < 00. It follows that

(0,0)
4.11) lim  sup > @ua(x) =0.

" e B(:O,r0) m—1

By (2.1),

[e.e]
lim  sup D [Veua(x)] =0.

"0 xeB(0,r0) =1

We choose n; so large that

o0
(4.12) sup Y |V, (x)] < |v]/100.

x€B(xY,r0) m=1
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By scaling,

o0
(4.13) sup > 1V, ()] < 27K =Dy /100.
xeB(Z*kxO,Z*kro) m=k+1

For some cg < 0o, by scaling, [|[Vglloeo < c82_k(”_1). We make n larger, if
necessary, so that

—1 -1
(4.14) > Vo lloo = Y eg27™@ =D < v|/100.

m=—00 m=—00

We use scaling again to see that

k-1 k—1
Y IV lloo < Y g2 =D <27k =Dy|/100.
m=—00 m=—00
Then
k—1 k—1
(4.15) S VO lloo = Y V@ llso <2757~ Dv|/100.
m=0 m=—oQ

With this choice of ny, we have by (4.10), (4.13) and (4.15), for all x €
BQ27*x0 27%ry),

‘(3_‘1’ 8_‘P)(x) _ky-Dy

ax1’ 9xo
dpr Ak o > k=l
(4.16) 5\(—,—><x>—2 Dy 4 3 1V O+ Y Ve, oo
dx1 - dxa m=k—+1 m=0

<3.27%=Dy|/100.

By invariance under rotations by the angle 7/2, there is a vector w, perpen-
dicular to v and to the vertical axis, such that (4.16) holds with x° replaced by a
different reference point, say, x!: thatis, fork > 1 and x € B (2_"x1, 2k ro),

dp 0
4.17) ‘(—‘” —“’)(x) - z—k(y—”w‘ < 3.2k~ w|/100.
0x1 0xp
Estimates (4.10), (4.13) and (4.15) are invariant under shifts by vectors of the
form (3 -27%iy, 3-27%iy, 0) with (i1, i) € Z2, so we have for (i1, i2) € 72,

<8_(p 3_§0)(x) _pk(y=Dy

: <3.27%=Dy| /100,
dx; 0xp

(4.18)

forx € BQ*x0+ (3-27%i,3-27%i5,0), 2 %r), and

’(fw e

4.19 )
( ) 0x; 0xp

)(x) - 2k<y1>w‘ <3-27kr=Dw| /100,
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for x € BQ*x! + (3-27Ki1,3-27%i5,0), 2 rp).

Fix some ko such that 2750 < r, /4 and consider any vector u with zero third
component such that 2 ko—k=1 <|u| < 27k0—k There exists co < oo such that for
every z € dU we can find x? and x> of the form

2 =270 4 (3.27%iy,3.27%4,, 0,
(4.20)

=27 3.27%y,3. 27545, 0,
with the property that |z — x%| < 927 % and |z — x3| < c927F. One of the vec-
tors u or —u must form an angle smaller than 377 /8 with one of the vectors v
or w. Suppose that u forms an angle smaller than 377/8 with v and consider
x € B(x2,27%ry/100) and y € B(x*> + u, 27%r/100). By integrating V¢ along
the line segment joining x and y, and using (4.18), we obtain

4.21) lp(x) — (V)| = 10277,

where c1¢ does not depend on k, z, x or y. In the remaining cases, either the above
estimate holds as stated or it holds for x € B(x3 , 2_kro/ 100) and y € B(x3 +
u, 2 %ry/100).

Next we will estimate the rate of growth of t — fot (p(Ys)— (,o(YS’))2 ds. Suppose
that Yo, Y € 9U and |Yo — Y{| € [27/71,27/]. Let k = j — ko, r1 = r9/100 and
u = Y; — Yo. Assume without loss of generality that u forms an angle smaller than
37 /8 with v. Let x2 be defined as in (4.20), relative to z = Yy. Then (4.21) holds
for x € B(x2,2_kr1) and y € B()c2 + u, 2_kr1). Let t =inf{r > 0: LtY > 2_j}.
Let A1 be the following event:

The process Y3(¢) reaches level 2=/ at some time T; < 7, then Y hits
B(x%,r127%1y at a time 7> < 7, and then stays in B(x2, 3r12_k/4) until
at least T» + 22,

The probability of A; is bounded below by p; > 0, independent of k. To see
this, we argue as follows. Extend o to all of R? by reflection, that is, define
o(x1,x2,x3) =06 (x1,x2,—x3) =0 (x1,x2,x3) for x3 > 0. Let V be a weak so-
lution to

(4.22) dv, =5V,)dw,, Vo= (0,0,0).

The solution to (4.22) is weakly unique since & is continuous and uniformly pos-
itive definite (see [3], Chapter VI). Let V; = (th, V,Z, V,3) be defined by V/ =V}
fori = 1,2 and V> = |V?|. A routine calculation with Ito’s formula shows that

dV, =o(V;)dW, +n(V,)dL,

for some three-dimensional Brownian motion W. The proof of the theorem of
Yamada—Watanabe (see [10], Section IX.1) applies in the present context, so since
we are assuming that there is pathwise uniqueness for (4.1), then there is weak
uniqueness for (4.1). Hence V and Y have the same law, and to estimate the prob-
ability of A1, it suffices to estimate the probability of A; when Y is replaced by V.
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By the definition of V, it is enough to estimate this probability when V is replaced
by V. This latter probability is bounded below, using scaling and the support the-
orem for diffusions corresponding to uniformly elliptic operators; see [3], Theo-
rem V.2.5. This completes the proof that P(A{) > p;.

Consider some positive constants c11 and c12 such that ¢y < r1/8 and 1127k <
|Yo — Yy1/2, and let

Ay = {“Yr — Y/ —|Yo—Yjl| > c1127F,

fo (o(Yy) — o(Y))2ds < clzz—”‘}.

By (4.8), we can choose cj > 0 small so that P(Ay) < p1/4. Then P(A; \ A) >
p1/2. Suppose that the event A \ A; occurred. Then one possibility is that

T
(4.23) [ 0t =) ds = e2 7.
If the event in (4.23) does not occur, then ¥, € B(x2 +u, r12_k) fort e [Tr, Th +
272¢] and so by (4.21),
T2+2_2k

[ o —prpyas= [

2

2
(p(Ys) — (Y))) ds
4.24
(4.24) > 0132212k _ o302k,

Combining the two cases (4.23)—(4.24),
@) B[ - ) ds = a2 ) 2 i,
Recall our assumption that | Yy — Y6| e2/=1,277]. Let
T3 =inf{r > 0:1Y; — Y/| ¢ [|Yo — Y;l/2,2|Yo — Y51},
T, = inf{t > O:/Ot(ga(Ys) — oY) ds > 0152_2j}’

for some constant c15. According to (4.6), we can choose c;5 sufficiently large so
that

(4.26) P(T3 > Ts) < 1/2.

Recall that k = j — ko for a suitable constant kg. Let 79 =0, 11 =t A T3, 1, =
T3 AN (T 00y, +1i—1) fori >2 and

Ti+1 2 _
Fo={ [ o) — e ds 2 220 Uy = 1),
Ti
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for i > 0. The events F; are not necessarily independent, but if we take F; =
o(Fy,..., Fi_1), then we have

P(Fi | Fi-1) = p1/2,
by (4.25) and the strong Markov property applied at the t;’s. Hence, we can com-
pare the sequence {F;} to Bernoulli trials to reach the following conclusion. Let
Iy be the smallest integer such that ZiIO:O 15 > 1622k where cj¢ is chosen so
that ¢1622K7 ¢1327 2+ DU+Y) > 15272/ Then Ely < ¢172%7 . Tt follows from the

definition of F;’s and constant ci¢ that 77y > T4 A T3.
Note that Lgﬂ — Lg <27 7. Hence,

4.27) EL¥4AT3 < ELZIO <27 TRIy <27 ¢1722KY = ¢127K0-21),

Let Si =T4 AT3, S; =T3 A (T4 005, | + Si—1) and [} =inf{i : §; > T3}. Let
G;i={I3<S;}and §; =0 (Gy, ..., G;). By the strong Markov property applied
at the stopping times S; and (4.26) we have P(G; | §;—1) > 1/2 for all i. Thus we
can compare the sequence {G;} with a sequence of Bernoulli trials to reach the
conclusion that E/; < cj9 < o0.

By (4.27) and the strong Markov property applied at the S;’s, E(Lgi o Lg) <
182 %1=2Y) for all i. A standard argument based on the strong Markov property
shows that

I[“‘:L%i3 < EL)S/“ < 6182_k(1_2V)E11

(4.28) —k(1-2y) _ —k(1-2y)
<ci32 c19 =202 .

Assume that [Yg — Yjj| = 27/ for some (large) integer j, and ¥Y3(0) =Y. 5(0). Let
U=T3,U =T300y,_, +Uj— fori >2,and I, =inf{i : |Yy, — Yl,Ji| > 1}. Let
N ,? be the number of downcrossings of the interval [2"‘ -1 2~k ], thatis, N kD is the
number of distinct i < I such that | Yy, — Yl/]’,| =2"%and Yy, — Y[’Jl_Hl =2 k-1,
Similarly, let NkU be the number of distinct i < I, such that |Yy, — Yl’]l,l =2 k-1
and |Yy,,, — Yl/]l_+l| =27k, The process t — |¥, — ¥/| is a time-change of a two-
dimensional Bessel process. For any k > 1, the two-dimensional Bessel process
starting at 27 hits 1 before hitting 27¥~! with probability 1/(k + 1), so NP is
stochastically majorized by a random variable with a geometric distribution with
parameter 1/(k + 1). Therefore, EN,? < c¢p1k. Since IN,? — N,?l <1, we also have
EN,EI < c2ok. Let Ny be the number of distinct i < I such that | Yy, — YL,/,- | = 2k,
We see that EN;, < IENkUJrl + IENkD < co3k.

If Yy, — Y| = 27k then by (4.28) and the strong Markov property, E(Lgm —
L[’}i) < €202~ K(1=2Y) 1t is routine to combine this with the estimate EN; < ¢y3k to
see that

Y Y —k(1-2
E(Z(Lu,-+1 - LUi)1{|Yu;—Y/ui|=2k}> = cagk2 7,

i>1
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Thus EL[YJIZ < 24 Y k=1 k27F172Y) < o0, due to the assumption y € (0, 1/2). Let

Ts =inf{tr > 0:]Y; — Y/| = 1} and note that 75 = U/,. The distribution of {LtY, t>
0} does not depend on | Yy — Y6| and we have Lgo = 00, a.s., so there exist pg > 0
and #yp < oo, independent of |Yy — Y6|, such that P(U;, < ty) = P(T5 < t9) > p4.
In other words, there exist ps > 0 and #y < oo, independent of | Yy — Y6|, such that
P(sup;efo. 1Ye — Y/ = 1) > pa.

We finish by using the following standard argument. We have assumed that there
exists a unique strong solution to stochastic differential equation (4.1). Let Y be the
solution with Yy = (0, 0, 0) and let Y/ be the solution with Y({ =(0,277,0). It is
easy to see that the family {Y, Y/, W}j=1y is tight in the space C([0, c0), R3)3
equipped with the topology of uniform convergence on compact sets. Take a
weakly convergent subsequence (as j — oo) and let {Y, Y/, W} be the weak limit.
Note that (Y7)3 = ¥3 for each j, and therefore

t . . t
/ n(y))dL! = / n(Y,)dLY
0 0

for each j and each t. With this observation it is clear that both ¥ and Y’ are
solutions to (4.1) with the same driving Brownian motion W and both starting at
(0,0,0). By the assumption of pathwise uniqueness, ¥; = Y, for all # > 0, a.s.
However, we showed that for some 79, pg, § > 0,

P( sup |V, —Y/| zs) > po
1€[0,1]

for all j > 1. Passing to the limit, we see that with probability at least pg, we have
SUP; 0,101 | ¥t — Y/| > §/2, a contradiction. Therefore pathwise uniqueness cannot
hold for (4.1). O

Acknowledgments. We would like to thank G. Lieberman for helpful advice
concerning the partial differential equations estimates. We are grateful to the ref-
eree for advice on how to simplify some of our arguments and to improve the
readability of the paper.

REFERENCES

[1] BAss, R. F. (1995). Probabilistic Techniques in Analysis. Probability and Its Applications
(New York). Springer, New York. MR1329542

[2] Bass, R. F. (1989). Using stochastic comparison to estimate Green’s functions. In Sémi-
naire de Probabilités XXIII. Lecture Notes in Math. 1372 420-425. Springer, Berlin.
MR1022929

[3] BAss, R. F. (1998). Diffusions and Elliptic Operators. Probability and Its Applications (New
York). Springer, New York. MR1483890

[4] Bass, R. F. and BURDzY, K. (2006). Pathwise uniqueness for reflecting Brownian motion
in certain planar Lipschitz domains. Electron. Comm. Probab. 11 178-181 (electronic).
MR2266707


http://www.ams.org/mathscinet-getitem?mr=1329542
http://www.ams.org/mathscinet-getitem?mr=1022929
http://www.ams.org/mathscinet-getitem?mr=1483890
http://www.ams.org/mathscinet-getitem?mr=2266707

(3]
(6]
(7]
(8]
(9]

(10]

REFLECTING BROWNIAN MOTION 2331

BAss, R. F., BURDZY, K. and CHEN, Z.-Q. (2005). Uniqueness for reflecting Brownian mo-
tion in lip domains. Ann. Inst. H. Poincaré Probab. Statist. 41 197-235. MR2124641
BAss, R. F. and Hsu, E. P. (2000). Pathwise uniqueness for reflecting Brownian motion in
Euclidean domains. Probab. Theory Related Fields 117 183-200. MR1771660
GIAQUINTA, M. and GIUSTI, E. (1984). Global Cl’“—regularity for second order quasilinear
elliptic equations in divergence form. J. Reine Angew. Math. 351 55—-65. MR749677
GILBARG, D. and SERRIN, J. (1955/56). On isolated singularities of solutions of second order
elliptic differential equations. J. Analyse Math. 4 309-340. MR0081416

LIEBERMAN, G. M. (1987). Holder continuity of the gradient of solutions of uniformly par-
abolic equations with conormal boundary conditions. Ann. Mat. Pura Appl. (4) 148 77—
99. MR932759

REvVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences] 293. Springer, Berlin. MR1725357

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CONNECTICUT UNIVERSITY OF WASHINGTON
STORRS, CONNECTICUT 06269-3009 SEATTLE, WASHINGTON 98195
USA USA

E-MAIL: bass@math.uconn.edu E-MAIL: burdzy @math.washington.edu


http://www.ams.org/mathscinet-getitem?mr=2124641
http://www.ams.org/mathscinet-getitem?mr=1771660
http://www.ams.org/mathscinet-getitem?mr=749677
http://www.ams.org/mathscinet-getitem?mr=0081416
http://www.ams.org/mathscinet-getitem?mr=932759
http://www.ams.org/mathscinet-getitem?mr=1725357
mailto:bass@math.uconn.edu
mailto:burdzy@math.washington.edu

	Introduction
	Estimates for solutions to elliptic PDEs
	Pathwise uniqueness
	Counterexample
	Acknowledgments
	References
	Author's Addresses

