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Abstract. We develop a cavity method for the spherical Sherrington—Kirkpatrick model at high temperature and small external
field. As one application we compute the limit of the covariance matrix for fluctuations of the overlap and magnetization.

Résumé. Nous développons la méthode de la cavité pour le modele sphérique de Sherrington—Kirkpatrick & haute température et
champs externe faible. Nous illustrons la méthode par le calcul de la matrice de covariance des fluctuations des recouvrements et
de la magnétisation.
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1. Introduction

The cavity method in the Sherrington—Kirkpatrick model [3], as described for example in [5], is one of the most
important tools developed for the analysis of the model at high temperature. Among many applications of the cavity
method, the most important include self-averaging and Gaussian fluctuations of the overlap (see [4] or [2]). The present
paper was motivated by an attempt to find an analogue of the cavity method for the spherical model and, surprisingly,
the task turned out to be more challenging than expected. Of course, one can anticipate technical difficulties due to
the fact that uniform measure on the sphere is not a product measure and decoupling one coordinate from the others,
which is the idea of the cavity method, is not straightforward. As we shall see, the suggested interpolation has some
new features compared to [5].

After we develop the cavity method, as one application we will study the fluctuations of the overlap and magne-
tization and compute their covariance matrix in the thermodynamic limit. We stop short of proving a central limit
theorem since our goal is to give a reasonably simple illustration of the cavity method.

We consider a spherical SK model with Gaussian Hamiltonian (process) Hy (o) indexed by spin configurations o
on the sphere Sy of radius +/N in RY. We will assume that

1
NEHN(al)HN(az) =£(R1 ), (1.1)
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where Rj 2 =N -1 Yoien ol.] al.z is the overlap of configurations o', 62 € Sy and where the function & (x) is three times
continuously differentiable. A classical example of such Gaussian process, corresponding to the choice of &£(x) = x?
for integer p > 1, is the p-spin Hamiltonian

1
HN(G)ZW Z ity iy " Oy

I<iy,...,ip<N

where (g;,,...; p) are i.i.d. standard Gaussian random variables. One could also consider a linear combination of p-spin
Hamiltonians.

This model was studied in [1] and mathematically rigorous results were proved in [6]. Under the additional as-
sumptions on &,

£(0) =0, £(x) = E(—x), £'x)>0 ifx>0, (1.2)

the limit of the free energy

1
Fy = —Elogf exp(ﬁHN(a) +h Za,-))w(a) (1.3)
SN

N X
iI<N

was computed in [6] for arbitrary inverse temperature § > 0 and external field h € R. Here Ay denotes the uniform
probability measure on Sy . The main results of the present paper will be proved for small enough parameters 8 and #,
i.e. for very high temperature and small external field, and without the assumptions in (1.2). For example, our results
will apply to p-spin Hamiltonian for both even and odd p > 1.

To provide some motivation, let us first describe some implications of the results in [6]. For small 8 and &, they
imply that under (1.2) the limit of the free energy takes a particularly simple form:

1
JQ&FN=qgg”§Qﬁa—q>+T§;~+mg1—q>+ﬂ%0)—ﬂ%an) (1.4)

The critical point equation for the infimum on the right hand side of (1.4) is

q

h2 2/ I —
B ) =

(1.5)
For small enough 8 the infimum in (1.4) is achieved at ¢ = 0 if 2 = 0 and at the unique solution g of (1.5) if & # 0.
Theorem 1.2 in [6] suggests that the distribution of the overlap R; > with respect to the Gibbs measure is concentrated
near g and by analogy with the classical SK model (see Chapter 2 in [5] or [2]) one expects that the distribution of
VN (R12 — q) is approximately Gaussian. In the setting of the classical SK model this is proved using the cavity
method and the main goal of the present paper will be to develop the analogue of the cavity method for the spherical
SK model. Many computations will be more involved and, as a result, instead of using the cavity method to prove a
central limit theorem we will only compute the covariance matrix of the overlaps and other related quantities. This
main application is formulated in Theorem 5 in Section 3.

We note that our results also imply (1.4) without the assumption (1.2). Namely, since we will prove that for small
B and h the overlap R > is concentrated near the unique solution g of (1.5), it is a simple exercise to show that in this
case

: _1(s q 2 2
lim FN——<h (I—q)+-——+log(1 —g)+p76(1) — B E(q)>- (1.6)
N—o00 2 1—¢g

To prove this, one only needs to compare the derivatives of both sides with respect to . Finally, we suggest to an
interested reader not familiar with the original cavity method to learn about it in Chapter 2 in [5], because we believe
that one can gain much more by first learning a technically simpler case from which all the main ideas originate.
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2. Cavity method

For specificity, from now on we assume that 7 # 0 and 8 is small enough so that g is the unique solution of (1.5). The
case of 1 = 0 is also significantly simpler because one can use the second moment method as in [5], Section 2.2. All
the results below are proved without the assumption (1.2). Given a configuration ¢ € Sy, we will denote ¢ = oy and
fori < N — 1 denote

R N —¢g2
GiZUi/ ~ T

so that a vector 6 = (01, ...,0n_1) € Sy_1, i.e. |6] = /N — 1. We consider a Gaussian Hamiltonian Hy_;(0)
independent of Hy (o) such that

1 A~
S EHN1(61) Hy 1 (67) = E(R1 o). @.1)

where Rj 2= (N — 1)~ Di<n-1 667. We define the interpolating Hamiltonian by

_ 2
H,(0) = ~1BHN(0)+ 1 —tBHN_1(6)+h Z &i<1+t( 1]\;_51 _1>)
i<N-—1

1
+he + V1 —tezB/€ (q) — S = 1eb, (2.2)
where 7 is a standard Gaussian r.v. independent of Hy and Hy_1 and

b=h*(1—q)+p*1 - Q&' (@). (2.3)

Define the partition function along the interpolation by
Z; = / exp H;(o)dApn (o)
SN

and for a function f: S% — R define the Gibbs average of f with respect to the Hamiltonian (2.2) by

I
()= ?/y fexp)  Hi(o')dry. 2.4)
L Yoy

I<n

Let v, (f) = E(f); be the annealed Gibbs average.

The main purpose of this interpolation is to devise a way of computing v( f) := v (f) for some particular choices of
f —typically, functions of the overlaps — and finding the right expression for H; is always motivated by the properties
that such interpolation should have in order to make these computations work.

First of all, any cavity method aims to decouple the last coordinate & from the other coordinates to make the
computation of vg(f) easier, in some sense. Notice the special form of the Hamiltonian (2.5) at r =0,

. . 1
Ho(o) = BHN_1(6) +h (%: | 61+ ea — Eezb, (2.5)
vl

where we introduced the notation

a=zB/§&(q) +h. (2.6)

The first two terms depend only on ¢ € Sy_; and, therefore, the Gibbs average (2.4) at t = 0 for functions of the type
f1(0) f2(¢) will decouple (see (2.15) below). In other words, at = 0 we can think of ¢ and 6 as independent variables,
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even though ¢ formally depends on ¢. This explains a somewhat unusual dependence of Hy_; on (61, ...,0N—1) in
the above interpolation instead of the more expected dependence on (o1, ..., ox—1). This is probably the main new
feature compared to the classical SK model on the hypercube {—1, +1}V.

Another desired property of the interpolation is that v;(f) does not change much for ¢ € [0, 1] so that v(f) can
indeed be approximated by vy (f). The proof of this will have several ingredients and, of course, the appropriate choice
of parameter ¢ in (1.5) will play an important role at some point. The main ingredients, however, are the computation
and control of the derivative of v, (f) with respect to 7. This computation will be a first step toward clarifying the role
of all the terms in (2.2). For ¢ in (1.5) we define

r=h(l—q). Q2.7)

Given (01)121 we denote g; = a]lv, Ié; =(N — 1)’1 ZiiAF1 &l.l and define a; and g, ; by

1 ,
a=1-¢, Q2a,=£(@q) - 5(8% +e2)(q&" (@) + &' (@) + ererg” (). (2.8)
Theorem 1. We have

h ~ h N
Vi =3 D wilfaR =) = Snvi(fan (Ragi = 1))

I<n

+28 Z ((farr Ry —q)) — 2np? Z vi(farns1(Ring1 — q))

1<l<l'<n I<n
+n(n+ DB (fant1ns2(Rusins2 — @) +vi(fR), 2.9)

where the remainder R is bounded by

Rl < (8 +h)< ZE;)Hﬁz S (14D R -9

I<n+2 1<I#l'<n+2
This computation will be carried out in Section 4. In order for the interpolation to be useful, the above derivative
should be small. Notice that all the terms in (2.9) have factors of four types a;, a; 1, (Rl —r)or (Rl » — q) which is
why our goal will be to show that the last coordinate ¢ is of order one and the overlap Rl r and magnetization Ry are

concentrated near constants g and r. The corresponding results will be proved in Sections 5 and 6.

Theorem 2. If 8 and h are small enough, we can find a constant L > 0 such that

1
vy (exp 282> <L (2.10)
forallt €0, 1].

Theorem 3. If 8 and h are small enough then for any K > 0 we can find L > 0 such that

Vv q , .
t 1,2 - N = NK
A ]OgN 1/ L
U;( <| 1 |_ ( N ) >>_NK ( )

forallt €0, 1].
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A step in the proof of Theorem 3, where the conditions (1.5) and (2.7) that define parameters g and r finally appear,
will further clarify the role of all the terms in (2.2). In some sense, this is where all the pieces will fall together.
Finally, let us explain what happens at the end of the interpolation at ¢+ = (. We start by writing the integration over

Sy as a double integral over ¢ and (o1, .. O’N 1). Let Ap denote the area measure on the sphere S/’\), of radius p
in RV, and let |Sp | denote its area, i.e. IS | (S ). Then

_ VN
/SNf(G)d)»N((T)— |SI:I/N| /S;VFNf(O’l,...,UN)d)»N (o1,...,0N)

Vl ./«/N V /V v
= for,...;on—1,8)dAy )~ (01,...,0N-1)
ISyN| /=N 1 —€2/N syNe V=t

f ¥ / ,/ _82 ,/N_e2 dy-1(6)
= ) ———, ¢ _1(6
_JN |SV | \/l—ez/N Sy_i oN-1 N -1 N

VN g2 (N-3)/2 N — g2
=a de|{1— — f o ,e|daiy_1(0), (2.13)
N /_ﬁ ( N) Sn—1 f N-—1 N

where ay = |S}vf1 |/(|S}v|\/N) — (271)~'/2 as can be seen by taking f = 1. In particular, if
(@)= fie) f2(d),

then

JN 22\ (V=3)/2
f(a)d?»zv(d)=a1v/ f1(€)<1 - —) d8/S f2(6)dAn—1(0). (2.14)

SN N—1

Since the Hamiltonian (2.5) decomposed into the sum of terms that depend only on ¢ or only on &, (2.14) implies that

(o= {(fm)o(f2)o, (2.15)
where
£2\ (N=3)/2
(@), = / fl(s)(l - N) exp( ae — —be )d (2.16)
VN g2\ (V=372 |
Z1 =/ <1 - —) exp(ae — —b82> de
VN N 2
and
<f2(5))0=z—2 ; fz(ﬁ)eXp<HN—1(3)+h Z C%)d?»zv—l(&), (2.17)
N—1 i<N-—1
Zz=/ exp(HN_1<&>+h > &,->de_1<&>.
SN-1 i<N—1

As we mentioned above, this decoupling is a crucial feature of the cavity method. Using (2.15), (2.16), we will be
able to compute the moments vg (811Cl e al,f”) for integer k; > 0, which is an important part of the second moment
computations and of the cavity method in general. The following holds. Let us recall (2.3), (2.6) and define yg =
1,y1 =a/(b+ 1) and, recursively, for k > 2

-1

k
YVk—1+ b 1)//{72. (2.18)

_ a
=
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Theorem 4. For small enough B > 0,

L (2.19)
=N .

k k
[vo(ef" -+ ex") = Eyiq -,
where the constant L is independent of N.

This theorem will be proved in Section 5 below.

3. Second moment computations

We are now ready to demonstrate the promised application of the cavity interpolation, namely, the computation of
the covariance matrix for the fluctuations of a certain collection of overlaps and magnetizations. Let us introduce the
following seven functions

fi=(Ri2—q)?, fr=Ri2—q)(Ri3—9q), fi=Ri2—q)(R34—q),
fa=Ri2—q@)(Ry — 1), fs=Ri2—q)(R3 —r), fo= (R —r)%, 3.1
fi=Ri—r)(Ry—r)

andlet vy = (v(f1), ..., v(f7)). In this section we will compute the vector Nvy up to the terms of order o(1). As we
mentioned above, it is likely that with more effort one can prove the central limit theorem for the joint distribution of

VNRi2—q), ~VNRiz—q), ~NRss—q), ~NR —r), ~NR—r),

so the computation of this section identifies the covariance matrix of the limiting Gaussian distribution. To describe
our main result let us first summarize several computations based on Theorem 4. The definition (2.18) implies that

_a _ a 2+ 1 _ a 3+ 3a (3.2)
"=rrr T \b b+1 P\t b+ 12 '

The definition (2.3) and (1.5) imply that

1 1
= :l_ .
b+1 1+ —BE @+ 7
Therefore,
Eb% —(1—q@)Ea=(1—-qh=r, (3.3)
2
a 122 1 N2 (p2s) 2\
E(b—i—l) =1 —¢)’Ea”=(1—-q)*(B°€" (@) +h*) =q, (34)
where we used (1.5) again, and
3
W ::E(b“?) = (1 - /Ba® = (1 - )* (3% (@) + 1Y), (3.5)
4
U= E<b“ﬁ) = (1—g)*Ea* = (1 — 9)* (h* + 68°W°E () + 38" (@)°). (3.6)

For simplicity of notations let us write

X~y ifx:y—}—O(N_l).
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Then it is trivial to check that Theorem 4 and (3.2)—(3.6) imply the following relations:

vo(er) ~r, vo(e1€2) ~ ¢, vo(eh) ~ 1, vo(e16263) ~ W,
vo(e1e3) ~ W +h(l —q@)?,  vo(e]) ~ W +3h(1 — g)*,
2.2 2 2 2 (.7
vo(eres) ~U +1—gq7, vo(e1€2835) ~U +q —q°,
vo(e163) ~ U +3q — 3¢, vo(e1628384) ~ U.

Let us recall the definitions a; and a; ;7 in (2.8). Using relations (3.7) it is now straightforward to compute the following
nine quantities

vo(ai,2(e162 — q)) ~ Y1, vo(ai3(e162 — q)) ~ Ya, vo(aza(erer — q)) ~ V3,
vo(ai(e162 — q)) ~ Ya, vo(az(e162 — q)) ~ Vs, vo(ai2(e1 —r)) ~ Ye, (3.8)
vo(az3(e1 —r)) ~ Y7, vo(ai(er —r)) ~ Vg, vo(az(e1 —r)) ~ Yo,
where Y1, ..., Yy are functions of ¢, r, h, U, W. We omit the explicit formulas for Y;’s since they do not serve any
particular purpose in the sequel. Let us define a (7 x 7)-matrix M that consists of four blocks
M:(]g; 1?42) (3.9)

where O is a (3 x 2)-matrix and O, is a (4 x 3)-matrix both entirely consisting of zeros,

2,32Y1 —8,32Y2 6,32Y3 hYy —hYs

My=| 282 282 (Y1 —2Y2—3Y3)  68%(=Y2+2Y3)  A(Ya+Vs) A(Ya-3Ys) |,
28%Y3 8B2%(Y, — 2Y3) 28%(Y; — 8Y> + 10Y3) hYs h(Ys —2Y5)

282(Y1 —2Y2)  2B3(=2Y2+3Y3)  (h/2)Ys (h/2)(Ys—2Y5)
2B%(2Y2 —3Yy) 2B*(Y1 —6Y2+6Y3) (h/2)Ys (h/2)(2Y4 —3Y5)

M>, =
? —2p2Ys 28%Y7 (h/DYs  —(h/D)Yo
2B2(Ys — 2Y7) 2%(—2Ys +3Y7) (/)Y  (h/2)(Yg —2Y9)
Finally, we define a vector v = (v, ..., v7) by

n=(0—-QU+1-4¢>+3¢>,  vn=>10-q)U+q(l —q)(1—2q),

1 1
vi=(1—q)U —q*(1—¢q), va=W = rU+ 5r(2 — 6 +34¢%),

3.10
1 1 5 1 1, (310)
vs=W —-rU + -r(=2q +q°), vg=—=rW+ 1+ =r°(—4+3q),
2 2 2 2
1 1,
vi=—zrW+q+ -r'(=2+¢q).
2 2
We are now ready to formulate the main result of this section.
Theorem 5. For small enough B and h we have
1
(I—M)v}vzﬁvTJro(N—‘). 3.11)

Here v denotes the transpose of vector v. In the statement of the Theorem we implicitly assumed that 8 and & are
small enough so that (I — M) is invertible. Notice that each entry in the matrix M has either a factor of 8% or & and,
therefore, for small enough B and 4 the matrix (I — M) will indeed be invertible. Theorem 5 implies

vl = %(1 -~ M) +o(NT).
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In the remainder of this section we will prove Theorem 5. . . .
For each function f; in (3.1), we will define f; by replacing each occurrence of R by R, i.e. fi = (R12 — q)%,
fz = (1%1,2 — q)(li’m — q), etc. Next, we introduce functions

fi= (12— q@)(R12—q), fr= (182 —q@)(R13 —q), f3=(e182 — q)(R34 — q),
fi= (182 —q@)(R1 — 1), fs=(e162 —q)(R3 — 1), fe=(e1 —r)(R1 —r), (3.12)
fr=(e1—r)(Ry —7).

As in the classical cavity method in [5], we introduce these functions because, first of all, by symmetry,
v(ﬁ):v(fl’) (3.13)

and, second of all, emphasizing the last coordinate in f; is perfectly suited for the application of the cavity method. As

above, for each function f; we will define f7 by replacing each occurrence of R by R, ie. fl/ = (€162 — q)(Iél)g —-q),
etc.
To simplify the notations we will write x &~ y whenever

eyl = o(% +vo((R12 —9)%) +vo((Ri — r)z)). (3.14)
The proof of Theorem 5 will be based on the following.
Theorem 6. For small enough B and h, foralll <7,
vo(f1) ~ vo(f]) + v (f))- (3.15)
We will start with a couple of lemmas.
Lemma 1. If f > 0 and | f ||« is bounded independently of N then for any K > 0 we can find L > 0 such that
v (f) < L(NTF +w(f). (3.16)

Proof. The derivative v/(f) in (2.9) consists of a finite sum of terms of the type v;(fp.g) where p, is some polyno-
mial in the last coordinates (¢;) and g is one of the following:

Ry—q, R-r, (Ry-9* NL (.17)
Theorem 2 and Chebyshev’s inequality imply

Ut(1(|81| > logN)) <LNK
and combining this with Theorem 3 yields that for any g in (3.17),

vi(I(Ipegl= N~V%)) < LN~K.
Therefore, one can control the derivative

(O <LNK + LN () < LN K +wi(h) (3.18)
and (3.16) follows by integration. O

Lemma 2. For small enough 8 and h and all | <7 we have

v(fi) 2 vo(f)) and vy(f) = vo(f)- (3.19)
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Proof. We will only consider the case [ =1, fi = (R12 — q)z, since other cases are similar. We have
W((Ri2—@)?) —vo((R12—9)%)| < Slllp(vl/((Rl,z —-9)%)
< Sltlp(LN_K + LNy ((Ri 2 — 9)%))
< (LN X+ LN"Boy((R12—9)?)). (3.20)

where in the second line we used (3.18) and then (3.16). We will use that

Ria=Ria+s(e,e)Ri2+ N lerer, (3.21)
where
2 2
& €
e = (1-2L)(1-2) -1
w6
Since
«/1+x—1—% <Lx® forxe[-1,1] (3.22)
we have

L
< F(S? +£3). (3.23)

1 2 2
s(e1,€2) + ﬁ(ﬁ‘] +82)

Since by (3.21)

R — (R y+ (. /(1 AV(1-2) 1) Ayt 2 (3.24)
1,2 q = 1,2 q N N 1,2 N€1€2, .

squaring both sides and using (3.23) yields

. 1 A 1
‘(R1,2 - ‘1)2 —(Ri12 —q)2| = NP5|R1,2 —ql+ mps,

where from now on p, denotes a quantity such that

Ips|§L<1+Ze;‘>.
I

Therefore,

A~ 1 A 1
[vo((R12 —q)%) —vo((Ri2 — 9)%)] < Nvo(pisl,z —ql)+ mVo(Pg) =o(N71)

by Theorems 2 and 3. Thus, (3.20) implies the first part of (3.19). To prove the second part of (3.19) we notice that

N A 1
|f{ = fi]= 12— @)(Ri2 — Rip)| < v P

by (3.21) and (3.23). Since each term in the derivatives v{(f) and v}( fl’ ) will contain another factor from the list
(3.17), Theorems 2 and 3 imply the result. O
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Proof of Theorem 6. We start by writing

V(7)== v 1) = s ()]
If we can show that

SI;p|vt"( )| =0 (3.25)
and, thus, v(f}) = vo(f}) 4+ vy(f/), then Lemma 2 and (3.13) will imply

vo(f1) = v(f) = v(£) ~vo(f) + vo(f) ~ vo(#) + v (f).

which is precisely the statement of Theorem 6. To prove (3.25) we note that by (2.9) the second derivative v;"( f;) will
consist of the finite sum of terms of the type f/ p.g1g2 where g1, g2 are from the list (3.17). Clearly,

1 A N
lg1821 =L (W + (R — ) + (Ryr — r)2>
and since each f; contain another small factor (R; ; — ¢) or (R; — r), Theorems 2 and 3 imply (3.25). [l
We are now ready to prove Theorem 5.

Proof of Theorem 5. Let us first note that vy ( ﬁ) is defined exactly the same way as v(f;) for N — 1 instead of N. In
other words,

Wy = (VO(fl), ey V()(f7)) =vN-1

and, therefore, it is enough to prove that
1
(I — MW = NIJT+0(N_1). (3.26)

Replacing 1/N by 1/(N — 1) on the right hand side is not necessary since the difference is of order N~2. Each
equation in the system of Eqs (3.26) will follow from the corresponding equation (3.15). Namely, we will show that

1 A N
(v0(f7).---- (7))~ v and o (1), (F) " ~ Mo (3.27)

Then (3.15) will imply that v?\,T ~N- W+ M v(,)\,T. However, since the definition (3.14) means that the error in each
equation is of order o(N —1 4 u( f1) + vo( f(,)), this system of equation can be rewritten as

(I =M —EnST = %v +o(N7),

where the matrix Ey is such that ||Ex || = o(1). Therefore, whenever the matrix / — M is invertible (for example, for
small 8 and /) we have for N large enough

v(])\,T =U—-M-Ey)~! (%vT —i—o(N_l))

= %(1 — M)~ +o(NT).
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Hence, to finish the proof we need only to show (3.27). We will only carry out the computations for / = 1 since all
other cases are similar. Let us start by proving that vo((e1&2 — q)(R1,2 — q)) ~ v;. Using (3.24) and (2.15), we write

1 ~
vo((e1e2 —q)(R12 —q)) = NV0(8182(8182 —q)) +vo(e1e2 — Pvo(R12 — q)

=
+ VO((8182 —q><\/<1 - fv—%> (1 - %) - 1))v0<1é1,2 —o.

Using (3.23), one can bound the last term by

1 R -1
NVO(PS)’VO(R1,2—Q)| =o(N7")
by Theorems 2 and 3. The term

vo((e1e2 — @))vo((R1.2 — q)) =o(N 1)

by Theorem 3 and the second relation in (3.7), i.e. vp(e162 — g) ~ 0. Finally, we use

2 2 2 2

& & & &
1= L) (1-2) -1+ 2L 4 22|«

N( N)( N) Tov TN

to observe that

qvo ((8182 — 61)<\/(1 — %) (1 — %2) — 1)) ~ = avo((erea — 9)(e7 +63)) = —yavo((ere2 — Q)

by symmetry and, therefore,

1
vo((e162 — @) (R12 — q)) ~ N(VO(€182(8152 —q)) —qvo((e1e2 — @)e7))

1
- ﬁ(vo(sfsg) — qvolere2) —gwo(efez) + g vo(e7)) ~ vy

by using (3.7) and comparing with the definition of v; in (3.10).
Next, we need to show the second part of (3.27) for [ =1, i.e.

v ((e1e2 — ) (Ri2 — @) ~ (Mv(])vT)l,
where (-)1 denotes the first coordinate of a vector. We use (2.9) for n = 2 to write v(/)((slsz — q)(lél,z —q)) as

hvo(ai(ere2 — @)(Ri2 — @) (R — 1)) — hvo(az(ere2 — @) (R12 — @) (R3 — 1)
+2B%hvo(ar2(e182 — Q) (R12 — 9)*) — 88%hvo(ar3(e162 — @) (Ri2 — ) (R13 — )
+68%hvo(az a(e182 — O (R12 — @) (R3.s — @) +v0((e182 — @) (R12 — ) R)

~ 282 Ym0 (f1) — 882 Yavo(f2) + 687 Yavo(f3) + h¥avo(fa) — hYsvo(fs) +vo(f{R)
= (M), +w(f(R).

where in second to last line we used (3.8) and the last line follows by comparison with the definition of M in (3.9).
Finally, since clearly vo(f{R) ~ 0 by Theorems 2 and 3, this finishes the proof of Theorem 5. (]
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4. Derivative along the interpolation

In this section we prove Theorem 1. We start by writing

0 d
/ 1 n+1
vt(f)=E<f E —H,(or )> —nE<f—Hl(a )> “4.1)
= ot . ot [
and
0 B B . . N —¢2
—H;(6)=——=HyNy(6)— ———HN_1(6)+h O -1
a7 (o) Wi N (o) szl() i}le( N1 )
L 28 VE @) + 2% (42)
—_ Z - . .
211 D5
In order to use a Gaussian integration by parts (see, for example, (A.41) in [S]) we first compute the covariance
n 0 2 i 5 /
Cov( H(a'), 51'11(0 )) = T(Nf(Rl,Z) — (N — DE(R12) — £1628'(q))

by (1.1) and (2.1). We will rewrite this using Taylor’s expansion of £ (R 2) near R 1,2- By assumption, & is three times
continuously differentiable and (3.21), (3.23) imply

5 B 5 L4 4
|E(R12) —&(R12) — &' (R12)(R12 — Ri)| < m(el +&3)
and
R I L h 2 BoE (B 1 Ry < L4, 4
§(R1,2) — &( 1’2)+ﬁ(81+82) 128 '( 1’2)_ﬁ£182€( 1,2) _W(81+82)'
Therefore,

N ~ 1 ~ ~ ~
N&(R12) — (N — DE(R12) =&(R)2) — 5(8% +83)Ri2E (R1 2) + e1828' (R12) + R, (4.3)

where from now on R will denote a quantity such that

L
|R1|§N<1+ > sj‘>.

1<n+2

Since £ is three times continuously differentiable,

ERID) —E@=E(@Ri2—q)+Ra,  E(R12)—E(@=E"@)(Ri2—q)+Ra,
Ri2&' (R12) — q&' (@) = (6'(@) +9&" (@) (Ri2 — q) + Ra,

where R, denotes a quantity such that
|R2| < L(Ri 2 —q)°.

Using this in (4.3) and recalling the definition of a; » in (2.8) we get

2 R 1
Cov<Ht(a’), - Hi (o' )) = %(201,1'(1?1,1' -q) — 5(812 +¢7)q&' (@) +s<q>) + B*Rs, (4.4)
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where

|R3|<—( + ) s;‘)+L >0 (&) Ry — ).

[<n+2 1#£'<n+2
On the other hand, when [ =" we get directly

9 2
Cov(H,(a’), 511,(0’)) P —(&(1) — 7€' (). 4.5)

Next, we simplify the third term on the right hand side of (4.2). Equation (3.22) implies

|/N—82 < 1—¢2 )‘ (1 — 22
— |1+ <L
N—1 2(N — 1) (N —1)2

and, therefore,

o2 _ 2
(N—l)( N—e —1)—1 R,

N -1

We can write

82 h 5
h Yy 6 — 1) =S Ri(1—f) + R

i<N-1

= ﬁal(Rl —r) + (1 — & ) +hRy, 4.6)

where in the last line we used the definition of ¢; in (2.8). Finally, using (4.4)—(4.6), Gaussian integration by parts in
(4.1) gives
v (f)=I+1I4+M+1IV+V+VI+v(fR),
where I is created by the first term in (4.6):
=2 > vi(fa(Ri =) - 02 (Famsr (Rust — 1),
2 — 2

Il is created by the first term in (4.4):

U=p> > w(farRy—q) =208 vi(farn(Riat1 —q)

1<I#l'<n I<n
+n(n + DB (fanstnr2Ruttnsz — ),
III is created by the second term in (4.6):
hr 5 5
M=—=-( D wi(fef) —nv(fe) ).
I<n
1V is created by the second term in (4.4):

2
IV = —ﬁ—qé (q)( D ulf(ef +ep) =20 Y v (£ (el +enir)) + 00+ Dve(f (g7 +83+2)))’

1<I#l'<n I<n
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V is created by (4.5):

2
V= —%S/(q) (Z vi(fef) - nvt(f%%ﬂ))

I<n

and VI is created by the last term in (4.2):

Vi=3b(Xn(red) - ret,))

I<n

Using that by symmetry, v, (f 83 ) =vlf 8’% 42), and counting terms in IV it is easy to see that

2
IV = %qs/@)(Z vi(fef) — nvt(f€%+1)>~

I<n

Since, by definition, b = hr + B%(1 — q)&'(q), we have Il 4+ IV + V + VI = 0. This finishes the proof of Theorem 1.

5. Control of the last coordinate
In this section we will prove Theorems 2 and 4. We start with the following.
Lemma 3. If ¢y < 1 then for 8 small enough,

vo(exp coez) <L.

Proof. By (2.15) and using 1 — x < exp(—x),

L (VR 2\ 1
(expcos?)y = — 1-— —~(b—co)e” | d
pcoe’), = Z] ¥ exp| ae 2( co)e? | de,

VN

L ( l(b +1-3N7") 2)d <1y (La?) (5.1)

< — explae — =(b —cg — e e < —Lex a .
Zy J-UN P 2 Zi P

since for cg < 1 we have b+ 1 — 3N ! — ¢y > 0 for large enough N. On the other hand, one can show that
1
Ziz 4 exp(—La?). (5.2)

Indeed, using that 1 — x > exp(—Lx) for x < 1/2,

VN 2\ (N=3)/2 1 VN/2 1
7| = / <1 — —) exp(as - —b£2> de 2/ exp(ae — —L52> de
_JN N 2 ~JN)2 2

1 a? VLN /2—a %2 1 [LVN-a %2
= —exp(—) / exp(——) dx > —/ exp(——) dx.
VL 2L ) J-VIN/2-a 2 L) 1yN-a 2
When |a| < LN + 1, this implies that Z; > 1/L. Otherwise, say, when a > LN + 1, we can use the well known
estimates for the Gaussian tail to write

/L«/ﬁ—a ex (_x_2> dx > ;ex <—l(a—L«/ﬁ)2>
~LVN-a ™2 T L(a—LvJN) P72

_ Lexp(—%(a + L\/ﬁ)2> > %exp(—Laz)
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which proves (5.2). Finally, (5.1) and (5.2) imply that
vo(exp cosz) <LE exp(Laz) =LE exp(L (zﬂ\/% + h)2) <L,
if B is small enough, LB%&'(q) < 1/2. |
We are now ready to prove Theorem 2.

Proof of Theorem 2. Let us apply (2.9) to f = ¥ for integer k > 1. Since factors a; and a; i are second degree
polynomials in the last coordinates and |I§1’1/ —q| <L, |I§1 —r| < L we can bound the derivative by

vy ()] < L(B* + h)ve (1 + &7 + &3)e7*) + v (e 1R1) < L(B” + h)vi (1 +7)e™) + v (e |R)).
Since 8[2 < N, for a polynomial p(eq, €3, €3) of the fourth degree we have

1 L 4 2

SPEnene) = o) (L+e) L1+ e ).

1<3 <3

Therefore,

IRI < L(B? +h)L<1 + Zs,z)

1<3

and

v/ (%)) < L(B> + 1) (v ((1 + %) e*)).
Using this, we can write

k

k
v/(expee?) =" %v{ () <L(B*+h)>_ %v, ((1+&%)e*)

k>1 k>1
< L(/B2 + h)v ((1+ 82) expcsz).
If we take co < 1 and let c(1) = (co — L(B% + h)t) then
vlf (exp c(t)sz) < L(/32 + h) vt((l + 82) exp c(t)sz) — L(ﬂ2 + h)v, (82 exp c(t)sz)
= L(/32 + h) vy (exp c(t)sz).
Integrating this over ¢ yields
vy (exp c(t)sz) < exp(L (ﬂ2)t)v0(exp cosz) <L 5.3)

for small enough 8, by Lemma 3. If 82 + A is small enough then ¢(f) > co/2 and this finishes the proof of Theo-
rem 2. (]

Proof of Theorem 4. Let us denote

2\ (V=372 |
fe)= (1 - —> exp(as - —bg2).
N 2
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Then, using (2.15) as in (5.1), we can write

VN 1 VN g2 (N=3)/2 1
Zl<ek>0 = /_ngf(s) de = ~3 /_ﬁekl(l - N) exp(as)dexp(—ibesz)

_1 v k=2 IN-3 (VN g2\
__/_\/ﬁ((k_ )e )f(g)dS—ET _\/ﬁ8 (1—N> f(e)de

by integration by parts. Moving the last integral to the left hand side of the equation,

VN 1N=-3\, 1 (YN 2,
/_W<1+EN_€2)8 f(s)dg:zf_ﬁ((k— e 1) £ (e) de. (5.4)

If we rewrite

J L IN=3 bl e2—3
bN—¢ b b+ (N —¢€?)

then (5.4) implies
/«/ﬁ 1 VN

- _ k—2 k—1
ﬁs f(e)de b1 J—((k e +ae )f(s)ds

1 Ao 2 e\~

Dividing both sides by Z; gives

k—1
S S, Sk— , 5.5
k= b+1k1+b+1k2+rk (5.5)

where we denoted Si = (gX)¢, and where

_ L (o) (1-2)
”‘_N(b+1)<8( _S)< _N) >o'

Comparing (5.5) with (2.18), it should be obvious that Sy = yx + 7, where 7 is a polynomial in a and (r;);<x where
each term contains a least one factor r;. Therefore,

Ski vt Sky = Vi Vi T 1

where r is a polynomial in a and (r;);<k, for ko = max(ky, ..., k,;) and each term contains at least one factor r;.
Therefore, each term in r will have at least one factor 1/N and if we can show that for any k, m > 0

E<(8k(3—52)<1_ §>_l)m>O§L (5.6)

then, by Holder’s inequality, E|r| < L/N and this finishes the proof of Theorem 4. To prove (5.6), we write that for
any polynomial p(¢), by (2.15),

82 —m 1 VN 82 (N—=3—-2m)/2 1
E<p(8)(1 — —) > =E— p(s)(l - —) exp(as — —b82> de.
N 0 Z] —\/ﬁ N 2

Repeating the argument of Lemma 3 one can show that for small enough 8 > 0 the right-hand side is bounded by
some L > 0 which proves (5.6). U
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6. Control of the overlap and magnetization
In this section we will prove Theorem 3 using, among other things, an argument of R. Latala described in detail in [7].
The proof will also clarify the origin of the definitions of parameters ¢, r in (1.5) and (2.7). We will start with some
auxiliary results. Given a set A C SI’(,_ |» let us denote

Ix=1((¢",....6") € A).

Then the following lemma holds.

Lemmad. If A C S%,_, is symmetric with respect to permutations of the coordinates, then for small enough f and h,

6.1)

z| =

%ElOgUA)z = %EIOgUA)o <
We will apply (6.1) to sets A of the type
{6" Ry —rl=x} or {(6',6%): [Ri2—ql=>x] 6.2)
to say that their Gibbs’ measure does not change much along the interpolation (2.2).

Proof of Lemma 4. Foraset A C S;lV—l’ let us consider

1 n
Pat) = NElog/Aepo H, (o) dr%,.

I<n

Then

1

NElog(lA)l =¢a(t) — g1 (1)
and Lemma 4 follows from the following. ]
Lemma 5. For small enough  and h we have

) L
| (0)] < N (6.3)

Proof. Given a function f = f(o',...,d"), we define

(flea= SRLY =/AfepoH,(al) d)»','\,//AepoH,(al)d)\’}v. (6.4)

(IA)t I<n I<n

Then

9H, (0!
N¢g(z)=E<Z g(t")> .
t,A

I<n

If we denote

Spr=NER) — (N — DERy) — e16rE' (@),
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then integration by parts as in Theorem 1 gives

, f [N—¢f 1,
N ()= E(h Y 6 Tl R
t,A

I<n i<N-1
,32 ,32 2n
+ 5 D ESa = ) D ElSia (6.5)
Ll'<n I<n I'=n+1
The Gibbs average in the last term is defined on two copies (o', ..., ¢") and (¢”"*!,..., ¢?"). Since

N —¢&?
‘(N—l)( - —1> <L(1+e7)

and |S; /| < L(1 + &} + &7), (6.5) implies that

IN¢/ ()] <L (1 + ZE{S?)M) <L(1+ E(e%)t’A), (6.6)

I<n

where in the last inequality we used the fact that E(slz)t, 4 does not depend on / due to the symmetry of A. One can
now repeat the proof of Theorem 2 to obtain the analogue of (5.3):

Efexpe(t)ei), , < exp(L(B* + h)1)Elexpcosi), 4,

where c(t) = co — L(,B2 + h)t > co/2 for small enough B, h. Using (6.4) and (2.15), we can write

14 exp coe> 1 exp coe?
E<exp608%>0A =IE:< A EXPCOET)0 _ (Ia)o{expcoet)o =E<expcosf)0 <L
: (Ia)o (Ia)o
for cop < 1 and small enough B, by Lemma 3. Hence, E(af},,A < L and (6.6) finishes the proof of Lemma 5. U

To apply Lemma 4 to the sets of the type (6.2), we need to control N _lElog(l A)0. Let us notice that (/4 )¢ for the
sets in (6.2) is defined exactly in the same way as (/4) (i.e. for t = 1) for the sets of the type

{01: IRy —r|>=x} or {(0’1,0’2)2 |R12—ql >x} (6.7)

only for N — 1 instead of N. The terms ea — £b/2 in Hy decouple in both numerator and denominator of the
Gibbs average (I4)o and cancel after integration. Therefore, for simplicity of notations, we will show how to control
N~'Elog(l4) for A in (6.7) and then apply this result to N ~!'Elog(I4)o for A in (6.2).

For g € [0, 1] consider the Hamiltonian

hi(@)=~tHy(@)+ Y oi(V1—1zVE@G) + h). (6.8)

i<N
Let (-), define the Gibbs average with respect to the Hamiltonian (6.8). Let us define g as any solution of the equation
g =E(R12)g> (6.9)

where the right-hand side depends on g through (6.8). We will show that there exists a solution close to g. Given g
that satisfies (6.9) we define

F=E(Ry);. (6.10)
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Lemma 6. For small enough 8 we can find small enough o > 0 such that
Elexp Na(Ri2 —§)*) <L and ElexpNa(Ry —7)?) < L. (6.11)

This lemma is all we really need if we use g instead of ¢ in our main interpolation (2.2) and in Theorem 3, as well
as r instead of r. In the next lemma we will show that g, r are actually close to ¢, r and the proof will explain how
(6.9) and (6.10) give rise to the more explicit definitions in (1.5) and (2.7). As an observation, note that (6.11) implies
that all solutions g of (6.9) are close to V(R 2) and if we could show that v(R; 2) converges as N — oo, Lemma 7
would imply the uniqueness of ¢ that satisfies (1.5). Of course, since our analysis is limited to small values of 8, the
uniqueness of g follows directly from the definition as well.

Lemma 7. For small enough 8 and h there exists a solution of (6.9) such that

_ Llog> N ) Llog’? N
— < — < —
g —ql < N [rF—rl< N

Before we prove Lemmas 7 and 6, let us first show how they imply Theorem 3.
Proof of Theorem 3. Lemma 6 implies that
Elog(I(|R12 — gl > x)) < Eloglexp Na(R1 » — §)%) — Nax?
< logE(exp Na(Ri2— c})z) — Nax? <L — Nax?.

Using this for N — 1 instead of N yields

1 A _ L

ﬁElog<1(|R1,2 —q| > x))o < v ax?
and by Lemma 4

1 A L

SElogll(1R12 =gl = x)), =+ - ax?,

For x = L(log N/N)'/* we get

1 . log N\ /4 log N\ /2
“Elog(1{|R2—q|>L(2 <—(228) s
N : N l N

Gaussian concentration of measure (as in Corollary 2.2.5 in [5]) implies that

1 . _ log N\ /4 log N\ /2
—log(I(|R12—¢ql=L <-L
N ’ N . N

with probability at least 1 — Lexp(—N8%>/L) > 1 — LN~X for any K > 0, by choosing L in the definition of x
sufficiently large. Therefore, with probability at least 1 — LN K

. los N 1/4
<1<|R1,2 —ql> L( Olgv ) )> < exp(—L(NlogN)"/?) < LN~K
t

and, thus,

. log N\ /4
E<1<|R1,2—67|2L<0i ) )> <LNK.
t
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Lemma 7 implies

. 1 N 1/4
E<I(|R1,z—q|zL<°§, ) )> <LN°K
t

and this proves the first part of Theorem 3. The second part is proved similarly. (]

Let us prove Lemma 7 first.

Proof of Lemma 7. If we denote

v:(mﬂ\/%-kh,...,zmg\/%‘*‘h)

Then
1 1
(Ri2)g = —3 /52 N(cr1 o?)exp((a',v) + (0% v))drn (o) dry(a?),

where Z = f Sy exp((o, v)) diy (0) If O is an orthogonal transformation such that Ov = (0, ..., 0, |v|) then making
a change of variables ¢/ — O ~!a’ we get

1 1
(Rip)g = ?[92 N(al,az) exp(er|v] + &2[v]) dAN(al)de(az)
N

and Z = fSN exp(e|v])diy(a). By (3.21)

—1( ! 2)_—R = 1——8% 1——82 R —|——1
0,0 e1e
N 1.2 N N 1.2 le

and by (2.14)

2
/ \/ 1—i)RlzeXP(sllvl+82|”|)d)‘N( Ddry(o?)
s% N

NN 2 |
:aﬁ(/ <1—ﬁ) eXP(é?lvl)dé?) /2 Ripdan_1(6")drn—1(6%) =0

VN S5y

since the last integral is equal to zero by symmetry. Therefore,

1 _
(Ri)g = (e182)g = (N1%)? 6.12)

and using (2.14) again

(N1 )y = /ﬁ%( —N)(N 3)/Zexp (elv])d // (1— —>(N 3)/zexp(elvl)

By making a change of variable ¢ = ~/Nx we can rewrite the right hand side as

1 1
(N—l/%)g:/ xexpN(p(x)dx// exp No(x) dx, (6.13)
-1 -1

where

o(x) = cx + N-3 log(1 — x?) (6.14)
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and
' 1 i N\ /2
i<N
Let xo denotes the point where ¢(x) achieves its maximum which satisfies

N-3
G =0 — c=—"0 (6.16)
N l—xo

Since |¢|/+/N <1 and |xo| <1,
) 1 1
|E(N~/%¢), " — Exj| < 2IE’/ (x — x0) expN(p(x)dx'// exp No(x) dx. (6.17)
—1 —1
For ¢ in (6.15) and ¢’ > 2h?,
P(cz ) = P(Z(Ziﬁ\/é’(q__) h) > chz)
i<N

< P(m%’(g) > = N(? - 2h2)> = IE”(Z 2> Nc”) <exp(—LN), (6.18)

i<N i<N

where L can be made arbitrarily large by increasing ¢’.
Let us now assume that the event {¢ < ¢’} occurs. Then (6.16) implies that |xo| < 1 — & for some § > 0 that depends
on ¢’ only. Let us define

Llog N
L=3xe[-1L1]: |x —x| <ow=

N

for L large enough and write [ _11 exp No(x)dx =1+1I, where

I:f expNe(x)dx and II:/ exp No(x)dx.
Q Q¢
We have
14 x2
"xX)=——"—"=<—1 6.19
00 == S (6.19)

and for |x| < 1 —8/2, clearly, —L < ¢”(x) and |¢"’(x)| < L. Since ¢’ (xo) =0, we have ¢(x) > ¢(x9) — L(x — x0)>
for x € §2 and, therefore,

I>exp N(p(xo)f exp(—LN(x — x0)2)
Q

1
=exp(No(x0)) —= exp(—Ly?)dy > exp No(xq). (6.20)

1
\/ﬁ |y]<(Llog N)1/2 LW

On the other hand, by (6.19), ¢(x) < ¢(xp) — (x — x0)2/2 and, thus,

1 L
II < exp(N — —Ly*)dy < —expN ,
<exp( €0(xo))ﬁ L log )12 exp(—Ly”)dy < N P @(x0)
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where K can be made arbitrarily large by a proper choice of L in the definition of §2. The denominator in (6.17) can
be bounded from below by

1
1
expNo(x)dx >1> exp No(xg). 6.21

Next, we write f_ll (x —xp)exp No(x)dx =1l + IV, where
I = / (x —xp)expNe(x)dx and IV= (x —xp)exp Ne(x)dx.
Q Q°
We control IV by

L
VI = 2| = 7 exp N (xo). (6.22)

To control III we use that for x € £2

log N 3/2
<L =: A.
- N

1
‘mx) —¢(x0) = 79" (o) (x — x0)*

We have

xX0+w

Il = /XO (x — xo) exp No(x) dx +f (x — xp) exp Ny (x) dx

0—@® X0

X0 1
< f (x — xO)eXPN(QD(XO) + 5(0//(?50)()5 —x0)% — A) dx

0—w

X0+
+ / T~ xo)expN <<P(Xo) 4 %(P”(xo)(x x4 A) dx

0

_ (eNA _ e—NA)/x

< LN Awexp Ngo(xo)/
X

xo+tw

1
(x — x0) CXPN<§0(XO) + Efﬂ”(m)(x - xo)2> dx

0
xX0+w

1 2
exp(—EN(x — Xx0) )dx

0
12 Llog® N
< LN"/“Awexp No(xg) < N exp No(xp).
The lower bound can be carried out similarly and, thus,

Llog* N
|1 < Nz SXP No(x0).

Combining this with (6.17), (6.18), (6.20) and (6.22) proves

L log2 NexpNe(xo) [expNo(xo)
N3/2 LJN

_ -2 L
|E(N~!/%¢), " — Exj| < exp(—LN) + e +E
2
- Llog N.
- N
By (6.12), we proved that

Llog*> N
N

|E(R; 2)y — Exj| < (6.23)
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If we denote

N N |v|
CN=—— _—

N3 T N3/N
then solving (6.16) for xo gives

2

~
1+4/1+2cy

2CN
xg=————=—— and x}=1-

1+,/1+4c%

(6.24)

It is easy to check that the first two derivatives of y(x) = 1/(1 + /1 4 4x) are bounded by an absolute constant for

x > 0 and, therefore,

1y(c3) = y(Ec}) =Y (ER) (¢} — Ec})| < L(c} —Ec})™.

Taking expectations proves that

)
1+ ,/1+4Ec3,

< LE(c,zV — IECIZV)2 <

z[ =

since

N \?1 _
= () e

If we denote

- 2
§ =E(Ri12)y — (1 - —)
1+,/1+4Ec3,

then (6.23) and (6.25) imply that |§| < L log2 N/N.By (6.9), E(R12), = q and, therefore,

2

14 ,/1+4Ec3,

g-8=1-

or, equivalently,

q—o N N o
ey = (1—c}+8)2=<N—3) (5@ +1).

Comparing with (1.5), it is now a simple exercise to show that

Llog*> N

qg — <
g —ql < N

and this proves the first part of Lemma 7. The computation of r is slightly different. If 1 = (1,

1 1 1 1
R)y==[ —(.1 ,v)dA =— [ —(0%,1 diy (),
{Ri)g Z./SNN(J yexp(o, v)diy (o) ZfsN N( o, 1)expelv|diy (o)

(6.25)

..., 1) eRN then
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where O is the orthogonal transformation as above. Note that the last row of O is v/|v|. Next, we use (2.13) to write
fSN(OTo, Dexpe|v|diy (o) as

VN g2\ (N=3)/2 N — 2
aNf deexp8|v|(1——) / oT G,e),1)din_1(8)
_JN N S N —1

JN £2\ (V=3)/2
=aN/ dsexp8|v|<1 ——) / (07(0,...,0,8),1)dAy—1(6)
-vN SN-1

N

by symmetry 6 — —6 . Since the last column of OT is v/|v|

(07(0,...,0,¢),1 Z v;

i<N

and, therefore,

s2\ (N=3)/2
/ (0%, 1)exp8lv|dk1v(0)—azv—2v1/ 8exps|v|( ——) de.
Sn

Similarly

VN &2\ (N-3)/2
Z:aN/ exp8|v|<1——> de
VN N

and making the change of variable ¢ = v/Nx we get

(Ry) |U|Zv,/ xexpNgo(x)dx// exp No(x)dx.

Repeating the argument leading to (6.23) one can now show that

Llog’? N
L Loe A (6.26)

1 1 1 2
——Zvix():— v ————.
lelifN N_3i§N 1+ /1+4c%

Since cN is concentrated near E(z18+/&'(q) + h)?= ﬂ &(q) + h?and Ev; = h, itisa simple exercise to show that

‘]E 1 Z 2 2h
oy, _ _
N=33 14 144, 1HVIH4BE @ +h?)

Since |§ — q| < Llog?> N/N, we get

L
<—.
- N

2h
1+ 1+4B2%(q) +h2) |~

Llog N
N

‘E<R1)0
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and since by (1.5)
2h
1+ /1 +4(B%(q) + h?)

we proved that |7 — r| < Llog?> N/N. This finishes the proof of Lemma 7. ]

=h(l—q)=r

Proof of Lemma 6. We will use that (-) = (-)] and proceed by interpolation in (6.8). If is easy to show similarly to
Theorem 1 that for a function f = f(al, o0,

3
C=NBE Y E(fAR), — NBr Y E(f AR,
1<l<l'<n I<n
1 _
N DR AR ),

2

where
A(Ry) =ERy ) — RirE' (@) +6(q)

and 6 (x) = x&'(x) — &(x). Since & is three times continuously differentiable we have
| AR < LRy — ).

For n =2 and for any k > 1 this implies, by Holder’s inequality,
0 ok — _ -
S BRI = %) < LNBE((Ry2 = 9™ )

Next, we use an argument due to R. Latala. We can write,

0
atIEJ(expNoz(Rl 2 — q)

(Rl 5 — )2k+2>[_
k>1

< LNB’E((R1.2 — §)*expNa(R1 2 — §)%); .

For a(t) = o — LBt this implies

%E(exp Na(®)(Ri2—§)%), <0
and, therefore,

Efexp Na(t)(R1,2 — §) > <E(expNa(R12 —q) )
Next, since

]E((R] _ F)2k(Rl,l’ _ q)Z)t_ S (]E((R] _ f)2k+2):)2k/(2k+2) (]E((R] 5 — q)2k+2>t_)2/(2k+2)

—\2k42\~
S .+ E((R12 — )™ "),

! k+1

we can bound the derivative of E{exp Na(R| — F)z),_ by

k k
LNﬂ2ZNa < k E((Ry — )+ 4 ——

A E((R1,2 —q_)2k+2)t_>

2
< LNB’E((Ry — F)*exp Na:(R —F)?), + iIE(exp Na(Ri2—§)%), .
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For (1) = o — LB?t this implies that

D Blexp Na(r) (R) — 72 < L_’32E<exp Na()(Ri2 —§)%),
at ) ’ !
Lp? o
< a_iﬁLﬁz]E(exp Na(Ri2—§)%),
and, thus,
,32
Elexp Na(1)(R — 7)?)] <Elexp Na (R —/)?); + — LIB2E<eXp Na(Ri2— )%y -

To finish the proof of Lemma 6 it remains to show that for small enough «,
ElexpNa(Ri2—§)*), <L and ElexpNa(R; —7)?)~ <L.
By (6.9) and Jensen’s inequality

Efexp Na(Ri 2 —§)*)y < Elexp Na(R12 — R34)°), -

! 2 ! 4
=]E? /Sj‘v eXp(NOé(Rl,z — R34)" + Z(a v)) dxry,

<4
as in the beginning of Lemma 7. For v and O defined in Lemma 7 we have

/Sﬁ, exp(Noz(Rl,z — R34) + Z(al, v)) dry

1<4

2 4
=f94 eXp(Not(Rlyz—R3,4) +Z£1|v|> diy.

N <4

Since
2 b 52, 2 2
(R12—R34)" =2(Ri2— R34)" + yzlee - £3€4)
52 52 2 2
< 4R1!2 + 4R3’4 + m(s]gz - 8384) .
using (2.14), the right hand side of (6.27) is bounded by

4
ay

2 5 )’
exp<ﬁ(£162 — e364)° + Z€1|U|> de (/2 exp(4aN R ) Ay a8 02)) ;

<4 Sn-1

s

where de = deq - - - dey4. For a fixed 6’es N—1, let Q be an orthogonal transformation in RY-1 quch that

06%=(0,...,0,16*|) = (0,...,0,/N —1).
Then
1’é12=;(Q5r1 Q&2)= : (Q61)
T N-1 ’ N —1 N-17

1045

(6.27)



1046 D. Panchenko

where (-)y—1 denotes the (N — 1)st coordinate. Therefore, by rotational invariance and then (2.14),

N R N .
/S2 exp(4aN R} ,)da3,_ (6',67) :/S exp 4ot — 182 dAn_1(6)
N—-1

N—-1
N—1 ) £2 (N=4)/2
<an-— 5 1— d
<ap 1/_ N_lexp( ae)( N—1> P

o0
< L/ exp(Soze2 — L82) de <L

—00
for small enough «. Therefore, the right hand side of (6.27) is bounded for small « by

200 ’
L exp| — (162 — €384) +Zellv| de.
VN /N N =

Making the change of variables ¢; = V/Nx; (as in (6.13)) proves that E(exp Na(R1 2 — cj)z)a is bounded up to a
constant by

1 4
E/ expNQ(x)dx/(/ expr(x)dx) ,
[—1,174 -1

where

B (x) = P (x1, X2, %3, X4) =2a(x1 %2 — X3x4)° + ) _ p(x1) (6.28)
<4

and where ¢ (x) was defined in (6.14). We will use this bound only on the event {c < ¢’} since by (6.18)
ElexpNa(R12 —§)*), <exp@Na — LN) +ElexpNa(Ri 2 —§)*), I(c <)

and L can be made as large as necessary by taking ¢’ sufficiently large. Since by (6.19), ¢” (x) < —1, for small enough
« the function @ (x) will be strictly concave on [—1, 17*. It is obvious that for xo = (xo, x0, X0, X0)

o ,
——(x0) =9 (x0) =0
0x;
which implies that x is the unique maximum of @. Strict concavity now implies
1
@ (x) < 4p(x0) — 7 Y (11— x0)°
<4
and, thus,

1

1 YL
/ exp NP (x)dx <exp4Nop(xo) </ exp(—zN(x — x0)2> dx> < V2 exp4N¢(xp).
[—1,14 1

Combining this with (6.21) finally proves that E{exp Na (R 2 — (j)z)g < L. The proof of the corresponding statement
for Ry — r is similar. O
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