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A CLT FOR REGULARIZED SAMPLE COVARIANCE MATRICES
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We consider the spectral properties of a class of regularized estimators
of (large) empirical covariance matrices corresponding to stationary (but not
necessarily Gaussian) sequences, obtained by banding. We prove a law of
large numbers (similar to that proved in the Gaussian case by Bickel and
Levina), which implies that the spectrum of a banded empirical covariance
matrix is an efficient estimator. Our main result is a central limit theorem in
the same regime, which to our knowledge is new, even in the Gaussian setup.

1. Introduction. We consider in this paper the spectral properties of a class of
regularized estimators of (large) covariance matrices. More precisely, let X = X(7)
be a data matrix of n independent rows, with each row being a sample of length p
from a mean zero stationary sequence {Z;} whose covariance sequence satisfies
appropriate regularity conditions (for details on those, see Assumption 2.2). Let
XT X denote the empirical covariance matrix associated with the data. We recall
that such empirical matrices, as well as their centered versions (X — OHT(x -X),
where X;; =n~! Y{_, Xy;, are often used as estimators of the covariance matrix
of the sequence {Z;}, see [2]. We remark that the information contained in the
eigenvalues of the covariance matrix is often of interest, for example, in principal
component analysis or applications in signal processing.

In the situation where both p and » tend to infinity, it is a standard consequence
of random matrix theory that these estimators may not be consistent. To address
this issue, modifications have been proposed (see [3]) to which we refer for mo-
tivation, background and further references. Following the approach of [3], we
consider regularization by banding, that is, by replacing those entries of X7 X that
are at distance exceeding b = b(p) away from the diagonal by 0. Let ¥ = Y (?) de-
note the thus regularized empirical matrix. We focus on the empirical measure of
the eigenvalues of the matrix Y. In the situation where n — oo, p — 00, b — 0
and b/n — 0 with b < p, we give in Theorem 2.3 a law of large numbers (show-
ing that the empirical measure can be used to construct an efficient estimator of
averages across frequency of powers of the spectral density of the stationary se-
quence {Z;}), and in Theorem 2.4, we provide a central limit theorem for traces
of powers of Y. We defer to Section 9 comments on possible extensions of our ap-
proach, as well as on its limitations. We note that in the particular case of Gaussian
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data matrices with explicit decay rate of the covariance sequence, and further as-
suming b ~ (y/n/log p)¥ for some constant « > 0, the law of large numbers is
contained (among many other things) in [3], Theorem 1. But even in that case, to
our knowledge, our central limit theorem (Theorem 2.4) is new.

2. The model and the main results. Throughout, let p be a positive integer,
let b = b(p) and n = n(p) be positive numbers depending on p, with n an integer.
(Many objects considered below depend on p, but we tend to suppress explicit ref-
erence to p in the notation.) We assume the following concerning these numbers:

ASSUMPTION 2.1. As p — 0o, we have b — oo, n — oo and b/n — 0, with
b < p.

For any sequence of random variables Uy, ..., U,, welet C(Uy, ..., U,) denote
their joint cumulant. (See Section 4 below for the definition of joint cumulants and
a review of their properties.) Let

{Zj)5%2

be a stationary sequence of real random variables, satisfying the following condi-
tions:

ASSUMPTION 2.2.

(1) E(|Zo/") <00 forallk > 1,

2) EZy=0,

(3) > > IC(Z0, 2y .. Zj) <00 forallr > 1.
jl jr

We refer to (3) as joint cumulant summability. In Section 2.4 below we describe a
class of examples of sequences satisfying Assumption 2.2.

2.1. Random matrices. Let
(i)
A P40 A

j=—00

be an i.i.d. family of copies of {Z; }5‘;_00. Let X = X be the n-by-p random
matrix with entries

X(i.j)=Xij =2 |/n.
Let B = B be the p-by-p deterministic matrix with entries

o 1, if|i —jl <b,
B(”J)_B’f_{o, if i — j| > b.
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Let Y = YP) be the p-by-p random symmetric matrix with entries
@) Y(i.j) =Yy = Bj(X"X);

and eigenvalues {)»l(p )}lpzl. Let

P
(5) L=LP=p7' 3 8
i=1

be the empirical measure of the eigenvalues of Y. Our attention will be focused on
the limiting behavior of L as p — oo.

2.2. The measure vz. For integers j let
(6) R(j) =Cov(Zy, Z;).

Since C(Zy, Z ) = Cov(Zy, Z}), a consequence of (3) is the existence of the spec-
tral density f7:[0, 1] — R associated with the sequence {Z}, defined to be the
Fourier transform

f20) =" IR()).

JEZ

By the Szegd limit theorem [4], the empirical measure of the eigenvalues of the
matrix R(]i — j|)fYJ.:1 converges to the measure vz :=m o fZ_1 on R, where m
denotes Lebesgue measure on [0, 1]. (Note that, considering the spectral density
fz as arandom variable on the measure space ([0, 1], m), one can interpret vz as
its law.) It is immediate to check from the definition that all moments of v, are

finite and are given by

1
/xkvz(dx)=/ f720)*d0=RxRx---xR(0)
k
(7
= > Cov(Zo, Zi) - Cov(Zo, Ziy),
i1,..,IkEZL
i1++ig=0

where * denotes convolution:

(F*xG)(j)=)_ F(j—kGk),

keZ

for any two summable functions F, G :Z — R. Note that (7) could just as well
serve as the definition of vy.
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2.3. The coefficients Q;; and R"™. With notation as in (3), (6), (7), for inte-
gers m > 0 and all integers i and j, we write

Qij = ZC(Zi, 20, Zj+e, Ze),

LeZ
®) m) 0)
R™ = Rx*---x R(i), R = 0.

m

By (3) the array Q;; is well defined and summable:
©) > Qi < 0.

i,jJ€Z

The array Q;; is also symmetric:

(10) Qij=Y C(Zi—t.Z-4,Zj, Zo) = Qjji,

LeZ
by stationarity of {Z;} and symmetry of C(., -, -, -) under exchange of its argu-
ments.

The following are the main results of this paper.

THEOREM 2.3 (Law of large numbers). Let Assumptions 2.1 and 2.2 hold.
Let L = L) be as in (5). Let vz be as in (7). Then: L converges weakly to vz, in
probability.

In other words, Theorem 2.3 implies that L is a consistent estimator of vz, in
the sense of weak convergence.

THEOREM 2.4 (Central limit theorem). Let Assumptions 2.1 and 2.2 hold. Let
Y =YY@ be as in (4). Let Qij and Rl.(m) be as in (8). Then the process

n [e.e]
{ — (trace Y* — Etrace Yk)}
p k=1

converges in distribution as p — oo to a zero mean Gaussian process {Gy}72
with covariance specified by the formula

1
(k+¢) (k—1) (22Y)
(11) QEGng=2RO + > R QijR; .
i,jJEZ
Note that the “correction” Q;; vanishes identically if {Z;} is Gaussian, compare
Lemma 4.2 below.
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2.4. Some stationary sequences satisfying Assumption 2.2. Fix a summable
function #:Z — R and an i.i.d. sequence {W;};2 __ of mean zero real random
variables with moments of all orders. Now convolve: put Z; =, h(j + £) W, for
every j. It is immediate that (1) and (2) hold. To see the summability condition (3)
on joint cumulants, assume at first that 4 has finite support. Then, by standard
properties of joint cumulants (the main point is covered by Lemma 4.1 below), we
get the formula

(12) C(Zjy, ... Zj)) =Y _h(jo+0) - h(j- + O)CWo, ..., Wp),
¢ r+1

which leads by a straightforward limit calculation to the analogous formula with-
out the assumption of finite support of .2, whence in turn verification of (3).

2.5. Structure of the paper. The proofs of Theorems 2.3 and 2.4 require a fair
number of preliminaries. We provide them in the next few sections. In Section 3,
we introduce some notation involving set partitions, and prove Proposition 3.1,
which summarizes the properties of set partitions that we need. In spirit, if not
in precise details, this section builds on [1]. In Section 4, we introduce joint cu-
mulants and the Md&bius inversion formula relating cumulants to moments, and in
Section 5 we use the latter to calculate joint cumulants of random variables of the
form trace Y* by manipulation of set partitions; see Proposition 5.2. In Section 6
we carry out some preliminary limit calculations in order to identify the dominant
terms in the sums representing joint cumulants of random variables of the form
trace Y*. Finally, the proofs of Theorems 2.3 and 2.4 are completed in Sections
7 and 8, respectively.

3. A combinatorial estimate.

3.1. Set partitions. Given a positive integer k, we define Part(k) to be the
family of subsets of the power set 2{1--*} consisting of sets IT such that (i)
@ ¢TI, (i) Upen A ={1,...,k}, and (iii) for all A, B € I, if A # B, then
A N B = . Elements of Part(k) are called set partitions of {1,...,k}, or con-
text permitting simply partitions. Sometimes we call members of a partition parts.
Given I1, ¥ € Part(k), we say that X refines I1 (or is finer than I1) if for every
A € X there exists some B € Il such that A C B. Given II, ¥ € Part(k), let
[TV X € Part(k) be the least upper bound of IT and X, that is, the finest parti-
tion refined by both IT and X. We call I1 € Part(k) a perfect matching if every
part of IT has cardinality 2. Let Part, (k) be the subfamily of Part(k) consisting of
partitions I1 such that every part has cardinality at least 2. The cardinality of a set
S is denoted #S, and | x| denotes the greatest integer not exceeding x.
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PROPOSITION 3.1. Let k be a positive integer. Let 1y, [11, I1 € Party (2k) be
given. Assume that Ty and T1; are perfect matchings. Assume that #I1g Vv 1] Vv
[1 = 1. Then we have

(13) #MgVII+#I1  VII <14+ #I1 <k +1,
and furthermore,
(14) r>1=#lIgvII+#I1) VII <k+1-— [r/2],

where r = #I1g Vv I1;.

The proposition is very close to [1], Lemma 4.10, almost a reformulation. But
because the setup of [1] is rather different from the present one, the effort of trans-
lation is roughly equal to the effort of direct proof. We choose to give a direct proof
in order to keep the paper self-contained. The proof will be finished in Section 3.5.
In Section 9, we provide some comments concerning possible improvements of
Proposition 3.1.

3.2. Graphs. We fix notation and terminology. The reader is encouraged to
glance at Figure 1 when reading the rest of this section for an illustration of the
various definitions in a concrete example.

3.2.1. Basic definitions. For us a graph G = (V, E) is a pair consisting of a
finite set V and a subset E C 2V of the power set of V such that every member
of E has cardinality 1 or 2. Elements of V are called vertices and elements of
E are called edges. A walk w on G is a sequence w = vivy---v, of vertices
of G such that {v;,vi;1} € E fori =1,...,n — 1, and in this situation we say
that the initial point v; and terminal point v, of the walk are joined by w. A
graph is connected if every two vertices are joined by a walk. For any connected
graph, #V < 14+#E. A graph G = (V, E) is called a tree if connected and further
#V =1+ #E. Alternatively, a connected graph G = (V, E) is a tree if and only
if there exists no edge e € E such that the subgraph G’ = (V, E \ {e}) gotten by
“erasing” the edge e is connected.

For future reference, we quote without proof the following elementary lemma.

LEMMA 3.2 (Parity principle). Let w = vi---v, be a walk on a tree T =
(V, E) beginning and ending at the same vertex, that is, such vy = v,. Then w
visits every edge of T an even number of times, that is,

#lie{l,....n—1} [ {vi,vit1} =¢}

is an even number for every e € E.
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3.3. Reduction of Iy and T1; to standard form. After relabeling the elements
of {1, ..., 2k}, we may assume that for some positive integers k1, ..., k, summing
to k we have

Mo VIl ={(Kg—1,KoglNZ|ax=1,...,7r},

where Ko =23 g o kg for « =0, ..., r, and after some further relabeling, we
may assume that

Mo={{2i —1,2i}|i=1,....k}.

It is well known (and easily checked) that for any perfect matchings g, X €
Party (2k), the graph ({1, ..., 2k}, 39U X1) is a disjoint union of #¥g Vv X graphs
of the form

AL 25 {121, (1,2,3,4) ({1, 2}, {2, 3}, {3, 41, {4, 11D,
({1,2,3,4,5,6}, {{1,2},{2,3}, (3,4}, 4,5}, {5, 6}. {6, 1}})

and so on. (The intuition is that the members of ¥y and X1 “join hands” alternately
to form cycles.) Thus, after a final round of relabeling, we may assume that

r

M= Uk, a”B ol i v=1,. ke 1),

a=1

where i¥) = K,_1 + v. Note that

o= |J il i 1v=1,... k),

Mov I ={{i{* ....i%)} la=1,....r}

in terms of the notation introduced to describe IT;.
3.4. Graph-theoretical “coding” of T1.

3.4.1. Construction of a graph G. Fori =0, 1, let
i {l,....,2k} > V;

be an onto function such that IT; Vv IT is the family of level sets for ¢;. Assume
further that Vo N V| = &. We now define a graph G = (V, E) by declaring that

V=VyuVy,
E = (g0, 1@} i = 1,...,2K}.
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LEMMA 3.3. G is connected.

Because ¢; (j) = ¢; (£) fori =0, 1 if j, £ belong to the same part of I1, we must
have #E < #I1. Further, #I1 < k since I1 € Party(2k). Thus, using Lemma 3.3 in
the first inequality, we have

#[IgVII+#I| VII=#V <1+ #E <1+ #[1 <k +1,

which proves inequality (13) of Proposition 3.1.

PROOF OF LEMMA 3.3. Suppose rather that we have a decomposition V =
XUY where XNY =0, X #9, Y # &, and no edge of G joins a vertex in X to
a vertex in Y. Consider the subsets

I=9,' VoNX)Upr'(VvinX), J=g¢,' (VoNY)Ug ' (ViNY)

of {1,...,2k}. Clearly IUJ ={1,...,2k}, I # @, and J # &. We claim that
I N J = &. Suppose rather that there exists i € I N J. Then we must either have
poi)e VoNX and p1(i) e ViNY,orelse ¢1(i) e ViN X and go(i) € VoN Y. In
either case we have exhibited an edge of G connecting a vertex in X to a vertex
in Y, which is a contradiction. Therefore I N J = &. Thus the set {/, J} € Part(2k)
is a partition refined by both Iy Vv IT and I1; Vv I1, which is a contradiction to
#I1o Vv I1; vV I1 = 1. Therefore G is connected. [

LEMMA 3.4. There exist walks

w(a)zvi"‘)...vé‘zi_i_l fora=1,...,r
on G such that
(@) _ ()
Vi =V, 11>
{v‘(,a),vl(,oj_)l}’ ifv < 2ky,

.(a) (0[) —
Yol > P1 -
R [ R e

fora=1,...,randv=1,...,2k,.

PROOF. We define
e1(i),  ifvisoddand v < 2k,

1
vffx) = (po(isa)), if v is even,
0i1(i®),  ifv=2ky+]1,
fora=1,...,randv=1,...,2ky+ 1. Clearly we have v}a) = vg,)(‘iﬂ. Recalling

()
1

that ¢ by construction is constant on the set {i; , iéa)} € Iy, we see that

{1 (). @0 (i{)} = {1 (i), @o(i5)} = {vi® w5 }.
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By similar considerations one checks the remaining claims of the lemma. We omit
further details. [

LEMMA 3.5. Assume that r > 1. For every A € Il Vv I there exists an in-
dex m € A, a set A’ € Ty Vv I distinct from A and an index m' € A’ such that

{po(m), p1(m)} = {@o(m”), 1 (m")}.

In other words, if r > 1, then for every walk w(®), there is an edge e of G and
another walk w®? such that both w® and w'®" visit e.

PROOF OF LEMMA 3.5. Because #[1g Vv 1] V I1 =1, given A € I1g Vv Iy,
there must exist A’ € Iy Vv I1; distinct from A and a set B € ITsuch that AN B # &
and A’ N B # &. Choose m € AN B and m’ € A’ N B. Because the functions ¢g
and ¢ are constant on the set B, we are done. [

3.5. Completion of the proof of Proposition 3.1.  'We have seen that Lemma 3.3
proves inequality (13). We just have to prove inequality (14). Assume that » > 1
for the rest of the proof. Consider the graph G = (V, E) as in Section 3.4. Let
E’ C E be such that T = (V, E’) is a tree (such a choice is possible because G is
connected). It will be enough to show that #E’ < k — r/2. Now we adapt to the
present situation a device (“edge-bounding tables”) introduced in the proof of [1],
Lemma 4.10. Let us call a function f:{1,..., 2k} — {0, 1} a good estimator under
the following conditions:

e Forallie({l,...,2k},if f(i) =1, then {@o(i), p1(i)} € E.

e For each e € E’ there exist distinct i, j € {1,...,2k} such that e = {@y(i),
p1@)} ={po(j), e1(j)}and f(i) = f(j) =1L

e For each ¢ € E’ and A € Tlp Vv Ilj, if there exists £ € A such that e =
{o(£), ¢1(£)}, then there exists £ € A such that e = {po(¢), 91 (¢)} and

feH)=1

For a good estimator f we automatically have %Z f (i) > #E'. By definition a
good estimator is bounded above by the indicator of the set {i € {1,..., 2k} |
{po(i), ¢1(i)} € E'}, and such an indicator function is an example of a good estima-
tor. Fix now any good estimator f. Suppose that on some set A = {i l(a), e ié‘,ﬁi} €
Io Vv IT; the function f is identically equal to 1. Then the corresponding walk w®)
on G is a walk on T, and by the Parity Principle (Lemma 3.2) visits every edge of
T an even number of times. Select m € A as in Lemma 3.5. Let g be the function
agreeing with f everywhere except that g(m) = 0. Then g is again a good estima-
tor. Continuing in this way we can construct a good estimator not identically equal
to 1 on any of the sets A € 1y Vv I11, whence the desired estimate #E < k — r /2.
Figure 1 illustrates the various objects studied in this section.
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HU\/Hl

P ;
:
1 2 3 41! 5 6 T 8 9 10 |
o !
b ;
Vo H
o H
I 1
GEDROME (GEDICEDRU R
:
1 2 3 4 5 6 7 8 9 10

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

F1G. 1. Two different partitions I1 for which k =5, k1 =2, ky = 3, such that both are associated
to the same graph G = (V, E), where V = {a, b, c,d, e}. Note that both partitions generate walks
eaebe and ebecede on G.

4. Joint cumulants.

4.1. Definition. Let X, ..., X be real random variables defined on a com-
mon probability space with moments of all orders, in which case the characteristic
function Eexp(}_ =1 itjX ) 1s an infinitely differentiable function of the real vari-
ables t1, ..., tx. One defines the joint cumulant C(X1, ..., Xi) by the formula

C(X1,.... Xp) =C{X;}k,

k 8k L
=1 f}tl—atklogEexp(;lt]XJ)

t1=---=l‘k=0

(The middle expression is a convenient abbreviated notation.) The quantity

C(X1, ..., Xi) depends symmetrically and R-multilinearly on X7, ..., Xi. More-

over, dependence is continuous with respect to the L¥-norm. One has in particular
C(X)=EX, C(X,X)=VarX, C(X,Y)=Cov(X,Y).

The following standard properties of joint cumulants will be used. Proofs are omit-
ted.

LEMMA 4.1. If there exists 0 < £ < k such that the o-fields o*{X,-}f:1 and
G{X,-}f?:g_Irl are independent, then C(Xy, ..., Xx) =0.
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LEMMA 4.2. The random vector X1, ..., Xy has a Gaussian joint distribution
ifand only if C(X;,, ..., X;,) =0 for every integer r > 3 and sequence iy, ..., i, €
{1,...,k}.

4.2. Combinatorial description of joint cumulants. As above, let Xy, ..., Xi

be real random variables defined on a common probability space with moments of
all orders. Let IT € Part(k) also be given. We define

Crn(X1,.... Xp) =Cn{X;}_; = [] ClXi}iea,

Aell
En(Xi..... X0 =En{X;}_, = [] E[] X:.
Aell i€A
(The middle expressions are convenient abbreviations.) Note that if X1, ..., Xj are
zero mean random variables, then C (X1, ..., Xy) vanishes unless IT € Part; (k).
The formula
(15) EX|--Xe= ), Cn(Xi,....Xp

[TePart(k)

is well-known, and can be verified in a straightforward way by manipulating Tay-
lor expansions of characteristic functions. More generally we have the following
lemma, whose proof can be found in [6], page 290.

LEMMA 4.3. With Xy, ..., Xy as above, and for all T1 € Part(k), we have

(16) En{X;)_,= > Cs(xio,,
Y ePart(k)
Y refines I1
CrniXxi)o,
(17) = Y (]‘[ (—HBEZIBCA-l B e 5 | BC A} — 1)!)
Y ePart(k) \Aell
¥ refines I1
x Ex{X;}*_,.

We will use the following algebraic fact to compute joint cumulants. For a proof
see, for example, [7], Example 3.10.4.

LEMMA 4.4 [Mobius Inversion for the poset Part(k)]. Let A be an Abelian
group and let f, g :Part(k) — A be functions. Then we have

(18) ([vz ePart(k)] f(£)= Y g(n)>
[TePart(k)
IT refines &
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if and only if

[VIT € Part(k)] g(IT)
(19)

= > (n(_l)#{BEEIBCA}—I(#{Bez|BcA}—1)z>f(2).

Y ePart(k) \Aell
¥ refines I1

In applications below we will simply have A = R.

5. Cumulant calculations. In the context of matrix models, cumulants are
useful because they allow one to replace enumeration over arbitrary graphs by
enumeration over connected graphs. We wish to mimic this idea in our context.
We first describe the setup, and then perform some computations that culminate
in Proposition 5.2, which gives an explicit formula for joint cumulants of random
variables of the form trace Y.

5.1. The setup. An (n, k)-word i is by definition a function
i{l,...,k}—=>{1,...,n}.

Given II € Part(k) and an (n, k)-word i, we say that i is [1-measurable if i is
constant on each set belonging to IT. Similarly and more generally, we speak of
the [1-measurability of any functioni:{1,...,k} — Z.

Let r be a positive integer. Let k1, ..., k, be positive integers and put k = k; +
--- 4 k. Let special perfect matchings I1g, I1; € Part(2k) be defined as follows:

Mo ={{1,2}, {3, 4}, ..., {2k — 3,2k — 2}, {2k — 1, 2k},
I ={{2,3} ... . {Ki, 1, {K1 +2, K1 +3},....{K2, K1 + 1},
oK1+ 2, K +3), K Ko+ 1Y,
where K; = 2Z;=1 kjfori=1,...,r.(Thus I1p and IT; are in the standard form

discussed in Section 3.3 above.) To abbreviate, for any I1 € Part(2k) and (p, 2k)-
word j, put

2k
B(j)=[] B(iQa —1),jQw)), Cn() = Cn(Zjays ---» Zjan)-

a=1

Note that, on the one hand, B(j) depends on p even though the notation does
not show the dependence. Note that, on the other hand, Crj(j) is independent
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of p. Indeed, Cr(j) remains well defined by the formula above for any function
jof, ... 2k — Z.

Concerning the numbers Cty(j) we record for later reference the following con-
sequence of the joint cumulant summability hypothesis (3) and the stationarity of
{Z;}. The proof is immediate from the definitions and therefore omitted. Let VAL
be the subgroup of Z?* consisting of functions on {1, ..., 2k} constant on each part
of IT.

LEMMA 5.1. For every j:{1,...,2k} — Z, (i) the value of Cr1(j) depends
only on the coset of ZI to which j belongs and moreover (ii) we have

> ICn()l < oo.

jGZZk/ZH

The lemma will be the basis for our limit calculations.
Our immediate goal is to prove the following result.

PROPOSITION 5.2.  With the previous notation, we have

C(trace Yk ,...,trace Yk’)
—k+#I1gVvII . .
(20) = Y, e > BGH)Cn().
ITePart) (2k) j: (p,2k)-word s.t. j
s.t. #[1g VI vII=1 is [1;-measurable

PROOF. The proof involves an application of the Mobius inversion formula
(Lemma 4.4). Recall that

trace Y% = Z YA(),12)YA(?2),1(3)) --- YA(k), 1(1)).
1: (n,k)-word

Further, Y (j1, j2) = B(j1, j2) >_; X (i, j1) X (i, j2) and hence

2k
trace Y* = > B() [ ] X (@), j@)),
i: (n,2k)-word s.t. a=1
i2r—1)=i(21), r=1,...,k, and
j: (n,2k)-word s.t.
JeH=jQt+1),1=1,...k

where j(2k + 1) is defined by the “wrap-around rule”: j(2k + 1) = j(1). Hence, we
have

E(trace Yk )---(traceY k")

2k
@ - ¥ > BOEJ]X(@.j@)

i:(n,2k)-word s.t. ij: (p,2k)-word s.t. j a=1
is [Tp-measurable  isI1;-measurable
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Using the representation of moments in terms of cumulants [see (15)] we get

E(trace Yk )--- (trace Y"’)

= 2 >, B
i: (n,2k)-word s.t. ij: (p,2k)-word s.t. j
is [Tp-measurable is IT{-measurable

x Y CofX (@), j@))
(22) ITePart(2k)
= 2 > nfBG X Cnl)
i: (n,2k)-word s.t. ij: (p,2k)-word s.t. j [TePart; (2k)
is TTp-measurable is I1|-measurable s.t. i is [I-measurable

= Y TS BGCn),
[1ePart; (2k) j: (p,2k)-word
s.t. j is I1j-measurable

where in the next to last equality we used that cumulants of independent variables
vanish in order to restrict the summation to words i that are [1-measurable.

We next define an embedding of Part(r) in Part(2k). It will be convenient to use
7, o to denote elements of Part(r) and IT, ¥ to denote elements of Part(2k). (Also
we use upper case Roman letters for subsets of {1, ..., 2k} and lower case Roman
letters for subsets of {1,...,r}.) Put

Ar={l,...,K1},...., A, ={K,-1+1,...,K,},
so that
MoV Il ={Aq,...,A).
Givena C {1,...,r}, leta* =J;c, Ai, and given o € Part(r), let
T(0)={a*|a € o) e€Part(2k).

Via T the poset Part(r) maps isomorphically to the subposet of Part(2k) consisting
of partitions refined by Ilg Vv I1;.

We are ready to apply the Mobius inversion formula (Lemma 4.4). Consider the
real-valued functions f and g on Part(r) defined as follows:

23)  g(r)= Yo a7 MoV > BGH)Cn ()
[TePart(2k) j: (p,2k)-word
IMoVvIT VII=T () s.t. j is I1{-measurable
and
(24) flo)y="> g@@).
7 ePart(r)

7 refines o
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Now r refines o if and only if 7 (;r) refines 7 (o). Therefore we have

25) f(o)= > p~fH#TlovI > BG)Cr().
[MePart(2k) j: (p,2k)-word
MMy VvII; VIT refines T (o) s.t. j is IT{-measurable

Using (24) and applying Lemma 4.4, it follows that for any 7 € Part(r),

26) gm= Y (]‘[ (—pHberlbea-lgib e o | b Ca} — 1)!>f(0).
o€Part(r) \a€mT
o refines

An evident modification of the calculation (22) above gives for every o € Part(r)
that E, (trace Y¥1, ..., trace Y*r) equals the right-hand side of (25), and therefore
equals f (o). Thus, (26), when compared with (17), shows that

g({{1,...,r}}) = C(trace Yk, ... trace Yk’),

which is exactly what we wanted to prove. [J

6. Limit calculations. We continue in the setting of Proposition 5.2. We find
the order of magnitude of the subsum of the right-hand side of (20) indexed by I1
and compute limits as p — o0 in certain cases.

PROPOSITION 6.1. Fix IT € Party (2k) such that #I1g Vv I1| v I1 = 1. We have

27 > B(H)Cr() = Opsoo(pb~ IV

j:(p,2k)-word s.t. j
is I1{-measurable

where the implied constant depends only on Ty, [11 and TI.

Before commencing the proof of the proposition, we record an elementary
lemma which expresses in algebraic terms the fact that a tree is connected and
simply connected. We omit the proof. We remark that a tree can have no edges
joining a vertex to itself.

LEMMA 6.2. Let T = (V, E) be a tree with vertex set V C {1, ...,2k}. For
each function j: V — 7 define 8j: E — 7 by the rule

8i{a, BY) =iJ(B) —j()

forall o, B €V such that o < 8 and {a, B} € E. Then: (i) 8j = 0 implies that j is
constant. (ii) For every K: E — Z there exists j: V — Z unique up to addition of a
constant such that §j = K.
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We will refer to § as the increment operator associated to the tree 7.

PROOF OF PROPOSITION 6.1. We begin by constructing a tree T to which

Lemma 6.2 will be applied. Let E be the set consisting of all two-element subsets
of parts of Il. With

consider the graphs
Goia= (V. Ty UTT; U Ey), Gia=(V,I1; U Ey), Gy = (V. Ey).

By hypothesis the graph Go2 is connected, and further, the number of connected
components of Gy (resp., G2) equals #I1; Vv I1 (resp., #I1). Now choose E; C
Ez so that 7> = (V, E») is a spanning forest in G, that is, a subgraph with the
same vertices but the smallest number of edges possible consistent with having the
same number of connected components. Then choose E| C I1; such that T, =
(V, E1 U E») is a spanning forest in G 12, and finally choose Eg C I1g such that
Tor2 = (V, EgU E1 U E») is a spanning tree in Gg2. By construction, the sets E;,
i =0, 1,2, are disjoint. Note that Lemma 6.2 applies not only to Tp;2, but also to
the connected components of 77> and 7. Note that

(28) #E)=—1+#I1, VII

by construction. Hereafter we write simply 7 = Tp12.

The bound in (27) will be obtained by relaxing some of the constraints concern-
ing the collection of words j over which the summation runs. We will work with
the increment operator § associated to 7 by Lemma 6.2. For i =0, 1,2 let S; be
the Abelian group (independent of p) consisting of functions j: V — Z such that:
e j(1)=0,

e §j is supported on the set E;.

Also let
S 1={:V—=>2Z|8j=0}={j:V — Z]j:constant},

which is independent of p. Recall that for any partition IT, Z is the subgroup
of Z** consisting of functions on {1,...,2k} constant on each part of IT. By
Lemma 6.2 applied to T and also to the connected components of 71, and 7>,
we have

ZH* =85 1 ®Sy®S &S,
(29) ZN=5_1®So® S,
anvn =516 95.

Let S(()p e S_1 @ Sp be the subset (depending on p) consisting of functions j :
V — Z such that:
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e j()e{l,...,p},
e |3j(e)| < b forall e € Ey.

Now if j is a IT{-measurable (p, 2k)-word such that B(j) does not vanish, then the
following hold:

e j()e{l,...,p},
30) e |5j(e)| < b fore € Ey (because Eq C Ip),
e §j(e) =0fore e E; (because E| C I1y).

By (29) it follows that a IT{-measurable (p, 2k)-word j such that B(j) does not
vanish has a unique decomposition j = jo + j» with jo € S(()p ) and j2 € S, and

moreover we necessarily have
(€29) Cn() =Cn(2)

by Lemma 5.1(i) and the [T-measurability of jg.
We now come to the end of the proof. We have

> IBGCnG) #S” > 1Cn ()l
j: (p,2k)-word J€SH
s.t. jis
IT;-measurable

< p@b+1)~HIVIS e )
jes
at the first inequality by (29), (31) and at the second inequality by the evident

estimate for #S(()p ) based on (28). Finally, finiteness of the sum over S, follows
from (29) and Lemma 5.1¢1). O

We note in passing that in the proof of Proposition 6.1, we over-estimated the
left-hand side of (27) by requiring in (30) that [3j(e)| < b only for e € Ey, rather
than for all e € Iy.

PROPOSITION 6.3. We continue under the hypotheses of the preceding propo-
sition, and now make the further assumption that #I1; v I1 = 1. Then: we have

(32) > (1= B{H)CnG) =0p-oo(p).
j: (p,2k)-word s.t. j
is I1{-measurable

PROOF. We continue in the graph-theoretical setup of the proof of the preced-
ing proposition. But now, under our additional hypothesis that #I1; v [T =1, the

set Eg is empty, and hence the set S(()p ) is now simply the set of constant functions
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on {1, ..., 2k} taking values in the set {1, ..., p}. Fix € > 0 arbitrarily and then
choose a finite set F C 3 such that ) e\ p [Cri(j)] < €. Let

N =max{[j@) —j(B)| |a. B €{1,....2k}.j € F}.

Let j be a I1;-measurable (p, 2k)-word and write j = jo + j» with jo a constant
function with values in {1, ..., p} and jo € S2. If jo € F then, provided p is large
enough to guarantee that b > N, we automatically have B(j) = 1. Thus the sum
in question is bounded in absolute value by €p for p >> 0. Since € is arbitrary, the
proposition is proved. [

The proof of the following proposition is immediate from the definitions and
therefore omitted.

PROPOSITION 6.4. Under exactly the same hypotheses as the preceding
proposition we have

1
(33) lim —
p—> 00 p

> cn)= >  Cnl.
j: (p,2k)-word s.t. j jezm yzmvn
is I1{-measurable

Lemma 5.1 guarantees that the sum on the right is well defined.

7. Proof of the law of large numbers. This section is devoted to the proof of
Theorem 2.3. The main point of the proof is summarized by the following result.

PROPOSITION 7.1. Let Assumptions 2.1 and 2.2 hold. Let Y = Y'P) be as
in (4). Let R\ be as in (8). Then we have

: —1 k _ pk)
(34) pll)rréo p  EtraceY" =R,
for every integer k > 0.

From the case r = 2 of Proposition 8.1, which is proved in the next section, it
follows that

(35) lim Var(l trace Yk) =0

p—00 p
for all integers k > 0. Arguing just as at the end of the proof of [1], Theorem 3.2,
one can then deduce Theorem 2.3 from equations (7), (34) and (35). We omit those
details. Thus, to finish the proof of Theorem 2.3, we just have to prove Proposi-
tion 7.1. (There will be no circularity of reasoning since the proof of Proposi-
tion 8.1 does not use Theorem 2.3.)
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PROOF OF PROPOSITION 7.1. Back in the setting of Proposition 5.2 with r =
1 (in which case, #I1g Vv I1{ = 1), we have

1
—EtraceY*= Y  plpFHTovI > B()Cr ().
p [TePart, (2k) j: (p,2k)-word s.t. j

is IT{-measurable

For fixed IT € Part, (2k) the contribution to the total sum is

b —1+#I1vIT
O<n—l—k+#l'l()vl'l+#l'llvl'l <_> )
n

by Proposition 6.1. Thus, in view of Proposition 3.1, specifically estimate (13), in
order to evaluate the limit in question, we can throw away all terms, save those
associated to IT = I'ly. We therefore have

.1 k .

(36) Jim ;Etrace Yk = jeznl%noml Cr1,(j)
by Propositions 6.3 and 6.4. Recalling that R(j — i) = C(Z;, Z}), and writing

J=U1J2s 2o Jies Jies J1)
we have

Cry() =RG2—j1) - Rk — ji—DRU1 = Ji),
and hence
> o= Y. RG2—j0- RGk— jk-DRGI— ji) = R
jez™ /zMov J25-e JKEL
for any fixed j; € Z. The proof of (34) is complete. [J
8. Proof of the central limit theorem. This section is devoted to the proof of

Theorem 2.4. The main point of the proof is summarized by the following propo-
sition.

PROPOSITION 8.1. Let Assumptions 2.1 and 2.2 hold. Let Y = YP) be as
in (4). Let Q;; and Rl.(m) be as in (8). Then for each integer r > 2, and all positive
integers ki, ..., ky, we have

n r/2
lim (—) C(traceYk‘, ...,traceYk’)

p—>00

0, ifr >2,

kika (2R(()k1+k2) + ZR}kl‘l)Qinj"z‘l)), ifr=2.
i.j
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In view of Lemma 4.2, in order to finish the proof of Theorem 2.4 by the method
of moments, we just have to prove Proposition 8.1.

PROOF OF PROPOSITION 8.1.  Back in the setting of Proposition 5.2, this time
assuming r > 2, we have

n r/2
(—> C(trace Y¥, ..., trace Y*7)
P

(37) )2, r)2—k+#T1oVIT . .
= ) pPa T Y. BOCnl),
[T€Part; (2k) j: (p,2k)-word s.t. j
s.t. #[1g VI vII=1 is [1;-measurable

and for fixed IT the contribution to the total sum is

b —1+#ITvIT
0<p1—r/2nr/2—k—l+#l'lovl'l+#l'[1vl'[<_) )
n

by Proposition 6.1. In view of Proposition 3.1, specifically estimate (14), we are
already done in the case r > 2.

For the rest of the proof assume r = 2. By the estimate immediately above many
terms can be dropped from the right-hand side of the sum (37) without changing
the limit as p — oo. The terms remaining can be analyzed by means of Proposi-
tions 3.1, 6.3 and 6.4. We thus obtain the formula

S ki kay _
(38) plgréo » C(trace Y"*!, trace Y"*?) = Z K (IT)
[TePart; (2k)
s.t. #IT; vII=1
and #ITgVvIT=k—1
where

K@= > Cn().

jeznl /Zl_ll\/l_[

It remains only to classify the I1’s appearing on the right-hand side of (38) and for
each to evaluate K (I1).

We turn to the classification of I1 appearing on the right-hand side of (38).
Recall that in the setup of Proposition 5.2 with » =2, we have

Mo = {{1,2},..., {2k — 1, 2k}},
I ={{2,3} ..., {2k, 1}, {2k1 + 2, 2k1 + 3}, ..., {2k, 2k + 1}}.
The conditions
#llgvIl=k—1, #I1; vII=1
dictate that we must have

(Mo v ID \ Mo ={AU A"}, Mo \ (TTp v IT) = {A, A’}
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for some A, A’ € I with
AC(l,.... 2k}, A C2k+1,...,2).

There are exactly k1k, ways of choosing such A and A’, and for each such choice,
there are exactly three possibilities for IT, two of which are perfect matchings and
one which has all parts of size 2 except for one part of size 4. That is, either

(39) M= (I \ {A, A’} U {{min A, min A"}, {max A, max A'}}
or

(40) = (Mo \ {A, A'}) U{{min A, max A"}, {max A, min A"}}
or

(41) M= (o \ {A, A'}) U{AUA).

Thus we have enumerated all possible I1’s appearing on the right-hand side of
formula (38). We remark that Figure 1 depicts examples of I1 falling into patterns
(41), (39), respectively.

We turn to the evaluation of K (I1) in the cases (39), (40). In these cases, simply
because #I1 v I} = 1 and IT is a perfect matching, it is possible to choose a
permutation o of {1, ..., 2k} such that

I ={{o(2),0(3)}, ..., {0 (2k), o (D}},
={{o(1), 0D}, ..., {c 2k —1),0(2k)}},
and so we find in these cases that
(42) K() =Ry

by a repetition of the calculation done at the end of the proof of Proposition 7.1.

We turn finally to the evaluation of K (IT) in the case (41). In this case there is
enough symmetry to guarantee that K (IT) does not depend on A and A’. We may
therefore assume without loss of generality that

A ={2ky — 1,2k}, A =2k + 1,2k +2)
in order to evaluate K (IT). To compress notation we write

(m) (m) (D
Cirpin=CZj1. Zjp, Zj5. Zj,), Ri]"n R]mz’ Rij = R :
Assume temporarily that k1, k, > 1. Since R;; = C(Z;, Z;) we then have for any

fixed j; € Z that

K(IT) = Z Rjijp- Rjkl—ljklCjklj1jk1+1jk,+2Rjk1+zjk,+3"'Rjkjk,+1

and hence after summing over “interior” indices we have

(k D (ky—1) (k1—1) (k2—1)
43) K= Z jljz C]2]1J214Rj433 ZRil Qiijz :

J2+J3.J4€Z i,j
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One can then easily check by separate arguments that (43) remains valid when &
or ky or both take the value 1.
Together (38)—(43) complete the proof. [

9. Concluding comments.

1. We have presented a combinatorial approach to the study of limits for the
spectrum of regularized covariance matrices. We have chosen to present the tech-
nique in the simplest possible setting, that is, the stationary setup with good a-priori
estimates on the moments of the individual entries. Some directions for generaliza-
tion of this setup are to allow nonstationary sequences with covariances, as in [5],
or to allow for perturbations of the stationary setup, as in [3], or to relax the mo-
ment conditions of Assumption 2.2. In these more general situations, especially
in the context of the LLN, the techniques we have presented here, plus standard
approximation techniques, are likely to yield results. But to keep focused we do
not study these here.

2. A natural question is whether our approach applies also to the study of cen-
tered empirical covariances, that is matrices ¥ = ¥ (?) with entries

Y, j)=Bij(X - X" (X - X);j.
where )2,-]- =n"1y0_, Xij = n32yn_, Z;k). To a limited extent it does, as we
now explain. Note that with (A(p)),-j = nBl.(JP)Xl,XU = Bl-(}-p)(n_l )y Zl.(k)) X
(n~! Y il Zj-k)) we have Y =Y — AP In contrast to the non-banded version,

the perturbation A = A is not of rank one. However, for some deterministic
constants Cp, C»,

P » 4
E). A(i,j)zfcleE( Zz(z)) Csz

ij=1 j=1 i=1

In particular,

P
> AG, j)*=0p(Vbp/n),

i,j=1

where for a sequence of positive random variables W), and deterministic posi-
tive sequence g, we say that W, = Op(g,) if W,/g, is a tight sequence as
p — oo. Letting Ay <A, <--- <A, denote the (ordered) collection of eigenvalues
of Y and Ay <hp <--- < )t that of YP), we conclude that Z —1 i — A2 =
Op(bp/n?). Let Lip, denote the collection of deterministic Lipschitz functions
on R bounded by 1 and with Lipschitz constant 1. Since

ﬁ sup 3 1F G0 — £Gl < Vi |3 i — K2 = O (VBpTR),

D felip, ;) i=1
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it follows from Theorem 2.3 that the conclusion of that theorem remain true if
we substitute L, the empirical measure of the eigenvalues of ¥ ?), for L. But this
line of reasoning is not powerful enough to yield the conclusion of Theorem 2.4
with ¥ replacing Y, unless one imposes additional conditions that, in particular,
imply bp/n — . 0. Thus it appears that our basic method itself requires some
significant modification to yield a CLT in the regime of Assumption 2.1 in the
centered case. The problem is open.

3. We emphasize that unlike the results in [3], we do not deal at all with the
distance (in operator norm, or otherwise) between the banded empirical covariance
matrix Y, and the covariance matrix of the process {Z;}.

4. A natural question arising from the central limit theorem (Theorem 2.4) is
whether one can obtain an approximation for E trace Y* with o p—oo(1) error. We
recall that in the context of classical Wishart matrices, compact formulas for these
quantities can be written down; see [1] and references therein. A similar attempt
to provide such formulas here seems to run into many subcases, depending on
the relations between the parameters p, n, b, and on the convergence rate in the
summability condition. We were unsuccessful in finding compactly expressible
results. We thus omit this topic entirely.

5. We finally mention a combinatorial question arising from Proposition 3.1. In
the setting of that proposition, it can be shown that for perfect matchings I1 the
estimate

(44) HTIoVIT+#I VII<k+2—7

holds and is sharp. But (44) is too strong to hold in general, as is shown by the
example

Mo = {{1,2}, (3.4}, {5. 6}, {7. 8}, {9, 10}, {11, 12}},
I, = {{2,3},{1,4},{5.6}, {7, 8}, {9, 10}, {11, 12}},
I ={{1,5,6},{2,7,8}., (3,9, 10}, {4, 11, 12}}
for which
#TIoVIT=#I1,vII=2,  k=6,r=>5,

and the same example leaves open the possibility that (14) is too weak. How then
can one sharpen (14)? The problem is open.
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