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We give the asymptotic distribution of the length of partial coalescent
trees for Beta and related coalescents. This allows us to give the asymptotic
distribution of the number of (neutral) mutations in the partial tree. This is a
first step to study the asymptotic distribution of a natural estimator of DNA
mutation rate for species with large families.

1. Introduction.

1.1. Motivations. The Kingman coalescent, see [17, 18], allows to describe
the genealogy of n individuals in a Wright—Fisher model, when the size of the
whole population is very large and time is well rescaled. In what follows, we
consider only neutral DNA mutations and the infinite sites model introduced by
Kimura [16], where each mutation occurs at a new site. In particular, if an in-
dividual is affected by a mutation, all the descendants of this individual carry this
mutation. Notice the total number of mutations observed among » individuals alive
today, S, corresponds to the number of segregating sites. The Watterson estima-
tor [24] based on S™ allows to estimate the rate of mutation for the DNA, 6. This
estimator is consistent and converges at rate 1/4/log(n).

Other models of population where one individual can produce a large number
of children give rise to more general coalescent processes than the Kingman coa-
lescent, where multiple collisions appear, see Sagitov [22] and Schweinsberg [23]
(such models may be relevant for oysters and some fish species [8, 11]). In Birkner
et al. [6] and in Schweinsberg [23] a natural family of one parameter coalescent
processes arise to describe the genealogy of such populations: the Beta-(2 — «, o)
coalescent with parameter « € (1, 2). Results from Berestycki et al. [3] give a con-
sistent estimator, based on the observed total number, S™, of mutations for the
rate 6 of mutation of DNA. This paper is a first step to study the convergence rate
of this estimator or equivalently to the study of the asymptotic distribution of S,
Results are also known for the asymptotic distribution of S for other coalescent
processes, see Drmota et al. [10] and Mohle [19].
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For the Beta coalescent, the asymptotic distribution of S® depends on 6 but
also on the parameter «. In particular, if the mutation rate of the DNA is known,
the asymptotic distribution of S allows to deduce an estimation and a confidence
interval for o, which in a sense characterize the size of a typical family according
to [23].

1.2. The coalescent tree and mutation rate. We denote by N* the set of pos-
itive integers. We consider at time 7 = 0 a number n € N* of individuals, and we
look backward in time. Let &, be the set of partitions of {1, ..., n}. For t > 0, let
H;") be an element of &, such that each block of 1'[5") corresponds to the initial
individuals which have a common ancestor at time —¢. We assume that if we con-
sider b blocks, k of them merge into 1 at rate Ap x, independently of the current
number of blocks. Using this property and the compatibility relation implied when
one considers a larger number of initial individuals, Pitman [21], see also Sagitov
[22] for a more biological approach, showed the transition rates are given by

Db = f 21— P FA@x),  2<k<b,
[0,1]

for some finite measure A on [0, 1], and that T[T is the restriction of the so-called
coalescent process defined on the set of partitions of N*. The Kingman coalescent
corresponds to the case where A is the Dirac mass at 0, see [17]. In particular,
in the Kingman coalescent, only two blocks merge at a time. The Bolthausen—
Sznitman [7] coalescent corresponds to the case where A is the Lebesgue measure
on [0, 1]. The Beta-coalescent introduced in Birkner et al. [6] and in Schweinsberg
[23], see also Bertoin and Le Gall [5] and Berestycki et al. [2], corresponds to
A(dx) = Cox*~1(1 — x)l_“l(o’l)(x) dx for some constant Cy > 0.

Notice I = (l'[t(") ,t > 0) is a Markov process starting at the trivial partition
of {1,...,n} into n singletons. We denote by R the number of blocks of IT".
We have, R(()") =n, and R,(") can be seen as the number of ancestors alive at
time —t. The apparition time of the most recent common ancestor (MRCA) is
inf{t > 0; Rt(") = 1}. We shall omit the superscript (n) when there is no confusion.
The process R = (R;,t > 0) is a continuous time Markov process taking values
in N*. The number of possible choices of £ + 1 blocks among k is ((L) (for
1 <{¢ <k —1) and each group of £ + 1 blocks merge at rate Ay ¢41. So the waiting
time of R in state k is an exponential random variable with parameter

k—1
1 =3 Mgl = 1—(1—x)% —kx(1— a
M gk £:1<€ 1 ) Mt /(071)( (I—x) x(1=x)""") 2

and is distributed as E/gi, where E is an exponential random variable with
mean 1.
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Let Y = (Yx, k > 1) be the different states of the process R. It is defined by Yy =
Ro and for k > 1, Y} = Rr;, where the sequence of jumping time (7, k > 0) is de-
fined inductively by Top =0 and for k > 1, Ty = inf{t > Tj_1; R; # Rr,_,}. We use
the convention that inf & = +o00 and Y = 1 for k > 7,,, where 7, = inf{k; R, =1}
is the number of jumps of the process R until it reach the absorbing state 1. The
number 7, is the number of coalescences.

We shall write Y ™ instead of ¥ when it will be convenient to stress that Y starts
at time 0 at point n. Notice Y is an N*-valued discrete time Markov chain, with
probability transition

(g_li_l))"k,(-{—l
&

The sum of the lengths of all branches in the coalescent tree until the MRCA is
distributed as

2) Pk, k—1¢)=

=1 ()
row_ 5 Y
k=0 Sy™

where (Ej, k > 0) are independent exponential random variables with expecta-
tion 1.

In the infinite sites model, one assumes that (neutral) mutations appear in the
genealogy at random with rate 6. In particular, conditionally on the length of the

coalescent tree L, the total number S of mutations is distributed according to
s _gr, )

t L Ve

. . . . . . . QL(”)

in distribution to a standard Gaussian r.v. (with mean 0 and variance 1). If the as-

ymptotic distribution of L™ is known, one can deduce the asymptotic distribution

of S™,

a Poisson r.v. with parameter 6 L") . Therefore, we have tha converges

1.3. Known results.

1.3.1. Kingman coalescence. For Kingman coalescence, a coalescence corre-
sponds to the apparition of a common ancestor of only two individuals. In partic-
ular, we have forO <k <n —1, Yk(") =n — k. Thus, we get 1, =n — 1 as well as
ngf") =(m—k)(n—k—1)/2. We also have

L(n) n—2 1 n—1 1
T AT g e
k=0 k=1

The r.v. L™ /2 is distributed as the sum of independent exponential r.v. with pa-
rameter 1 to n — 1, that is as the maximum on n — 1 independent exponential
r.v. with mean 1; see Feller [12], Section 1.6. An easy computation gives that
L™ /(2log(n)) converges in probability to 1 and that # — log(n) converges in
distribution to the Gumbel distribution (with density e *~**P~*) when n goes to
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P . ) _gE[L® C e
infinity. It is then easy to deduce that %I[EL[(LH)]] converges in distribution to the
standard Gaussian distribution. This provides the weak convergence and the as-

N N

BILOT — YTk See

ymptotic normality of the Watterson [24] estimator of :
also the Appendix in [10].
1.3.2. Bolthausen—Sznitman coalescence. In Drmota et al. [10], the authors

consider the Bolthausen—Sznitman coalescence A is the Lebesgue measure on
[0, 1] In this case, they prove that -- log(n)L(”) converges in probability to 1 and

that & _“" converges in distribution to a stable r.v. Z with Laplace transform
Ele _’\Z] e*1og® for A > 0, where
n nlog(log(n)) n
an = 5 n=T -
log(n) log(n) log(n)

9n

It is then easy to deduce that 3 converges to Z.

1.3.3. The case f(o,l] x~'A(dx) < 0co. In Mohle [19], the author investigates
the case where x ~! A (dx) is a finite measure and consider directly the asymptotic
distribution of §™. In particular, he obtains that S /n6 converges in distribution
to a nonnegative r.v. Z uniquely determined by its moments: for k > 1,

k! ;

., with ®(i) :f 1—(1—x))x"?Adx).
r[ 1 D) [QH( )
There is an equation in law for Z when A is a simple measure, that is when
Jo.x 2 Adx) < oo.

E[Z¥] =

1.3.4. Beta coalescent. The Beta-(2—«, o) coalescent corresponds to the case
where A is the Beta(2 — «, ) distribution, with « € (1, 2):

_; l—a 1 a—1
A(dx)_F(Z—a)l"(oz)x (1 —x)"""dx.

The Kingman coalescent can be viewed as the asymptotic case @ = 2 and the
Bolthausen—Sznitman coalescence as the asymptotic case o = 1.

The first-order asymptotic behavior of L is given in [3], Theorem 1.9:
n®"2L™ converges in probability to F(“)zaf(z_l) We shall now investigate the as-
ymptotic distribution of L.

1.4. Main result. In this paper we shall state a partial result concerning the
asymptotic distribution of L. We shall only give the asymptotic distribution of
the total length of the coalescent tree up to the |nt |th coalescence:

Lnt A (T —1) Y(ﬂ)

3) L = Ey,

k=0 8y
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where | x| is the largest integer smaller or equal to x for x > 0.

We say g = O(f), where f is a nonnegative function and g a real valued func-
tion defined on a set E (mainly here E = [0, 1] or E = N* or E = N* x [0, 1]), if
there exists a finite constant C > 0 such that |g(x)| < Cf(x) forall x € E.

Let v(dx) = x 2A(dx) and p(r) = v((z, 1]). We assume that p(r) = Cot % +
O+ forsome « € (1,2), Co > 0and ¢ > 1—1/a. This includes the Beta(2 —
o, o) distribution for A. We have (see Lemma 2.2) that

gn=Col'(2 — a)n® + O (n~min:D),

Lety =a —1.Let V = (V;,t > 0) be a a-stable Lévy process with no positive
jumps (see Chapter VII in [4]) with Laplace exponent ¥ (u) = u®/y: forall u > 0,
E[e—uV,] — etu“/y.

We first give in Proposition 3.1 the asymptotic for the number of coalescences,
Tyt

T d
n_l/“(n — —n> Q> Vy.

‘)/ n—oo

See also Gnedin and Yakubovich [13] and Iksanov and Mohle [14] for different
proofs of this results under slightly different or stronger hypothesis. Then we give

the asymptotics of lA‘,(") defined as CoI" (2 — oz)Lt(") but for the exponential r.v. Ey

which are replaced by their mean that is 1 and for g, which is replaced by its
k

equivalent Col"(2 — a)(Yk(”))z_“:

A lat | A (T, —1) 1
@) L=y "

k=0
Fort € [0, y], we set

v(t):/(;t(l — ﬁ) J/dr.

Theorem 5.1 gives that the following convergence in distribution holds for all 7 €
0, )

—l+a—1/a 7 ) 2—a (d) ! AN
5) n (L —n"%v(@) —>(a@—=1) | dr(1—— V..
n—oo 0 y

Then we deduce our main result, Theorem 6.1. Let o € (1, #). Then for all
t € (0, y), we have the following convergence in distribution

plte—1/a (L;n) _ 2 () )
Col'Q— )

-1 t —a
@ _a-1 dr<1 - i) V.
n—o00 Col'(2 — ) Jo y

(6)
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We also have that n“‘sz") converges in probability to % for ¢ € (1,2)
uniformly on [0, #p] for any #y € [0, y). See also analogous results in [1] for the
Bolthausen—Sznitman coalescent. For ¢ = y, intuitively we have Lg,") close to L™
as 1, is close to n/y. In particular, one expects that n*~>L™ converges in proba-
bility to % For the Beta-coalescent,

1
Adx)= —— x'7*(1 — x)* ldx,
re—a)l'(a)
we have Co = 1/al’(2 — @)["(a¢) and indeed, Theorem 1.9 in [3] gives that
n®=2L™ converges in probability to

Moa@—-1)  v(y)
2—« G2 —a)°

Notice Theorem 1.9 in [3] is stated for more general coalescents than the Beta-
coalescent.

In Corollary 6.2, we give the asymptotic distribution of the total number St(")
of mutations on the coalescent tree up to the |nt]th coalescent for « € (1,2). In
particular, for @ > /2, the approximations of the exponential r.v. by their mean
are more important than the fluctuations of L™ and the asymptotic distribution is
Gaussian.

1.5. Organization of the paper. In Section 2 we give estimates (distribution,
Laplace transform) for the number of individuals involved in the first coalescence
in a population of n individuals. We prove the asymptotic distribution of the num-
ber of collisions, 7,, in Section 3, as well as an invariance principle for the coa-
lescent process Y™, see Corollary 3.5. In Section 4, we give error bounds on the
approximation of L ,(") by L t(") /Col' (2 — o). Section 5 is devoted to the asymptotic
distribution of I:t("). Eventually, our main result, Theorem 6.1, on the asymptotic
distribution of L§”) , and Corollary 6.2, on the asymptotic distribution of the num-
ber of mutations S,(”), and their proofs are given in Section 6.

In what follows, c is a nonimportant constant which value may vary from line
to line.

2. Law of the first jump. Let Y be a discrete time Markov chain on N* with
transition kernel P given by (2) and started at Yo =n. Let Y = (Y, k > 0) be

the filtration generated by Y. We set X ,((n) = Yr_1 — Yi for k > 1. We give some

estimates on the moment of X i") and its Laplace transform.
Forn > 1, x € (0, 1), let B, x be a binomial r.v. with parameter (n, x). Recall
that for 1 <k <n, we have

_ n! Y k=1, n—k
% P(Bn,xzk)_—(k_l)!(n_k)!/oz (-1 *ar.
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Recall that v(dx) = x 2A(dx) and p(t) =v((¢, 1]). Use the first equality in (1)
and (7) to get

P& (n\ x
gn = ( )x (1 —x)"""v(dx)
S
1
@®) — fo P(By.x = 2)v(dx)

1
=n(n— 1)/ (1 —0)"2tp(t) dt.
0
Notice also that
1 1
P(X\"" =k)=P(n,n—k) = —/ P(By.x =k + 1)v(dx)
&n JO

and thus
1
P(Xgn) > k) _ f() ]P)(Bn,x > k+ 1)v(dx)
8n
=2 [y ="k dr
Kin—k—DU (Y1 —p2p@)dr
Leta € (1,2) and y = « — 1. The following result on the asymptotic distribution

of (XY’), n > 2) is essentially in [5], Lemma 4.

©)

LEMMA 2.1. Assume that p(t) =t~ *L(t), where L(t),t € (0, 1] is slowly

varying at 0. Then (X Yl) ,n > 2) converges in distribution to the r.v. X taking values
in N* and such that for all k > 1,

1 Tk+1-—a)
r2—a) k! '

We have E[X]=1/y, E[X?] = +o00 and its Laplace transform ¢ is given by: for
u>0,

P(X > k) =

el/t

-1
o) =Ele X =1+ [(1—e ™1 —1].
a—1

We shall use repeatedly the identity of the Beta distribution: fora > 0 and b > 0,
we have

Lty et gy P@T®)
(10) /Ot (1—1) dt_F(a-i—b)'

PROOF OF LEMMA 2.1. Following Lemma 4 from [5], it is easy to get that
for fixed k > 1, as n goes to infinity, we have

1
.kt l—a -1 o yn—k—1k _ _
lim n L(1/n) /0 (1—1) fo)dt =Tk +1—a).
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Therefore, we get that, for k € N*,

") (n— 2)! Jo (L =0+ =1k p 1) dr
Jlim IP(X > k)= Jim Ko —k — 1)l f()l(l () di
1 Tk+l-o
T TQ-ow) k! '

This ends the first part of the lemma. Since

P(X > k) = — 0 Lz,

1
—/ tk_a(l
F'a)I'2—ow)Jo
we deduce that

1 1
EX]=Y P(X>k)=—— =1 —n* s = .
X1 ]; (X =k F(oz)l“(2—a)/ol; ( ) a—1
Notice that P(X =k) =P(X > k) — P(X > k + 1) and thus

1
P(X =k) = =1 = n*dr

1
mfo
o rk+1—a)
TT2-a) (k+D!
The asymptotic expansion
(12) I'(z) =275 1% (1 +L+o<1)>
12z b4

implies P(X = k) ~ 400 %k*"‘*l . Therefore, we have E[X?] = +00. We com-
pute the Laplace transform of X. Let u > 0, we have

_ —uXq__ o 1 —ku o k—a —x
¢ () =Ele ]—F(z_a)g(k+l)!e e

(1)

—ku k—1—a e dx

F(2—a) 0 k 2

u

u
= Lf x I (M — xeT" — 1) dx
re—owJo

u

14+
o

-1
Sl —emne—,
where we used (11) with
o
F(k+1—a)=/ e dx
0

for the first equality and two integrations by parts for the last. [
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We give bounds on g,.

LEMMA 2.2. Assume that p(t) = Cot~* + O(t~%T°) for some Cy > 0 and
¢ > 0. Then we have, for n > 2,

(13) gn = Col'(2 — a)n® + O (n®~min€ D),
PROOF. Notice that

1
gn=n(n— 1)/0 (1 =0)"2t(Cot ™ + Ot~ T%)) dt

re—a)frin—1
=Con(n—1) (F(n(—x{—)l(—na) )—I-hn,

where
1
hy, =n(n — 1)/ (1 — 0" 2+ o) dr.
0
In particular, using (12), we have for n > 2

1
Il < cn(n — 1) / (1 — pyn=2p=att]
0

Fe—a+lm—1 _ o
Tn+1—a+¢) ~ '

=cnn—1)

Using (12) again, we get that T'(n — 1)/ T(n + 1 — ) =n* "2 + O(n®3). This
implies that

gn=Col'(2 — oa)n® + O(nmax(o:—l,a_g))' -
We give an expansion of the first moment of X Y‘).

LEMMA 2.3. Assume that p(t) = Cot ™% + O(t~%T%) for some Cy > 0 and
¢ >0.Let gg > 0. We set

n—¢, if¢<a—1,
(14 Pn=nl7ote0 ifr=a—1,
nl=e, ife>a—1.

There exists a constant C15 s.t. for all n > 2, we have

. 1
(15) ‘E[X§ - ;\ < Cl5¢n.
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PROOF. We have

!
E[Xi”)] _ ZP(XY;) k) = Jo Xik=1P(Bpx =k + Dv(dx)

k>1 8n
(16) — f()1 (E[Bn,x] _P(Bn,x > 1))V(dx)
&n
B fol nxv(dx) — fol(l — (1 = x)")v(dx)
- 8n
1 _ _ \n—1
(17) _nfpll=A—0"p@adt
8n

_ A =0"2( pydrydi
Jo (1 = 1)=21p(2) dr
using (9) for the first equality and (8) for the last. Notice that

! 1 1
f prydr=—2ip(H) + O +f O+ ydr + 0+t
t 14 f
1 .
= —lp(t) + O(Imln(—a‘i‘('f'l,())) + 0(| IOg(l)|)1{a_§:1}
14

1 .
— _tp(l,) + O(tmm(—tx—‘rg“—l—l,O)) _|_ 0([_80)1{0[7(:1}.
14
This implies that
(n) 1 nm—1 rl n—2 min(—a+Z+1,0)
E[x! ]=—+—/(l—t) (o 0)
YV 8n 0

+ O(Z‘_So)l{a_g:l})dt.
Using (10), (12) and Lemma 2.2, we get

1 -1 r! .
E[Xgn)] _ ;’ < Cﬂ(l’lg ) /0 (l _ t)n—Z(tmm(—a-i—{-i—l,O) + l‘_eol{a_;zl})dl‘
n
< an—a (n—l—min(—ot-l-{—l—l,O) + n—l-&-sol{a_{:l})
= CPn. U
We give an upper bound for the second moment of X i").

LEMMA 2.4.  Assume that p(t) = O(t™*). Then there exists a constant Cqg
s.t. for all n > 2, we have

(n)\2 n?
(18) E[(x}")"] = Cig.
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PROOF. Using the identity E[Y?]= > k>1(2k — D)P(Y > k) for N-valued ran-
dom variables, we get

E[(X}")’]
o Skt @k — DP(By x> k + Dv(dx)
B gn
o a1 QU+ 1) — DP(By e > k+ 1) = 2 Yo P(By x > k + 1)v(dx)
— -
_ Jo (BIB2 1= 2E[B, <]+ P(By.x = 1))v(dx)
B gn
_ Jo (B[B2 1= E[B, ])v(dx)
B 8n
_ fol n(n — Dx%v(dx)
B gn
Jatp(e)dt

8n

~E[x{"]

~E[x{"]

=2n(n— 1) —E[x}"],
where we have used (16) for the fourth equality. Use fol tp(t)dt < oo and
IE[X%”)] > (0 to conclude. O

We consider ¢, the Laplace transform of X i”): foru >0, ¢, (u) = E[e X 5”)].

LEMMA 2.5. Assume that p(t) = Cot % + O(t~%) for some Cy > 0 and
¢ > 0. Let g9 > 0. Recall ¢, given by (14). Then we have, for n > 2,

o

(19) b)) =12+ 4 R, ),
Y Y

where R(n,u) = (ug, + uz)h(n,u) with SUPy (0. K].n>2 |h(n,u)| < oo for all
K > 0.

PROOF. We have

d)n(u) — —MX( Z —ukﬂj) X(n) k)

n—1 n
=Y e (X" = k) = Y etk Dp(x "V > k)
k=1 k=2
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n—1
="+ Y e (1 —eMP(X\" > k)
k=2

n—1 _—uk

—e (- Y ©
k=2

! n! r R
8n /(; k'(n —k — ])!t (11— p(t)dt
1
=ertd —e“>;—n/0 (1=t =)™

—(1- [)n_l —(n—De "t(1 — t)n—Z]p(t) di

— _ui ! _ __—uypyn—1 -1
=1+ e)gn/O[(l t(1—e™™) (1 —0)"""p()dt,

where we used (8) for the last equality. Using (17), this implies

(20) Gn) =1+ (1 — )= A+ (1 — eHE[X™].

8n
with
1
A =/ [(1—t(1—e)"~" —1]p@)dr.
0
Thanks to Lemma 2.3, we have that

21) a —e”)E[Xi")]z—%—i—(uz—i-u(pn)h](n,u),

where, for all K > 0, sup, c(0. x1.n>2 |71 (1, u)| < 00.
To compute A, we seta = (1 —e ™) and f(¢) = ¢~ mX(@—1-¢,0) +17 0y =1y
An integration by part gives

1 1
A:—a(n—l)/o (l—at)”_2</t p(r)dr)a’t

1 tl—cx
=—a(n — 1)(70/ (1— at)"_2<— + O(f(t))) dt
0 14
= _Al + A25
with

1 1
4 == )CO/ (1 —an" %'~ ar
14 0

and

1
Ay =a(n — 1)[0 (1 —at)" 20(f (1)) dt.
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‘We have
a—1
-1 a
PP ) )co/ (1= 2" dr
Y 0

a—1 -1 1
= wco/ (1—0)" 21" gs
Y 0

a—1 -1 1
I i) )CO/ (1—0)" 21" qr
Y a

a®n—=1) _T'h=DIQ—ow)
Co
y F'n+1—0o)

a—1 -1 1
S U )co/ (1 =02 qr.
Y a

Since a > 0, we have foru € [0, K] and n > 2
a=lp —1) ! -1 ! 1
0< wf A—0)" 21" qr < M/ A—0)"2dt < —.
Y a Y a 14
Using (12) and Lemma 2.2, we get

aafl g .
S| < (1 4 p@~1mmin@ Dy < epmaX(@=1-£,0).

-

where ¢ does not depend on n and # > 0. We also have, using (10) and (12),
1
|As| < ca(n — 1)[ (1 —at)" 2 f(t)dt < c(n™@=1=80 L pfoq, yy).
0

We deduce, using Lemma 2.2 twice, that

o

—1
‘A + B < pmaa1=e0 g prog ) <Py,
y n n
We deduce that
1_ —Uu O{—l
(1—eY 2 A=l —e”>(—% +<pn0<1>)
n

(22) o
= ”7 + @+ ug)hy(n, u),

where sup, ¢o. x).n>2 |h2(n, u)| < oo for all K > 0. Then use the expression of ¢,
given by (20) as well as (21) and (22) to end the proof. [
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3. Asymptotics for the number of jumps. Let @ € (1,2). We assume that
p(t) =Cot ™ + O(t7%*¢) for some Co>0and ¢ > 1 — 1/a.

Let V = (V;,t > 0) be a a-stable Lévy process with no positive jumps (see
Chapter VII in [4]) with Laplace exponent ¥ (1) = u*/y: forallu > 0, Ele "] =
etu"‘ /v )

Lemma 2.1 implies that (Xg"), e X,(c")) converges in distribution to (X1, ...,
Xi) where (Xg, k > 1) is a sequence of independent random variables distributed
as X. Using Lemma 2.1 and (12), we get that P(X > k) ~4 0 ﬁk‘“. Hence,
Proposition 9.39 in [9] implies that the law of X is in the domain of attraction of
the «-stable distribution. We set

[nt] 1
W = p e Z(Xk — —) for t € [0, y1.
k=1 Y
An easy calculation using the Laplace transform of X shows that for fixed ¢ the
sequence W,(n) converges in distribution to V;. Then using Theorem 16.14 in [15],
we get that the process (Wt(n), t € [0, y]) converges in distribution to V = (V;, t €

[0, ¥]). We shall give in Corollary 3.5 a similar result with Xj replaced by X ,i").

We first give a proof of the convergence of t,; see also [13] and [14] for a
different proof. We will use that

Tn

1
Z(X,-(n)——>=n—1—r—”.
14

i=1 Y

PROPOSITION 3.1. We assume that { > 1 — 1/a. We have the following con-
vergence in distribution:

T, d
n_l/u‘(n — —n) & V.

J/ n—oo

PROOF. Using [20], it is enough to prove that lim,,_, o E[e_”"_l/a("_f"/y)] =
e for all u > 0. Recall Y = (Y, k > 0) is the filtration generated by Y. Notice
T, is an Y-stopping time. Recall that for m > 1, ¢, denotes the Laplace transform

of Xgm). For fixed n, and for any v > 0, the process (M, i, k > 0) defined by

k
Mye=]] exp(—vX " —log Py (v))
i=1 .

is a bounded martingale w.r.t. the filtration Y. Notice that E[M, ] =1. As X; =0
for i > t,,, we also have

kAT,

(23) Mo = [T exp(-vX" ~logdym ().

i=1
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Let u > 0 and consider a nonnegative sequence (a,,n > 1) which converges
to 0. Using (19), we get that

kAT, kAT,

n) ua, u“ay )
Mya, .k = exp| —uay Z X = Z - + T + R(Y;" |, uay) | ).

i=1 i=1 Y

In particular, we have

(24) Myq, v, = CXP(—Man (n —1- T_n) - u? Y nln ZR Y(n) uay )
14

We first give an upper bound for 1" | R(Yi(f) L Udy).

LEMMA 3.2. Weassume that{ > 1 — 1/a. Let K > 0. Let n > é There exist
€1 > 0 and Cy5(K) a finite constant such that for all n > 1 and u € [0, K], a.s.
witha, =n"",

(25) Z\R (Y™, uay)| < Co5(K)n™®

PROOF. Notice that t, <n — 1. We have seen in Lemma 2.5 that R(n, u) =
(ue, + u®h(n,u) with E(K) = SUP,c(0.k]n>2 M, u)| < 00 and @, given
by (14). We have 2 —a — - = —a(1 — l/oz)2 < 0. As gg > 0 is arbitrary in (14),
we can take &g small enough sothat ] —a+e&y<0and2 —a+¢e9—1/a <0. We
have

nl—¢-1/e, if¢ <a—1,
an2§0 (n)<l’l l/az(p <c n2 P 1/a ifCIOl—l,
i=1 j=1 pre— /e, if¢>a—1.

For €1 > 0 less than the two positive quantities —1 + ¢ + é and —2+a — g+ é,
we have a,, Zfi] (pY@) < cn~%'. We deduce that, for u € [0, K],

Z!R (v, uay)| < h(K)Z @y uay + (uay)?)
i=1 i=1

n
<h(K) Y (¢;Kan + (Kay)?)
j=1
<ch(K)(Kn™% + K?n'72/%),

for some constant ¢ independent of n, ¥ and K. Taking &1 > 0 small enough so
that &; < % — 1, we then get (25). O

Next we prove the following lemma.
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LEMMA 3.3. We assume that { > 1 — 1/a. Let ¢ > 0. The sequence
(n~/o—e@ 1 — 17”), n > 1) converges in probability to 0.

PROOF. We set a, =n~'/2~¢, Notice that

e—Uan(n=1=%/y) _ pg Wt [y + 1 RO, uan)

uay, 7, €

As 1, <n — 1, we have 0 < t,a; <n~“®. Using (25), we get for u >0
E[Mua’lsfn]e_czs(u)n781 S E[e_uan(n_l_fn/y)]
= E[Muan,fn]eCZS(”)”igl +u"‘n*0‘€/y.

As 1, is bounded, the stopping time theorem gives E[M,,, -,] = 1. We deduce that,
forall u > 0, lim,,_, o E[e 4 (1—1-1/¥)] = 1, Using [20], we get the convergence
inlaw of a,(n — 1 — ;—”) to 0, and then in probability as the limit is constant. [J

Let a, = n~Y* and u > 0. We have
E[e—uun(n—l—rn/y)] — E[e—uan(n—l—rn/y)(l _ e—u“uﬁ?(rn/y—n))]

o

(26) +E[e—uan(n—l—rn/y)e—u”an
=L+ D,

(Tn/y_n)]

with
I = E[e—uan(n—l—rn/y)(l _ e—u“a,‘f(rn/y—n))]
and
Iy = B[ My, 7, Vo RO 00,
Using (25) and E[M,, ,]1 =1, we get

€1

eu”‘—Czs(u)n_ <bL< eu“+C25(u)n

-

This implies that lim,,_, oo I = .
We now prove that lim,,_, o /1 = 0. Recall that 7, <n — 1 so that 7,a <1 and
thanks to (25), we get

E[e—uan(n—l—r,,/y)] — E[Mua,,,rn eu"‘r,,a,‘;‘/y—i—ziril R(Yi(f)l ,uan)]
<MWE[Myq4,,,]1 =M (u),

where M (1) is a constant which does not depend on n. By the Cauchy—Schwarz
inequality, we get that

o

112 — E[e_uan (n—1-7,/y) (1 _ e—uaan (Tn/y_n))]z
< ]E[e—Zuan(n—l—rn/y)]E[(l _ e—u”a,‘i‘(rn/y—n))2]

<MQuwE[(1 - e_“a(l/n)(fn/y—n))z].
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Notice (%(% —n),n > 1) is bounded from below and above by finite constants,
and thanks to Lemma 3.3 it converges to 0 in probability. Hence, we deduce that

lim E[(1— e " 1/nm/r=m) =,

n—oo

This implies that lim,,_, o, 11 = 0.
From the convergence of 11 and />, we deduce from (26) that

lim ]E[e_uan(n_l_fn/)/)] =Y
n—0o0

o

This ends the proof of the proposition. [
We now give a general result.
PROPOSITION 3.4. We assume that ¢ > 1 — 1/«. Let f,, : Ry — Ry be uni-
formly bounded functions such that
Ly
— 1i - o
o= lim -~ ; Falh/n)

exists. Then we have the following convergence in distribution:

o0

In particular, if f Ry — Ry is a bounded locally Riemann integrable function,
then

Tn

@) VO =Y pksm (X —) 2 [ rwav.,
k=1

where the distribution of [OV f(@)dV; is characterized by its Laplace transform:
foru >0,

(29) E[exp(—u /Oy f(t)dV,>:| =exp<§ /Oy f“(t)dt).

If we apply this Proposition with step functions, we deduce the following result.

COROLLARY 3.5. We assume that { > 1 — 1/a. Let V(n) VD d0.4) =
n Ve N = 1) fort €10, ), and ViV = VO (1) =n Ve (-1 ),

The finite-dimensional marginals of the process (Vt( ), t €10, y]) converges in law
to those of the process (V;,t € [0, v]).
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PROOF. Thanks to [20], it is enough to prove that
R vAQ)) ku®/y
E[exp(—uV (fn))]njooe )
Taking uf, as f,, we shall only consider the case u = 1.

We set a = sup,,~ (>0 |fu(x)| and for any bounded function g,

Tn

An(®)=exp o (—n~ Ve gk/m X" —logdym (171 g(k/m)).
k=1 !

A martingale argument provides that E[A,(g)] = 1. Using (19), we get that

An(e) = exp( ~1/a Zg(k/n)(X“” %)

Tn

O{ k Tn "
_] Z ( /n) ZR Yk( )1’ l/ag(k/n)))
k=1

Tn

= exp(—V(”)(g) —n! Z L{(i/n) — Zﬂ R Yk(")1 n_l/“g(k/n))>.
k=1 k=1

Let
lny] ra o
- I (k/n) - I (k/n)
Z Z
and write
E[e—v“’)(fn)] =L +D
with

L = ]E[e_v(n)(f")(l —eM)] and L= E[e_v(n)(f")el\”].

First of all, let us prove that /1 converges to O when n tends to co. Recall that
the functions f;, are uniformly bounded by a. Thanks to (25), we have

E[e~2V" (] = E[e~V " @]

— E[An (2 fy)e" Thm QA G /m) v+ 7 RO V21,60 < g,

where M 1is a finite constant which does not depend on n. By Cauchy—-Schwarz’
inequality, we get that

()% < (E[e™V" |1 — M)
< E[e_v(n)(zf”)]E[(l _ eAn)Z]
< ME[(1 — &™),
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Moreover, as |1 — | <ePl —1and A, < “—ll_nyj 7|, we get

2
(30) E[(1 —e?)?] < E[(l - elthJrn|a“/<ny>> }

The quantity M is bounded and goes to 0 in probability when n goes to
infinity. Therefore the right-hand side of (30) converges to 0. This implies that
lim,— o0 11 =0.

Let us now consider the convergence of /5. Remark that

ny] ra Tn
= E|:An(fn)exp(n_1 3 w +Y R(Y"n _1/"‘fn(k))>].
k=1 k=1

Recall that f;, is bounded by a and that E[A,(f,)] = 1. Using Lemma 3.2, we get
for some ¢ > 0

lny] ra
exp(_c%(a)n—e] e >)

ny] o Tn
31 < E[An(fn)exp(n_l 3 i &/m) ('y‘/”) +> R n _1/“fn(k))>]
k=1 k=1

lny] ra
feXp(Czs(a)n_e‘ n! Z I Wn))

lny]

S 2N
fim o 3 i /m =

we get that lim,,_, oo I» = /Y which achieves the proof of (27). To get (28), notice
that
lny]

1
= 1 - E k/n)* “d
K= lim fk/n) / f()“dr. O

4. First approximation of the length of the coalescent tree. Let o € (1,2).
We assume that p(t) = Cot % + O (t~*¢) for some Cop > 0and ¢ > 1 — 1/a.

Recall that the length of the coalescent tree up to the |nt|th coalescence is, for
t > 0, given by (3). The next lemma gives an upper bound on the error when one
replaces the exponential random variables by their mean.

LEMMA 4.1. Fort >0, let

[t AG=1) ()
. Y,
L = k

)
k=0 8y
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There exists a finite constant C3y such that, we have

o n3-2, ifa <3/2,
(32) E[sup(Lt(") — L™y } <C3y{logn), ifa=3/2,
120 1, ifa>3/2.

PROOF. Recall that Y = (Y, k > 0) denotes the filtration generated by Y.
(1)

Conditionally on Y, the random variables gy"( : (Ex — 1) are independent with zero
v

mean. We deduce that

I Lt JAG=1) 3 (n) 2
E[sup(L,(")—L,(")) |y} :E[sup( 3 gk (Ek—l)) |y]

t>0 t>0 k=0 Yk(’l)
1 (n) | 2
Y
=25
k=0 ~8y®
54 <—> )
2\

where we used Doob inequality for martingale in the first inequality. Thanks to
(13), we get

), ifa=3/2,

n3-2 ifa <3/2,
log(n
1, ifa>3/2,

n
E[sup(L? — if"))zly} <cY <
120 =1

where ¢ is nonrandom. This implies the result. [J

LEMMA 4.2. Fort >0, let

Lnt | A(ta—1)

=" ey,

k=0

There exists a finite constant C33 such that for all t > 0, we have

7 (n) n>—e=¢, ift<2—a,

(33) L — _ L < C33 1 log(n) ift=2—«a
t — ) — < W,

Col'2 — ) 1, ifc>2—a.

PROOF. Use (13) to get that

r [nt A (T —1) .
L - ero—a = X W) 7o) ),
k=0
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‘We deduce that
=~ (n) iﬁn) - Xn:z_a+1_min(§,1)
T ore-wl &
n-a—¢ if <2—a,
<Cilog(n), if¢=2-—a,
1, if>2—a. O

5. Limit distribution of L. Leta e (1,2) and y =« — 1. For t € [0, y],

we set
t r\ Y
v(t)=/ (1— —) dr.
0 14

THEOREM 5.1.  We assume that p(t) = Cot =% + O (t~*+%) for some Co > 0
and ¢ >1—-1/a.

(i) Letty €0, y) and § > 0. The following convergence in probability holds:

~ P
(34) n@ D28 gup |n_2+“L§”) —v()| — 0.
0<t<to n— 00

(i1) Lett €0, y). The following convergence in distribution holds:

(35)  aTHETVR(L® _p2mey(p)) ﬂ(a—m/tdr -2y
! n—0oo 0 y r

PROOF. Leter € (0,y),t0=y —e&2and t € [0, f9]. We use a Taylor expansion
to get

lnt A (T, —1) k -V
W=y (i)
i=1

k=0
lnt A (T, —1) k g
k 1
k=0 Yoo Y
(36)
AG=D =y
= Y (n-3) -
k=0 4
=L +yJ.(t)+y(y + DR, (1)
-
with An,k = 72":12)_("](/7/ 1/v) and

[nt A (Tp—1) K\~
L= Y Qr——) ,

k=0
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nt A (tp—1)

J,(t) = Z (n_k>_y_12k:(xl§n)_l>’

k=1 4 i=1 4

Lan/\(tn—l)<

k g An,k
_ _ _ _ Y2
R, (1) = ]; n )/) _/(; (Apx—s)(1—s) ds.

Notice that a.s. A, x < 1, so that R, (¢) is well defined.
Convergence of I,(t). We write

I (t) = nz_aln,l(t)l{nt<tn} + I (t)l{ntzr,,}

1 k\7Y
ith I, 1(t) = — 1—— .
with I, 1 (1) nZ( )

k=0 ny

Standard computation yields

Lo (6) = v(0) + %h3(n, 0,

where sup; (o s1.n>1 [73(n, 1)| < 0o. Hence, we have for ¢ > 0

P(H—H—a—l/“ sup |1, (1) — n*~“v(1)| 28)

0=<r=ny

= P(nl_l/o‘ sup |I,1(t) —v(t)| > &, ntg < rn>

0<t<t

+ IP’(n_H“_l/“ sup |1,(¢) — n>% ()| > ¢, nty > r,,)

0<t<ty

< P(n‘”"‘ sup |h3(n, 1| = e) +P(nty > 7).
0<r<tg

According to Lemma 3.3, 7,,/n converges in probability to y. This implies that for

allt €0, y)

(37) nlgréo P(nt > t,) =0.

Asn~ 1/« SUPo<; <, [13(n, 1)| < € for n large enough, we deduce the following con-
vergence in probability:

(38) pHe e s 11 (1) — n2 ()| — 0.
0=t<ty o0
Convergence of J,(¢). Let ¢t € [0, #9]. To get the convergence of J,(¢), notice
that
Lnt | A(tp—1) nt | A(ty—1)

=5 )8 -2)

i=1 Y k=i Y

(39) e
=n Jn,ll{nt<rn} + Jn(t)l{ntzrn}’
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with

Lnt ] A (T —1)

=Y A (X0 -)

i=1

and

Sy = 5 (1-1)"

j=lnr] ny

The functions f;, are finite and uniformly bounded as for n > 2 /¢,

[nt] —a —&/2 —a
05fn<r>sfn(0>=%2(1—%) s/oy ’ (1—%) ds < oo.
k=0

Notice that

. 1|_n)/J u t t g\ ¢ o
K:nli)ngo;];fn(k/n) =/0 dr(/r <1—;> ds) .

We deduce from Proposition 3.4 that (n—1/e Jn,1,n > 2) converges in distribu-
tion to k /2 V. For ¢ > 0, we have P(inr=, 0 (2)| = €') < P(nt > 1,,). Then we
use (39) and (37) to conclude that the following convergence in distribution holds:

(40) n—l-i—a—l/ajn(t) ﬂ) Kl/ozvl‘
n— 00

Convergence of R, (¢). Lett € [0, tp]. We shall now prove that n—ite=lep (1)
converges to 0 in probability. Let ¢ € (0, y). We have R, (t) = R,.1 + R,,2, with

Lt ]

K\
Ru1= Z(ﬂ - ;) Lcr ) Ru1 ks

k=1
k

Ap,
Rn,l,k = I{An,k<1_8}/0 (A”,k — S)(l — s)_V—st’

Lt ]

-y Apk )
Ryo= Z(ﬂ - ;) 1{k<r,,}1{A,,$kzl—e}‘/(; (Apx—s)(1 —5)"""“ds.
k=1

We have

gV 2 ) c k | 2
B[Ry, 1411 < — E[(An,k)]gn—zxa[<z<xi _;)> ,

i=1

where we used that k < n(y — &,) for the last inequality and ¢ depends on ¢ and ¢5.
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Recall ¥ = (Y, k > 0) is the filtration generated by Y. We consider the
Y-martingale N, = 37_; AN,, with AN, = X" — E[X"|4,_1]. We have

E[(é(xf”) -~ %))2} <2E[N?] + 2E[(i<E[Xf”)|%i—1] - %))2}

i=1
Notice that
k k k
E[N}] = E[Z(ANi)z} < E[Z E[(Xf”’)zly,-_l]} < E[Z(X,‘”))z]~
i=1 i=1 i=1

Using that, conditionally on %;_1, X l.(") and X gyi - have the same distribution, we
get that

n .
E[N] < ) E[(x;")’].
j=1
Thanks to (18) and (13), we deduce that

n .2 n
EINI<Cig Y T <e Y 7 <en® .
=187 j=i

o3
oo ]
(§ ) <o,

where for the last inequality we used (14) with g9 > 0 small enough (such that
14+ 2¢9 < «) and the factthat £ > 1 — 1/ implies 2 —2¢ <3 —a as«a € (1,2).
This implies that for k < n(y — &3) =nty

k 2
41 E xm L ) } 3o
(41) [(;( i y) <cn

therefore E[|R, 14|] < en'~® and E[|Ry11] < cn3=2* Thus, we get that
(n~1*e=1/@R |, n > 1) converges in probability to 0 since —1 + a — 1/a + 3 —
200 = — (o0 — 1)2/a <Oforoa > 1.

Using (15) and (13), we get

(G x-)

A

I/\

I/\
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We now consider R, . Suppose that k < |nt| — 1 satisfies A,y > 1 —¢ on
{nt < t,}. Then on {nt < t,}, we have

(n)
Xl — 1y +8nk/y
Apkt1 =0k + ktl .

n—(k+1)/y

(n)
>Ank+)(k—i_l—_8/y>Ank,
- n—Gk+1)/y = 7

where we used that y > ¢ for the first inequality and X,(('_’gl > 1 for the last. In

particular, on {nt < 7,},1if A, x > 1 —¢ for some k < |nt], then we have A, |,;] >
1 —e&. This implies that 1{,;<¢,) Rn 2 = I{AH_WJ >1—¢}dnr <7,) Rn,2. With the notation
of Corollary 3.5, we have

(nt <t} N {Ap ) =1 —¢} C {v,('” > (1 —8)(11 — L’;—”>n—1/a}

C {nHVey™ > ¢},
and then for any ¢’ > 0

P VR, 5| = ¢/, nt < 1)

P(Lia, pyz1—en TV Ry o) > € 0t < 1)
(Apine) =1 —¢,nt < 1y)

<P
< P(n—1+1/a Vt(n) > C).

Use the convergence of V,(") , see Corollary 3.5, to get that the right-hand side
of the last inequality converges to 0 as n goes to infinity. Then notice that
P(n_1+“_1/“|Rn,2| > ¢',nt > t,) < P(nt > 1,) which converges to 0 thanks
to (37).

Thus n='Te=1/2 R, (1) converges in probability to 0. As t — R;(¢) is nonnega-
tive and nondecreasing, we conclude that

42) polre=l/e g (1) —s 0.
0<t<to n—o00
We deduce from (36), (38), (40) and (42) that
~ t t —a aql/a
@3) potre Ve (i ey gy 9 ;/UO dr(/ <1 - i) ds) } V.

n—oo )/

To obtain (35), use (29) to get that y [fg dr(f; (1 — 5)~*ds)*]"/*Vy is distributed
asy fodVy [ (1— 2)~%ds which in turn is equal to Jodr(l— L)V
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To get (34), thanks to (36), (38) and (42), we have to check that

n@=D/2=6=2%a gyp <1<t [0 ()] converges to 0 in probability for any § > 0. No-
tice that for ¢ € [0, 1],

lnt A (T, —1)

k —y—1] k
IO EEDS (n——)

k=1

[nto] A(Th—1) k —y—1
S
k=1 Y

Use (41) to deduce that

12
IE[ sup |Jn(t)|2} < cnO30/2,

0<t<ig

This implies that n(@—1D/2-0-2+« SUPo<; <4, |Jn ()] converges to 0 in L? and thus

in probability. This ends the proof of (34). [

6. Proof of the main result. Let

14+4/5

oz0=2.

Notice that for o € (1, «g), we have —1 + o — 1/ < 0, whereas for « > g, —1 +
o —1/a>0.Recall y =a — 1. We define a(¢) for ¢ € [0, y] by

v(t) ! r\7
alt) = ——— where v(t) =/ (1 — —) dr.
Col'2—a) 0 Y
We also set
L t(l r>_an fort € (0, )
= - — r V).
! Co'Q—a) Jo y " v

Let x4 = max(x, 0) denote the positive part of x.

THEOREM 6.1. Leta € (1,2). We assume that p(t) = Cot % + O (t~**%) for
some Co>0and ¢ >1—1/a.
(i) Letty € [0, y) and § > 0. We have the following convergence in probabil-
ity:

(44) p=(G=30/D=8 gy 110 _ 2y ) E o,
0<t<to n— 00

In particular, we have n_2+°‘L,(”) n%;a(t) forallt €0, y).
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() If @ € (1, ), for t € (0,y), the following convergence in distribution
holds:

45) n71+a71/a(L§ﬂ) —a(t)nz"") ﬂ)

n—oo

A8

PROOF. First of all, let us consider the case o € (1, ®p). Lemma 4.1 and
Chebyshev inequality imply that for o € (1, ap), we have the following conver-
gence in probability:

lim p~!te-l/e sup{Lgn) - ZE”)| =0.

n— 00 >0

This and Lemma 4.2 imply that for « € (1, ap), we have the following convergence
in probability

L
nlingon_w"_]/“ sup|L{" — CTO o L =
- >0 ol'2—a)

Then (45) and (44) for « € (1, ap) are a direct consequence of Theorem 5.1.
For o € [«p,2), note that > 3/2and -1 +ao — 1/ >0. As ¢ > 1 — 1/« and

o > op, thatis, 1 — 1/ >2 — «, we get { > 2 — «. We then use Lemma 4.1,

Lemma 4.2 (only with ¢ > 2 — «) and Theorem 5.1 to get (44) for o € [ep,2). U

Let S,(") be the total number of mutations up to the |nf|th coalescence, for
t € (0, y). Conditionally on L™, 5§ is a Poisson r.v. with parameter 8L, The
next corollary is a consequence of Theorem 6.1.

COROLLARY 6.2. We assume that p(t) = Cot™% + O(t~*%%) for some
Co>0and ¢ >1—1/a. Let t € (0,y) and G be a standard Gaussian r.v., in-
dependent of V.

1) Fora e (1, V2), we have
n—l-i-(x—l/a(St(n) _ Qa(l‘)nz_“) ni)_dl)oe‘/t*
(i) For a € (\/2,2), we have
_ — (d)
w2 (5" — ba(n®™*) = V0a()G.
(iii) For o =~/2, we have —1 + «a — é =1-% and

plra—1/a (St(n) _ Qa(t)nz_a) ni_dl)OQVt* +v0a(@®)G.
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PROOF. Let us compute the characteristic function ¥, (u, v) of the 2-dimen-
sional r.v. (G, H,) with

() (n)
S —6L
G, = 2 T and H, = p~te—l/a (L§”) — a(t)nz_“).

Vla(t)n?—«
Using that, conditionally on L;"), the law of S,(") is a Poisson distribution with
parameter 6 L ,("), we have

U (1, v) = B[4 giVHn] — E[e—GL,(")(1—e"”/\”’“(’)”z_a+iu/«/9a(t)n2*“)eian]'
Using (i) of Theorem 6.1, we get that
—OL{" (1 — VOO 4y J0a(ryn2—)

tends to —u?/2 in probability and has a nonnegative real part.

We first consider the case « € (1, +/2]. We have v/2 < . Hence, applying (ii)
of Theorem 6.1, we get that (G,, H,) converges in distribution to (G, V;*), where
G is a standard Gaussian r.v. independent of V. Notice that

S™ = 0a(t)n* " +on' "tV H, + JOa()n' %G,
and then
n el (M _ ga(t)n®=%) =0 H, + VOa@)n*>11°G,,.

When o < +/2, notice that «/2 — 1/a < 0 (resp. =0) if a < V2 (resp. o = «/5).
This gives (i) and (iii) of the corollary.
Now we consider the case a € (\/E, 2). We write

n =128 _0a()n>=) = /0a) G, +n~ (LY — a(r)n®> ).

We still have that G, converges in law to G. Moreover, the convergences (45)
and (44) imply that n—1+¢/ 2(L§") — a(t)n®>~%) converges to 0 in probability. This
gives (ii). U
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