The Annals of Probability

2008, Vol. 36, No. 1, 319-330

DOI: 10.1214/009117907000000132

© Institute of Mathematical Statistics, 2008

HITTING TIMES FOR GAUSSIAN PROCESSES

BY LAURENT DECREUSEFOND AND DAVID NUALART!
GET/Telecom Paris and University of Kansas

We establish a general formula for the Laplace transform of the hitting
times of a Gaussian process. Some consequences are derived, and particular
cases like the fractional Brownian motion are discussed.

1. Introduction. Consider a zero mean continuous Gaussian process (X,
t > 0), and for any a > 0, we denote by 7, the hitting time of the level a defined
by

(1.1) T, =inf{t > 0: X, =a} =inf{t > 0: X; > a}.

Thus, the map (a — 1,) is left-continuous and increasing, hence, with right limits.
The map (a — t,+) is right continuous where

T+ = biLi,rbnM 7, = inf{t > 0: X; > a}.

Little is known about the distribution of 7,. It is explicitly known in particular
cases like the Brownian motion. If X is a fractional Brownian motion with Hurst
parameter H, there is a result by Molchan [5] which stands that

P(t, > 1) =~ U=+

as t goes to infinity.
When X is a standard Brownian motion, it is well known that

(1.2) E(exp(—at,)) = exp(—av/2a)
for all & > 0. This result is easily proved using the exponential martingale
M, =exp(LB; — $2%1).

By Doob’s optional stopping theorem applied at time ¢ A 7, and letting t — 0o, one
gets 1 = E(M;,) = E(exp(AB;, — Azra/Z)). Since B;, = a, we thus obtain (1.2).
If we consider a general Gaussian process X, the exponential process

M, =exp(AX, — 322V}),

where V; = E (X,Z) is no longer a martingale. However, it is equal to 1 plus a
divergence integral in the sense of Malliavin calculus. The aim of this paper is to
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take advantage of this fact in order to derive a formula for E (exp(— %Az Vz,)). We
derive an equation involving this expectation in Theorem 3.4, under rather general
conditions on the covariance of the process. As a consequence, we show that if the

partial derivative of the covariance is nonnegative, then E (exp(—%k2 Vo)) <1,

which implies that V;, has infinite moments of order p for all p > % and finite

negative moments of all orders. In particular, for the fractional Brownian motion
with Hurst parameter H > %, we have the inequality

E(exp —atf) < exp(—av/2a)

forall o,a > 0.
The paper is organized as follows. In Section 2 we present some preliminaries
on Malliavin calculus, and the main results are proved in Section 3.

2. Preliminaries on Malliavin calculus. Let (X;,r > 0) be a zero mean
Gaussian process such that Xo = 0 and with covariance function

R(s,t) = E(X;Xj).
We denote by & the set of step functions on [0, +00). Let # be the Hilbert
space defined as the closure of & with respect to the scalar product
(110,11, 110,51} 5o = R(z, 5).

The mapping 1j0,;; —> X; can be extended to an isometry between Ff and the
Gaussian space Hj(X) associated with X. We will denote this isometry by ¢ —>

X(9).
Let 4 be the set of smooth and cylindrical random variables of the form

2.1 F=f(X(@),..., X (),

where n > 1, f € Ggo (R™) (f and all its partial derivatives are bounded), and
(f)i € H.

The derivative operator D of a smooth and cylindrical random variable F of
the form (2.1) is defined as the #¢-valued random variable

"9
DF = Za—i(X(¢1),...,X(¢n))¢i-
i=1 """

The derivative operator D is then a closable operator from L2() into L%(Q; #¢).
The Sobolev space D'+ is the closure of 8 with respect to the norm

IFI}, = E(F?) + E(IDF|%).

The divergence operator § is the adjoint of the derivative operator. We say that a
random variable u in L?($2; #) belongs to the domain of the divergence operator,
denoted by Dom §, if

IEADF, u)g)| < cull Fli 2
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for any F € 4. In this case §(u) is defined by the duality relationship
(2.2) E(F3(u)) =E(DF,u)),
for any F € D2,

Set V; = R(t, t). For any A > 0, we define

M; =exp(hX, — 122V}).

Formally, the It6 formula for the divergence integral, proved, for instance, in [1],
implies that
(2.3) M; =14 18(M1y.4),

where M1, represents the process (s — Ml (s),s > 0). However, the
process M 1o ;) does not belong, in general, to the domain of the divergence oper-
ator. This happens, for instance, in the following basic example.

EXAMPLE 1. Fractional Brownian motion with Hurst parameter H € (0, 1) is
a zero mean Gaussian process (BtH ,t > 0) with the covariance

(2.4) Ry(t,s) = 5 + 527 — |t — s|*H).

In this case, the processes (BSH 1i0.1(s), s > 0) and (exp()»BsH — %kzszH)l[o,,](s),
s > 0) do not belong to L2(Q; H)if H < % (see [2]).

In order to define the divergence of M 1o ;] and to establish formula (2.3), we in-
troduce the following additional property on the covariance function of the process
X.

(HO) The covariance function R(¢,s) is continuous, the partial derivative
%(s, t) exists in the region {0 < s,¢,s # ¢}, and for all T > 0,

T

oR
—(s,t)‘ds < 0.

sup 35

te[0,717/0

Notice that this property is satisfied by the covariance (2.4) for all H € (0, 1).
Define

2.5) 5 M = %(Mt 1.

The following proposition asserts that §, M satisfies an integration by parts for-
mula, and in this sense, it coincides with an extension of the divergence of M1y .

PROPOSITION 2.1.  Suppose that (HO) holds. Then, for any t > 0, and for any
smooth and cylindrical random variable of the form F = f(Xy,, ..., X;,), we have

(2.6) E(F§;M) = E(Z %(th, o Xy) /Ot MS%(S, t,-)ds).

i=1 9xi
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PROOF. First notice that condition (HO) implies that the right-hand side of
equation (2.6) is well defined. Then, it suffices to show equation (2.6) for a function
of the form

n
fG, .o x) = exp(Zkix,-),
i=1
where A; € R. In this case we have, forall 0 <#; <--- < t,,
—E(F(M; — 1))
1

1 S
= Xexp{igkik]’]g(l},l}')}(eXp{Z)\)LiR(I,I,')} — 1)

i=1

_Z/ exp{ Z)L)» R(tl,tJ)+AZX R(s, t;) } —(s,t))ds

oR
—/ ( —(th, XM, n)) ds,

which completes the proof of the proposition. [
In many cases like in Example 1 with H > L the process M1g ;) belongs to the
space L2(€2; #), and then the right-hand side of equation (2.6) equals
E(DF, M1{0,1)) 4
In this situation, taking into account the duality formula (2.2), equation (2.6) says
that M1 ;) belongs to the domain of the divergence and § (M 1jo ;) = 6;: M
3. Hitting times. In this section we will assume the following conditions:

(H1) The partial derivative %—f(s, 1) exists and it is continuous in [0, +00)2.
(H2) limsup,_, o, X; = 400 almost surely.
(H3) Forany 0 <s < r, we have E(|X;, — X,|*) > 0.

Under these conditions, the process X has a continuous version because

E(1X; — Xs|) = R(t,1) + R(s,5) — 2R (s, 1)

—ft[a—R< n— 2K )}d
- s Lou “ ou s u
0

—R( t)'
ou o)

<2|t —s| sup

S<u=<t




HITTING TIMES FOR GAUSSIAN PROCESSES 323
For any a > 0, we define the hitting time t, by (1.1). We know that P(z7, <
o0) = 1 by condition (H2). Set

3.1 Sy = sup X;.
s€[0,1]

From the results of [6], it follows that, for all ¢ > 0, the random variable S; belongs
to the space D!-2. Furthermore, condition (H3) allows us to compute the derivative
of this random variable.

LEMMA 3.1. Forall t > 0, with probability one, the maximum of the process
X in the interval [0, t] is attained in a unique point, that is, Ts, = Tg+ and DS; =

110,75,1-

PROOF. The fact that the maximum is attained in a unique point follows from
condition (H3) and Lemma 2.6 in Kim and Pollard [4]. The formula for the deriv-
ative of S; follows easily by an approximation argument. [J

We need the following regularization of the stopping time 7,. Suppose that ¢
is a nonnegative smooth function with compact support in (0, +o00) and define for
any T >0

(3.2) Y= /Ooogo(a)(ta AT)da.

The next result states the differentiability of the random variable Y in the sense of
Malliavin calculus and provides an explicit formula for its derivative.

LEMMA 3.2. The random variable Y defined in (3.2) belongs to the
space D2, and

St
(3.3) DY == | " o105, () .

PROOF. Clearly, Y is bounded. On the other hand, for any r > 0, we have
{tg >} ={S; <a}.

Therefore, we can write using Fubini’s theorem

Y:/Ooo<p(a)(/ow d@)da:/oT( S:Ogo(a)a’a)dQ,

which implies that Y € D2 because Sp € D2, and

T T
DY == [ (5D S0 d8 == [ 0(S)Li0.cy, 1) .
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Finally, making the change of variable Sp = y yields

St
DY =— A e j0,7,1(r) dry. 0

Notice that My = exp(AXy — %Az Vy). Hence, letting ¢t = Y in equation (2.5)
and taking the mathematical expectation of both members of the equality yields

(3.4) EMy)=14+AE@6:;M|i=y).

We are going to show the following result which provides a formula for the left-
hand side of equation (3.4).

LEMMA 3.3. Assume conditions (H1), (H2) and (H3). Then, we have

St 9R
(3.5) E(My)zl—,\E(My/O ¢(y)¥(Y,ry)dry).

PROOF. The proof will be done in two steps.
Step 1. We claim that for any function p(x) in Cj°(R) we have

t S oR
(3.6) E@;Mp(Y)) = —E(/O Msp’(Y)/0 go(y)g(s, 7y)dty ds).

We can write Y = fOT ¥ (Sp) d6, where ¥ (x) = [° ¢(a) da. Consider an increas-
ing sequence D, of finite subsets of [0, T'] such that their union is dense in [0, T'].
SetY, = fOT ¥ (Sy)do, and Sy = max{X;,t € D, N[0, 6]}. Then, ¥, is a Lipschitz
function of {X;,t € D,}. Hence, formula (2.6), which holds for Lipschitz func-
tions, implies that

r r OR
EGMp(t) =—E(p' ) [ o ([ a5 e ds)as).
The function r — fot M %(s, r)ds is continuous and bounded by condition (H1).
As a consequence, we can take the limit of the above expression as n tends to
infinity and we get

T t OR
E(&Mp(Y))=—E(p’(Y) /0 go(sw( fo Msg(s,rse)ds) de).

Finally, making the change of variable Sy =y yields (3.6).
Step 2. We write

o0
E(8,M|,:y):E(limf 8,Mp8(Y—t)dt),
e—>0 00

where p.(x) is an approximation of the identity, and by convention, we assume
that §; M = 0 if ¢ is negative. We can commute the expectation with the above
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limit by the dominated convergence theorem because

o0 (o] 1
/ |8tM|ps<Y—r>dt=/ S IM, — 1Upe(Y — 1)
o —0 )\,

<—- sup (IM;]+1D),
AO<r<T+1

if the support of p.(x) is included in [—¢, €], and ¢ < 1. Hence,

(3.7) EGM|—y) = 111%/00 E(8,Mp,(Y — 1)) dt.

Using formula (3.6) yields

E(8:Mpe(Y —1))

(3.8) t , St OR
:—/0 E(pe(Y_t)Ms</(; w(y)a—s(s’ fy)dfy))ds-

Hence, substituting (3.8) into (3.7) and integrating by parts, we obtain

E(:Mli=y)

. o t St OR
:—ell_%E</_oop8(Y—t)</0 Ms</0 (p(y)g(s,ry)dr»ds)dt)

. o0 St oR
——tim E([ " pr=n(m [ o0 . r)dz ) ar).

Notice that

OR
<T sup a—(s,u)
S

0<s,u<T

St OR
‘ [T oS 6ndr, 19 lloc.

Hence, applying the dominated convergence theorem, we get

E(My)=1+AE(:M|i=y)

1 —x3%E</:pe(Y - t)(Mt /OSTw(wZ—f(r, ry>dry>dt)

St R
=1 —AE(My/() (p(y)g(Y, ty)dry). 0

The next step will be to replace the function ¢(x) by an approximation of the
identity and let 7' tend to infinity. Notice that (3.5) still holds for ¢ (x) = 10,5 (x)
for any b > 0. In this way we can establish the following result.
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THEOREM 3.4. Assume conditions (H1), (H2) and (H3). For any a > 0 and
A €R, we have

[ Bty

(3.9) R
=a —AE(/ / Mze ,(1—2)7y 5 o5 (ztyr + (1 =21y, 7y) dzdty>

Notice that we are not able to differentiate with respect to a, the integral in the
rightmost expectation of (3.9), because the (random) measure dty, in general, is
not absolutely continuous with respect to the Lebesgue measure.

PROOF OF THEOREM 3.4. Fix a > 0. We first replace the function ¢(x) by an
approximation of the identity of the form ¢, (x) = gl 1j0,1j(x/¢) in formula (3.5).
We will make use of the following notation:

(0,0
Yea :/0 Ye(x —a)(ty AT)dx.

At the same time we fix a nonnegative smooth function ¥ (x) with compact support
such that [ ¥ (a) da = c and we set

[ By, 9@ da

St
=i [ E(Mr, [0 - @5 et dry @) da

The increasing property of the function x — 1, implies that t,+ AT <Y, <
T.+¢ A T. Hence, Y, converges to 7,+ A T as ¢ tends to zero. Thus, almost surely,
we have

lim My, , = exp(AX: , 7 — 3A*Ve A7)
e—0
By the dominated convergence theorem,
lim f E(My, )Y (a)da :f E(exp(A X<, aT — 337Ve A7)V (@) da.
e—>0JR R

Now, set F(t) = M,%—f(t, 7y). Then, assuming that ¢.(x) = 8_11[0,1]()6/8), we
have

y JoR
/ 0y — )My, , > (Ve g, ) (a) da
y—¢ as

1 y — a+te
=2 1[0,1](¥>F</a 1o, 1]<x . )(Tx AT) dx)w(a) da

- / ( [ (tysetoen A T)ds)w —en)dy
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1 n 1
= [ F( [ @reeen A TrdE + | (tyteten ATVE Uy = en) .

As ¢ tends to zero, this expression clearly converges to

1
vO) [ Flne AT+ A= AT dn.
So, we have proved that
. oR

tim [ My, .00 = @)% (Yo, 1)¥ (@) da

e—0JR os
(3.10) | IR

= w(y)/(; MZT),++(1—Z)T):g(ZTy+ + (1 - Z)Ty, ‘L'y) dz.

In order to complete the proof of the theorem, we will apply the dominated con-
vergence theorem. We have the following estimate for y < S7:

oR
—(S,t) Sulel‘|7

t<T

< [¥lloo sup

s, t<T

OR
/ My, ,0e(y — @)~ (Yeq. 1)) (a) da
R as

which allows us to commute the limit (3.10) with the integral with respect to the
measure P x dty, on the set {(w, y):y < St (w)}. In this way we get

[ B0y
R
- / v () dy
R

o ! OR
— kE(/O w(y)/() Mzry++(1—z)ry§(21'y+ + =21y, ‘L'y) dzd'L'),).

Approximating 1j¢ 4] by a sequence of smooth functions (y,, n > 1) and letting T
tend to infinity completes the proof. []

If we assume that the partial derivative %(r, s) is nonnegative, then we can
derive the following result.

PROPOSITION 3.5. Assume that X satisfies hypotheses (H1), (H2) and (H3).
If%(s, t) >0, then, for all «,a > 0, we have

(3.11) E(exp(—aVy,)) < e~V

PROOEF. Since %(r, s) > 0, we obtain
EM,) =1,
that is,
E(exp(ra — 12%Vy,)) <1,
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or
E(exp(—aVy,)) < e V2.
The result follows. O

The above proposition means that the Laplace transform of the random vari-
able V., is dominated by the Laplace transform of t,, where 7, is the hitting time
of the level a for the ordinary Brownian motion. This domination implies some
consequences on the moments of V. In fact, for any r > 0, we have, multiply-
ing (3.11) by o',

E(WV "= L /-oo E(e*Va)a" da
Ta L) Jo
1 o0
(3.12) < f e~ V2 g
—I'(r)Jo

2T (r+1/2) _,,
=—a “.
JT
On the other hand, forO <r < 1,

ry __ r —aVy, —r—1
E(V])= Ta=H /(; (1—E(e ))a da
(3.13)

r 0
> —/ (l _e—a 2a)a—r—1da.
r'a—-r)Jo
In particular, for r € [1/2, 1), E(V] ) = +00.

REMARK 3.6. If X is the standard Brownian motion, its covariance s A ¢t does
not satisfy condition (H1), but we still can apply our approach. It is known from [3]
that dt, has no absolutely continuous part and that {a, 7, = 7'} is a Cantor set,
hence, of zero Lebesgue measure. It follows from this observation and from (3.10)
that

[ Bt pwray = [way.

Choosing ¥ = 1|9 4] yields to the expected result:

E</‘d e}\y—(}\z/Z)V(ty) dy) —a.
0

If X has independent increments and satisfies (H3), then

E(e~W/DV()) = g—ha,

This follows easily from the fact that X can be written as a time-changed Brownian
motion.
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REMARK 3.7. Consider that X is a fractional Brownian motion of Hurst in-
dex H = 1. Then R(s,t) = st, and consequently, X; = Y¢, where Y is a one-
dimensional standard Gaussian random variable. Then, 1, = 7,+ = a/Y ™. It is
then easy to compute the Laplace transform of 7, and we obtain

(3.14) E(exp(—at2)) = Lo~V

We show now that our formula also yields to the right answer. We just note that
(y = 1y) is continuous. This entails that

oR oR .
g(ZTy-O— + 1 —2)7y, Ty) = g(fy’ Ty) = EV (Ty)

and
a 22
f E(exp(ky - 7V(@)>> dy
(3.15) 0
A a e ,
=a— §E</0 exp(ky — ?V(ry))V (ry)dry).
Set
22
W(a,A) = E(exp(ka - EV(IQ)))
then
W e Vv (t,
(3.16) _(ay)‘-):)\'qj(a7)")__E<MTa (T )>'
da 2 da
Substitute (3.15) into (3.16) to obtain
oV
— =2V —A.
da

Then, there exists a function C (1) such that

1 A2 1
W, h) =5+ C(Me**  so that E(exp <_? 3)) = Ee_m + C(n)e™.

By dominated convergence, it is clear that, for any A,

22 5\ a—oo
E(exp(—?ta>> — 0,

A%, 1 _
E(exp(—?ra>)=§e ha

Changing A2/2 into o gives (3.14).

thus, C(A) =0 and



330

L. DECREUSEFOND AND D. NUALART

REMARK 3.8. Consider the case of a fractional Brownian motion with Hurst
parameter H > % Conditions (H1), (H2) and (H3) are satisfied and we obtain

a
| Ea)ay
arl 2H-1
=a—)\HE<'/(; /0 szy++(1_z)fy([z‘[y++(1—Z)Ty] -

— |z(zy+ — ‘L'y)|2H_1) dz d‘cy>.

Moreover, E (e_‘”a2 H) < e 92 and therefore, E (t?) < oo if p < H. According
to (3.13), E(z/) is infinite if pH > 1/4 and (3.12) entails that 7, has finite negative
moments of all orders.
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