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We introduce a new method of proving pathwise uniqueness, and we
apply it to the degenerate stochastic differential equation

dX; = |X:|*dW;,

where W; is a one-dimensional Brownian motion and o« € (0, 1/2). Weak
uniqueness does not hold for the solution to this equation. If one restricts
attention, however, to those solutions that spend zero time at 0, then pathwise
uniqueness does hold and a strong solution exists. We also consider a class of
stochastic differential equations with reflection.

1. Introduction. In this paper we introduce a new method of proving path-
wise uniqueness for certain stochastic differential equations. The technique uses
ideas from excursion theory. We apply this method to the degenerate stochastic
differential equation

(1.1) dX;=|X|"dW,

where W; is a one-dimensional Brownian motion. When « € [1/2, 1], the classical
theorem of Yamada—Watanabe [12] says that pathwise uniqueness holds for (1.1).
Moreover, this is sharp: it is well known that pathwise uniqueness does not hold
for (1.1) when « € (0, 1/2). In fact, even weak uniqueness (i.e., uniqueness in law)
does not hold when « € (0, 1/2). When x¢ = 0, one solution is the identically zero
one, while a nonzero solution can be constructed by time changing a Brownian
motion.

This, however, is not all that can be said about uniqueness for (1.1). One of the
main points of this paper is that the only reason pathwise uniqueness fails in (1.1) is
that weak uniqueness fails. It was shown by Engelbert and Hess [6] and Engelbert
and Schmidt [7] that for every xo € R, there is a weak solution to (1.1) that spends
zero time at 0 and the law of such a solution is unique. In this paper we show that
there is pathwise uniqueness among those solutions to (1.2) that spend zero time
at 0 and a strong solution exists.
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Before we give rigorous statements of our main results, we recall some defini-
tions.

DEFINITION 1.1. (i) Given a Brownian motion W on a probability space,
a strong solution to the stochastic differential equation

t
(1.2) Xt=x+f | X% dWg
0

that spends zero time at 0 is a continuous process X = {X;, t > 0} that is adapted
to the filtration generated by W, solves (1.2), and satisfies

00
(1.3) / 1j0y(X5)ds =0 a.s.
0

(i) A weak solution of (1.2) is a couple (X, W) on a filtered probability space
(2, F,{Ft}i>0, P) such that X, is adapted to F;, W; is an {F;};>0-Brownian mo-
tion (i.e., W; is ¥;-measurable and for r > s, W, — W; is independent of £ and
has a normal distribution with zero mean and variance ¢t — s), and (X, W) satis-
fies (1.2).

(iii) We say weak uniqueness holds for (1.2) among solutions that spend zero
time at 0 if whenever (X, W), (X W) are two weak solutions of (1.2) satisfying the
condition (1.3), then the process X = {X;, 7 > 0} has the same law as the process
X ={X;,t >0}

(iv) Pathwise uniqueness is said to hold for (1.2) among solutions that spend
zero time at O if whenever (X, W), (X, W) are two weak solutions of (1.2) sat-
isfying (1.3) with a common Brownian motion W (relative to possibly different
filtrations) on a common probability space and with common initial value, then
P(X, =X, forallt > 0) = 1.

(v) Strong uniqueness is said to hold for (1.2) among solutions that spend zero
time at O if whenever (X, W), ()~( , W) are two weak solutions of (1.2) satisfy-
ing (1.3) with a common Brownian motion W on a common probability filtered
space and with common initial value, then P(X; = X, forall7 > 0) = 1.

It is clear that pathwise uniqueness implies strong uniqueness. We warn the
reader that what we call “strong uniqueness” is sometimes called “pathwise
uniqueness,” for example, in [11], Definition IX.1.3. We follow [1] in distinguish-
ing between strong uniqueness and pathwise uniqueness. We note that strong
uniqueness implies weak uniqueness, by the same argument as in [11], Theo-
rem X1.7(1).

Our main theorem is the following.

THEOREM 1.2. Suppose o € (0, %) and x € R. Then pathwise uniqueness
holds for solutions of (1.2) that spend zero time at 0. Moreover, a strong solution
to (1.2) which spends zero time at O exists.
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In the above theorem we have both X and X’ satisfying (1.2) with respect to the
same Brownian motion, but we allow the possibility that there are two different
filtrations {#;} and {F,'}; the process W must be a Brownian motion with respect
to both filtrations. The fact that we allow the filtrations to be different does not
increase the generality of the theorem in a substantial way—see the last paragraph
of the proof of Theorem 1.2.

The lack of weak uniqueness is not the only reason pathwise uniqueness can fail.
Barlow [1] showed that for any 8 < 1/2 one can construct a bounded Holder con-
tinuous function og of order B that is bounded below such that pathwise unique-
ness fails for dX; = og(X;)dW;. Weak uniqueness does hold in this case. For
other positive results on pathwise uniqueness, see Nakao [10] and Le Gall [8].

Our method of proof of Theorem 1.2 is new and substantially different from any
of the existing methods of proving pathwise uniqueness. Some of these previous
methods include an appropriate use of 1t6’s formula, a study of local times, looking
at the maximum or minimum of two solutions and constructing a strong solution.
We were unable to successfully adapt any of these methods to the study of (1.1).

At the basis of our new method are ideas from excursion theory. We first show
that if X and Y are two solutions, — X < Yy < X, and X is conditioned to hit the
level 1 before hitting the level 0, then when X hits the level 1, the process Y will
also be close to the level 1 with high probability, provided X is small enough.
We refer to this as the “chasing phenomenon.” We then use this to show that for
every 8 > 0, with probability one, the processes X and Y have to agree on every
excursion of M := | X|V |Y| away from zero that reaches level §, which establishes
the pathwise uniqueness.

Interestingly, the one-sided problem, that is, pathwise uniqueness for stochastic
differential equations with reflection, is much easier. Consider the equation

t t
(1.4) X,:x—i—f a(Xs)dWs—i-f b(Xs)ds + Ly,
0 0

where L, is a nondecreasing continuous process that increases only when X is at 0,
X, is never negative, and

o0
(1.5) / 10, (X5)ds =0 a.s.
0

We define pathwise uniqueness, strong solution, and weak solution for (1.4) anal-
ogously to Definition 1.1. When a(x) = |x|* with & € (0, 1/2) and b(x) =0, path-
wise uniqueness was proved in [5]. We give a theorem for solutions of (1.4) that
greatly generalizes the result of [5], with a much simpler proof.

THEOREM 1.3.  Suppose that b is a bounded measurable function on R. Sup-
pose that the function a:[0, 00) — [0, 00) is bounded, a2 is locally integrable
on R and satisfies either:
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(a) for every closed subinterval I of (0, 00) there exists a continuous increasing
function py :[0, 00) — [0, 00) with p;(0) = 0 such that

(1.6) la(x) —a(y)| < pr(|x =y, x,y€l,
and
1
1.7 dh =
47 /0+ p1(h)? e
or

(b) on each closed subinterval 1 of (0, 00) the coefficient a is bounded below
by a positive constant and is of finite quadratic variation.

Then pathwise uniqueness holds for solutions of (1.4) that spend zero time at 0.
Moreover there is a strong solution to (1.4) that spends zero time at Q.

As an immediate application of Theorem 1.3, we have the following.

COROLLARY 1.4. Suppose that b is an odd bounded measurable function
on R. Suppose that a is an odd bounded measurable function on R with a=2 locally
integrable on R and satisfies either condition (a) or (b) in Theorem 1.3. Then for
any two weak solutions (X, W) and ()? , W) to

t t
(1.8) X, =x+ / a(X,)dW, + / b(X,)ds
0 0
with
o0
(1.9) / 10)(Xs)ds =0 a.s.,
0

with a common Brownian motion W (relative to possibly different filtrations) on a
common probability space and with common initial value, we have

P(|X;| = | X;| forallt > 0) = 1.
The above corollary extends the main result (Theorem 1) of [9].

REMARK 1.5. We do not fully understand why the proof of Theorem 1.3 is
so much easier than that of Theorem 1.2. The proof of the one-sided version of
Theorem 1.2 given in [5] proceeds by constructing a strong solution to (1.2). If one
tries that in the two-sided context, one gets the difference of two terms each tending
to infinity, and one is not able to prove convergence. The proof of Theorem 1.3
given here also does not extend to the two-sided context. In addition, it is easy to
see that one cannot derive Theorem 1.2 just by applying Theorem 1.3 to | X;|, | Y¢].
See Remark 5.1 in Section 5 for more comments.

Let us mention two open problems which we think are quite interesting.
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PROBLEM 1. Consider the equation
dXt = a(Xt) dW[

and let Z, := {x:a(x) = 0}. Suppose a is smooth on every closed interval con-
tained in Z§, a~? is locally integrable, and « is bounded. Is there pathwise unique-
ness among those solutions that spend zero time in the set Z,? The smoothness is
needed to rule out counter examples such as those of Barlow [1]. The local inte-
grability is necessary for a weak solution that spends zero time at Z, to be unique;
see [7].

PROBLEM 2. For each A € [0, co) there is a strong Markov process X satisfy-
ing (1.2) and associated to the speed measure

m(dx) = |x| 7% dx + A80(dx),

where &g is point mass at 0. The value A measures how “sticky” the diffusion
is at 0. Theorem 1.2 covers the case A = 0. What can one say for other values
of A? Uniqueness in law holds for each value of A. When XA # 0, what additional
condition or conditions must one impose on solutions to d X; = | X;|* dW; so that
the solutions have the speed measure given above? Does pathwise uniqueness hold
in this situation?

In the next section we discuss some preliminaries. Section 3 discusses the chas-
ing phenomenon, while the proof of Theorem 1.2 is given in Section 4. Theo-
rem 1.3 is proved in Section 5.

2. Preliminaries. Suppose that X and Y are two weak solutions to (1.1)
and (1.3) driven by the same Brownian motion W, starting from Wy = w,
Xo =x and Yy = y, and defined on some probability space (€2, P). Let (QC, FC,
{ }',O’C};zo) be the canonical probability space, that is, Q€ is the collection of con-
tinuous functions from [0, 00) to R3. For w € QF, we write w = (w1, w2, w3),
WE () = w1(t), XE () = wa(t) and Y (@) = w3(t). The o-field F€ is gen-
erated by the cylindrical sets, and {?“to’c}tzo is the natural filtration generated by
(WE, X€, Y°). We now define P to be the probability on the space (€, )
such that for every n > 1, every Borel measurable subset A of R, and every
choice tj <t <---<t, we have

PN (WS, X5 Y (WS XS, YE)) € A)

tn?

2.1)
= ]P)(((tha Xl‘]v Yt])’ D] (Wl‘n’ Xl‘n’ Ytn)) € A)'

At this point, we cannot assume that for each fixed (w, x, y), the joint law of
(W, X, Y) for two weak solutions X and Y to (1.1) and (1.3) driven by the same
Brownian motion W with (W, Xo, Yo) = (w, x, y) is unique—this is what we will
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prove in this paper. Hence, we let & (w, x, y) denote the collection of all measures
Pw-*Y on (QC, F€) obtained by the above recipe. Each triple (W, X, Y) of weak
solutions X and Y to (1.1) and (1.3), driven by the same Brownian motion W,
and starting from Wy = w, Xo = x and Yy = y will give rise to an element of
P (w, x, y). For every measure P**Y € P(w, x, y), it is easy to construct dis-
tinct triples (W, X, Y) and (W', X', Y’) corresponding to P*-*Y, for example, by
defining the processes (W, X, Y) and (W', X’, Y’) on different probability spaces.
Whenever we make an assertion about P*>*- it should be understood that it holds
for all P¥*Y € P (w, x, y).

Most of the time, the value of the index w in P¥-*Y will be irrelevant. Hence
we will write P*-Y instead of P¥-*»Y. Any assertion made about P*-> should be
understood as an assertion that applies to all P*¥*Y € £ (w, x, y), for all values
of w. Thus we will abbreviate our notation by referring to P*Y € £ (x, y) rather
than P¥*Y € P (w, x, y).

Note that under P*Y € P (x, y), X€ and W€ satisfy (1.2)—(1.3) because the
stochastic integral can be defined as an almost sure limit along a sequence of dis-
crete approximations, and the finite-dimensional distributions for (W€, X€) are
the same as those for (W, X), by (2.1). As we mentioned above, [6, 7] prove that
for every x there exists a weak solution to (1.2) and (1.3), and that weak uniqueness
holds for these solutions. Hence, if A € o (X IC ,t > 0), then for any x, y; and y,
we have P¥*V1(A) = P*72(A). Therefore, for events A € G(X,C,t > 0), we will
write P* (A) to indicate that P* (A) is the common value of P*-Y(A) for all y.

Our goal in this paper is to show that if X and Y are weak solutions to (1.2)
and (1.3) with the same initial value x and driven by the same Brownian mo-
tion W, then almost surely X; = Y; for all + > 0. In view of (2.1) it suffices to
prove that P**(XC = Y, for all 1) = 1. We can thus restrict our attention to the
canonical probability space and (WC, X©, Y€). We do so henceforth, and we drop
the superscript “C” from now on.

We define the “minimal augmented filtration” {¥;};>0 on €2 as follows. For each
P*Y € P(x,y) we add all P*-Y-null sets to each 37}_1. If we denote the o -field so
formed by F; (P*Y), we then form the filtration where

Fi= () FEW.

P5Yep (x,y)

The minimal augmented filtration {¥;};>¢ that we just defined is right continuous.
We define ¥ = Fo ;=0 (F;,t > 0).

For a € R we will write 7¥ = inf{t > 0: X, = a}. Similar notation will be used
for hitting times of other processes. When there is no confusion possible, we will
write T, for TaX . We will often use the following stopping time: 7 = TOX A TIX .

We will sometimes look at P* (A|T1X < TOX ), where A € JTTlx AT We will

explain now how this probability can be represented using Doob’s h-transform.
Let A denote a cemetery state added to the state space of X. For an open in-
terval D C [0, 00), let XP denote the process X killed upon leaving D, that is,
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X, D — X, for t < Tpe, and X, D — A for t > Tpe. Since X is on natural scale,
]P’X(TX < TOX) = x for x € (0, 1) and h(x) = x is a harmonic function for X (-
We define the conditional law Q7 of X ©.1) starting from x € (0, 1) given the event
{Tlx < TOX } by

1(A) = mEx[lAh(XTx Tx)]

for A € 0(X;,t = 0) such that A € lex ATX In fact, Q] (A) is well defined for

any A € o(X;,t > 0) by the above formula and later in this paper we sometimes
do take such an extension. We use Q) to denote the law of A-transformed process
XD starting from x with i(y) = 1 — y; this corresponds to X starting from x
conditioned to hit 0 before 1. We use Q7 for the law of X (- h-path transformed
by the function A(y) =

According to our conventions, Q7 (A) is a special case of Qf’y (A) when A €
o (X;,t > 0), where Q)" (A) is defined for all A € ¥ by

(2.2) Q)Y (4) = mﬂ«:x Yah(Xpx 70l

We let @1(x, y) be the collection of all such Qf’y when P*Y € P(x,y). We
similarly define Qy”, Q%5', Qo(x, y) and Qoo (x, ).

Recall the usual shift operator notation 6;. For example, we write u + T.X o 6,
for the stopping time inf{t > u: X; = a}.

REMARK 2.1. As indicated previously, we cannot assume that the pair (X, Y)
is strong Markov. However, there is a substitute for the strong Markov property
that is almost as useful. For a probability P € £ (x, y), let S be a finite stopping
time with respect to the filtration {¥;,¢ > 0} and define Pg(A) = P(A o 0s) for
A € F. Let Og(-, -) be a regular conditional probability for Pg given Fs. Then if
X and Y are two solutions to (1.1) and (1.3), starting from X and Yy, respectively,
and driven by the same Brownian motion, under Qg the processes (X4, Yst¢)
are again solutions to (1.1) and (1.3) driven by the same Brownian motion that
spend zero time at 0, started at (Xg, Ys). In other words, Og € #(Xg, Ys) a.s., if
P € #(x, y). The proof of this is the same as the proof of Proposition VI.2.1 in [3],
except for showing that zero time is spent at 0. This last fact follows easily because

E[E@S |:/0 1{0}(Xs)dsi|j| = EI:/S 1{0}(Xs)dsi| =0

hence Og( f0°° 1{0)(X;)ds # 0) is zero for almost every ; the same argument
applies to Y. We refer to this as the pseudo-strong Markov property. See also [4]
for examples as to how the pseudo-strong Markov property is used. We will give
the full argument in our first nontrivial use of this property below (see the proof of
Lemma 3.4), but in other usages leave the details to the reader.
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REMARK 2.2. Recall that T = TOX A TIX. If x € (0, 1), the measure P* is the
law of a diffusion and a continuous martingale. The process {X;i7,t > 0} un-
der P* is a bounded continuous martingale and, therefore, it is a time change of
Brownian motion. On the interval (0, 1) the diffusion coefficient for X is nonde-
generate and the infinitesimal generator for X killed upon exiting (0, 1) is

Lf(x) = 3x2 f(x)

with zero Dirichlet boundary conditions at endpoints 0 and 1. Therefore, Q7 is the
law of a diffusion with infinitesimal generator

Lf)x) 1 _
(2:3) = = P T ).

h(x) 2

Thus Q7 is the law of a time change of a three-dimensional Bessel process killed
upon hitting 1. More precisely, if we let 7, := inf{s > 0: f(f | X, |2“ dr >t} fort >0,
then under Qy, the time-changed process {X; A7, > 0} is a three-dimensional
Bessel process starting from x and killed upon hitting 1.

REMARK 2.3. We will need to use the fact that if X and Y are two weak
solutions to (1.1) and (1.3) with X # Yy that are driven by a common Brownian
motion W, then X; # Y; for t < inf{s > 0:]|X;| + |Ys| = 0}. This is well known,
but we indicate the proof for the convenience of the reader. Let X} denote the
solution to (1.2) started at x and stopped at the hitting time of 0. Since x > |x|% is
smooth except at 0, the process X; is unique in the pathwise sense. Moreover we
can choose versions of X; such that the map is smooth on {x > 0,0 <7 < TOXX}.
Informally speaking, we have a flow; see [3]. Write b(x) = |x|“. If Df = %, then
Dy solves the equation

Df =1 +/Ot V(XD dW,,  t<TE .
This is a linear equation with the unique solution
DF =exp<fot b (XF)dWy — %/Ot(b’(X;‘))zds), 1< T
Therefore, except for a null set, D} is strictly positive on {x > 0,0 <t < TOXX}.
So when X > 0 and Yy < Xy, this implies Y; < X; for t < TOX, and similarly for

other orderings of the three points {0, Xo, Yo}.

Throughout we let the letter ¢ with or without subscripts denote constants whose
exact value is unimportant and may change from line to line.
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3. The chasing phenomenon. Recall that X and Y denote solutions to (1.1)
and (1.3) driven by the same Brownian motion. We begin by showing that if X is
conditioned to hit 1 before 0, then Y will “chase” after X and will be close to 1
when X hits 1, provided |Yp| < X and Xg is small.

LEMMA 3.1. Forx € (0, 1), we have
X T]X 2002 X X
3.1) E U X272 as|T; <TO}:—210gx.
0

PROOF. The Green function for a three-dimensional Bessel process starting
from x and killed upon hitting 1 is

e
2)’ __1 ) ye(x’ 1)7

y

51
2y ——1), y € (0, x).

X

Gx,y) =

The Green function for the process X under Q7 is then G (x, y)y_2°’ . Therefore

T 1
IEX[/O Xf“_zds‘T1<To}:/o YOG (x, y)y ¥ dy

x 71 !
ot [ 1)ay
0 X X y
= —2logx. U
Assume for a moment that X9 > 0 and Yy > 0. Applying I[t6’s formula, we have
fort < TOX,
dX; " =(1-a)X;%dX, — Ja(l —a)X;* ' d(X),
(3.2)
=1 —a)dW, — Sa(l —a)X* ! d1.
Similarly, for t < TOY,
(3.3) dY} ™ = (1 —a)dW, — Ja(1 —a)Y* ' dr.
Let
R =X"-y!™.
Then (3.2) and (3.3) imply that for t < Tg* A Ty,

1 1 1
dR[ = 50[(1 —a)(F — F) dt

1
= 5oz(l —a)R, Xy L ar,
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This is an ordinary differential equation and we obtain for t < TOX A TOY
t
(3.4) R = Roexp(%a(l —a)/o Xg—le‘—lds>.
LEMMA 3.2. For every § € (0, 1) there exists ko € (0, 1) (depending only
on §) such that if
1/2> Xo> Yy > (1 —kg)Xo >0,
then
PXoYo(y, > (1 - 8)X, forallt < T{|T{ <T) >1-8.

Recall that P*-¥ denotes any element of & (x, y), and so the above lemma asserts
the estimate for every element of & (X, Yo).

PROOF OF LEMMA 3.2. It suffices to consider the case when Xq € (0, 1/2) is
deterministic, say X9 = x¢. Choose jy so that 27/0 < xp < 2—Jo+1 For notational
simplicity, let

o = T;% ;i = infr: X; = 27/0t),
and define

Ok+1
f=lal-a) [ X225,

Ok

Remark 2.2 tells us that {X;,r < T} under QY is a time change of a three-
dimensional Bessel process. By the pseudo-strong Markov property of X and scal-
ing, under QR the {&, k > 1} are i.i.d. random variables, having the same distrib-

X
ution as %a(l —a) fOTl XSZO‘_2 ds under @%2. By (3.1) we have

TX
(3.5) El/z[%a(l —a)/ 1 Xf“_zds‘TIX < TOX} =a(l —a)log2.
0

Set y =9/8 and define

N
(3.6) B = {Zsk <c1+ Na(l —a)ylog2 forevery N € [1, jo — 1]}.
k=0

We claim there exists ¢; such that
Q" (B1) =1-35/2.
Indeed, by the strong law of large numbers there exists 7o such that

N
@)ég(ka <No(l —a)ylog2forall N 2n0> >1-—68/4.
k=0
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We then choose c; sufficiently large to make Q33(B;) > 1 — §/2, and note that
Q1" (B1) = QX (By).

Without loss of generality, assume that 0 < 8 < 1 — (7/8)!/(0=® Choose
B € (0, 1/8) such that

(3.7) 1—=pld->1_s.

Then on the event B; we have for f € [oy_1,0xn)

FRSITIERY (RN
< 2io+D-a) gy (10‘(1—0‘)/ X2 Zads)

(3.8) ,
< 2ot (1-e) ye1/(1=B) Ne(1—a)y log2/(1—p)

_ 622—1'0(1—0{) (2N)Ol(1—0l)y/(l_/3) .

By Remark 2.2, the process {X;,# < T} under Q7 is a time change of a three-
dimensional Bessel process, whereas a three-dimensional Bessel process has the
same distribution as the modulus of a three-dimensional Brownian motion. By
Proposition 1.5.8(b)(iii) of [2] the probability that X under @%_]()+k will ever hit
c32~Jotk jok/8 — c30=io+Tk/8 §5 327K/ Summing over k from 1 to oo and tak-
ing c3 small enough, there is Qfo probability at most §/2 that X; gets below
32710t 7k/8 petween times oy and ok+1 for some k > 1. Let

(3.9) Bz={ inf XtEC32_j0+7k/8f0rk=1,2,...,j0—1},

Ok I <Ok+1

and B=B; N By.Since 0 <a < 1/2 and 0 < 8 < 1/8, except for the event B¢ of
Q7°-probability at most §, we have from (3.8) and (3.9) that for t € [oy_1 oN),
1

X% ex <;a(11—a)/ X2 2“ds>

< ¢y2iot1-a) N yei=a)y /(1)
(3.10) < o2 RN/ B I
< ¢y (20 HIN/8y 1~
<eX!e
Define
S=inf{t >0:¥!"* < (1 - B)X}7}.

Under Qfo, the process {X;,t < T} never hits 0. Since Yy > 0, then the
process Y cannot hit O before time S. Choose k = 8/(2c4) A % and let us define
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ko=1— (1 — )0~ Then the condition Yy > (1 — k)Xo > O implies that
Y(} > KX(I)f‘X. It follows from (3.4) and (3.10) that on the event B, for every
t<S,

1— t
R; < Roexp<a( a)/ X?O’st>
0

2(1 = pB)
1— t
< KX(l)_‘" exp(—a( %) Xf"‘zds)
20-8) Jo
<wkeXTY < gth_“.

Since Rg = BX é_“ on {§ < oo}, we conclude from above that § = co on B except
for a Q) null set.

We have thus shown that under the condition 1/2 > Xg > Yy > (1 — ko)X > 0,
on the event B we have

(3.11) Y7 > 1 -p)X]7®  foreveryr>0.
It follows from the above and (3.7) that
PXoYo(y, > (1 - 8)X, forallt < T¥|T < Tf) > 1 3.

This proves the lemma. [J

REMARK 3.3. Suppose X and Y are weak solutions to (1.1) and (1.3) driven
by the same Brownian motion W. Since the process X under @i has infinitesimal
generator given by (2.3), there exists a Q;-Brownian motion W; such that

(3.12) dX, = X*dW,+ X** 'dr.
We also have d X; = X7 dW;, so

(3.13) dW, =dW, + X% dr.
Therefore,

(3.14) dY, =Y*dW, + X*~'v® dt
fort < TOX.

We thus see that under @f’y, X and Y solve the SDEs (3.12) and (3.14). The
discussion in Remark 2.1 then shows us that the pseudo-strong Markov property
holds if P € @ (x, y). That is, if S is a stopping time, P is defined by Pg(A) =
P(Ao6y) for A € Foo, and Qg is a regular conditional probability for Pg given g,
then Qg € @1 (X5, Ys) almost surely. A similar argument shows that the pseudo-
strong Markov property holds for P € @; (x, y) fori =0 and i = oo.
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LEMMA 3.4. For every § € (0, 1) there exist p > 0 and K > 1 such that for
Xo=x¢€(0,27%), Yo =y e [—x,x) and S =inf{t > 0: X, = x2K},

P (Ys > (1 —8)Xs|T{ < T5¥) = p.
PROOF. Putting (3.13) into (3.2) and (3.3), we have for ¢ < TOX

_ 1
dX! ™ =1 —a)dW, + (1 —a)X* ' dr — So(l = ) X; di
(3.15)
=1 —a)dW,+ (1 —a)(l — %)X;"—ldt.

For Yy # 0, applying Itd’s formula to Y; and using (3.14), we have for t < 7,

d|Y,)'™" = (1 — ) sgn(Y) dW; + (1 — ) sgn(Y,)X;"_1 dt
(3.16)
— Lol — )|y, ar.

We first consider the case where Yy < 0. Let

Al = { sup Wy>3x""%and inf W, > —xl_“/2}.

0<s<x2—20 0<s<x2-2¢

By Brownian scaling, Qj(A1) > c¢> with ¢; independent of x and z. It follows
from (3.16) that for r < T},

1% < Yo' — (1 —a) W,
<x'"—Q-—a)W,.
If A holds, then

inf (x'7 = (1= W) =x' =301 —a)x' ™ < — L' <0,
0<t<x?-2¢

This implies that TOY < x272% on A;. On the other hand, on the event A,

~ l—« 1
inf -« 1—a)W,) > l—o _ l—a o ~,1-« 0.
oszlsllz—za(x + (L —a)Wi) zx 2 =3¢ 7
So by (3.15) on Ay,
TOX > x2 72 o TOY and inf X}*"‘ > %xlf"‘.

0§t§x2—2a
Note also that on the event Ay, by (3.15) again,
-« -« -« o o a—1
sup X, " <x + (1 —a)3x +(1—-a)|l1—= 2x% " ds
0<s<x2-2 0

<6x'7,
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So in particular we have that
/(=) < XTOY <6!/U-a)y on Aj.

Using the pseudo-strong Markov property at the time inf{z > 0:Y; > 0}, it thus
suffices to prove that the conclusion of the lemma holds under the following as-
sumptions: 0 < ¥y < X¢ and

2=y < x5 < 6!/,

As this is our first nontrivial use of the pseudo-strong Markov property, we
explain in detail how it is used. Recall that T := TOX A TIX . We use the pseudo-
strong Markov property at the time V = inf{r > 0:Y; > O} AT . Let Oy be aregular
conditional probability for the law of {(Xv s, Yv4+); 0 <t <T o6y} under Qf’y
conditional on Fy . This means that for each A € £, the random variable Qy (-, A)
is Fy-measurable, Oy (w, -) is a probability on 7 for each w, and for each B €
Fvy and each A of the form

A= {(thAT» YtlAT) eCy,..., (Xt,,/\T, Ytn/\T) € Cy}
for positive reals t; <--- <t, and Cq, ..., C, Borel subsets of R2,
Eges [0y (:, A); B]

=QV  ({(X vy Yvir) €Cry ooy (Xva,s Yvas,) € Ci} N B).

Here EQx v is the expectation with respect to Q)f’y As in the discussions in Re-

marks 2.1 and 3.3, for Ql Y _almost every w € {V < T}, the law of (X4, Y:);t <T}
under (O)V(a) ) is that of the law of a weak solution (X Y ) to (3.12) and (3.14)
with (Xo('), Yo(@') = (Xy (®), Yy (w)) for Oy (w, -)-almost every o'. If we let
S’ =inf{t > V : X; = x2X}, then

QY (Ys>(1—8)Xs)>Q ({Yy > (1 —8)Xg}NA)
= E@)lc,y [@v(-, Y¢>(1— 3)X5); A]].

Since we have shown Q)f’y (A1) is bounded below, to prove the lemma it suffices
to find a lower bound on Oy (-, Ys > (1 — §) Xs). By the remarks above and the
fact that Xy € [21/(1_“)x, 61/(1_"‘)x] on the event A1, this means we have to show
that @fO’Y‘J(YS > (1 — 8)Xy) is bounded below when we have Yy =0 and X €
[21/A=a)y gl/(1=a) .

As Y solves dY; = |Y;|* dW; and spends zero time at 0, the Green function for
the subprocess of Y starting from y € (—n, n) killed upon exiting (—n, n) is

GOy Z):{Izl‘z‘”(y+n)(n—Z)/n, —n<y<z<n,
’ 2@+ —=/n. —n<z<y<u.
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By our notation convention, TnlY| =inf{t:|Y;| =n}. Then for 0 < y < 1,
n
Ey[Tnm] =/ G(y,z)dz < c3n®™ .
-7

Let ¢4 = (1/2)1/(1_“) and ¢5 = 61/0=%_and so cqx < X < c5x. By scaling, we
can choose cg such that

]P’x( sup |Xs—x|>C4x/2>§%.

0<s<cgx2—2c

Choose 7 so that c37> 2 = cgx>~2%/8. Then for 0 < y <1,

Y| 2-2

_ E e 1

]py(Tr}YIZ%XZ 2”‘)5 2712 < 772 ==z
Cex>TY T cexcT 8

and so IP’y(Tnm < cx>72%) > 7/8. By symmetry, if y € [0, ) then Y starting at y
will exit (—n, n) through n with probability at least 1/2. Hence

IP’y(TnY < cex>72Y, € [0, m) > % — % = %.
Let
A2={ sup | Xy — x| <cgx/2 and TnY<c6x2_2“}.
0<s<cgx22¢
Note that on Aj,
cax/2 < Xy < (c5+ (ca/2))x for t < cex?2*.
Write 19 = cex>~2%. If y € [0, ), then
PXoY (A, N {T{ < T{'))
:]P’XO’y<TnY <tg, sup |Xs—x|<cax/2,tp< TIX < TOX>.
0<s<ty
Using the pseudo-strong Markov property of X at time fg, this is bounded below
by
PX0Y (Ap) P/ (T < T) = (3 — §)(cax/2) = cax/8.
Since PXo(T < T¥) < csx, we conclude that
C4
8cs
Applying the pseudo-strong Markov property at the stopping time inf{z > O:
Y; > n}, we may thus assume that

Q" (Ag) >

c1x < Xo<cgx and Yy>cox,



2400 R. F. BASS, K. BURDZY AND Z.-Q. CHEN

where ¢7 = c4/2 =27 171/0=0) o — 5 + (¢4/2) and cg = % A (%)1/(2_2"‘).
In view of Lemma 3.2 and the pseudo-strong Markov property, it suffices to
show that there is positive Qf"’y‘)—probability that there exists < S such that

where «q is the constant in Lemma 3.2 corresponding to §. Let

g IR VR S _ g -«
a_m, Cl0 =10y _§C9 , y_(m>/\(c9 c10log?2)
and

. S
1 —(1—kp)l—
Define

A3:{ sup  Wse (bx'"% 2bx'"%)and  inf WS>—axl_a}.

0<s<yx2-2¢ 0<s<yx?-2
By Brownian scaling, Q] (A3) is bounded below by a positive constant independent
of x and z. Let U = inf{z: ¥; < cg2~ /(=) x}, By (3.16), on the event A3z,

l—a l—«a 5 1 Unyx?2 .
Ve 2 Yy (= )Wy o = 0l =) /0 ye ! gg
l—a ol _a)yxl_a

1—«

9

> (cox)' ™% — (1 — @)ax

> 3¢y “x! 7 /4.

We conclude that on the event A3 we have U > yx2~2%. We have by (3.15) that
on the event A3,

inf  X'7*> inf (X)7*—(1-a)W,
O<t<yx2-20 | T 0515yx2*2a( 0 ( YWi)
> (c70)7 — (1 —a)ax'™

=ciox! 7%

Using (3.4) we then have on Az for ¢t < yxz_z"‘,

o

yx2—2
R <Ry exp(%a(l — oc)/o 2cl_olx°‘_1(C9x)°‘_1 dt)

< X(l)_o’ exp(a(l — oz)ycl_olcg_l)

< 2cé_o’x1_°‘.
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On the other hand, on A3 there exists some < yxz_z‘” such that
(3.18) X7 >0 —a)W, = bx'79)2.
Therefore on A3 there exists some ¢ < yx2~2 such that
R <2¢g “x!™ < (1= (1 — ko) ™*) X/},

Thus
(3.19) inf{t >0:Y, > (1 —ko)X;} <yx>"2*  on A3.
It follows from (3.15) and (3.18) that on A3,

sup X7

Oftfyxz_z‘x

— t
< sup (X(l)_“+(1—a)W,+/0(1—a)(1—%>|XS|°‘lds>

OEIEVXZ_ZO’

2
< (c30) "% +2(1 — a)bx ! 4 (1 — a)(l - %)yxz_zale_“

l—a 1—a
=cpp X
That is,

sup X, <cnx on Aj.
051‘5}/}62_20’

Now take K > 1 large enough so that 2X > ¢{1. Then for every x € (0,27K),
S:=inf{t > 0: X, =x2X} e (yx*>72*, 1Y) on As.
This, together with (3.19), proves that (3.17) holds on A3, which completes the
proof of the lemma. [J
LEMMA 3.5. Suppose that Xo = x € (0,1/4) and Yo =y € [—x, x). Let
TOY+ =inf{t > 0:Y; > 0}. Then for every A > 4x, TO{L < TAX, Qf’y-a.s., and
max{X,, |V;[} <29y <dx  forr <71,
—olme —xlmyl/d-o <y, < x, fort e (Tgy, TX1.
In particular,
|Y: | < A for everyt < T)LX.
PROOF. As |x|¥ is Lipschitz on (0, 00), X; > 0 for every ¢ > 0 under Q)lc’y,

and Yy < Xy, it follows by a standard comparison theorem (see, e.g., Theorem 1.6.2
in [3]) that

(3.20) Y, <X, fort<Ty.



2402 R. F. BASS, K. BURDZY AND Z.-Q. CHEN

If Yo < 0, it follows from (3.15) and (3.16) that under Q"
(3.21) dX] 7+ 1% = —da(l —a)(X* 7 + v, D dt
fort < T, .Sofort <T,
X[ 74 1Y < [ Xl T+ Yol T = 2x 7,
and, therefore, for t < TOY,
max{X;, |Y;|} <2"/0"9x < 4x.

Since A > 4x, this implies that Toi < TAX and |Y;| <4x <Aforr < TOY+.
Define

ap =inf{t > T¢f, ¥, = —(Ao) 7 = x[ 7o)V AT,
B1 =inf{t > a1: Y, =0} A T,X,

and forn > 2,
ay = inflr > Bu_1:Y, = —(A1 7 = X}V A X,
Bn = inf{t > o, : ¥, =0} A T,

On [Ty, a1),

—(ate - xl)VI <y < x, <1

On {a, < TAX}, we have by (3.21) that t — X,l_o‘ + Y;|'=* is decreasing on
[an, Bn] and so for 7 € [an, Bnl,

(322) X[V < X Y, T = R AT <Al
This in particular implies that
(3.23) ifa, <T7, then B, <T;X and |Y;|<A  fort € [, Bl

If a,, < T;X, then on [ By, ant1),
(3.24) —Gate—x]m)V Y <y, < x, <,
and so |Y;| < A fort € [B,, ®y+1). Since on {a,, < TAX},

Yo, = —(317% — x =)= and yp =0,

and Y has a finite number of oscillations greater than any fixed ¢ > 0 on any finite
time interval, it follows that either «,, = TAX for some finite n, or 8, = TAX for some
finite n, or o, < B, < TAX for all n < oo and limy,_, oo @, = limy,,— o0 By = TAX. If
ap =T or B, = T;* for some finite n then (3.24) holds for all ¢ € (T, T}*]
by (3.22)-(3.24). If a, < B, < T;X for all n < 0o and lim,— 00 0t = limy— 00 B =

T;¥ then (3.24) holds for all r € (T, , T;) by (3.22)~(3.24). In this case, Y7x =0

by continuity, so (3.24) holds also for r = TAX. This completes the proof of the
lemma. [J
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LEMMA 3.6. For every § € (0, 1) there exists ¢ > 0 such that if Xo = x¢ €
(0, &) and Yo = yg € [—x0, x0], then

PO (Yr > 1 —§|Xr=1)>1-38,

where T = TX A T.

PROOF. When yg = xg, then by Remark 2.3, ¥; = X; for r < T and so the
conclusion of the lemma holds. Thus without loss of generality, we assume now
that yp € [—x0, x0). Let ko be the constant from Lemma 3.2 that corresponds to
8/3. Let Sx = inf{r: X, = 2Kx}. By Lemma 3.4 there exist p > 0 and integer
K > 1 such that for any x € (0, 2-Ky,

(3.25) Q17 (Ysg > (1 —k0)Xs¢) = .
Let integer jo > 1 be sufficiently large so that
1-96

1—(1—p)
(1—p) >1_5/3

and define & = 27/0K=2 et
A={Ys;x > (1 —k0) X5, forsome j=1,2,..., jo}.
For every 0 < x < ¢, by Lemma 3.5,
(3.26)  —2/Fx <V, < Xs,, =2Kx  forevery j€{1,2,..., jo}.

Using the pseudo-strong Markov property at the stopping times Sk s recursively,
we have from (3.25) that Q"*°(A¢) < (1 — p)/0 and so

Q" (A) > 1 — (1 — p)ho.

On the other hand, A can be written as the disjoint union of A;, j =1,..., jo,
where

Aj={Ys < (1 —ko)Xs, fork < j—1and YSjK > (1 —K())XS].K}.

Because of (3.26), we can use the pseudo-strong Markov property at the stopping
time Sk and apply Lemma 3.2 to conclude

Q)}fo,yo<{YT >1- g} N A]-> > (1 — g)@fo’yo(fl]’).

Therefore
)

5
QTO’YO(YT >1— 5) > Q’{O’yo({h >1-— 3} mA)

jO 5
= Z@To'yo({YT >1- 5} mAj)
j=1
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Jo

8\ A
=3 (1-5)ai @)
=1

8\ 0.
:(1—§>Q10y°(A)21—8. 0

COROLLARY 3.7. For every § € (0, 1) there exists ro > 0 such that if Xo €
(0, rp) and Yy € [— X0, Xol, then

EXo Yoy, 1 xr =1]1>1-6.
PROOF. When Yy = Xo, we know from Remark 2.3 that ¥; = X; fort <T
and the conclusion of the corollary holds trivially. Thus we now assume that Yy €
[—Xo, Xo). Let ¢ be the constant in Lemma 3.6 that corresponds to /3. Let ro =

EN }t. Then by Lemma 3.5, |Yr| <1, PX0.Yo_a 5. It now follows from Lemma 3.6
that

\? ¢
X0, Y X X
EX0-X0[Yr | Ty <TO]Z(1_§> —§>1—8. 0

LEMMA 3.8. Let X and Y be weak solutions to (1.1) and (1.3) driven by the
same Brownian motion W with Xo=x € (0,1/4) and Yo =y € [—x, x). Then for
A > 4x we have

PY(Y,| < A fort < TX ATSTE < T¥) =1
It follows that

P (Y| < 1fort <TE|TE < T =1.
PROOF. Consider any a € (0, x) and b € (x, 1). By Girsanov’s theorem, the
distributions Qg’y and Qf’y are mutually absolutely continuous on [0, Tax A TbX 1.
Hence, by Lemma 3.5,

PYY(|Y,| < Afort < TX ATE ATX ATHTY < T =1.
Letting a | 0 and b 1 1, we obtain the first result. The second result holds as on
{TOX < TIX 1, there is some (random) A € (0, 1) such that TOX = TOX A TAX. O

COROLLARY 3.9. Let X and Y be weak solutions to (1.1) and (1.3) driven by
the same Brownian motion W with Xo=x € (0,1/4) and Yo =y € [—x, x). Then
for & > 4x we have

P (Y| < Afort <TFE AT =1.
In particular,

P*Y (Y| < 1fort < TOX A TIX) =1.
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PROOF. The corollary follows immediately from Lemmas 3.5 and 3.8. [

LEMMA 3.10. For every § € (0, 1), there is ro > 0 such that if Xo =x €
(0,r9) and Yo =y € [—x,0], we have —1 <Yr <0, P*Y-a.s, on { X1 =0}, and

(3.27) E*“Y[-Yr|Xr =0]> (1 —§/2)x.

Moreover, for every § € (0, 1), there exists a function ¥ :(0,1) — R such that
limy o ¥ (x) =0, and for x € (0,ry) and y € [—x,0],

(3.28) Ex’y[—YT1{|yT|SW(x)}|XT = O] > —-906)x,
or equivalently,

(3.29) E =Ygy i<y plixy=0)] = (1 = §)x(1 — x).
PROOF. Let$ € (0, 1). By Corollary 3.7, there is rg € (0, 1/4) so that
3
E“[Yr|Xr=11>1— 5

whenever Xg = x € (0,r9] and Y9 = y € [—x,x]. Since by Corollary 3.9,
sup, <7 |¥Ys| < 1 under P*¥ we have E*YYr = E*Y, by optional stopping. The
procéss X is a continuous local martingale so P* (X7 =1) =x and P* (X7 =0) =
1 —x.Henceif Xo=x € (0,r9) and Yo=y € [—x, 0],

0> Ex’yYo = Ex’y[YT]
=E“[Yr|Xr =1]P(X7 =1) +E*"[Y7| X7 =0]P(X7 =0)

> (1 - g>x +ESY[Yr X7 = 0](1 — x).

It follows that

1—x

(3.30) E5Y[—Yr| Xy = 0] > G 9/Px <1 _ g)x

That —1 < Yy <0, P*Y-a.s. on {TOX < TIX}, is a consequence of Lemma 3.8 and
Remark 2.3.

Consider yg € (0, 1/2). Suppose that x € (0, yo/4) and note that, by Lemma 3.8
and scaling, for y € [—x, 0],

(3.31) P*Y(Y; € [—yo, yo] for every ¢ < TOX A Ty)§|T0X < Ty)é) =1.

Recall that (Q satisfies Qf(A) = P*(A|X7 = 0) and Qj is derived from [P by
Doob’s h-transform with A(x) =1 — x. As in the proof of (2.3) we can show that
the process X under Q;, has generator

_ Lf) x>

(3.32) Lf="= :

f// _
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Since IP’X(Ty)g < TOX) =x/yo for x € (0, yg), we have for 0 < x < yp < 1,

h(yo) X
h(x) I—xyo ™ y

Suppose that X has distribution P*. Then X7 converges to 0 in distribution as
x | 0. This and the fact that Y is continuous imply that for some y; € (0, §yo/16),

)
PX’O(Y, € [—yo, yol fort < TOX) >1-— %60 for every x € (0, y1].

1—y01<x

(3.33) QUIY < T = PY(T) < Tg) =

For x € (0, y11,
Qy (Y € [—yo, yol for 1 < T¢)
=P, € [—yo, yol for t < T | X7 = 0)
> P*O((Y; € [—y0, yol for r < T} N {X7 = 0}))

(3.34) . N .
>P*Y(Y; € [—yo, yol fort < Ty ) —P*"(X7 =1)
o %0
- 16 16
8
—1- 20
8

Let @6 denote the distribution of {X, AT t > 0} when {X;, t > 0} has distribu-
tion Q. Since the coefficients of the generator (3.32) are smooth except at 0, there
exists a stochastic flow {X;, 7 > 0} driven by the same Brownian motion, such that
Xg =y for y € (0, 1), and the distribution of {X;,¢ > 0} is Qg. So with proba-
bility 1, for every t > 0, v < z implies that X’ < X? and the function y — X; is
continuous.

Let Qg’y denote the distribution of {(X,ATOX, Yt/\TOY)’ t >0} when {(X;, Y;),t >

0} has distribution Qg’y . The above remarks about the stochastic flow imply that

if {(X,, Y;),t > 0} has distribution @(y)o’y then T;¥ — T,/ converges in distribution
to 0 as y 1 yo. This and the continuity of X under @(y)o’y imply that we can find
y2 € (0, yo) close to yg so that for y € [y2, yol,
8yo
Y0,y
(3.35) QY (XTOY <yp=1- 3
By Lemma 3.6 and scaling, there exists y3 € (0, 1) small so that for x € (0, y3)
and y € [—x, 0],
: 8y0
: X X
P (Yrx € [y, yollTyy <Tg) = 1= ==
A routine application of the theory of Doob’s i-processes shows that the last esti-
mate is equivalent to
Yo

(3.36) Q" (Yrx € vz, yollTyg < Tg) = 1= ==
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Let S; = TOY o Ty)g + Ty)g and S, = TOX o 81 + S1. We use the pseudo-strong
Markov property and (3.31)—(3.36) to see that for x € (0, y3) and y € [—x, 0],

Qy* (Y ¢ [—y0. yol)
= Q" (Y1 ¢ [—yo. yol} N{T, < Tg)
<Qy (TyX < THQy " (Y1 & [—y0, yoll Ty < Tg)

< %@S*y(YT ¢ [—y0. WolI T} < T¢)
<0 Yy ¢ D2 ollIT < 789
+ %@S’y({YT;é € [y2. yol} N { X5, = yi}IT) < Tg5)
100 (Vg € 2,30l 0 (X <030 ¥, ¢ (=30, 00T < T

X
< 5o Q” (¥ ¢ Lz ol Ty < 7))

X x,y X,y froe X X
+ %@o (I{YT;(()E[}’ZJO]}@O (X5 2 y1|ffv)(‘))|Ty<) <Ty)

X )
+ %@S’y(l{nx el Xs, <1 Q0 (Ysy & [=y0, Yol Fs)I Tk < TpY)
Y0

x (8 1) é
5_(ﬂ+ﬂ+ﬂ)
yw\8 = 8 ' 8
<8x/2.

As |Y7| <1 under Qg’y by Lemma 3.8, we conclude from this and (3.30) that
for x € (0, y3) and y € [—x, O],

5 5
(.37 EXY[=Yrljyy <y X7 =0] > (1 - §>x —r=0-du.

Recall that in the above argument, we start with an arbitrary yg € (0, 1/2), then we
find y{, y; and y3 accordingly so that (3.34), (3.35) and (3.36) hold, respectively.
Let ro be the value of y3 corresponding to yp = 1/3. We now define for x € (0, o],

v(x) :inf{a >0: [inf O]Ex’y[_YTl{\YTlfaHXT :0] > - S)x}
yel-x,

Clearly by (3.37), ¥ (x) < 1/3. Since for every yg € (0, 1/2), there is y3 > 0 so
that (3.37) holds, it follows that ¥ (x) < yo for x € (0, y3). Hence lim, o ¥ (x) = 0.
Summarizing, we obtain for x € (0, rg) and y € [—x, 0],

E*[—Yr1jyy <y o) X7 =0] = (1 = 8)x.
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This proves (3.28) and so (3.29) follows since, as we observed previously,
PYY(Xr=0=1—-—x. O

4. Pathwise uniqueness.

PROOF OF THEOREM 1.2. As we noticed previously, it suffices to prove path-
wise uniqueness for solutions X and Y of (1.1) and (1.3) with Xo = Yo = 0. The
proof will be divided into three parts. The main argument will be presented in
Part 1 and subdivided into three steps.

Part 1 (Strong uniqueness). We first show that strong uniqueness holds for so-
lutions of (1.2)—(1.3) when there is a single filtration. Let (X, W) and (Y, W) be
two weak solutions of (1.1) satisfying (1.3) with a common Brownian motion W
and such that Xo =Yy =0.

Define

M, =X,V || and Z;=|X;—Y|

Our strategy is to show that, with probability one, on any excursion of M away
from O that reaches level 1, X and Y have to agree. A scaling argument then shows
that for any b > 0, with probability one, on any excursion of M away from O that
reaches level b, X and Y have to agree, and this will give the strong uniqueness
for solutions of (1.2)—(1.3). We execute this plan in three steps.

Step 1. In this step, we show that if there exist two solutions, neither of them can
stay on one side of 0 between the bifurcation time and the time when M reaches
level 1. In other words, setting

S=inf{t > 0: M; =1}, L =sup{t < S: M, =0},

Co={X;X;>O0foralls,t e (L,S|}U{Y,Y; >0foralls,te(L,S]}
we show that
4.1) POO(3r e [L, S]: X; # Y:} N Co) = 0.

For b €[0,1) let
Ly =inf{t > L: M; = b},
and for b € (0, 1),
Cp:=({I1X1,| = YL, 1} N {X, X, > Ofors, e (L, SI})
U({IXL,| <YL, 1} N {YsY; > O0fors, e (Ly, S1}).

Note that L is not a stopping time and thus we cannot apply the pseudo-strong
Markov property at T to estimate the probability of Cj. To circumvent this dif-
ficulty, we define two sequence of stopping times {7, j > 0} and {S;, j > 1} as
follows. Let 7p =0, and for j > 1,

Sj=inf{t >T; 1:M;=b} and T;=inf{t>S§;: M, =0}.
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It is possible that some or all of the above stopping times are infinite. For a > 0 set
C{’le =inf{t > §;:|X;| = a} and define Uj’lyl similarly. Let

Ajpi=1{Tjio1 <8, S; <00,|Ys;| <|Xs,| = band U]"'*! < U1

U{Tj—1 <8, 8) <00, |Xs,| < |Ys,| =band Uy < U M),

On Ajp, wehave L € [T;_1,S;]and L, = S;. Thus the {A;;, j > 1} are disjoint
and A, C Cp for every j > 1. In particular we have U?‘;l Ajp C Cp. On the
other hand, since M is a continuous process, during any finite time interval, it
can only oscillate between 0 and b a finite number of times. This implies that
Cy C U?‘;l A p. Therefore we have for 0 < b < 1,

o0
4.2) Co=JAjs
j=1
Applying the pseudo-strong Markov property at time §; and using Lemma 3.6
and symmetry, we can choose b € (0, 1) small enough so that for every j > 1,

POV = Xy > e} N A5 N {IYs;| < X5 = b))
=[P’0’0(IP’O’O({|YU{,\X| — XU{-,.X‘| >e}NAjpN{|Ys;| <|Xs;| = b} Fs;))
= EO’O(l{Tj,.<s,s,-<oo,|YSj|5|ij|=b}P0’0(IYU{,|X\ — XU]j,\XI| > g,
ul™ < '™ 7))

< E®O(Lr;_ <s.5,<o0.lrs; 11xs, =0y BV OU < U 7))
=eP"0(A;, N{|Ys,| < |Xs;| = D).

It follows that

PO’O({YUIJW - XUIJ',\X|| >e|lAjp N {|Ys;| <|Xs;| =b}) <e,
and, similarly,

BOO(|X i = Yypn | > el Ajp N {1 Xs, | < 1Ys,| = b)) <.

gl
This implies that
POO(IXs —Ysl <eldjp) =1 —¢
and so
POO{IXs —Ysl e} NAjp) = (1—e)P*(4).
Summing over j > 1 yields

(4.3) POO({|Xs — Ys| <} N Cp) > (1 — &)P"0(Cy).
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For 1 > by > 4b > 0, in view of (4.2) for Cp, (with by in place of b there),
we have by Corollary 3.9 and the pseudo-strong Markov property applied at stop-
ping times S; that Cp, C Cp,, P%-0_a.s. Therefore MNn>1 Cs5— = Co, P%0.as., and
limy— 0o P*¥(Cs-n) = P%°(Co).

We can choose b = 57" sufficiently small so that P%9(C}) > (1 — £)P%0(Cy).
This and (4.3) imply that

PXO({|Xs — Ys| < £} N Co)
> POO({|Xs — Ys| < e} N Cp) — eP*0(Cp)
> (1 — &)P*0(Cp) — eP*0(Cp)
> ((1—&)* = &)P*"0(Cp).

Since ¢ > 0 is arbitrarily small, it follows that Xg = Y, P%-as., on Cy. It fol-
lows from Remark 2.3 that X; = Y; for every ¢ € [L, S], P00.as.. on Cy. This
proves (4.1).

For b > 0, let

Sb =inf{t > 0: M, = b}, LY =sup{r < S”: M, =0},
Cl={X;X,>0fors,te (L’ S’y U{Y,Y, > O fors,t e (L, S°1}.
Let R) =0, E{’ =S, I/?\%’ :=inf{t > S”: M, =0}, and for k > 1 define
b _ pb b o
Sk = Rk—] +S Oeleo_l,
b _ Tb b o
Rk = Sk—l + Rl 005571’
ZZ =supfr < S,f:M, =0},
Coy ={XsX;>0fors,t e (L}, SPILU{Y,Y, > 0fors,re (L}, S{1}.
Then by the pseudo-strong Markov property applied at times f?\,i’ ,

IP’O*()(U{EIt elLy, SI1: X, # Y} N 65,,() =0.
k>1

In an analogous way we can prove that for any b > 0,
(4.4) IP’O’()(U (Arel[Ll, S01: X, £V} N 63,() =0.
k>1

Step 2. In this intermediate step, we show that for any two arbitrary small con-
stants b, g9 > 0, there is some a; = a| (b, &) > 0 such that for every bg € (0, a1],

(4.5) P17 < TM|TM < TF) < ¢y.
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Fix arbitrarily small b,e9 > O and a large enough integer m > 2 such that

Gieyp < €o- Fix 8 € (0, 1/4) small such that

m—1 )
Y a-8¥=m—1.

j=0
So for every a > 0,
m—1 ) '
(4.6) l—aZ(l—é)f(l—cS)J51—(m—1)a.
j=0

Choose a constant rg € (0,8) and a function i that satisfies the statement of
Lemma 3.10 together with the given 6. Make ry > 0 smaller, if necessary, so that
ro <1/(2m). Let a; € (0, b/2) be small enough so that

Yy"(a)) =y oy o---oy(ar)<ro.
z 0

m times

Assume that Xg =bg € (0,a;) and Yo =0. Let Uyp =0 and for k > 1,

_ lnf{t 2 Uk—] :Xl‘ =0}’ lf YUk_l :0’
K= \inf{r > Up_1: Y, =0}, if Xy, , =0.

It follows from (4.2) that for 0 < n < m, on the event {TlM > Uy N{Zy, <
V" (bo)},
by.,0
]E 0 [ZUn+11{ZUn+1§¢"+1(b0)}1{T1M>Un+1}|$’Un]
4.7
> (1 =8)Zy, (1 = Zy,)Xizy, <y o))

Since X is a continuous local martingale, by the gambler’s ruin estimate, we
have for n > 0 that on the event {TIM > U,},

(4.8) PO M > U, 1| Fy,) =1 - Zy,.
Recall that ™ (bg) < rg < 1/(2m). Then, for y € (0, m),
1 —y(1=38)Zy, Lizy, <ynpg)) = 0.
These remarks, (4.7) and (4.8) imply that for y € (0, m) and n < m,
EPO[(1 -y Zy,,, l{ZUnH§¢"+1(b0)})1{TlM>U,,+1}]
=EO((1 =y Zu, Yz, <00 Y=, i)
= EbO’O[EbO’O[(l —YZU,, 1{ZUn+151//”+1<b0)})1{T1M>U,,+1}|f'~Un]1{T1M>Un}]

<E?O[(1 - ZUn)l{T1M>Un}]
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— VBB Zu, iz, < oon V=001 P ]
X 1{T1M>Un}1{ZUn§l//”(h0)}]
<EPO[(1 - zy, Lizy, SW"(bo)})l{TlM>Un}]
— yEPO[(1 = 8)Zy, (1 = Zu) gy g Lz, =0 0]
<EPO1((1 = Zu, V24, <yriveny) — ¥ (1 = 8)(1 = 1) Zu, Lz, <y b))

X 1{T1M>Un}]

=EO[(1 = (v (1 =) = r0) + 1) Zu, Lzy, <proo) Lz =07,y )
An induction argument based on the above inequality shows that for n < m,

bo,0
EXO((1 = Zu, Yz, <yrr0o) Yz su,)]

n—1
< quo,0|:(l - (Z(l — 5)1(1 — VO)]>ZU0 I{ZU05b0}> 1{T1M>U0}:|

j=0
n—1 ) )
=1—bo Y (1-8)(1—ro)’
j=0
<1—(m— Dby.

We obtain from the above, (4.6) and (4.8),
POOUTM > Up) = B[RO > Ul Fu, gy, )]

bp,0
=E [(1 - ZUm—l)l{TlM>Um,1}]

bo,0
<E™ [(1 — 20y l{ZUm_lSlﬁ"—l(bo)})l{TlM>Um_1}]
<1—@m—1)bg.
Thus
POOTM < Tf) = PPOTM < Up) = (m — Dbo.
Since Z, ATZ is a continuous local martingale, the gambler’s ruin estimate tells us
that
POT < T) < bo/b,
and, therefore,
PRI < T < TF) _ PPOTY < T)
PoO(TM <T#) T PO(TM <TY)

< <.
Sm—1p ="
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This proves (4.5). By symmetry, inequalities analogous to (4.5) hold when (b, 0)
is replaced by (—byg, 0), (0, bg) or (0, —bg).

Step 3. We complete the proof of the claim that with probability one, on any
excursion of M; = | X;| Vv |Y;| away from O that reaches level 1, Z; = | X; — Y;|
must be zero. That is, using the definitions of S and L from Step 1, we will show
in this step that

4.9) POO(X, =Y, forevery t € [L, S]) = 1.

Note that S < oo with probability one.
We chose b, eg > 0 and a1 = a1 (b, &9) > 0 in Step 2. Define for 0 < b1 < ay,

Fa1,b1 = {Ht € (L, S):Zt =M, e (b],al]},
For ={Vue(L,S)Ite(L,u):Z,=M,}.

It follows from (4.4) applied to all rational b > 0 that P*%-as., for any (ran-
dom) 0 < 1y < t1 such that M;; = Z;; =0 and Z;, > O for t € (1, t1), there is a
(random) decreasing sequence {t,,n > 1} C (fo, t1) such that ¢, | o as n — oo
and M; = Z; for every n > 1. Thus to prove (4.9), it will suffice to show that

(4.10) PO0(3r e [L, S1: X, # Y;} N Fog) = 0.
Let 1o =0 and for k > 1, define
or=inf{t > tp_1:Z;, =M; € (b1,a1]} and 7 =inf{t > or: M; = 0}.
We further define
M.k Z.k

T, " =inf{t >op:M; > 1} and <1, =inf{t > 0y :Z; > b}.

Note that

o0
Fo b, = U{Uk < S and rlM’k < 11}
k=1

oo [k—1
= U(ﬂ{aj < S and rlM’J > 7} N{ox < § and rlM’k < rk}),
k=1 \j=1

with the convention that ﬂ(/)-zl {oj < Sand rlM’j > 1} =Q.
For every k > 1, applying the pseudo-strong Markov property at o} and using
Step 2, we have

k—1

M,j .

IP’O’O(rbZ’k < th’k‘ ﬂ{aj < Sand 1, /> 7j}N{ox < S and rle < ‘L'k}> < &o.
j=1
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This implies that

k—1 _
IP’O’O({|YS — Xg| < b}N m{aj < S and TIM’J > 71} N{ox < S and rlM’k < ‘L’k}>
j=1

k—1 _

>(1-— eO)IP’O’()(m{oj < S and rlM’J > 71} N{ox < § and rlM’k < rk}).
j=1

Summing over k > 1, we have

(4.11) POO({|Ys — Xs| < b} N Fay ) = (1= e0)PYO(Fy, ).

Note that Fy, p, C Fy ., if b1 > by. Hence for sufficiently small b1 > 0,
POO(F,, 5,) > (1 — £0)PYO(F,, o). This and (4.11) imply that

PMO({|Xs — Ys| <b}N Fuy0)
> POO({|Xs — Ys| <bYN Fyy ) — 0P (Fyy 0)
(4.12)
> (1 — &) PYO(Fy, ) — e0P*0(Fyy 0)
> ((1 — &0)* — e0)P*"°(Fyy 0).

Note that Fy;, o C Fy,,0if a1 < az. If the event (), o Fu,0 holds, then there exist
t, € (L, S) such that Z,, = M,;, € (0, 1/n] for all n > 1. By compactness, #, must
have a subsequence f,, converging to a point 7o, € [L, S]. By the continuity of
Xand Y, Z; = M, =0, so it follows from the definition of L that foo = L.
We conclude that (- Fa.0 = Fo+, P0-0_a 5. Thus, for sufficiently small a; > 0,
POO(Fot) > (1 — g9)PYO(F,, o). This and (4.12) imply that for every &g > 0,
PO({|Xs — Ys| <b} N Foy)

> PO({| X5 — Ys| < b} N Fay 0) — £0P*°(Fay 0)

> PXO({| X5 — Ys| < b} N Fay 0) — (20/(1 — £0))P**(Foy)

> ((1 = £0)* — £0)P"*(Fay 0) — (g0/(1 — £0))P**(Foy)

> ((1— £0)* — g0 — (e0/(1 — £0)))P**(Foy).

Since g9 > 0 and b > 0 are arbitrarily small, it follows that P*0({Xg # Ys} N
Fo+) = 0. In view of Remark 2.3 and Step 1, this proves (4.9). Another application
of Remark 2.3 and (4.9) yields

(4.13) P*O(X, =, foreveryr € [L,R]) =1,

where R = inf{t > §: M, = 0}.
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Recall the definitions of S ,é’ , R,lg and L,’? from Step 1. Just as in the case of (4.4),
we can deduce from (4.13) that for b > 0,

PO’°<U{3t e[LY, SP1: X, # Yt}) =0.

k>1

Since b can be arbitrarily small, this proves that P*%-as., X; =¥, for every ¢ > 0.

So far, our entire proof was concerned with processes defined on the canonical
space. Now suppose that X" and Y’ are two weak solutions to (1.1) and (1.3) driven
by the same Brownian motion W’, starting from Wy =0, X;, =0 and Y, =0, and
defined on some probability space (€, ). Using the definition of P%%-0 given
in (2.1) it is clear that X; = Y/ for every t > 0, P-a.s.

Part 2 (Strong existence). Existence of a weak solution to the SDE (1.2) that
spends zero time at O follows from [7]. The solution can be constructed as a time
change of Brownian motion. Existence of a strong solution for the SDE (1.2) that
spends zero time at O follows from the strong uniqueness and weak existence for
solutions of (1.2) that spend zero time at 0; this can be done in the same way as
in [12], or following word-for-word the proof of [11], Theorem IX.1.7(ii).

Part 3 (Pathwise uniqueness). Note that strong uniqueness implies weak unique-
ness by the proof in [11], Theorem IX.1.7(i). Pathwise uniqueness now follows
from strong existence and strong uniqueness by the same argument as in the last
paragraph of the proof of [4], Theorem 5.8, or in the last paragraph of the proof
of [5], Theorem 5.3. [J

5. Stochastic differential equations with reflection.

PROOF OF THEOREM 1.3. Note that under the assumptions of Theorem 1.3,
a(x)~2 and hence b(x)a(x)~2 are locally integrable on R, and, therefore,
foy b(r)a(r)~2dr is a continuous strictly increasing function. Define

s(x):=/0xexp<—/oywdr>dy, x eR.

a(r)?

We will use s~! to denote the inverse function of s. If (X, W) is a weak solution
to (1.4)—(1.5), by the Itd6—Tanaka formula (see [11], Theorem VI.1.5), we have

ds(Xy) =s"(Xp)a(X;)dW, +s' (X)) dL,.
Then U :=s(X) spends zero time at O and solves
(5.1)  dU =('a)os " UN AW, +s os " (UpdL,  with Uy =s(Xp).

By the uniqueness of the deterministic Skorokhod problem on [0, c0), there is a
weak solution U to (5.1) that spends zero time at 0, obtained as a time change
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of reflecting Brownian motion on [0, co); moreover weak uniqueness holds for
solutions of (5.1) that spend zero time at O (cf. [5], Section 4). It follows then that
weak existence and weak uniqueness holds for solutions of (1.4) and (1.5).

Let X and Y be two weak solutions to (1.4)—(1.5) with the same driving Brown-
ian motion W with respect to a common filtration on a common probability space.
Using the Ito—Tanaka formula,

t
(X, — Y))" = (Xo— Yo)* + fo Lix.—y,-0,d(Xs — Yy) + M,

where M; is a continuous nondecreasing process that increases only when X, —
YS = 0. Since Xt \ Yt = Yt + (Xt — Y[)+, then

t t
X,vY,:Xono+/ a(stYs)dWs+f b(X;VvYy)ds+ A,
0 0
where
t
At:A 1{XS—Ys>O}d(LSX —L;/)-{-Lty—i-M,.

When X > Y, then dA; = de + dM;. This is 0 because X, # Yy, so that
dM; =0, and X; > Y; >0, so that dLX = 0. When X < Y, dA; =dL} +dMj,
which is O for the same reasons. When X; =Y, =0, then dA, = de +dM; > 0.
Finally, when X; = Y; > 0, then dA; = dM,. However, the argument of
Le Gall [8] shows that the local time at 0 of (X; — ¥;)T is O when X, and Y,
are both in an interval for which either condition (a) or (b) holds. By our assump-
tions on a, this will be true when X; and Y; are both in any closed interval not
containing 0. Therefore A, is nondecreasing and increases only when X; = Y; = 0.

If we let Z; = X; V Y;, we then see that Z; is again a weak solution to (1.4)
driven by the Brownian motion W that spends zero time at 0. By the weak unique-
ness for solutions of (1.4) that spend zero time at 0, the law of Z; is the same as
that of X; and Y;. But Z, > X, for all . We conclude that Z; = X, for all ¢, and the
same is true with X replaced by Y. Therefore X; = Y; for every ¢ > 0. This proves
the strong uniqueness for solutions of (1.4) that spend zero time at 0. The exis-
tence of a strong solution for SDE (1.4) that spends zero time at O follows from the
strong uniqueness and weak existence for solutions of (1.4) that spend zero time
at 0 in the same way as in [12], or as in the proof for [11], Theorem IX.1.7(ii).
Pathwise uniqueness then follows in the same way as in the last paragraph of the
proof of Theorem 1.2. [

PROOF OF COROLLARY 1.4. Suppose that functions a and b satisfy the
assumptions of the corollary. Let (X, W) and ()? , W) be two weak solutions
to (1.8)—(1.9) with a common Brownian motion W (relative to possibly different
filtrations) on a common probability space and Xo = Xo. As a is an odd function
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and X satisfies (1.9), by Tanaka’s formula,
(5.2) d|X:|=a(|X:)dW; +b(IX;])dt + Ly,

where L, is the symmetric local time of X which increases only when X; = 0. Sim-
ilarly, | X| saNtisﬁes equation (5.2) with | X| in place of | X|. Applying Theorem 1.3
to |X| and | X|, we have

P(|X,| = |X,| forall > 0) = 1. O

REMARK 5.1. (1) One reason the proof of Theorem 1.3 is considerably easier
than that of Theorem 1.2 is that any two candidate solutions must be on the same
side of 0. We tried to apply the method of proof of Theorem 1.3 to Theorem 1.2,
but were unsuccessful.

(2) The function a(x) =2 +sin(1 /x4) is an example of a function satisfying the
hypotheses of Theorem 1.3. Because a is bounded below away from 0, it is easy to
show that any solution to the stochastic differential equation will spend zero time
at 0. If we replace |x|* in (1.2) by this @, will there be pathwise uniqueness in the
two-sided case?

Acknowledgments. We are grateful to Tokuzo Shiga for bringing his joint
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an error in a previous version of this paper.
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