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SLOW MOVEMENT OF RANDOM WALK IN RANDOM
ENVIRONMENT ON A REGULAR TREE

BY YUEYUN HU AND ZHAN SHI

Université Paris XIII and Université Paris VI

We consider a recurrent random walk in a random environment on a reg-
ular tree. Under suitable general assumptions concerning the distribution of
the environment, we show that the walk exhibits an unusually slow move-
ment: the order of magnitude of the walk in the first n steps is (10gn)3.

1. Introduction. Let T be a rooted b-ary tree, with b > 2. Let w =
(w(x,y),x,y € T) be a collection of nonnegative random variables such that
> yer@(x,y) =1 for any x € T. Given w, we define a Markov chain X :=
(X,,,n>0) on T with X9 =¢e and

Py(Xpp1 =yl Xn=x)=w(x,y).

The process X is called a random walk in a random environment (or simply
RWRE) on T. (By informally taking b = 1, X would become a usual RWRE on
the half-line Z...)

We refer to page 106 of [19] for a list of motivations for studying tree-valued
RWRE:s. For information on a close connection between tree-valued RWREs and
Mandelbrot’s multiplicative cascades, see [16].

We use P to denote the law of w and the semiproduct measure P(-) :=
| Py(-)P(dw) to denote the averaged over the environment.

Some basic notation for the tree is in order. Let e denote the root of T. For any
vertex x € T \ {e}, let % denote the parent of x. As such, each vertex x € T \ {e}

has one parent % and b children, whereas the root e has b children, but no parent.
For any x € T, we use |x| to denote the distance between x and the root e: thus,

le|=0and |x|=|x|+1.

We define
(x,x)
w(x,x
(1.1) A(x) :=?, xeT,|x| =2,
w(x, x

=
where x denotes the parent of .
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Following Lyons and Pemantle [14], we assume throughout the paper that
(w(x, ®))xeT\{¢} 1s a family of i.i.d. nondegenerate random vectors and that
(A(x),x € T, |x| = 2) are identically distributed. We also assume the existence
of &9 > 0 such that w(x, y) > g if either x = 37 ory= (;, and w(x, y) = 0 other-
wise; in words, (X,,) is a nearest-neighbor walk satisfying an ellipticity condition.

Let A denote a generic random variable having the common distribution of A(x)
(for |x| > 2) defined in (1.1). Let

1.2 ‘= inf E(A").
(1.2) P 161[1(1)71] (A")

An important criterion of Lyons and Pemantle [14] says that with P-probability
one, the walk (X,,) is recurrent or transient, according to whether p < % or p > %.
It is, moreover, positive recurrent if p < %. Later, Menshikov and Petritis [16]
proved that the walk is null recurrent if p = %.

Throughout the paper, we write

X} = max |Xg/, n>0.
0<k<n

1 X,

In the positive recurrent case p < 7, 15 o converges P-almost surely to a con-

stant ¢ € (0, o0) whose value is known; see [9].
The null recurrent case p = % is more interesting. It turns out that the behavior
of the walk depends also on the sign of ¥'(1), where

(1.3) V() :=logE(A"),  1>0.
In [9], we proved that if p = % and ¥/(1) <0, then

. logX: 1
(1.4) lim =]-— P-a.s.,
n—oo logn min{x, 2}

where « :=inf{t > 1: E(A") = %} € (1, 0o], with inf @ := oc.

The delicate case p = % and /(1) > 0 was left open and is studied in the
present paper. See Figure 1.

We will see in Remark 2.3 that the case /(1) > 0 reduces to the case ¥'(1) =0
via a simple transformation of the distribution of the random environment. As
pointed out by Biggins and Kyprianou [3] in the study of Mandelbrot’s multiplica-
tive cascades, the case /(1) = 0 is likely to be “both subtle and important.”

The following theorem reveals an unusually slow regime for the walk.

THEOREM 1.1. Ifp = % and ' (1) > 0, then there exist constants 0 < ¢ <
¢y < 00 such that

* *

(1.5) c1 < I}ZII_1>IOI<1)f (Togn)? < h,{iso%p (ogn)? <, P-a.s.
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FIG. 1. Case ¥/ (1) =0 and case ¥'(1) > 0 with 0 defined as in (2.5).

REMARK 1.2. (i) Theorem 1.1 is somewhat reminiscent of Sinai’s result
[21] on slow movement of recurrent one-dimensional RWRE, whereas (1.4) is
a (weaker) analogue of the Kesten—Kozlov—Spitzer characterization [10] of subd-
iffusive behaviors of transient one-dimensional RWREs.

(i1) Itis interesting to note that tree-valued RWREs possess both regimes (slow
movement and subdiffusivity) in the recurrent case.

(iii)) We mention an important difference between Theorem 1.1 and Sinai’s re-
sult. If (Y,,,n > 0) is a recurrent one-dimensional RWRE, then Sinai’s theorem
says that (lolg/”n j converges in distribution (under PP) to a nondegenerate limit law,
whereas it is known (see [8]) that

k *
limsup —"*— = oo, liminf —*— =0,
n—oo (logn)? n—oo (logn)?

P-a.s.,

where Y} 1= maxo<k<n | Yk|.

*

(iv) Itis not clear to us whether (10);—’;!)3 converges P-almost surely.

(v) We believe that (llfg(’; |)3 would converge in distribution under P.

In Section 2, we describe the method used to prove Theorem 1.1. In particular,
we introduce an associated branching random walk and prove an almost sure re-
sult for this branching random walk (Theorem 2.2) which may be of independent
interest. (The two theorems are related via Proposition 2.4.)

The organization of the proof of the theorems is described at the end of Sec-
tion 2. Theorem 1.1 is proved in Section 6.

Throughout the paper, ¢ (possibly with a subscript) denotes a finite and positive
constant; we write c(w) instead of ¢ when the value of ¢ depends on the environ-
ment .
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2. An associated branching random walk. For any m > 0, let
T, :={xeT:|x|=m},
which stands for the mth generation of the tree. For any n > 0, let
T, :=inf{i > 1:X; € T,} =inf{i > 1:|X;| =n},

the first hitting time of the walk at level n (whereas 1y is the first return time to the
root). We write

on = Po{ty < 10}.

In words, o, denotes the (quenched) probability that the RWRE makes an excur-
sion of height at least n.

An important step in the proof of Theorem 1.1 is the following estimate for g,
in the case /(1) = 0.

THEOREM 2.1. Assume that p =  and y'(1) = 0.

(i) There exist constants 0 < c3 < cq4 < 00 such that P-almost surely for all
large n,
1/3 1/3
@2.1) e < o < e
(ii) There exist constants 0 < c5 < ce < 00 such that for all large n,

(2.2) e <E(gy) <e "

It turns out that g, is closely related to a branching random walk. But let us first
extend the definition of A(x) to all x € T \ {e}.

For any x € T, let {x;}1<i<p denote the set of the children of x. In addition
to the random variables A(x) (|x| > 2) defined in (1.1), let (A(e;),1 <i <b)
be a random vector independent of (w(x,y),|x| > 1,y € T) and distributed as
(A(xj),1 <i <b) for any x € T, with m > 1. As such, A(x) is well defined for
all x € T \ {e}. [The values of w at a finite number of vertices are of no particular
interest. Our choice of (A(e;), 1 <i < b) allows us to make unified statements
concerning A(x), V(x), etc., without having to distinguish whether |x| =1 or
x| =2.]

For any x € T \ {e}, the set of vertices on the shortest path relating e and x is
denoted by [e, x]; we also set Je, x] to be [e, x] \ {e}.

We now define the process V = (V(x),x € T) by V(e) :=0 and

Vx):=— ) logA(z), xeT)\ {e}.
z€]e,x]

It is clear that V only depends on the environment w. In the literature, V is often
referred to as a branching random walk; see, for example, [2].
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We first state the main result of the section. Let

(2.3) V(x):= max V(z),

z€]e.x]

which stands for the maximum of V over the path |e, x].

THEOREM 2.2. Ifp= % and ' (1) > 0, then there exist constants 0 < ¢7 <
cg < 00 such that

1
min V(x) < hm sup min V (x) < cg, P-a.s.

2.4 <l f—>
24) c7 1m1n 173 min min

REMARK 2.3. (i) We cannot replace minycr, V(x) by minyeT, V (x) in The-
orem 2.2; in fact, it is proved by McDiarmid [15] that there exists a constant cg
such that P-almost surely for all large n, we have min,eT, V (x) < cglogn.

) If (p= % and) ¢¥'(1) < 0, it is well known [1, 7, 11] that %minxeqyn V(x)
converges P-almost surely to a (strictly) positive constant whose value is known;
thus, minyer, V(x) grows linearly in this case.

(iii) Only the case /(1) = 0 needs to be proven. Indeed, if (p = 7 and)
Y’ (1) > 0, then there exists a unique 0 < 6 < 1 such that

1
(2.5) v'(0) =0, EA%) = b

We define A := A?, p:= infte[oyl]E(th) and ¥ (1) := logE(A"), t > 0. Clearly,
we have

F— 1 '(1H)=0
P—b, =V

Let \7(x) = ZZG]]E A log A(z) Then V(x) = (x) which leads us to the case
¥'(1) =0.

The following result contains the promised relation between g, and V for re-
current RWRE on T.

PROPOSITION 2.4. If (X,,) is recurrent, then there exists a constant c1g > 0
such that for any n > 1,

(2.6) on > o exp(— min V(x)).
n

x€eT,

PROOF. Forany x € T, let

2.7 T(x):=inf{i >0: X; = x},



SLOW MOVEMENT OF RWRE 1983

which is the first hitting time of the walk at vertex x. By definition, 7, =
min,eT, T (x) for n > 1. Therefore,

(2.8) on = max P,{T (x) < 10}.
xeT,

We now compute the (quenched) probability P,{T (x) < to}. We fix x € T,, and
define a random sequence (o) j>0 by o := 0 and

oj :=inf{k>aj_1:Xke[[e,x]]\{X(,j_l}}, j>1.
(Of course, the sequence depends on x.) Let
(2.9 Zi = Xg;, k>0.

In words, Z = (Zi, k > 0) is the restriction of X to the path [e, x]; that is,
it is almost the original walk, except that we remove excursions away from
[e, x]. Clearly, Z is a one-dimensional RWRE with (writing [e,x] = {e =:
x@ M x = )

. . A(x(i-i—l))
Po{Ziy1 =x" 0|2k =20} = L+ AGED)’

. . 1
_ =1 — )
forall 1 <i <n — 1. We observe that
P{T (x) < 19} = w(e, xV) P,{Z hits x before hitting e|Zg = x}

QY]
oV

ZZE]](!,XH ev(z) ’

the second identity following from a general formula ([22], formula (2.1.4)) for the
exit problem for one-dimensional RWREs. By the ellipticity condition, there exists
a constant ¢y > 0 such that w (e, x(l))ev(" ) > c11. Substituting this estimate into
(2.8) yields

€11
Op > max

~ xeT, Zye]]e,x]] eV’

completing the proof of Proposition 2.4. [J

The proof of the theorems is organized as follows.

e Section 3: Theorem 2.2, upper bound.

e Section 4: Theorem 2.1 (by means of the upper bound in Theorem 2.2; this is
the technical part of the paper).

e Section 5: Theorem 2.2, lower bound (by means of the upper bound in Theo-
rem 2.1).

e Section 6: Theorem 1.1.
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3. Proof of Theorem 2.2: upper bound. Throughout this section, we assume
that p = 3 and ¥'(1) = 0.
Let

(3.1 Bx):= [[ A, x €T\ {e}.

ve]e,x]

We start by recalling a change-of-probability formula from [2]; see also [6] and [4].

FAcT 3.1 ([2]). For any n > 1 and any positive measurable function G,

(3.2) > E[B(x)G(B(2),z €le. x])] =E[G(e%, 1 <i <n)],

xeT,

where S, is the sum of # i.i.d. centered random variables whose common distrib-
ution is determined by

E[g(S1)]=bE[Ag(log A)]

for any positive measurable function g.

The fact that S; is centered is a consequence of the assumption ¥'(1) = 0.
We note that in (3.2), the value of E[B(x)G(B(2), z € Je, x])] is the same for all
xeT,.

We now have all of the ingredients needed for the proof of the upper bound in
Theorem 2.2.

Proof of Theorem 2.2: upper bound. By Remark 2.3, only the case /(1) =0
needs to be treated. We assume in the rest of the section that (p = % and)
¥’ (1) = 0. The proof borrows some ideas of Bramson [5] concerning branching

Brownian motions. Let

E, = {x €Ty rrﬁax |V (2)] §m1/3}.

z€]e,x]
We first estimate E[#E,,]:

EH#E,]= ). P{ max_|V (2)| 5m1/3}.

x€Tyy z€fe.r]

By assumption, for any given x € T,,, (V(2), z €Je, x]) is the set of the first m
partial sums of i.i.d. random variables whose common distribution is A. By (3.2),
this leads to:

EHEn] =E(e™>" Liux, .. 15:1<m1/3)) zP{ max |S;| <m'/.S,, 50}.

1<i<m
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The probability on the right-hand side is a “small deviation™ probability with an
unimportant condition on the terminal value. By a general result of Mogul’skii [17],
we have, for all sufficiently large m (say m > my),

E[#E,,] > exp(—ciom'/3).

We now estimate the second moment of #E,,. For any pair of vertices x and y,
we write x < y if x is an ancestor of y, and x <y if x is either y itself or an
ancestor of y. Then

E[(#E;)?] — E[#E ]
= Y PucE,veE,)

u,veT,, , u#v

:iz > > > > Pu€E, veEy,).

J=02z€T; x€T :z<x yeTj 1 \{x}:z<yueTp:x<u veTy:y<v

In words, z is the youngest common ancestor of # and v, while x and y are distinct
children of z at generation j + 1. If j =m — 1, we have x = u and y = v, otherwise
X is an ancestor of # and y of v.

Fix z € T and let x and y be a pair of distinct children of z. Let u € T, and
v € T, be such that x <u and y < v. Then

PluceE,,ve E,}
2
SP{ max |V (r)] §m1/3} x <P{ max |V(r) = V(2)| < 2m1/3}> .
refe.z] refz,x
We have, by (3.2),
P{ max |V (r)| < m1/3} = b‘fE[e_Sfl{max1<,-<j 15;1<m1/3)] < piem”,

rele,z]
and, similarly, P{max,]. ,] |V (r) = V(2)| < 2m"/3) <b=m=D¢2'” Therefore,

E[(#E)*] — E[#E,,]

Ty x Y x oy s

J=02z€T; x€Tj1:z<x yeT ;1 \{x}:z<y u€Tp:x<uveTy:y<v

Z Zb(b—l)b’" J=lpm—=j—lgj=2m 5ml/3
j=0z€T;

b
b

5m1/3
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Recall that E[#E,,] > exp(—012m1/3) for m > mg. Therefore, for m > my,
E[(#En)®] _b—1
(EHE )2~ b
By the Cauchy—Schwarz inequality, for m > my,
0} > {EHEW _
- E[(#Em)z]

(5—|—2012)m1/3 +eclzm1/3 <ecl3m1/3

me

—ciam!/3

P{E,, # @} =P{#E,
A fortiori, for m > my,
P(ax € Ty, V(x) <m'Py = eme3m”,
which implies that

/3

).

P{ mj[rn V(x) > m1/3} <1- g—crm'’? <exp(—e ‘B
xely

Let n > m. By the ellipticity condition stated in the introduction, there exists a
constant ¢4 > 0 such that Max cje, y] V(z) < cra(n —m) for any y € T,,_,,. Ac-
cordingly, for m > my,

P{min V(x) > m'/? 4+ cia(n — m)}

xeT,

SP{ min  min  max [V(r) V(y)]>m1/3}

veT—m x€Ty:y<x rey.x]

n—m

= (P{ mqirn V(s) > m1/3})

1/3
<exp(=b""MeTC13M / ).

We now choose m = m(n) :=n — |_c15n1/3j, where the constant c;s is suffi-

ciently large such that ), exp(—b”_me_cl3ml/3) < 00. Then, by the Borel-Cantelli
lemma,

limsup ——=

3 min V(x) <1+ cy4cys, P-as.,
n—oo N 1/ xe€T,

yielding the desired upper bound in Theorem 2.2.

4. Proof of Theorem 2.1. Throughout this section, we assume that p = % and

¥/ (1) = 0.

Proof of Theorem 2.1: lower bound. The estimate o, > e—can'’? (P-almost
surely for all large n) follows immediately from the upper bound in Theorem 2.2
(proved in Section 3) by means of Proposition 2.4, with any constant ¢4 > cg. By

.. 1/3
Fatou’s lemma, we have liminf,_, 5 €“4" ! E(on) > 1.
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We now introduce the important “additive martingale” M,,; in particular, the
lower tail behavior of M,, is studied in Lemma 4.1, by means of another martingale
called the “multiplicative martingale.” The upper bound in Theorem 2.1 will then
be proved, based on the asymptotics of M,, and on the lower bound which was just
proven.

Let B(x) := ]_[ye]]e’x]] A(y) (forx e T\ {e}), asin (3.1), and let

4.1) M, =) B(x), n>1.

xeT,

When E(A) = % [which is the case if p = % and v/ (1) = 0], the process (M,,, n >
1) is a martingale, and is referred to as an associated additive martingale.

It is more convenient to study the behavior of M, by means of another martin-
gale. It is known (see [12]) that under the assumptions p = 11—7 and ¥’ (1) =0, there
is a unique nontrivial function ¢* : Ry — (0, 1] such that

b
(4.2) w*(t)=E{]_[¢*(tA(€i))}, 1=0.

i=l

(By nontrivial, we mean that ¢* is not identically 1.) Let

My =[] ¢*(B(x)), n>1.

xeT,

The process (M, n > 1) is also a martingale [12]. Following Neveu [18], we call
M an associated multiplicative martingale.

Since the martingale M, takes values in (0, 1], it converges almost surely (when
n — 00) to, say, M, and E(M%)) = 1. It is proved by Liu [12] that E{(M )"} =
@*(¢) for any ¢ > 0.

Recall that for some 0 <« < 1,

1 1
4.3) 10g<(p*(t)> ~ tlog(;), t— 0,
(4.4) log( ! ) > c168”, s> 1;
@*(s)

see [12], Theorem 2.5, for (4.3), and [13], Theorem 2.5, for (4.4).

LEMMA 4.1. Assume that p = % and Y’ (1) = 0. For any x > 1/2, there exists
& > 0 such that for all sufficiently large n,

(4.5) P{M, <n X} <exp(—n%).
PROOF. Let K > 0 be such that P{M} > e K} > 0. Then ¢*(t) =

E{(M%)"} > P(M}, > e K}e= X! for all + > 0. Thus, there exists ¢j7 > 0 such
that for all £ > 1, ¢*(t) > e~ 17,
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Let ¢ > 0. By (4.3) and (4.4), there exists a constant cg such that

1 1
log(—> => log(—) <c18(Jin+ Jon + J3),
M;; ¢*(B(x))

xeT,

where

1
UNESDY B(x)(log BGx )>1{B<x><exp< n(/250))s

x€T,

J2n = Z B(x)(log B )1{6)(]:)( n(1/2)+5)<B(x)<1}
x€T, ( )

J3 = Z B(x)1{Bx)>1)-
x€eT,

Clearly, J5, < erTn B(x) = M,, whereas Jy, < (n/D+e 4+ 1)M,,. Hence,
Jon+ T3 < (DT L) M, < 2nV/DHE M, (for n > 4). Accordingly, for n > 4,

1 1
4.6 n/2rep > L ( ) — —Jin.
(4.6) ~ 2c13 o8 M 2 b

We now estimate the tail probability of M. Let A > 1 and z > 0. By Cheby-
shev’s inequality,

1
P{log( ) < z} < ME((M).
Mn
Since M} is a bounded martingale, E{(M,f)k} < E{(M:O)A} = @*(A). Therefore,
P{log( ! ) <z} <Mp*(A).
Mn
Choosing 7 :=4ci1gn~¢ and A := n?, it follows from (4.4) that
1
P{lOg( > <4ci1gn~ 8} < exp(4c18 — cl6nw).
M}’l

Substituting this into (4.6) yields that for n > 4,
(4.7) P{nV2%e M, + 171, <207} <exp(ders — c1n™).
We note that J; , > 0. By (3.2),
E(J1,) = E{(=S) 15, c 0246}

Recall that S, is the sum of » 1.i.d. bounded centered random variables. It follows
that for all sufficiently large n,

E(J1.,) <exp(—cion®).
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By (4.7) and Chebyshev’s inequality,

1
P{n(l/2)+£Mn < n—&} < P{n(l/Z)-H:‘Mn 4 Ejl,n < 271_8} +P{J1,n > 2n—8}

&

<exp(4cig — c16n®®) + % exp(—cion’®),

from which (4.5) follows. [J

We have now all of the ingredients needed for the proof of the upper bound in
Theorem 2.1.

Proof of Theorem 2.1: upper bound. We only need to prove the upper bound
in (2.2), namely, that there exists c5 such that for all large #,

W1/3

(4.8) E(on) <e "7

If (4.8) holds, then the upper bound in (2.1) follows by an application of Cheby-
shev’s inequality and the Borel-Cantelli lemma.
It remains to prove (4.8). For any x € T \ {e}, we define

Bn(x) := P,{starting from x, the RWRE hits T, before hitting ;},
where, as before, % is the parent of x. In the notation of (2.7),
Bu(x) = Pu{Ty < T(x)|Xo =x),

where T,, :=minycT, T (x). Clearly, B,(x) =1if x € T,,.
Recall that for any x € T, {x;}1<;<p is the set of children of x. By the Markov
property, if 1 <|x| <n — 1, then

b

Bu(x) =D w(x,x;) Po{Ty < T(X)|Xo = xi}.
i=1

Consider the event {7, < T((;)} when the walk starts from x;. There are two pos-
sible situations: either (i) 7, < T (x) [which happens with probability S, (x;), by
definition] or (ii) 7, > T(x) and after hitting x for the first time, the walk hits
T, before hitting . By the strong Markov property, P,{T, < T((;)|X0 =Xxi} =
Bn(xi) +[1 — B (xi)1Bn (x). Therefore,

b b
Bu(x) = w(x, x)Bu(xi) + Bu(X) Y w(x, x)[1 — Bu(xi)]

i=1

i=1

b - b

Y w0, x)Bu(xi) + B[ — w(x, X)] = Bu(x) Y o (x, x;) Bu(xi),
i=1

i=1
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from which it follows that

b A Ba ()
14+ 30 A Ba(xi)

Together with condition B,(x) = 1 (for x € T,), these equations determine the
value of 8, (x) for all x € T such that 1 < |x| <n.
We introduce the random variable

b, Alei)Bale;) .
14+ Y0, Aei) Baler)

The value of g, (e) for given w is of no importance, but the distribution of §,(e),
which is identical to that of 8,41(e1), plays a certain role at several points in the
proof. For example, for 1 < |x| < n, the random variables B,(x) and B,_|x|(e)
have the same distribution; in particular, E[8,(x)] = E[B,_|x|(e)]. In the rest of
this section, we make frequent use of this property without further mention. We
also make the trivial observation that for 1 < |x| < n, 8,(x) depends only on those
A(y) such that |x| + 1 < |y| <n and x is an ancestor of y.
Recall that g, = P, {1, < 10}. Therefore,

(4.9) Bn(x) =

I1<|x|<n-—1.

(4.10) Pn(e) :=

b
4.11) on =Y (e, e)pule).

i=1
In particular,
(4.12) E(on) =E[Bu(e)] =E[Bp-1()]  Vl=i=<b.

Let aj :=E(0;3,1) =E[B;3(e)], j =0, 1, 2,...., [n'/3]. Clearly, ap = 1 and
J +> aj is nonincreasing for 0 < j < |n'/3]. We look for an upper bound for
IVERE

Let m > A > 1 be integers. Let 1 <i < b and let (¢;;, 1 < j < b) be the set of
children of ¢;. By (4.9), we have

b
Bm(ei) < Aleij)Bm(eij).

j=1
Iterating the same argument, we arrive at
B(y)
Bm(ei) < Z ( 1_[ A(Z)>ﬂm(y)= Z A—ﬂm(y)
yeTa:y<e; \2:€<Z,Z5y yeTa:y<e; (e:)

By (4.10), this yields

Y Y yeTaiy<e BOBn()  Tyery BOIBn()

n(e) < = :
P S S S B0 () 1+ Xyems B0 ()
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Fixnand 0 < j < [n'/3] — 1. Let
A=AG) =G+ —j3=324+3j+1.
Then

2 yeTs BOIB+13 (V) )
L+ ery BOB413 (/)

We note that (B;1.1y3(y), y € Ta) is a collection of i.i.d. random variables distrib-
uted as B3 (e) and independent of (B(y),y € Ta).

Let (§(x),x € T) be i.i.d. random variables distributed as j js(e), independent
of all other random variables and processes. Let

Npu:= ) Bx)&(), m>1.

x€T,

aj+1= E[,B(j+1)3 ()] < E(

The last inequality can be written as

Na
(4.13) aji1 SE(1+NA)-
By definition,
Na '\ B(x)§(x)\ _ —YNa
.14) E<1 +NA) _XQZTAE(iHNA >_XGZTAE{B<x>s(x>e )

where Y is an exponential random variable of parameter 1, independent of every-
thing else.

Let us fix x € T, and estimate E{B(x)& (x)e Y~} Since N, =Y, 1, B(x)§(x)
(for any m > 1), we have

Na > B(X)A()E()

for any y € Ta \ {x} such that ()7 = X. Note that by the ellipticity condition,
A(y) = ¢ > 0 for some constant c. Accordingly,

E(B(0)E(0)e™" Vo) < E{B(n)E(r)e Y BOE)

= E{é(X)}E{B(x)e_cyg(;)é(y) L.

Recall that E{§(x)} = E{B;3(e)} = a; and that §(y) is distributed as B;3(e), inde-

pendent of (B(x), Y, B(()?)). At this stage, it is convenient to recall the following

inequality (see [9] for an elementary proof): if E(A) = % [which is guaranteed by

the assumptions p = % and ¥'(1) = 0], then

E{exp(—t%)} <Efe™)  Vk>1,Vr>0,
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where M is defined in (4.1). As a consequence,

E(B()E(x)e "V} < a,E{B(x)e " PO,

where M j3 1s distributed as M ;3 and is independent of everything else. Since

A(x) = % is independent of B(x) (and ¥ and M j3), with E{A(x)} = 1, this
X

yields

E(BEe ") < DE(B(De PO}

Substituting this into (4.14), we see that

Na —ca;YBwW)M,
E( o) =4 ¥ E(Bwe 0Ny
1+NA META,1

= ajE{exp(—caneSA*‘]\?js)},
the last identity being a consequence of (3.2), the random variables Y, Sp—; and

MJ@ being independent. By (4.13), a; 11 < E( l'ﬁlﬁ]A ). Thus,

ajy1 < a‘,-E{exp(—ca‘,-YeSA*1 M;j3)}.
As a consequence,

'] -1
apn <[] Elexp(—ca;Ye®s—' M j3)).
j=0

We claim that for any collection of nonnegative random variables (7;,
0<j=<n)and A >0,

n n
[TE@ ™) <™+ [T P, <.
j=0 j=0
Indeed, without loss of generality, we can assume that the n; are independent; then
n
1_[ E(e_"j) < E(e_maX0§j5n Uj)
j=0

Se_)‘—I—P{ max 7); <k}

O0<j=n
n
=e "+ [ Pln; <4},
j=0

as claimed.
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We have thus proved that
[n'3]-1 »
agipsp<e "+ I1 P{caneSA*IMjs <n}.
j=0
Recall that a; = E(o Bt 1). By the lower bound in Theorem 2.1 which we have
proved, we have a; > exp(—c¢j) for j > jo. Hence, for jo < j < Ln1/3j -1,

P{caneSA—IMﬂ >n}
~ 1 j3n
> P{Y > l}P{sz > ._3}P{SA—1 > c6J +log<—)}-
J C

Of course, P{Y > 1} = ¢! and by (4.5), P{]\zla > j%} = P{MJ-3 > j%} > % for
all large j. On the other hand, since A — 1 > 3j2, we have P{Sa_1 > ce¢j +

log(%)} > ¢y > 0 for large n and all j > logn. We have thus proved that for
large n and some constant cz1 € (0, 1),

ln!/3]—1
agipp<e "+ l_[ (1 = c21) <exp(—cann'’?).
j=[logn]

Since a,1/3; =E(0,1/3341) = E(0n+1), this yields (4.8) and thus the upper bound
in Theorem 2.1.

5. Proof of Theorem 2.2: lower bound. Without loss of generality (see Re-
mark 2.3), we can assume that ¥'(1) = 0. In this case, the lower bound in The-
orem 2.2 follows from the upper bound in Theorem 2.1 (proven in the previous
section) by means of Proposition 2.4, with ¢7 := c3.

6. Proof of Theorem 1.1. For the sake of clarity, Theorem 1.1 is proved in
two distinct parts.

6.1. Upper bound. We first assume that v/'(1) = 0. By Theorem 2.1, P, {1, <
70} = on < exp(—c3n'/3) P-almost surely for all large n. Hence, by writing
L(ty) :=#{1 <i <1,:X; = e}, we obtain that P-almost surely for all large n
and any j > 1,

PolL(t) 2 j} = [Polta > 0}l 2 [1 — ™"},
which, by the Borel-Cantelli lemma, implies that for any constant c»3 < ¢3 and
P-almost surely all sufficiently large n,

L(zy) = e,
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Since {L(t,) = j} C {X;‘ i< n}, we obtain the desired upper bound in Theorem 1.1
[case ¥’ (1) = 0], with ¢3 := 1/(c3)>.

To treat the case ¥/ (1) > 0, we first consider an RWRE (Y%, k > 0) on the half-
line Z4+ with a reflecting barrier at the origin. We write Ty (y) :=inf{k > 0: Y} =
y} for y € Z \ {0}. Then

m m m

Po{Ty(y) <m} =Y P {Ty(») =i} <) Pu{Yi=y}=) o' (0,y),
i=1 i=1 i=1

where, by an abuse of notation, we use w (-, -) to also denote the transition matrix

of (Yy). Since (Y}) is reversible, we have o' (0, y) = Z%)a) (v, 0), where i is an

invariant measure. Accordingly,

~7(y) m(y)
Pp{Ty(y) <=m}< ) ——o'(y,0)<m
¢ ; 7 (0) m(0)
As a consequence, for any n > 1,
P ATy(n) <m} < mm P {Ty(y) <m} <m min @
1<y< 1<y<n 7'[(0)
It is easy to compute 77 : we can take 7 (0) =1 and
y
w(z,z—1)
m(y):=) log—, e 0}.
) 2 v EIPAL AT
Therefore, forn > 1,
6.1) Po{Ty(n) <m}<m min A(y)=me " @,
yeE]e,x

where V (x) is defined in (2.3).

We now return to the study of X, the RWRE on T. Fix x € T,,. Let Z = (Zy, k >
0) be the restriction of X to the path [e, x|, as in (2.9). Let Tz(x) := inf{k > 0:
Zi = x}. By (6.1), we have P,{T7(x) <m} <me™"® It follows from the trivial
inequality 7' (x) > Tz(x) that

Polta<m)< 3 Po{T@) <m)< 3. Pu{Tz(x)<mj<m Y eV,
xeT, xe€T, xeT,
Since /(1) > 0, we can consider 0 < 6 < 1, as in (2.5). Then
Z eV < exp( (1-06) m1n V(x)) Z e V),
xeT, xeT,

Since E(A?) = 1, it is easily seen that > xeT, e~V s a positive martingale.
In particular, sup, > > eT, e~V < 00 P-almost surely. On the other hand, ac-
cording to Theorem 2.2, we have minycr, V(x) > ¢7n'/3 P-almost surely for all
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large n. Therefore, for any constant co4 < (1 — 6)c7, we have

1/3
Z P,{t, <e?" "} < o0, P-as.,
n

from which the upper bound in Theorem 1.1 [case /(1) > 0] follows readily, with
cr:=1/[(1 —6)c7].

6.2. Lower bound. By means of the Markov property, one can easily obtain a
recurrence relation for E,,(t,), from which it follows that forn > 1,

62) Eo(m) = 19,

n

where o, and y;, (e) are defined as follows: g8,(x) =1 and y,,(x) =0 (for x € T,),
and

b A Ba (i)
1+ 30 A Bu(xi)

[1/@(x, X)]+ X0 A yn(xi)
14+ Y0 A Ba(xi)

Bn(x) =

Yn(x) = l<|x|=n,

and o, := Zf’zl w(e,e)Bulei), vn(e) := Zf-’zl w(e, e;)yn(e;), see [20] for more
details. As a matter of fact, 8,(x) (for 1 < |x| < n) is the same as the one intro-
duced in (4.9) and g, can also be expressed as Py{t, < 10}.

We claim that

(6.3) sup va(©) < 00, P-as.

n>1 N

By admitting (6.3) for the moment, we are able to prove the lower bound in
Theorem 1.1. Indeed, in view of (the lower bound in) Theorem 2.1 and (6.2), we
have E,(t,) < co5(w)n exp(cwl/ 3) P-almost surely for all large n. It follows from
Chebyshev’s inequality and the Borel-Cantelli lemma that P-almost surely for all
sufficiently large n, t, < 25 (w)n> exp(C4n1/ 3), which yields

k
liminf X > L, P-a.s.
n—oo (logn)3 ~ (c4)3

This is the desired lower bound in Theorem 1.1.

It remains to prove (6.3). By the ellipticity condition, % < ¢26, SO
w(x,x

b
Yn(xX) < c26+ > A Yn (X))

i=l
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Iterating the inequality, we obtain

Vn(3)<026<1+z > 11 A(y))—626(1+ZM>, n>2,

=1x€T; yele;,x]

M ; having already been introduced in (4.1).
There exists 0 < 6 < 1 such that E(4%) = 3 mdeed if p= and Y1) =

then

we simply take 6§ = 1, whereas if p = ; and ¥'(1) > 0 then we take

0 <6 <1,asin (2.5). We have

Mi<y [l A’

x€Tj yele;,x]

Since j erTj [Tyegei ] A(y)? is a positive martingale, we have supj~ Mj <
oo P-almost surely. This yields (6.3) and thus completes the proof of the lower
bound in Theorem 1.1.
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