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HOW LARGE A DISC IS COVERED BY
A RANDOM WALK IN n STEPS?

BY AMIR DEMBO,! YUVAL PERES? AND JAY ROSEN?

Stanford University, University of California at Berkeley
and College of Staten Island, CUNY

We show that the largest disc covered by a simple random walk (SRW)
on Z2 after n steps has radius n!/ 4to() | thus resolving an open problem
of Révész [Random Walk in Random and Non-Random Environments (1990)
World Scientific, Teaneck, NJ]. For any fixed ¢, the largest disc completely
covered at least ¢ times by the SRW also has radius nl/4+o() However,
the largest disc completely covered by each of ¢ independent simple random
walks on Z2 after n steps is only of radius nl/QF2VO+o() e complement
this by showing that the radius of the largest disc completely covered at least
a fixed fraction o of the maximum number of visits to any site during the
first n steps of the SRW on 72, is n(=v@)/4+0(1) We also show that almost
surely, for infinitely many values of # it takes about nl/2+o() steps after step
n for the SRW to reach the first previously unvisited site (and the exponent
1/2 is sharp). This resolves a problem raised by Révész [Ann. Probab. 21
(1993) 318-328].

1. Introduction. Consider the simple random walk (SRW) on Vi starting at
the origin and run for n steps. Let R,, denote the radius of the largest disc centered
at the origin that is completely covered by the walk (throughout this paper, “disc”
refers to the intersection of Z? with a Euclidean disc, but all our results apply if
one takes a square instead). In [3], Theorem 1.4 we showed that for all y > 0,

2
(logR;) . y) .

(1.1) lim P(
logn

n—oo

as conjectured by Kesten and Révész.
If we ask for the largest disc covered after n steps of the SRW without specifying
the center of the disc, then the answer changes dramatically.
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THEOREM 1.1. If R(n) denotes the radius of the largest disc completely cov-
ered by a SRW on 7 after n steps, then almost surely R(n) = n'/*t°W that is,
log R 1
(1.2) lim 2R _ 1
n—oo logn 4
Alternatively, with R (r) denoting the radius of the largest disc completely covered
by a SRW on 7?2 before its first exit of D(0,r) = {x € Z2:|x| <r},
. logR(r) 1
m ———=—

1.3 1
(1.3) 00 logr 2

a.s.
The problem of finding the radius of the largest disc completely covered by a
SRW on Z? after n steps was first raised by Révész [8], page 247, who later found
upper and lower bounds for the ratio log ﬁ(n) /logn (see [9]). We thank Zhan Shi
for informing us of simulations by Arvind Singh which indicated that this ratio
tends to 1/4.
If we require that our disc be multiply covered we obtain the following.

THEOREM 1.2. If R(n; k) denotes the radius of the largest disc completely
covered at least k times by a SRW on Z? after n steps, then for any 0 < o < 1,

log R(n; a(logn)?/m) 1—Ja
m =

n—00 logn 4

(1.4)

a.s.

Consequently, for any fixed k > 1,

. logﬁ(n;k) 1
lim ———— = —

1.5
(15) n—oo  logn 4

Alternatively, with R (r; k) denoting the radius of the largest disc completely cov-
ered at least k times by a SRW in 72 before its first exit of D(0,r), we have that
forany 0 <a <1

. logR(r;4a(logr)?/m) 1—.Ja
m =

1.6 1
(1.6) Vlwo logr 2

a.s.

We note in passing that (1.4) deals with the largest disc of «-favorite sites for
the SRW on 72 by time n, whereas [2], Section 5 provides information about
the number of such sites. Further, since e7?(11) > ﬁ(n; k) > e7?(11; a(log n)? /) for
all n sufficiently large, the statement (1.5) is an immediate consequence of (1.4)
and (1.2).

We can generalize Theorem 1.1 by considering ¢ independent simple random
walks on Z2.
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THEOREM 1.3. If R(n) denotes the radius of the largest disc completely
covered by each of € independent simple random walks on 7 after n steps, then
log Re(n) 1
m =
n—00 log n 242 ﬁ

Alternatively, with R¢(r) denoting the radius of the largest disc completely covered
by each of € independent SRWs on 72, each of whom is run until it first exits
D(O,r),

1.7)

a.s.

log R 1
(1.8) fim 28R _
r—00 logr 1+\/Z

a.s.

The SRW needs about 2 steps to exit a disc of radius . Thus, considering
the random times n in which the SRW is sufficiently inside a completely covered
disc of radius roughly n!/4, with Theorem 1.1 we can also solve a related problem
raised by Révész in [9].

THEOREM 1.4. If V(n) is the number of steps after step n until the SRW on
72 first visits any of the previously unvisited sites, then

log V 1
(1.9) limsup 22V _ L ¢
n—00 logn 2

Of course liminf,—_. o V(n) = 1.
We note in passing that the situation is quite different for the SRW on Z¢ for
d > 3, where due to the transience of the process, one has that
log R (n) 1
m =
n—oo loglogn d—2

(1.10) a.s.
as shown in [5], and for d = 1, where 2ﬁ(n) is the difference between the max-
imum and the minimum of the SRW, which upon scaling by n~!'/2 converges in
law to an explicit nondegenerate limit (for finer information on the favorite sites in
one dimension, cf. [11] and the references therein).

We now explain the intuitive picture behind our results, starting with Theo-
rem 1.1. To this end, let 7(r) denote the number of steps until the SRW first exits
D(0,r). Clearly, R(r) = RN(I (r)) and (1.2) is equivalent to (1.3) since

1
(1.11) lim Ogr(r)ZZ
r—00 logr

a.s.

Similarly, (1.11) implies the equivalence between (1.4) and (1.6), as well as the
equivalence between (1.7) and (1.8).

Turning to (1.3), let rx = ¢* and for any x € Z? consider the family of Euclidean
discs centered at x, {D(x,r¢); k=0,1,...,m}. Fixing 0 < y < 1 such that ym
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is an integer, let B = 1 — y. Starting from the sphere dD(x, r,y,), the probabil-
ity of a planar Brownian motion reaching d D (x, ry,,—1) before exiting D(x, ry,)
is 1 — 1/(Bm), so that the probability of it making aB?m? excursions from
0D(x,rym) to dD(x, ry,—1) before exiting D(x, ry,) (referred to as y -excursions)
is about e %" _ Since there are about ¢2£" disjoint discs of radius r,, in D(0, 1),
ignoring the fact that they have different centers, we expect that the maximal num-
ber of such y-excursions among all discs of radius r,,, is about 28%m?. Further,
the probability of the Brownian motion not hitting the disc D(x, rg) during one
y-excursion is 1 — 1/(ym), so that the probability of not hitting it during ay 2m?
consecutive y-excursions is about e ~4Y",

Suppose for the moment that the same applies for the SRW, namely, the maxi-
mal number of y-excursions that the SRW makes is 28%m? and the probability of
it not hitting the center of a disc during ay?m? consecutive y-excursions is about
e~%™ Then, since there are about ¢>’™ points in each D(x, Fym), ignoring the
fact that they are not centered, the expected number of points not visited during
ay?*m? consecutive y-excursions is about e?~4" Hence about 2y2m? of the
y-excursions are needed for the SRW to visit all sites in a given disc D(x, ryp).
To find the maximal possible value of y for which some disc of radius 7, is cov-
ered by the SRW, equate 28°m? and 2y°m? (for f=1—y),togety =f =1/2,
as stated.

Also, by the preceding reasoning the probability of each of ¢ independent ran-
dom walks having a,Bzm2 or more y-excursions for a given disc D(x,ryy) is
e~Pm Considering all possible discs, the maximal value of the preceding para-
meter a is 2/¢. As about 2y?m? of the y-excursions are needed for each SRW
to visit all sites in such a disc, one equates (2/£)B?m? and 2y2m? to get in the
context of Theorem 1.3 that ¥ = 1/(1 4 +/¢), as stated.

To predict the result of Theorem 1.2 one uses the same reasoning, except for
replacing the probability of about exp(—aym) of the SRW not hitting the center
of a disc during ay?m?® consecutive y-excursions with the probability of about
exp(—(a — \/ﬁ/y)zym) that it makes less than (40{/71)m2 visits to the center
of the disc during ay?m? y-excursions (cf. Lemma 5.1 for the argument leading to
this tail probability). Indeed, using the latter probability we find that about 2(y +
Ja)?m? of the y-excursions are needed to assure that all lattice sites in a given
disc D(x, ryn) are a-favorites. Equating this with 28%m? yields the value of y =
(1 — /a)/2 as stated.

To prove these three theorems one needs nontrivial modifications of the clas-
sical second moment method. Fortunately, adapting the “multiscale refinement”
machinery of [2—-4] to the present context, provides the necessary ingredients for
proving these results. Indeed, in Sections 2 and 3 we prove the bounds on R(r)
for Theorem 1.1 (lower bounds and upper bounds, resp.), and in Sections 5 and 6,
extend these bounds to the setting of Theorem 1.2, whereas in Section 4 we ex-
tend both bounds to the setting of Theorem 1.3. Finally, Section 7 is devoted to the
derivation of Theorem 1.4.
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When actually proving these theorems one uses potential theory estimates for
the SRW (e.g., from [7]), in order to justify that its hitting probabilities are suffi-
ciently close to those of the planar Brownian motion. This, as well as the control
of the effect of noncentering and the control of the influence of terminal points of
each excursion (when considering the relevant second moment), require a better
separation of scales. Thus, the proof is carried along the preceding reasoning, but
for a sequence r; which grows at rate e°“1°2% for some ¢ > 0 large enough (¢ = 3
suffices here). Specifically, taking throughout ry = (k)3 allows us to best reuse
proofs from [2—4], focusing in this manuscript on those ingredients that are not al-
ready present there. For the same reason, when proving the lower bounds we also
consider ry, x = 1y /7%, S0, for example, 7, (g is Toughly of same size as r[ym)
for y =1 — B (both being about e 102,

Though we deal here exclusively with the SRW on Z2, similar results apply for
the whole class of random walks considered in [2], Theorem 5.1 upon appropri-
ately modifying the relevant proofs.

The results of this manuscript also inspired the analogous treatment of extremal
points of the discrete Gaussian free field in the box [—n, n]? subject to zero bound-
ary conditions, where, for example, the size of the largest sub-box of «-high points
of the field corresponds to (1.4) here (see [1] for details).

Throughout this paper we use o(1,,) to denote a function f () which converges
to zero as m — oo and use the notation a,, ~ b, to indicate that a,, /b,, — 1 as
m — 00.

2. The lower bound for Theorem 1.1. Let (S;, i > 0) denote the SRW on 7>
with D(x,r) ={y € VAR |y — x| < r} denoting the disc of radius r centered at x.
For any set A C 72 we let

8A={yeZZ:y¢A, and inf|y—x|=1}
xeA

denote the boundary of A in Z? and T4 =inf{i > 0:5; € A} the hitting time
of A, so in particular 7(r) = Typ(0,r). As in the Introduction, we let rp = 1 and
re = (k)3 for k > 1. Using the monotonicity of » — R(r) and the fact that
limy,— 0 logry, /logr,—1 = 1, it follows by a simple interpolation argument that
(1.3) is an immediate consequence of

2.1) lim M = l a.s.

m—00 logry, 2

We proceed to provide here the relevant lower bound

2.2) lim inf Toar > a.s.
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deferring the corresponding upper bound to Section 3. It actually suffices to prove
that for any n > 0 there exists p, > 0 such that for all sufficiently large m,

log R(8

23
23) logry, 2

Indeed, then for all m large enough,

P<10g$(rm)

—3n)<1-— 1.
log rpm+1 =2 77>_ Pn =

Further, with R([s, 1]) denoting the radius of the largest disc completely covered
by {S;:i =s,...,t}, we have that

R(rmi1) = max{R([t(k = Dry), tkra)]) :k=1,..., (m+ 13}

So, by the strong Markov property of the SRW at the successive stopping times
t(kry), k=1,2,..., (m+ 1) and the fact that D(Sz((k=1)r)» Tm) S D(0, kry,) €
D(0, r4+1), we get that

log R 1 &

log Tm+1 2
Consequently, an application of the Borel-Cantelli lemma, followed by taking
n | 0 yields the bound of (2.2).

Turning to the proof of (2.3), we next construct a subset of the event appear-
ing in (2.3), the probability of which is easier to bound below. To this end, let
Fmk =rtm/rrfork=1,...,m [so that r, 1 =1y = (m!)3 and ry, ,, = 1]. Then,
fixing a >0 we set ny = ng(a) = 3ak*logk for 3 <k <m — 1 and for any
x € Z2, let N;, * denote the number of excursions of {S;} from dD(x, r; k) to
0D (x, ry k— 1) until time Typ(x.r,)- Fixing 0 < B < 1, with some abuse of nota-
tion we let Bm denote hereafter the integer part of Sm. Let H} Bm denotes the event
that the SRW visits each point in D(x, 7, gm+1) during the first N excursions
from 9D (x, 7y, gm) t0 D (X, I'im, gm—1)-

We say that a point x € Z? is m, B-successful if

m,Bm

2.4) Hgm occurs and ng(a)—k <N, ; <ng(a)+k fork=3,...,8m.

Let A, < Z? be a maximal collection of points in [37,, 4r,,1? such that the dis-
tance between any two points in A, is at least 4ry, gy, .

The existence of an m, B-successful point in +, implies that R(8r,) >
Ym,pm+1. Noting that logry, gm+1 ~ (1 — B)logry,, we thus establish (2.3) by
showing that forall 8 =1 — y > 1/2, upon taking a = a(f) < 2 such that

(2.5) ap® > 2%,

the probability that there is at least one m, B-successful point in A, is bounded
away from zero as m — oo.
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As we will show, the fact that a < 2 guarantees that, with a probability that is
bounded away from zero as m — oo, there exists at least one x € #A,, for which
nila) —k < N,ji’k <ng(a) +k, k=3,..., Bm, and the relation (2.5) guarantees
that with very high probability H ;}‘m then holds as well.

Let Viu =3 xca,, Y (m,x), where Y (m, x) denotes the indicator random vari-
able for the event {x is m, B-successful}. Then, we have (2.3) as soon as we show

that for any § > 0 and all m sufficiently large,

(2.6) P(Vyy =75 ") 25> 0

Note that | A, | = ra,/(16r, 5,) =r},,/16 so that by (2.9) of Lemma 2.1, for some
8, —0,

_ 2—a—4
2.7) E(Vin) = |Am|Gm = 1y "

Applying the Paley—Zygmund inequality (see [6], page 8), it thus suffices to show
that E(Vn%) < C(EV,,)? for some C < oo and all m sufficiently large. Furthermore,
EV,, — oo when m — oo [see (2.7)], so it suffices to show that

(2.8) E( > Y(m,x)Y(m,y>>§C(Evm>2.
X,yEA,
XF#Yy

The next lemma is proven at the end of this section.

LEMMA 2.1. Ifa and B =1 — y satisfy (2.5) then there exists 8, — O such
that

(2.9) qm = xg;{ P(x is m, B-successful) > r,B_n(‘laJr(S"l)'
Further, for some ¢ < 00, allm and x # y € Ay,
(2.10) P( B ful) < cg> a+3k(x.y)

: X,y arem, B-successful) < cqyry \y "

where k(x,y) = min{j > 1:D(x,ry;j + 1) N D(y,rm,; + 1) = I} and
k(x,y) < Bm whenx #£y € A,,,.

We return to the proof of (2.3). In the sequel, we let C; denote finite constants
that are independent of m. The definition of k(x, y) > 1 implies that |x — y| <
2(Fm,k(x,y)—1 + 1). Note that there are at most Coré,k_l/r,%l’ﬁm = Corém/r,g_l =

C(/)l.Am |rk__2l points y € A, in the ball of radius 2(r,, x—1 + 1) centered at x. Thus,
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it follows from Lemma 2.1 that for any fixed n > 0 such that 2 — (a 4+ 275) > 0,
> E(Y(m,x)Y(m,y))

X,yEdn
1<k(x,y)<pm

=2 .a+1n
=G Z A"k (x,y)
X, YEAnR
1<k(x,y)<pm
2.11)

Bm Bm
- -2 a+ - —Q2-a-2
< G232 1Am P Y AT < C3(AmlGn)? Y g GO
k=1 k=1

0
< C3(|Amldm)? > 1 T < CuB V),
k=1

which completes the proof of (2.3).

PROOF OF LEMMA 2.1. We say that a point x € A, C Z* is m, B-pre-
successful if

nk(a)—kSN;i’kfnk(a)-i-k fork=3,..., fm.

The proof of Lemma 3.2 of [10] establishes the analog of the statements (2.9) and
(2.10) with m, B-successful replaced by m, B-presuccessful, 8 = 1 and where in-
stead of r,, x we have m3 =% ¢™ This proof works just as well for our choice of 8
and ry, . Since an m, B-successful point is also m, B-presuccessful this establishes
the upper bound of (2.10). It thus remains only to show that uniformly in x € A,

(2.12)  P(x is m, B-successful) > (1 4 o(1,,))P(x is m, B-presuccessful).

To this end, let £, ,, g denote the event that z is not visited during the first
ngm(a) — Bm excursions from dD(x, ry, gm) t0 0D (x, 1y, gm—1). We first show
that

(2.13) En = sup P( U ccz,,nﬂ) —0  asm — oo.
xEAm ZeD(xvrm,ﬂerl)
To see this, note that for x € A,
(2.14) P( U £amﬁ):£4hiﬂm+l sup  P(Lomp).
2€D(X, 7, pmt1) Z€D(X,rm, gm+1)
and by the strong Markov property of the SRW,
)nﬂm(a)ﬂm

2.15) H&MMS< sp P(T2 > Typer )
YEID(X,rm, pm)
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Now for any 8’ > 0 and m large enough,

inf Py T < T
YEID(X,Tm, pm) ( < aD(x’rm.ﬂm—l))

> inf Py(T <Typ Z1z—xD))
_yGBD(z,rm,ﬁerlzfx\) Z (Zvrm,ﬁm—l [z—x])

_ log((rm,ﬂm—l — |z _xl)/(rm,ﬁm +lz—=x])) 4+ O((m logm)_l) > 1-4
log(rm,ﬁm—l —lz—x|) T oym

where we have used Proposition 1.6.7 of [ 7] in the latter equality. Hence, by (2.15),

1=5 ngm(a)—pm
)

(2.16) P(Lymp) < <1 — < o~ (1-28"3aBm(logm)/y

Since r,%l pmt1 = ¢2(1+8)3ymlogm taking &’ sufficiently small we get (2.13) from

(2.14), (2.16) and (2.5).

Hereafter we write N £ ny when |N —nj(a)| <k and forany x € Z?> and p < R
let §*(R; p) denote the o-algebra generated by the excursions of the SRW from
dD(x, R) to 0D(x, p), including the part of the path till first hitting 0 D(x, R).
Conditioning on N,fl’ﬁm = ¢ and on ggm =8 (rm,pm—1;Tm,pm), for each x € A,
the event Hgm holds if and only if the SRW visits each site in D(x, 7y, gm+1)
during its first £ excursions from 0D (x, ry,, gm) t0 dD(x, Iy gm—1). Since both
Tm,m+1/Ym,pm and vy gm/Tm pm—1 are of O(m=3) while m_3(logm) X
ngm(a) — 0, it follows from Lemma 2.4 of [4] that uniformly with respect to

E%nﬂm and x € A,

Q17)  P(Hg, | Gpm- Noypm =0 = (1+0(Ln)) (1 = En)Liyx -

Since {N,, 3 ni} € g,;gm for any 3 < k < Bm, we deduce by (2.17) that
P(x is m, B-successful)

— PN ~ ni Vk € [3, Bml; Hj,)
2.18)

= 3 PNL “me Yk €3, Bm— 115 Ny g = € H,)
Bm
~ngp
k
> (I+o0(1n)(1 - Em)P(N,, , ~ ni Vk € [3, Bm]).
Recall that &,, — 0 by the estimate of (2.13), hence
P(x is m, B-successful) > (1 4 o(1,,))P(N;, ; 3 ny Vk € [3, Bm]),

which amounts to (2.12). [
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3. The upper bound for Theorem 1.1. In this section we establish the upper
bound for (2.1):

log R 1
3.1) limsup e RUm) _ 1
m— 00 logrm 2

IA

a.s.

Fix 0 < y < 1. We begin by describing a two-tiered collection of discs
in D(0, ry,). Let B, 2 be a maximal collection of points in D(0, r,—1) such
that the discs {D(x;,7ym+2); xi € B2} are disjoint and do not intersect
D(0, rymy2) (hereafter we use ym also for the integer part of ym). For each
X € By, let By, 1(x) be a maximal collection of points such that the discs
{D(i,rym); yi € Bm,1(x)} are disjoint and contained in D(x,r,n,42). Let
B, = UxeéBm_z B, 1(x).

For any y € 8,1, we let N, denote the number of excursions from dD(y,
rym—1) t0 dD(y, ryp) until time 7 (r,,). Recall the notation ny(a) = 3ak? log k for
a >0, k> 3, and taking 8 =1 — y, consider the events

(3.2) Tm@ = [ Ny <ngm@}
YEBim,1

about which the following lemma is proved at the end of the section.

LEMMA 3.1. Forany a > 2 we can find ¢ = ¢(a, y) > 0 such that for all m
sufficiently large,

(3.3) P(T,(a)) > 1 — ¢ smlogm,

For any D(x,r) C 72, let C(x, r) denote the number of steps it takes the SRW
to cover D(x, r). Note that if the SRW covers a disc of radius ry,,43 with center
in D(0, r,—1), then it must also cover D(x, ry;,+2) for some x € By, 2. Therefore,
one can easily check that the upper bound (3.1) follows once we show that for any
12<y<l1

o0
(3.4 > P( U et rymen) < f(rm)}> < 00.
m=>5 XEBy 2
Further, by Lemma 3.1 it suffices to show that for some a > 2,
o
(3.5) > P( U {CG ryms2) <TGm)} | rm(a>) < o0.
m=5 XEBy 2
We have

P( U (€t rymi2) <tm)} | Fm(a>)
XESBml

(3.6)
< Y P(CH&,rymt2) <T(rm) | Tu(@)),

XEBp 2
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and since | By, 2| < Cemz, for y > 1/2, choosing a(y) > 2 sufficiently close to 2,
the summability of (3.5) is a consequence of the next lemma.

LEMMA 3.2. IfO<y=1—-8<1anda > 0 are such that

(3.7) ap? <2y?,

then for all m large enough,

(3:8) sup P(C(x. rym12) < T(rm) | Tm(@) <™.
xeéBm,z

PROOF OF LEMMA 3.2. Clearly,

(3.9) (Ct,rymi) <trm)} S () {COY.rym—2) <T(rm)}.
YEBm,1(x)

Let C (¥, rym—2; k) denote the event that D(y, ry,,—2) is covered in the first k ex-
cursions from d D(y, rym—1) to dD(y, rym). Note tllat forany y € 8,1, the events
[y(a) and {C(y, rym—2) < T(ry)} imply that also C(y, rym—2; ngm(a)) holds. Our
construction of B, | guarantees that for each m, k and y’, y € 8,1 such that
y' %y, the events ', (a) and C(y/, rym—2; k) are in the o -algebra 7 (rym; rym—1)
generated by the excursions of the SRW from dD(y, rym,) to dD(y, rym—1). Fur-
ther, by Lemma 2.4 of [4] we know that uniformly in y € 8,1

P(é(% Tym—2;NBm (a)) | 9’y(rym§ "ym—l)) = (1 +0(1m))P(é(}’v Tym—2;NBm (a)))
Consequently, by (3.9),

P(@(x,rym+z>§r<rm)|Fm<a))§P< N é(y,rym_z;nﬂmm))wm(a))
YEBm,1(x)

= I @+o0))P(C(y. rym—2inpm(@)).
y€£n1,1(x)

We will show that if a, y and 8 =1 — y satisfy (3.7), then

(3.10) sup P(C(y. rym—2: npm(@))) = 0(Lm).
ye€bm,1

Since | By, 1(x)| = m?, this in turn results with the statement (3.8) of the lemma.
To prove (3.10) we fix ¥’ > y and applying (3.19) of [4] with K = r,/,,,
R=rym,r =rym—1 and N =ng;,(a), we deduce that for any 6 > 0, uniformly in
y € By,,1 with probability 1 —o(1,,) it takes the SRW on the two dimensional torus
Z% of side length K less than 7' := %(1 + 8)K2Nlog(R/r) steps to complete N
excursions from 0 D(y, ry;—1) t0 dD(y, rym) [since N log(R/r)/log(K /r) — 00
as m — oo]. It is not hard to verify that (3.7) implies that T < %(1 —8)(K log K)?
for § = §(a, y) > 0 sufficiently small and all m large enough. It then follows
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from (1.2) of [4] that when ' is such that (y/y")?> > (1 — §), the probability that
the SRW on the torus Z%( covers D(y,ry,—2) within that many steps is o(1,,),
again uniformly in y. Thus, the probability that the SRW on the torus Z%{ covers
D(y, rym—2) during its first N excursions from 0D(y, ry,—1) t0 dD(y,ryp) is
o(1,,). We are interested in the same probability, but for the SRW on Z2. How-
ever, note that conditioned on their beginning and end points the N excursions in
question are mutually independent and each has the same (conditioned) law for Z2
and for the torus Z%(. Further, from Lemma 2.4 of [4] we know that the probability
we are considering is, up to a factor 1 4 o(1,,), independent of the beginning and
end points of these excursions. This completes the proof of (3.10) and hence of the
lemma. O

PROOF OF LEMMA 3.1. The proof is similar to that of (2.13). Indeed, fixing
a > 2 it suffices to show that for some { = ¢(a, ) > 0 and all m large enough

(3.11) P< U V) > nﬂm(a)}) < e tmlogm,
YEBm 1
To see this, note that
(3.12) P( U v > n,smw)}) = 1Bl sup PN}, > ngn (@)
ye£m,l Y m, 1
and by the strong Markov property of the SRW,
”ﬂm(a)
(3.13)  P(N, > npm(a)) < (xeagl(lfr )Px(TaD(o,rm) > TaD(y,ryml))> :
sFym

Now for any §’ > 0 and m large enough,

inf P*(T: <T:
e (T5D0.rm) < T3D(rym-1))

> inf PY(T < Typ(y
~ x€dD(y,rym) (Top(.rm+iy) < ToDGrym-1)

_ loglrym/rym-D + 00y ) 14
log((rm +yD/rym-=1) = Bm
where we have used Exercise 1.6.8 of [7] in the latter equality. Hence, by (3.13),

< e—a(1—25’)3ﬁm logm )

1— 8/ ngm(a)
)

Since |B, 1| < e2(1+803pmlogm for 4 < 2 the estimate (3.11) follows from (3.12)
and (3.14) upon taking 8’ > 0 sufficiently small. [J

(3.14)  P(N) > ngn(a)) < (1 -
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4. Proof of Theorem 1.3. By the same argument as in the proof of the lower
bound for (1.3), the lower bound for (1.8) follows once we show that for any n > 0
there exists p, > 0 such that for all sufficiently large m,

log R (8 1
P( og R ( 7'm)2 _27I>an>0-
logrm 14+

To this end, for x € Z2, 3 <k <m—1and 1 < j<4Zlet N;HC denote the
number of excursions of the j’th SRW from dD(x, ry ) to 0D (x, ry k—1) un-
til its hitting time of dD(x,r,). Fixinga >0and 0 < 8=1—y < 1, we set
ni(a) = 3ak>logk. We say that x € Z? is m, B, L-presuccessful if

4.1

ni@) —k < Npj<mp@+k  fork=3,....m, j=1,..¢

and say that x € 72 is m, B, £-successful if in addition for j =1, ..., £, each point
in D(x, 7y, gm+1) 1s visited during the first szgm excursions of the j’th SRW
from 9D (x, 7y, gm) t0 OD(X, Fim gm—1)-

As before, #4,, C Z?* is a maximal collection of points in [3ry,, 4r,,1? such that
the distance between any two points in A, is at least 4ry, g, . With log ry, g1 ~
y logr,, we establish (4.1) by showing that for some a(f) andany y =1 — 8 <
1/(1 + +/€) the probability that there is at least one m, B, £-successful point in
A, is bounded away from zero as m — oo. Specifically, as before we show that
if a and B =1 — y satisfy (2.5) then uniformly in +4,, each m, B, £-presuccessful
point is with high probability also m, 8, £-successful. Then we show thata < 2/¢
guarantees that with a probability that is bounded away from zero as m — o0, there
exists at least one m, 8, £-presuccessful point in #,,. This establishes (4.1) because
fory=1-8<1/1+ V€) we can satisfy (2.5) with some a < 2/¢. Indeed,
arguing as in Section 2, for a < 2/¢ the existence of at least one m, 8, £-successful
point in A, is a consequence of our next lemma [simply take 1 > 0 so that 2 —
£(a 4 27n) > 0 when adapting (2.11) to the present context], which thus completes
the proof of the lower bound for (1.8).

LEMMA 4.1. Ifa and B =1 — y satisfy (2.5) then there exists 8, — O such
that

@.2) dm,¢ = inf P(x is m, B, L-successful) > f’ﬂ_nl;(a—’—am)-
XE€Ahm
Further, for some ¢ < 00, all m and x #y € Ap
_ Skt v
4.3) P(x, y are m, B, £-successful) < C‘Ii,e”/f((j;)k( »)

[where as before k(x,y) =min{j > 1:D(x, 1y j + 1) N D(y,rp,;j +1) =3} <
pm].
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PROOF. This is an easy adaptation of the proof of Lemma 2.1. Indeed, as
shown there, (2.5) guarantees that uniformly in «,, each m, 8, £-presuccessful
point is with high probability also m, 8, £-successful [raising the factor (1 +
o(1,,))(1 — &) in (2.18) to the £th power], while since the presuccessful condition
now involves £ independent walks, the probabilities in the statement of Lemma 2.1
are now raised to the £th power. [J

We turn next to the upper bound for (1.8), which amounts to showing that

log R 1
4.4) lim sup 0g Re(rm) <
m— 00 log ry, 1+ \/Z

To this end, fixing 0 < y = 1— 8 < 1 we adapt the argument of Section 3 using the

a.s.

same two-tiered collection of discs in D(0, r;;). For any y € 8,,.1 here N/ de-
notes the number of excursions of the jth SRW from d D(y, ry,—1) to dD(y, rym)
until the time 7 (ry,) in which the jth SRW first exits D(0, r,,). Fixing a > 0 and
setting again ny (a) = 3ak?log k we now consider the events

V4
(4.5) Tme@ = [ Uy <ngm@)}.

ye"(Bm,l j=1

about which we show the following.

LEMMA 4.2. Forany a > 2/€ we can find £ = {(a,y) > 0 such that for all
m sufficiently large,

(4.6) P(Ly(a)) > 1 — e émioem,

PROOF. It suffices to show that when a > 2/¢ we can find ¢ = {(a,y) >0
such that for all m sufficiently large,

L
4.7) P( U Ny > nﬂm(a)}> < e fmlogm,

yE€By,1 j=1

Since the £ walks are independent, we have that

14 14
(4.8) P( U N/ >nﬁm(a)}> < |£m,1|< sup P(N) >nﬂm(a))>

YEBm,1 j=1 YEBm.1

and using the upper bound of (3.14) with & sufficiently small, we verify that (4.7)
holds for some ¢ > 0 as soon as £a > 2. [

For j =1,...,¢, let Cj(x, r) denote the number of steps required until the jth
SRW covers D(x,r). Note that if all £ walks cover some disc of radius 7,43
with center in D(0, r;,—1), then necessarily for some x € B, they all cover
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D(x, rym42). It is therefore easy to check that the upper bound of (4.4) follows
once we show that for each 1/(1++¢) <y <1,

o] J4
(4.9) > P( U Niejx, rymen) <7 (rm)}> < 00.

m=5 XEBy 2 j=1

Further, considering a | 2/¢, in view of Lemma 4.2 this is a direct consequence of
our next lemma.

LEMMA 4.3. IfO<y =1—-8 <1anda > 0satisfy (3.7), then for all m large
enough,

£

3

@1 s P(ﬂ{@j<x,rym+z>srj(rm>}|rm,e(a>> <o,
XE€bm 2 ]:1

PROOF. Let € (¥, rym—2; k) denote the event that the jth SRW covers
D(y,rym—2) during its first k excursions from dD(y,rym—1) to dD(y, rym).
Note that for any y € 8,1, the events I', ¢(a) and {C;(y, rym—2) < T(ry)} for
j=1,...,¢, imply that at least one of the events 5j (v, rym—2: ngm(a)) holds as
well. Thus, by the independence of the ¢ walks, as in the proof of Lemma 3.2 we
have that for all x € 8B, 2,

£
P(ﬂ {@j(x, rym+2) = Tj(rm)} | Fm,@(“))

j=1

b4
5P< ﬂ Uéj(y,rym—z;n,sm(a))IFm,e(a))

YEB,1(x) j=1
I4
< J] [ +o(1n) Y _P(C, y,rym_z;n,am(a)))]
VEB1 () j=1

Since a and y = 1 — B satisfy (3.7), we next apply the bound (3.10) to the pre-
ceding inequality, and with | By, 1(x)| > m*, thus establish the bound (4.10) of the
lemma. [

5. The lower bound for Theorem 1.2. As seen before, it suffices to consider
the lower bound for (1.6) and the sequence ry,,. Further, by the same argument as
in the proof of the lower bound for Theorem 1.1, it suffices to prove the analog
of (2.3), namely, to show that

(5.1) liminf P(log R (8r;»; 4 (log rm)? /) =y logry) > 0,

whenever y = 1 — B < (1 — \/a)/2 or equivalently, 0 < y < 8 — JJa. To
prove (5.1), rerun the arguments of Section 2 while replacing the event H gm in
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the definition (2.4) of an m, B-successful point x with the event Hgm (o) that

the SRW visits each point in D(x, 7y gm+1) at least a(log Fm)> /m times dur-
ing its first N,j;’ n €xcursions from 0D (x, 7y, gm) t0 dD(x, rpy gm—1). It is not
hard to check that this strategy works as soon as (2.12) applies for this definition
of m, B-successful points and some a = a(B) < 2, whenever 0 < y < B8 — /a. As
for the latter, let £, ,,, g(cr) denote the event that z € D(x, 1y, gm+1) is visited less
than 4 (log Fm)> /m times during the first ngy,(a) — Bm excursions of the SRW
from dD(x, ry, gm) t0 dD(x, ry, gm—1). Then, following the proof of Lemma 2.1,
we have (5.1) as soon as we show that for 0 < y < 8 — /& and a < 2 sufficiently
close to 2,

5.2) &n(a)= sup P( U eCZ’m,,g(a)) —0 asm — o0

X EAm ZED(XJ’m,ﬂm+1)

[compare with (2.13)]. Turning to the derivation of (5.2), set R = 1y gm—1 —
Fm,pm+1 and p = ry gm + rm gm+1 and let °£/z,m,/3(a) denote the event that z is

visited less than 4« (log Fm)> /7 times during the first ng,, (a) — Bm excursions of
the SRW from 0 D(z, p) to dD(z, R). Note that if z € D(x, 1y, gm+1) then

D(x, rm,ﬁm) € D(z,p) € D(z, R) € D(x, rm,ﬂm—l),

implying that the SRW makes at least k excursions from dD(z, p) to 0D(z, R)
during its first k excursions from 9D (x, 7y, gm) t0 D (X, Fyy gm—1), SO in particu-
lar, £, () € oC’Zm /3(04). Consequently, with R > ry, gy+1, for some constant
c <00

En(@) Scrmguyr P P(Lywp(@))
2€D (X, pm+1)
XEA,y,
<cR* sup P(L, z(@).
z2¢D(0,p)

When 0 <y =1—-8<pB— /«,if both § >0 and 2 — a > 0 are sufficiently
small, then our next lemma shows that P(.L’ om, () < R™27" for some n=
n(B,a,8,a) > 0andall z¢ D(0, p). Combining this bound with (5.3) yields that
(5.2) holds, thus completing the proof of the lower bound for Theorem 1.2.

(5.3)

LEMMA 5.1. [fa,$, B > 0 are such that
(5.4) (1 —8)%ap® > 2a,
then for all m sufficiently large,

(5.5) sup  P(L';m (@) < R™(U-DFVa—V207/72,
z¢D(0,p)
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PROOF. Let L(j,z) denote the number of visits to z during the jth excursion
of the SRW from dD(z, p) to dD(z, R). Setting k = k(a, Bm) :=ngy(a) — Bm
and s = s(a, m) := 4a(logr,)?/m, by Chebyshev’s inequality and the strong
Markov property of the SRW, for any A > 0

k
P(L, , (@) = P(Z L(j,2) < S>
j=1
(5.6) .
< eAsE(e—A Z’j-:] L(j,z)) < exs[ sup EY (e—AL(z)):| ,
y€dD(z,p)
where L(z) denotes the number of visits to z of a SRW that starts at y € 0 D(z, p)

and is killed upon reaching d D(z, R). Since the preceding bound is independent
of z, we take hereafter z = 0 and let

7(R)
GR(U, u) = Ev<2 ﬂ{S,-:u})

i=0
denote the Green function for the SRW on D(0, R). Clearly, Gg(y,0) = EYL(0)
and conditional on hitting the origin, L(0) is a geometric random variable.
Consequently, PY(L(0) = j + 1) = pg/(1 — g) for j =0,1,... with p =
Gr(v,0)/Gr(0,0) and g =1 —1/GRr(0,0). Hence for any A > 0,
(e —1DGRr(y,0)
1+ (e* = 1)Gg(0,0)
By Proposition 1.6.6 of [7], Gg(0,0) ~ 2log R when R — oo, so taking A =
%go/logR we have that (¢* — 1)G (0, 0) ~ @ as m — oo (i.e., R — 00). Further,
by Proposition 1.6.7 of [7] we have that
inf  Ggr(y,0) = (R>+0( )
in ,0)=—log| — .
yeaD(0,p) RLY v £ /Y N
Recall that our choices of R =7y gm—1 — "'m,gm+1 and p =7y gm + F'm gm+1 are

such that log(R/p)/log R ~ 1/(ym), so we get from (5.7) that for A = Z¢/log R,
any ¢, 6 > 0 and all m large enough,

(5.7) EY (e O) =1~

58  sup E(e MO0y <UD @ _ —a-se/maten
yedD(0,p) - ym l+¢

Hence, by (5.6), for any ¢ > 0,

(5.9 P("C/z,m,ﬂ(a)) < RA¥—Bo/(+¢)

where by (5.4), for all m large enough,

1 L)
(5.10) A= LS@m) :2a( ogr’"> ~
2 (log R)? log R 2

14
— _ 2
5.11) Bi=(1— 5)M _ ngm(@) — pm (1 —8)ap

1-6 ~
mlog R ( ) ymlog R y?
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are such that B > A > 0, in which case a straightforward computation shows that
. % 2
5.12 f(Ap —B——)=—(VB - VA
612 <;r>10< v 1+ <p) ( )
Combining (5.9)—(5.12) we get that (5.5) holds for all m large enough. [
6. The upper bound for Theorem 1.2. As explained before, it suffices to

prove the upper bound in (1.6) for the sequence ry,,. That is, fixing 1/2 > y >
(1 — /a)/2, to show that

log R(ry,; da(l 2
6.1) lim sup 28X m dalogrn)’/m)

m—o0 IOg}’m

a.s.

More precisely, adapting the proof of the upper bound for Theorem 1.1, we show
that for such y any disc of radius ry,, 3 with center in D(0, r,,—1) contains at
time 7 (r,,) sites which the SRW visited less than 4« (log Fm)> /7 times. To this
end, let éa (¥, rym—2; k) denote the event that every point in D(y,ryp,—2) is vis-
ited at least 4« (log r,, )% /7 times during the first k excursions from 8 D(y, Tym—1)
to dD(y, ry,). Using the two-tiered collection of discs as in Section 3, upon ap-
plying Lemma 3.1 and adapting to the present context the reasoning which pre-
cedes (3.10), we find that it suffices to prove the following lemma.

LEMMA 6.1. IfB=1—y,1/2>y > B — Ja and a > 2 is sufficiently close
to 2 for

(6.2) JVap —V2Ja <2y,

then

(6.3) sup P(Co(y, rym—2; npm(@))) = o(1,).
y€£n1,1

PROOF. In view of (6.2) we fix 0 <n < y and 1 < h < 2 such that
Jap — 2o < h(y —2n).

Setting A = /a/hB —y > 0 let g (h) = 3h(k + Am)>logm fork =1,...,ym,
noting that

(6.4) fiym(h) = 3aB*m*logm > ngy(a),
and further, for some a’ < 2« and all m large enough,
(6.5) fgm (h) 4+ nm < 3a'm*logm

le.g., a’ = h(2n + A)? will do].
Next, let N;m’ ¢ for k=1,...,ym — 2, denote the number of excursions of
the SRW from 0D(z, rx—1) to dD(z, r) during its first 72y, (h) excursions from
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0D(z, p) to 9D(z, I/Q\), where R = Fym +Tym—2 and p =ry;,_1 — rym—2. We say
that z ¢ D(0, p) is m, y-presluggish if

ﬁk(h)—ka)fm’kfﬁk(h)—l-k, fork=nm,...,ym —b,

for some fixed b > 4 to be determined in the sequel. An m, y-presluggish point z
is called m, y-sluggish if during the first 3a’m? logm excursions of the SRW from
0D(z, rym—1) t0 dD(z, rym), it visits z less than 4o (log rm)z/n times, an event we
denote hereafter by fz, m,y Q).

Note that if z € D(y, rym—2) then

D(z,9) € D(y,rym—1) € D(y,rym) C D(z, R),

so prior to completing its first 77, (h) excursions from dD(z, p) to dD(z, ﬁ), the
SRW completes that many excursions from 0D(y, ry,—1) to dD(y,ry,). Con-
sequently, in view of (6.4) and (6.5), any m, y-sluggish point in D(y, ry,;—2) is
visited by the SRW less than 4o (logr,,)?/m times during its first n pm(a) excur-
sions from 0 D(y, rym—1) t0 dD(y, rym).

We thus complete the proof of Lemma 6.1 by showing that uniformly in
y € By,,1, with probability 1 — o(1,,) there exists an m, y-sluggish point in any
maximal set Z,,,(y) of 4r,,,-separated points in D(y, r,,—2). The key for this is
our next lemma (whose proof is deferred to the end of the section).

LEMMA 6.2. There exists 8,, — 0 such that

6.6 G = inf P(zis m, y-sluggish) > r- ¥ ~Dh=0n

(6.6) =t (z is m, y-sluggish) > r,,

and

(6.7) sup P(zis m, y-sluggish) = (1 + 0(1,,))Gm-
z2¢D(0,p)

Further, let k(z,7') = max{j:D(z,r; + 1) N D(',r; + 1) = @}. Then, for any
& > 0 there exist C, k < 0o which are both independent of b, such that for all m,
and z,7' ¢ D(0, p) withnm <k(z,Z)) <ym —b

h+e
/ r —
(6.8) P(z, 7’ are m, y-sluggish) < g2m*C?" k&) (M> .
Tk(z,2))

Furthermore, if ym —b < k(z,z) and |z — z'| < 2ry—> then
(6.9) P(z, 7' are m, y-sluggish) < c}i(l +o0(1)).

Since there are r,i(y_")ﬂ(l"’) sites in Z,,, (y) and h < 2 it follows from (6.6) that
the mean number of m, y-sluggish points in Z,,,(y) diverges as m — oo. In view

of (6.7) and Chebyshev’s inequality, we complete the proof of Lemma 6.1 by show-
ing that the second moment of this random variable is (1 + o(1,,))|Z (y)lzé,%l,
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hence in any disc D(y, r);—2) the probability of finding at least one m, y-sluggish
point is 1 —o(1,,). To this end, by the bound (6.9) it suffices to consider the contri-
bution to the second moment by z, z" € Z,,,(y) with k = k(z, z') < ym — b. There
are at most

rk+1 2 2 rk 2
cz|znm(y)|(r—) < c3|Zom )] (r )

nm ym—3

such pairs per given k. Hence, by (6.8), for 0 <e¢ <2 —h and b > 3 + «/6, the
contribution of all such pairs to the second moment is at most |Z,,, () |26}31 times

ym—>b

2 h+e—2
"ym—b —k Tym—b
( ym ) C3mK Z cym k( ym )

rym—3 k:r)m rk

o0
< C4mK—6(b—3) Z CIm=37C—h—e) _ o(1,),
j=0

as required for completing the proof. [J

PROOF OF LEMMA 6.2. We first show that an m, y -presluggish point is with
very high probability also m, y-sluggish. More precisely, adapting the proof of
Lemma 5.1, we shall show that for any a’ < 2« and 1 > 0 there exists ¢ =
e(a,a’, n) > 0 such that for all large m,

: 7~ —e
(6.10) e P @) 2 1= R,
where now p :=ry;;,—1 and R :=ry,. Indeed, with L(j, z) denoting the number of
visits to z during the jth excursion of the SRW from dD(z, p) to dD(z, R), and
L(0) denoting the number of visits to 0 of a SRW that starts at y € D(0, p) and
is killed upon reaching d D(0, R), taking now s = s(«, m) := 4o (log rm)z/n, and
k = k(a’', m) := 3a’m?logm, we have by Chebyshev’s inequality and the strong
Markov property of the SRW, that for any A > 0

k k
(6.11) 1-— P(fz,m,,,(a)) :P(Z L(j,z)> s) < e—xs[ sup Ey(ekL(O))] _
j=1 y€dD(0,p)

Here log(R/p)/log R ~ 1/(nm), so for A = T¢/log R the computation leading to
(5.8), yields now that for any 1 > ¢, § > 0 and all m large enough,

(6.12) sup Ey(ekL(O)) <1+ ML < U HDe/(m(1=¢))
yedD(0,p) nm 1—g¢

In view of (6.11), taking § > 0 small enough so (1 + 8)a’ < 2«, for ¢ =1 —
v/ B/A > 0 we find that

(6.13) 1 = P(Ly () < R-AVTBO/1-0) = R=(VA-VB)?*
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where we get (6.10) upon checking that

7 s(a,m) 2« k(@,m) (1+8)d
(6.14) A:= ——~— and B:=(1+9) ~ 7
2 (logR) n nmlog R n

so a’ and § are such that A > B > 0 for all m large enough, as needed for (6.13)
and (6.10) to hold.

Following the same outline as of the proof of Lemma 2.1, we employ hereafter
arguments that are very similar to those in the proof of Lemma 10.1 of [4]. That
is, first note that the probability that z is m, y-sluggish depends on z ¢ D(0, p)
only via the distribution of the SRW upon first hitting d D(z, p). Since the defi-
nition of such points involves only O (m?logm) excursions of the walk, whereas
ﬁ/ﬁ: O(m?) and P/ ym—b = O (m?), an application of Lemma 2.4 of [4] shows
that the dependence of this probability on z is negligible, as stated in (6.7). Sim-
ilarly, by (6.10) and the fact that fnm,n(a) is in the o-algebra of all excur-
sions from dD(z, rym—2) to dD(z, rym—1) completed by the walk during its first
3a'm? logm excursions from 9 D(z, ryn—1) to dD(z, ryn), yet another application
of Lemma 2.4 of [4] shows that

k

=(1 —I—o(lm)) mf P(Nym P~

g, k=nm,...,ym—Db)

(compare with the derivation leadlng to (10.10) of [4]). Due to the dependence of
the relevant excursions on their terminal points, {Nf,'m’ )} 1s not a Markov chain.
Nevertheless, applying (5.9) of [4], we find that

( +0(1m) Z P(N ym ym— b—ﬂym—b)

Zank

(6.15)

x ] 0

ym—b-l <€k+1 +  —
k=nm

1
) Pkl — po)t+,

for py =log(k 4+ 1)/(logk + log(k + 1)). Further, it is not hard to check that for

some ¢g < oo and all nm <k < ym, if £ 2wkﬁ,r{(h) then

Ly ‘ €0
Ly k+Am|~ mlogm’
and hence for some ¢; < oo and any such ¢y,
k—3h—1 ¢ ¢ k—3h—1
(6.16) T pl e < S5
cwlog Uk Jlogk

(cf. (10.1 1) of [4] or Lemma 7.2 of [2]). A similar polynomial bound applies for

P(Nym X 3 1y (h)), for example, when k = ym — b, so putting (6.15) and (6.16)
together we arrive at the bound (6.6).
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Since an m, y-sluggish point is also m, y-presluggish, it suffices to prove the
upper bounds of (6.8) and (6.9) for P(z, 7 are m, y-presluggish). To this end, with
b>4,if |z—2/| <2rym—2 then D(z, rym—p+1) € D(Z/, p). Thus, when ym —b <
k(z, z") itis easy to verify that the event {z’ is m, y -presluggish} is in the o -algebra
G*(rym—b+1; rym—p). Further, as usual, conditioned on N)fm’ym_bJrl =/ the event
{z is m, y -presluggish} is in the o -algebra of all excursions from dD(z, rym—p—1)
to dD(z,rym—p) completed by the walk during its first £ excursions from
0Dz, rym—p) 10 dD(z, rym—p+1). Thus, if £ of the preceding is not too large, then
the dependence of {z is m, y-presluggish} on §*(rym—p11; rym—p) is negligible.
More precisely, it is not hard to verify that for large enough m,

—m?2 N
P(N;m,)’m—b+1 z mZ(IOgm)Z) <e™ logm — O(Im)%%w

and we get (6.9) by an application of Lemma 2.4 of [4]. Finally, the proof of (6.8)
for presluggish points is a simple adaptation of the arguments used when proving
(10.5)of [4]. O

7. Proof of Theorem 1.4. Recall that V (n) is the number of steps after step
n until the SRW (S;, i > 0) in Z? visits a previously unvisited site. We first prove
the upper bound, that is, fixing 1/20 > ¢ > 0, we show that

logV 1
(7.1) limsupM <

=410 .S.
n—o00 logn _2+ ¢ s

To this_end, considering the events g, = {V(n) > nl/2+106y and X, =
Nion{R(m) < m'/4+¢}, we shall show that

(7.2) D P(Ga N Ky) < 0.

Then, by the Borel-Cantelli lemma, almost surely, , N K, occurs for only finitely
many values of n. From Theorem 1.1 we know that almost surely X, occurs for
all n large enough, thus implying that §,, occurs for only finitely many values of #,
and (7.1) ensues.

Turning to prove (7.2), take p = p(n) = n'/4T2¢ and R = R(n) = p' ™, and let
H (m) denote the event that there exists a site x € D(S,,, o) which is not visited by
the SRW up to time m + R**e_ With %, = o (Sk, k <n), considering a uniformly
chosen site among those in D(S,,, p) that are not visited by the SRW up to time m,
we have by its Markov property that

(7.3) P(H(m)|F,) <1— inf PY(Tp < R*™®).
yeD(0,p)

By Propositions 1.6.6 and 1.6.7 of [7], for 0 < ¢ < 1 and p = p(n) large enough,

, G ,0
(7.4) inf PY(To<t(R))= in Cr0.9) > 2
yeD(0,p) yeD(0,p) Gr(0,0) — 2
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Further,
P’ (Ty < R*T®) > P¥(Typ < t(R)) — P (¢ (R) > R*™®)

and P? (7 (R) > R*>*¢) < R™¢/2 for all R large enough and y € D(0, R) (e.g., see
inequality (1.2.1) of [7]). Thus, by (7.3) and (7.4) we deduce that P(H (m)|%;,) <
1 — ¢/3 for all n large enough. Now, let m(i) =n+ 1+ (i — Dnl/2t8 for | =
1,...,n%, and take n large enough for p > (n + n!/2T106)1/4+¢ Since m(i) +
R**¢ <m(i + 1), it follows that H (m(i)) € Fy(i+1, and further

n2£ n2£

Fn N JKn S [ {R(mG)) < p, V(m(i) > R*} S () H(m(i)).
i=1 i=1

Consequently, the bound P(H (m)|#,,) <1 — ¢/3 implies that

P(Jn N Ky) < P( N H(m(i))) <(1—e/3)"",

i§”26

for all n large enough, which results with (7.2).
Fixing 0 < ¢ < 1/20 we conclude the proof by establishing the lower bound
log V(n) - 1

(7.5) lim sup > - —10¢ a.s.
n—00 logn 2

To this end, consider the stopping times
(7.6) T =inf{n>k:S, € D(x,n"/*¢) C (8;,i <n) for some x € Z?},

for the filtration %;,. That is, 7y is the first time n > k for which the SRW is in a
disc of radius n'/4~¢ having no previously unvisited sites. By Theorem 1.1, almost
surely {R(n) > R(n — 1) > nl/4=¢} for infinitely many n values, each of which
satisfies the conditions of (7.6). Consequently, almost surely t; < oo for all k.
Completely ordering Z? in agreement with the Euclidean distance from the origin,
let X denote the site closest to S;, among those x € 7?2 such that every site in
D(x, 7,/ is visited by the SRW by time ;. Then, Sy, € D(Xt, 7,/ ") and Xx
is measurable with respect to ¥z, .
We next show that the events

(1.7) My = {V(n) > n'>7% for some 7 <n < 2%},
are such that for some finite kg,
(7.8) P(My) > ¢ Yk >ko.

To this end, let 6(i) denote the shift of the SRW by i, that is, considering {S,+;}

instead of {S,}, and let T®)(A) denote the first hitting time of a set A € Z* by

the shifted random walk S,(,k) := S, 0 8(7x). Consider the stopping times oy :=
T®O (DX, 1:,(1 / 4_28)) with respect to the canonical filtration of the shifted walk
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(Si(k),i > 0). Note that Sék) = Sy € D(Xy, ,0,1_48) for p = rk1/4, whereas o =
inf{i > O:Si(k) e D(Xy, p,l_gs)} and py > k'/* by the definition of ;. Therefore,
by the strong Markov property of the SRW at the stopping time 7; and considering
the worst possible choice of pr, X and Sy, we have that for all k sufficiently
large,

. . . y 4 1
(1.9 P(ox < w|Fr) > R;}jm H)}fyeD(ir,lIf;l—“S)P (TD(X’RI—&S) <R%) >3
(using Exercise 1.6.8 of [7] in the rightmost inequality). Similarly, for all k suffi-
ciently large, the events

Vi = {TOOD(SP, 7}/7%)) = 177,
are such that
P(Vk00(0)|Fy) = inf P(r(R'7%)> RAI-8~4¢) > 3
R=k1/4

The lower bound (7.8) then follows from the inclusion

(7.10) {or <t} N {Vk 0 O(0ok)} C M.
To see this inclusion, note that Sy, 4, € D(Xy, tkl / 4_28) and the event Vj o 0(oy)

guarantees that it takes S((,IZL,- = So;+7+i at least rkl /2=5¢
tance of ‘Ekl 472 from its position at i = 0, a fortiori before exiting the disc
DXy, ‘Ekl / 4_8), all the sites of which have been previously visited by the SRW.

Consequently, if also oy < 1%, then

steps to travel a dis-

Vi +o) =177 = (e + o),

hence M holds as well.

Since 1; are a.s. finite we can find a deterministic function 1 (k) such that
P(tx > ¥ (k)) < 1/18 for all k. Then, by (7.8) the events Jj := My N {k < 1 <
¥ (k)} are such that P(dg) > 1/9 for all k > ko. With P*(Jy) independent of x, we
see by the Markov property of the SRW that for any m,

(7.11)  P(go8(m) | Fu) =P (L) =PUp) = §  as. Yk >ko.

Define inductively the nonrandom #; = ko and ¢; = ;1 + 3y (¢tj—1) for j > 2.
Then, by (7.11)

o
(7.12) > P(Jy; 06(t))) = o0.

j=2
With J; € F3y ), it follows that Jt; 0 0(t)) € 37tj+3¢(,j) = .?',Hl. Consequently,
by the Markov property and the fact, mentioned above, that P* ({;) is independent
of x, the events { Jt;00(t)); j = 2} are mutually independent. Therefore, by (7.12)
and the second Borel-Cantelli lemma, with probability one, infinitely many of
them occur. It follows from (7.7) that d; o 6(k) readily implies that V(n + k) >
n1/2=¢ for some n > k. Thus, with tj 1 0o, clearly (7.5) follows.
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