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QUENCHED INVARIANCE PRINCIPLE FOR MULTIDIMENSIONAL
BALLISTIC RANDOM WALK IN A RANDOM ENVIRONMENT
WITH A FORBIDDEN DIRECTION

BY FIRAS RASSOUL-AGHA AND TIMO SEPPALAINEN!
University of Utah and University of Wisconsin—-Madison

We consider a ballistic random walk in an i.i.d. random environment that
does not allow retreating in a certain fixed direction. We prove an invariance
principle (functional central limit theorem) under almost every fixed environ-
ment. The assumptions are nonnestling, at least two spatial dimensions, and
a 2 4+ ¢ moment for the step of the walk uniformly in the environment. The
main point behind the invariance principle is that the quenched mean of the
walk behaves subdiffusively.

1. Introduction. This paper studies random walk in a random environment
(RWRE) on the d-dimensional integer lattice Z%. This is a basic model in the field
of disordered or random media. Our main result is a quenched invariance principle
in dimension d > 2.

Here is a description of the model. An environment is a configuration of vectors
of jump probabilities

Zd
= (Wx)ezd €ERL=P",
where # = {(p;),cz¢: Pz =0, ), p, = 1} is the simplex of all probability vectors
on Z4. We use the notation wy = (7T, x+y) yezd for the coordinates of the probabil-
ity vector w,. The space Q2 is equipped with the canonical product o-field & and
with the natural shift 7y (T;0) = 7y 47, y4. (), for z € Z4 . On the space (2, &)
we are given an i.i.d. product measure PP. This means that the random probability
vectors (wy) 74 are i.i.d. across the sites x under P.

The random walk operates as follows. An environment ® is chosen from the
distribution PP and fixed for all time. Pick an initial state z € Z¢. The random walk
in environment o started at z is then the canonical Markov chain X = (Xn)n>0
with state space Z¢ whose path measure P satisfies

PP Xo=2)=1 (initial state),

PP (Xpt1=y1Xp =X) =y (w) (transition probability).
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The probability distribution P” on random walk paths is called the quenched law.
The joint probability distribution

P.(dX,dw) = P?(dX)P(dw)

on walks and environments is called the joint annealed law, while its marginal
on walks P.(dX, Q) is called simply the annealed law. E, Eo and Ef denote
expectations under, respectively, P, Py and P’

We impose assumptions on the model that create a drift in some spatial direc-
tion &2. We also prohibit the walk from retreating in direction u, a condition we
express by saying that the walk has forbidden direction —iz. However, there is
some freedom in the choice of &. The long-term velocity v of the walk need not be
in direction i, although of course the assumptions will imply & - v > 0.

We prove a quenched functional central limit theorem for the random walk.
This means that, for P-almost every w, under the measure P§’ the scaled ran-
dom walk converges to a nondegenerate Brownian motion with a diffusion matrix
that we describe. This result comes by a combination of regeneration, homoge-
nization (studying the environment process) and martingale techniques. Our un-
derlying proof strategy applies the approach of Maxwell and Woodroofe [9] and
Derriennic and Lin [5] to the environment chain. This part is not spelled out in the
present paper, but summarized in a theorem we quote from our earlier article [10].
The arguments of [9] and [5] themselves can be regarded as adaptations of the
Kipnis—Varadhan method [8] to nonreversible situations.

The major technical part of our proof goes toward showing that the quenched
mean E§ (X,) has variance of order n” for some y < 1. Bounding the variance of
the quenched mean in turn is reduced to bounding the number of common points
between two independent walks in a common environment. If we assume strictly
more than a finite quenched third moment on the step of the walk, uniformly in the
environment, we obtain y = 1/2. Under a pth moment assumption with2 < p <3
we can take any y > ﬁ The correct order of the variance of the quenched mean
is an interesting question for this model, and for more general ballistic random
walks. In the special case of space—time walks in 1+1 dimensions with bounded
steps, it has been proved that the quenched mean process, scaled by n~1/4, con-
verges to a certain Gaussian process [1].

The resulting quenched invariance principle admits two possible centerings, the
asymptotic displacement nv and the quenched mean. The approach and part of the
result fail in one-dimensional walks and in certain other walks that are restricted to
a single path by the environment (still considering only walks that satisfy the for-
bidden direction condition). In these cases a quenched invariance principle holds
if the walk is centered at its quenched mean. But the quenched mean process it-
self also behaves diffusively with a Brownian motion limit. These other cases are
explored in the paper [11].

There is a handful of quenched central limit theorems for RWRE in the liter-
ature. For the types of walks that we study, with a strong drift, Bolthausen and
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Sznitman [2] proved a quenched invariance principle. Their basic assumption is
nonnestling which creates the drift, and for technical purposes they need an as-
sumption of small noise and spatial dimension at least 4. (We get around these by
making the forbidden direction assumption.) There is a certain analogy between
our proof and the proof in [2]. Both proceed by bounding the variance of a cer-
tain quenched mean through control on the intersections of two independent paths.
However, this similarity does not extend to the technical level, for we study a dif-
ferent variance and handle the intersections in a different manner.

For general overviews of recent developments in RWRE the reader can turn to
the lectures [3, 12] and [13]. The introduction of [10] also presents a brief list of
papers on central limit theorems for RWRE.

2. Results. Throughout the paper & is a fixed nonzero element of R?. We
make a basic assumption called nonnestling that forces ballistic behavior on the
walk.

HYPOTHESIS (N). There exists a positive deterministic constant § such that
P(Z(z - @) 7oz > 5) =1
Zz

In order to get the regeneration structure we need, we strengthen this assump-
tion by requiring that the walk never retreats in the direction . Let us say the
distribution P on environments has forbidden direction —u if

(2.1) IP( > n01=1)=1.

z:z-u>0

This condition says that X, - & never decreases along the walk.

We also make a moment assumption uniformly in the environments. Let | - |
denote the £!- or the £2-norm on Z¢ (in all but a few computations the actual norm
used is immaterial). For the invariance principle we need strictly more than a finite
second moment, but other auxiliary results need fewer moments. Hence the power
p in the next hypothesis will be a parameter. Each time the hypothesis is invoked
a bound for p will be given, such as p > 1 or p > 2.

HYPOTHESIS (M). There exist finite, deterministic positive constants p and
M such that

P<Z|Z|pﬂ01 = Mp) =1
Z
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To take advantage of the renewal structure given by the nonnestling and forbid-
den direction assumptions, define a sequence of stopping times: op = 0, and for
k>1,

(2.2) ok+1 =inf{n > o : Xy -t > X -t + 1}.

Under the above assumptions the companion paper [11] shows these facts:
Eo(ox) < oo for all k, X, has pth moment under Py for any 1 < p < p, and the
walk has a long-term velocity v = Eo(X4,)/Eo(01) in the sense that nlx, > v
Pp-almost surely. See Theorem 3.3 and Lemma 3.4 in [11].

For the invariance principle we consider two centerings, the long-term displace-
ment nv and the quenched mean E(X,). So we define two scaled processes. For
te R+ let

Xnn — [nt]v and B, (1) = Xnt) — E(‘)"(X[m])'
Vv Vn

Here [x] = max{n € Z:n < x} for x € R. Let Dpa4([0, 00)) denote the space of
right-continuous R?-valued paths with left limits, endowed with the usual Skoro-
hod topology (see the standard theory in [7]). For w € Q2 let Qf/, respectively Qﬁ ,
denote the distribution of By, respectively B,,, induced by P§’ on the Borel sets of
Drpa([0, 00)).

A quenched invariance principle cannot hold unless the walk is random under a
fixed environment. This and more is contained in our final assumption of ellipticity.

B, (1) =

HYPOTHESIS (E). One has
(2.3) PVz#0:mp0+ mo; < 1) > 0.

Moreover, the walk is not supported by any one-dimensional subspace. More
precisely, if § = {y € Z¢ :E(moy) > 0} is the set of all points that are accessi-
ble from O with one jump, then & is not contained in any subspace of the kind
Ru = {su : s € R} for any u € R?. In particular, this rules out the case d = 1.

Let I'! denote the transpose of a vector or matrix I'. An element of R? is re-
garded as a d x 1 matrix, or column vector. For a symmetric, nonnegative defi-
nite d x d matrix I', a Brownian motion with diffusion matrix T is the R-valued
process {W(t) : t > 0} such that W(0) =0, W has continuous paths, independent
increments, and for s < ¢ the d-vector W (t) — W (s) has Gaussian distribution with
mean zero and covariance matrix (f — s)[". The matrix I" is degenerate in direction
£ e R if £'T¢ = 0. Equivalently, & - W (¢) = 0 almost surely.

The diffusion matrix of our limiting process is defined by

Eo[(Xy, —v01)(Xo, — vo1)']
Eplo1] '

2.4) D=
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One can check that this matrix ® is degenerate in direction u if, and only if, u is or-
thogonal to the vector space spanned by {x — y : E(o,)E(moy) > 0} (Theorem 4.1
in [11]). Degeneracy in directions that are orthogonal to all x — y, where x and y
range over admissible jumps, cannot be avoided. This can be seen from the sim-
ple example of a homogeneous random walk that chooses with equal probability
between two jumps a and b. The diffusion matrix is then %(a —b)(a — b)'.

We can now state the main theorem.

THEOREM 2.1. Let d > 2 and consider an i.i.d. product probability mea-
sure P on environments with a forbidden direction —u € Q4 \ {0} as in (2.1). As-
sume nonnestling (N) in direction i, the moment hypothesis (M) with p > 2, and
ellipticity (E). Then as n — oo, for P-almost every w the distributions QY and Qﬁ‘l’
both converge weakly to the distribution of a Brownian motion with diffusion ma-
trix ©. Furthermore, the two centerings are asymptotically indistinguishable:

lim max |B,(s) — B,(s)| = lim n~'/? max |EQ(Xy) —kv| =0
n—00 (<g<t n—00 k<[nt]

for P-almost every w.

Note that we assumed for Theorem 2.1 that the vector u has rational coordinates.
Hypotheses (N) and (2.1) are not affected if # is multiplied by a constant. Hence
later in the proof we can assume that & has integer coordinates.

In the special case where the step distribution of the walk is finitely supported,
it turns out that if there is any nonzero vector # that satisfies both (2.1) and
nonnestling (N), then there is also a rational one. We show this in Lemma A.1
in the Appendix. Thus for this case there is no restriction on u«. Since this case is
perhaps the most important, we state it as a corollary.

COROLLARY 2.2. Let d > 2 and consider an i.i.d. product probability mea-
sure P on environments with a forbidden direction —ii € R \ {0} as in (2.1).
Assume the step distribution is finitely supported, in other words that the set
g={ye z4 :E(moy) > 0} is finite. Assume nonnestling (N) in direction it and
ellipticity (E). Then all the conclusions of Theorem 2.1 hold.

We make a few remarks about ellipticity hypotheses. When (2.3) is violated,
the environment @ determines completely the set of points {X,, : n > 0} visited by
the walk, and only the rate of advance remains random. In this case the process
B, does not satisfy the quenched invariance principle. Same is true for the one-
dimensional case. But B, does satisfy an invariance principle in these cases, and
furthermore, the quenched mean behaves diffusively. The companion paper [11]
addresses these points.
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One of the most popular hypotheses used in studies of RWRE is uniform ellip-
ticity. One fixes a finite set N and a constant 0 < x« < 1, and then assumes that
P-almost surely

o, =0 forz#N and k <my, <1 forz e N.

Suppose our forbidden direction assumption is made. Assume that A contains at
least one point x such that x - > 0 and at least one other point y such that x and y
do not lie on a common line through the origin. Then all our other hypotheses
(N), (M) and (E) follow. In particular, under the forbidden direction assumption,
uniform ellipticity with a reasonably chosen N (such as that part of an £7-ball of
radius > 1 that satisfies x - # > 0) implies nonnestling.

The remainder of the paper proves Theorem 2.1. In several of our lemmas we
indicate explicitly which assumptions are needed. In particular, d > 2 is not re-
quired everywhere, nor is the ellipticity assumption (E). We rely on a companion
paper [11] for some basic results.

After the preliminaries the main work of the paper goes toward bounding the
variance of the quenched mean. We record the result here.

THEOREM 2.3. Let d > 2 and consider an i.i.d. product probability measure
PP on environments with a forbidden direction —ii € Q¢ \ {0} as in (2.1). Assume
nonnestling (N) in direction i, the moment hypothesis (M) with p > 2, and ellip-
ticity (E). Let y > ﬁ Then there is a constant C such that, for alln > 1,

Ccnl/?, if p>3,

o 2
(2.5) E[EG (Xn) — Eo(Xn)|"] = {Cny’ if 2<p<3.

Without affecting the validity of the bound (2.5), one can perform either one or
both of these replacements: Eo(X,,) can be replaced by nv, and E can be replaced
by Eo, expectation under the equilibrium measure of the environment chain intro-
duced below in Theorem RS2. As pointed out in the Introduction, n'/? is known
to be the correct order of the variance for some walks in d = 2.

3. Preliminaries for the proof. To prove the invariance principle we use the
point of view of the particle. More precisely, we consider the Markov process on
Q with transition kernel

7(w, A) =Py (Tx,w € A).
For integers n define o -algebras &,, = o (wy : x - i > n). Define the drift as

D(w) = E§(X1) =Y z70; ().

The proof of the quenched invariance principle is based on the next theorem
from our earlier article [10]. This theorem is an application of the results of
Maxwell and Woodroofe [9] and Derriennic and Lin [5] to random walk in random
environment.
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THEOREM RS1. Letd > 1 and let P, be any probability measure on (2, S)
that is invariant and ergodic for the Markov process on Q with transition kernel 7t .
Assume that

(3.1 Z 12)*Eoo (70;) < 0.

Z

Assume also that there exists an 0 <« < 1/2 such that
(3.2) Eool| E§(Xn) — nEoo(D)|*]1 = O(n**).

Then for Poo-almost every w the distribution Q}; of the process {B,(t):t € Ry}
converges weakly on the space Dya ([0, 00)) to the distribution of a Brownian mo-
tion with a symmetric, nonnegative definite diffusion matrix that does not depend
on w. Moreover, for Pss-almost every w,
(3.3) lim n~"2max |EQ (X}) — kEoo(D)| =0

n

n— 00 k<

and, therefore, the same invariance principle holds for éﬁ

Above, E, denotes expectation under the measure P,. To apply Theorem RS1,
we need some preliminary results on equilibrium, the law of large numbers and
the annealed invariance principle. These are contained in the next theorem that
summarizes results from [11].

THEOREM RS2. Let d > 1 and consider a product probability measure P
on environments with a forbidden direction —ii € R% \ {0} as in (2.1). Assume
nonnestling (N) in direction i.

(a) Ergodic equilibrium. Assume the moment hypothesis (M) with p > 1. Then
there exists a probability measure Poo on (2, G) that is invariant for the Markov
process with transition kernel T and has these properties:

(i) P=Ps on &1, P and Py are mutually absolutely continuous on Sq, and
P is absolutely continuous relative to P on &y with k < 0.
(ii) The Markov process with kernel & and initial distribution Py, is ergodic.

(b) Law of large numbers. Assume the moment hypothesis (M) with p > 1.
Define v =IFE, (D). Then we have the law of large numbers

P0< lim n'X, = v) =1.
n—oo

Moreover, Eg(01) < 00, v = Eo(Xs,)/Eo(01) and
3.4 sup |Eo(Xy) — nv| < oo.
n
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(c) Annealed invariance principle. Assume the moment hypothesis (M) with
p > 2. Then the distribution of the process {B, (t):t € Ry} under Py converges
weakly to the distribution of a Brownian motion with diffusion matrix 0 defined

by (2.4).

The main idea for the proof of Theorem RS2 is that (X4, — X, |, 0k —0k—1)i>1
is a sequence of i.i.d. random variables under the annealed measure Pp.

Some comments follow. We have an explicit formula for the equilibrium distri-
bution: if A is &_-measurable for some k£ > 0, then

Eo(Cmth 1{Tx, 0 € A}
Eo(o1) '

The absolute continuity of P, relative to IP given by part (a) of Theorem RS2 has
this consequence: moment assumption (M) is also valid under P,. Hence the drift
D can be integrated to define v = Eoo (D). Then, if assumption (M) is strengthened
to p > 2, it follows that hypothesis (3.1) of Theorem RS1 is fulfilled.

The course of the proof of Theorem 2.1 is now clear. Part (a) of Theorem RS2
gives the invariant measure needed for Theorem RS1. The real work goes toward
checking (3.2). We first show, in Proposition 4.1 of Section 4, that it is enough to
check (3.2) for E instead of E. Then, in Sections 4 and 5, we check the latter
condition is satisfied. At this point our proof will require more than two moments
for X;.

Suppose the hypotheses of Theorem RS1 have been checked. Let

(3.5) Py(A) =

A={w: Q) and é,‘f converge to the law of a Brownian motion and (3.3) holds }.

The conclusion of Theorem RS1 is then Py, (4) = 1. Since A is Sg-measurable,
mutual absolute continuity of P and Py, on G implies that P(4A) = 1. Theo-
rem RS1 does not give the expression for the diffusion matrix. But the P-almost
sure quenched invariance principle must have the same limit as the annealed invari-
ance principle. Hence part (c) of Theorem RS2 allows us to identify the limiting
Brownian motion as the one with diffusion matrix ® from (2.4).

The upshot of this discussion is that in order to prove Theorem 2.1 only (3.2)
remains to be verified. We finish this section of preliminaries by quoting part of
Lemma 3.1 from [11]. Its proof uses standard ideas.

LEMMA 3.1. Let d > 1 and consider a T -invariant probability measure P
on environments with a forbidden direction —ii € R% \ {0} as in (2.1). Assume
nonnestling (N) in direction i, and the moment hypothesis (M) with p > 1.
Then there exist strictly positive, finite constants Cn(M,3$, P, C »(M.,$, p) and
r(M, 8, p) such that for all x € 74 )€ [0, Ao]l, n,m > 0 and P-a.e. w,

(3.6) E®(|Xm —x|?) < MPmP  for1<p<p,
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(3.7) P%(ay > n) <e*(1 —18/2)",
(3.8) Ewaﬁh<<ém,
(3.9) EY(|Xo, —x’ ) ,; for1<p<p.

4. Bound for the variance of the quenched mean. By the discussion in the
previous section, it only remains to check (3.2) to derive the invariance princi-
ple Theorem 2.1 through an application of Theorem RS1. First we show in the
next proposition that (3.2) is satisfied if it is true when P is replaced by PP. Sub-
sequently we reduce this estimate to bounding the number of common points be-
tween two independent walks in a common environment. X9, = {Xx : 0 <k <n}
will denote the set of sites visited by the walk.

PROPOSITION 4.1. Let d > 1 and consider a product probability measure P
on environments with a forbidden direction —ii € R4 \ {0} as in (2.1). Assume
nonnestling (N) in direction it, and the moment hypothesis (M) with p > 2. Let
P be the measure in Theorem RS2(a). Assume that there exists an a < 1/2 such
that

(4.1) E(|EQ(X,) — Eo(Xn)I?) = O(n*).

Then condition (3.2) is satisfied with this same «.

PROOF. Due to (3.4) the hypothesis becomes
4.2) E(|ES(X,) —nv|?) = On*®).

Next, notice that [v|? < M? due to the moment hypothesis (M) and that Py, < P
on G¢. Notice also that (3.5) with £k = 0 implies that the Radon-Nikodym deriv-
ative go = d(Pxo|g,)/d(P|s,) is o (wx:x - i < 1)-measurable. Now the bound
comes from a multistep calculation:

sol|E§(Xu) = nEoo(D)*]
=Ex[|E) (X, —nv,01 <n)+ Ej (X, —nv, oy >n)|*]
<2E[|EG{X, — (n —o1)v, 01 <n} — Ey{orv, o <n}| ]
+4(M?* + [v|))nEoso[ P (01 > n)?]
by an application of (3.6),

Z PY( Xy =x,01 =m)E{Xp—p — (n —m)v}

2
x,m=<n j|

§4Ew[

+4(M? + 2[v[HEao[ ES (01)°]
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by restarting the walk at time o, by |a + b|2 < 2|a|2 + 2|b|2 and by combining
the expectations of o7,

<4 Y Bool Py (X =x, 01 =m)|E{Xy_m — (n — m)v}|’]

x.m=<n
+ 12M’Ex[ Ef (01)]
by an application of Jensen’s inequality on the first term and by |v| < M,

=4 Y ElgoP{(Xm =x,01=m)|EX{Xp_m — (n — m)v}|’]

+ 12M2Eoo[E§ (01)%]
=4 > ElgoP{(Xm =x,01=m)E[EX{Xy_m — (n — m)v}|’]

x,m=<n
+ 12M Ex[ E¢ (61)°]
because the i.i.d. assumption on [P makes the two integrands independent,

<8 Y EolPY X =x,01 =m)IE[E§(Xnom — (n —m)v}|’]

x,m=<n
+ 8Eoo [ E (1 Xoy [*)] + 12M°Ecc [E (01)°]
by shifting the initial state of E back to 0, and by |a + b|* < 2|a|* + 2|b|* again,
= O (n*).

The final estimate above comes from (4.2) and the bounds in Lemma 3.1. [

Now, we will concentrate our attention on showing that (4.1) holds. This will
be carried out in several steps. First, using Lemma 4.2, we bound the left-hand
side of (4.1) by the expected number of intersections of two independent random
walkers driven by the same environment. This is done in Proposition 4.3. Then, in
Proposition 5.1 of Section 5, we bound this number of intersections and conclude
the proof of Theorem 2.1.

For U C Z? we use the notation wy = (wy)xev. Recall that X g ,—1; denotes
the set of sites visited by the walk during time O, ...,n — 1.

LEMMA 4.2. Let d > 1 and consider a product probability measure P on
environments with a forbidden direction —i € R¢ \ {0} as in (2.1). Assume
nonnestling (N) in direction it, and the moment hypothesis (M) with p > 1. Fix
z € Z¢ such that z - i > 0. Define the half-space U = {x € Z%:x - it > z - i}. Let
w be an environment and @ another environment such that @y = wy for all x # z.
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Then there exists a constant Co = Co(M, §) such that for all z, P-almost every w,
P-almost every choice of @,, and alln > 1,

f [ES(X,) — E&(X)Pdwu)| < CoPE (2 € Xjom1y).

Note that the right-hand side above is a function only of wyc so there is no incon-
sistency.

PROOF. Let X, and X,, denote walks that obey environments w and @, respec-
tively. We couple X, and X, as follows. Given w, for each x € Z4 pick a sequence
of i.i.d. directed edges (b; (x) = (x, y;))i>1 from the distribution (7yy(w))y. Each
time X,, visits x, the walker takes a new edge b; (x), follows it to the next site y;,
discards the edge b;(x), and repeats this step at its new location. Since the edge
bi(x) is discarded, next time X, visits x, b;+(x) will be used.

The directed edges b; (x) that govern the walk X, are defined by taking b; (x) =
bi(x) for x # z and by picking i.i.d. directed edges (bi(2) = (z, ¥i))i>1 from the
distribution (77, (®))y.

Let P? ;’ denote this coupling measure under which the walks start at x and x.
If the walks start at 0, they stay together until they hit z. Let

t=inf{n >0: X, =z} =inf{n ZO:Xn =z}
be the common hitting time of z for the walks. Let
o=inf(n>0:X, - i>z-4} and 6=inf{ln>0:X, -4 >z-i)

be the times to enter the half-space U.
Note that o and ¢ are different from o for a walk started at z. In fact, o < o7.
We have

E§(Xn) — E§(Xn) = Eq ) (Xn — Xn)
= E(‘)U,’Ow((Xn — X)1{r < n})
= Eqy (Xal{t <n}) — EGy (Xal{t <n)).
Using the Markov property, one writes

n
Egy Xyl <n}) =) Y Py’ (t <n,o An=m, Xy =y)E} (X _m).
m=1 Y

Note above that if T < n, then necessarily T < o A n, so the event {r < n,
o A n =m} is measurable with respect to o {Xo, ..., X;n}. Rewrite the above as

Egy (Xal{z <n})
= Z ZPS)(’)")(I <n,cAn=m
1<m,m<ny,§y

GAn=1it, Xp=y, Xz =5 E?Xn_m).
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Develop the corresponding formula for X, and subtract the two formulae to get
E§(Xa) — E§ (Xy)
@3 = > ZPS?()&’(I<n,o/\n=m,&/\n=n~1,Xm=y,)~(n~1:y)

I<m,m<ny,y
(4.4) x (EY (Xn-m) = EY Xn_in)).
Note that the expectations on line (4.4) depend only on wy . For X this is because
if m = n, then E;”(X,,_,;l) =y, while if m < n, then 6 =m and y € U and the
walk never leaves U. The same reasoning works for the expectation of {( nem- In
fact, on line (4.4) we can drop the notational distinction between X and X.
Furthermore, the probabilities on line (4.3) are independent of wy . They depend
only on the environment in the complementary half-space {x € Z¢ :x - il <z - ii}.
Consider those terms in the sum on lines (4.3) and (4.4) with m < m. Then
n —m >n — m and we can write
E;)(Xn—m) - E?(Xn—nﬁ)
= EV(Xn—) — E§ (Xn—i) + EY Xn—m — Xn—)
~ T, T;
=y —F+Ey" Xy—i) — By (Xy—i) + EY Xnem — Xn—sa)-
Similarly for m > m,
E;)(Xn—m) - E?(Xn—nﬁ)
~ Ty T;
=y =+ Ey Xnom) — g™ Xn-m) = E2 Xy — Xn—m)-
In both cases, when we integrate against P(dwy ) and use (3.6), we get

y — ¥ + (a term bounded in vector norm by M |m — m]|).

Substituting back into (4.3) and (4.4) gives

‘ / (E&(X,) - Eé)(Xn))P(dwu)’

< Z ZP(;‘)bw(f<n,a/\n=m,6/\n=n~1,
l<m,m<ny,y
Xm =y, Xi =9y — Yl
+ Z ZPé’)(’)")(r<n,o/\n=m,5/\n=n~1,

l<m,m=<ny,y

~

Xm=y,X,;l=§)M|m—n~1.
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For the first term to the right-hand side of the inequality, noting again that on the
event {t < n} we have T <o A G A n, one can write

S Y PSP <n o An=m,& An=ri, Xn =y, X =Py - 5|

l<m,m<ny,y
= E&bw(]l{f <nHXorn — X5 anl)

n—1

@5) =Y EyyAr=01Xomm — X5
=0

n—1
=Y PPt =0E2"(|Xontm-t) — Xonm-0)))
=0

n—1
<Y PYa=0[EL(Xorm—t) —zl) + EX (| Xonm—t) — 2])]-
=0

Note now that by (3.6) and (3.7) we have, for all n > 0,
EZ(IXomn —2) S EZ(1Xs —zD) + EZ(I1Xy — 2], 0 > n)
=< Z Eg)(lxm - Z|p)l/pPzw(Xm—1 U=z ﬁ)(p_l)/p

m>1
+EC(1X, — 2" P PO(X,y i =7 - i) PTD/P
<C.

Therefore, we can bound (4.5) by c Py’ (t < n). For the remaining sum there is a
similar bound:

Z ZPS‘,)()@(T<n,d/\n:m,&An:nﬁ,xm:y,)?,ﬁ:y)MW_nﬂ

1<m,m<ny,y
w,d ~
=ME;, (I{tr <n}lo An—0o An|)

n—1
=M PY=0E’ o A(n—0—&An—0)]
£=0

< MPg(x <m)IEY(01) + EZ(01)]
<2C\M P (t <n).
Putting the bounds together gives

‘ f [EQ (X)) — ES (X)P(doy)| < (C +2C1M)PE(x <n),

which is the claim. O
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Now we take one step toward proving (4.1). We write Py, and Ey , for
probabilities and expectations on a probability space on which are defined the
P-distributed environments, and two walks X,, and X, that are independent given
the environment, and whose initial points are Xo = x and )~(0 = y. Similarly, P;‘fy
and EY , will be the quenched probabilities and expectations. Note that this cou-

pling of walks X, and X, is quite different from the one in the proof of Lemma 4.2.
Let |A| denote the cardinality of a set A € Z¢. We have the following:

PROPOSITION 4.3. Let d > 1 and consider a product probability measure P
on environments with a forbidden direction —ii € R4 \ {0} as in (2.1). Assume
nonnestling (N) in direction i, and the moment hypothesis (M) with p > 1. Let C¢
be as in Lemma 4.2. Then we have for all n > 0,

(4.6) E[|ES(X,) — Eo(Xn)1?1 < C3Eo.0(|X[0.0—11 N X[0.0-11])-

PROOF. For L > 0, define B; = {x € Z%:|x| < L}. Also, for B C Z¢, let
Sp=o0(wp). Fixn>1and L >0 and let (x;) ;> be some fixed ordering of B,
satisfying

Vizjixi-i>xj-0.
Set Uy to be the trivial o -field and define the filtration U ; = o (wy,, ..., wx j) and
the variables ¢; = E(EF (X,)|U;).

(& —¢j—1)j=11s a sequence of LZ(IP’)—martingale differences, and so

|BL|
E[[E(EQ{Xa)165,) — Eo X1 = Y E(g; — ¢i11)
j=1
<C} Y E[P¢(z € Xon-11)]
ZEBL

< C§ Y E[P§o(z € X10.0—11 N Xjo.n—11)]
Z

= CE[ES o(|X10.n-11 N Xjo.n-11])].

where the first inequality is due to Lemma 4.2. By (3.6) E(X,) is a bounded
random variable and, therefore, E[Ef (X,,)|&p, ] converges in L?*(P) to EY(Xn).
Thus, taking L to infinity proves the proposition. [

5. Bound for number of common points between two independent paths.
In this section we show that the right-hand side of (4.6) is O ((n'=%) where § > 0
depends on the strength of our moment hypothesis (M). We say that x belongs
to level £ if x - i = £. We will count the number of common points between two
paths by levels. This is where the assumption that i is a rational vector is needed.
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Otherwise the levels could accumulate and we would not be able to number them.
As mentioned in the remarks following Theorem 2.1, if & € Q4 \ {0}, then we can
and will assume, without any loss of generality, that & € Z¢ \ {0}. This way we
only need to consider integral levels £. The assumption of integral & also has the
effect that the stopping times {o}} defined by (2.2) mark the successive jumps to
new levels. Define

Vy={yeZ:y - 1=0)

and recall that = {y : E(7roy) > 0}. Recall also that under P;‘fy the walks X and X
are independent in the common environment @ with initial points Xo = x and
Xo =y, and Pey=/[ PP P(dw). Now for the first time we need the ellipticity
assumptions.

PROPOSITION 5.1. Let d > 2 and consider a product probability measure P
on environments with a forbidden direction —ii € 74 \ {0} as in (2.1). Assume
nonnestling (N) in direction it, the moment hypothesis (M) with p > 2 and ellip-
ticity (E). Let y > ﬁ. Then there exists a constant C1 < oo such that

> Cin'/? if p>3
Eo.0(|X[0.0-11 N X[o.n—11]) < ’ ’
0,0(| [0,n—1] [0,n 1]‘) = {Clny’ if 2<p<3.

PROOF. Denote the times of reaching a level at or above ¢ by
Ae=inf(n>0:X,-4>¢ and i,=inf{n>0:X, i > ¢}.

We may occasionally write A(£) for Ay to avoid complicated subscripts on sub-
scripts. Note that X hits level ¢ if, and only if, X,, - # = £. Common points
of the two paths can occur only on levels that are visited by both paths, or
“common levels.” These common levels are denoted by the random variables
0=Lo<Li <Ly<---defined by

Lj=inf{>L; 1:X,,-0=X;, -d=t}.

Let ¥, be the filtration of the walk X,,, and similarly f‘:n for )?n. Let #y be the
trivial o -field, and

J{Z :O’({a)xx ’2 <E}7 ?A[’J(?Xl)'

The L ;’s are stopping times for the filtration {#f,}. Lemma 5.3 below shows that
L is finite for all j.

Now we can rewrite the mean number of common points as follows. Write
temporarily

sz}{xEZd:x-ﬁzg,XEX[O,W)Q)?[O,W)}‘
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for the number of common points on level ¢:
Eo,0(|X10,0-11 N X{0.n-11])

o0
= ZEO,O[NEJI{XM U= }N(ie D=, 0 VA <nl
=0

o
= Z E(),()[E(),()(Nﬂe}fg)ll{xh U= Xie U=L0, A VA < n}]
£=0
Introduce the function
h(2) = E0(|X 10,00 N Xj0.61))
for z € V4. Then on the event X, -t = )?h cu=\4

Eo,0(Ne|#) = h(X3, — X;,).
Introduce the process
(5.1) Zj=Xuwy — X, € Va
to rewrite the previous development as
Eo.0(|X(0.1-1) N X(0.n-11])

o0
<> Eoo[h(Xs, — X5 )1{ X5, -l = X;, - it =€, 00 V hp <n}]
=0

o0
=Y Eoolh(Zp)1{rr; Vv ir; <n}].
j=0
Finally observe that A, ; > j because it takes at least j jumps to get to the jth
common level. This gives us the inequality

n—1
(5.2) Eo,0(|X[0,1-11 N X[o,n—11]) < DY Eolh(Z))].
j=0
Equation (5.2) is the starting point for the analysis. The subscript in the last Ejy
above is the initial point Zg =0 € V.
To complete the proof of Proposition 5.1 we need to control the function 4 and
the process Z ;. We start with 4.

LEMMA 5.2. Letd > 1 and consider a product probability measure P on envi-
ronments with a forbidden direction —ii € 74 \ {0} as in (2.1). Assume nonnestling
(N) in direction u, and the moment hypothesis (M) with p > 2. Then the function
h is summable:

> h(z) < oo

zeVy
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PROOF. Define b(x) = |x| + 1 for x € Z%. Below we will use the properties
b(x) =b(—x) and b(x + y) < b(x)b(y). Notice that the number of points on the
path X, is at most o1. Bound % (0) simply by 2(0) < E¢(o1). We bound the
sum of the remaining terms as follows:

Yo k@< Y Eo(01l{X0) N X # 2))
z-1=0,z#0 z-u=0,z#0

< Y. E.o(nl{o1>b()})

261=0,20

+ Z b(2) P;,0(X[0,61) N ??[o,&l) # 9).
z-u=0,z#£0
The first sum after the last inequality is finite by the exponential tail bounds (3.7).
We decompose the last sum according to the first site y along the X-walk that

is also visited by the X-walk. Then the X-walk from 0 to y does not intersect the
X-walk from z to y, except at y. To formalize this, for z # 0 and y € Vg, let
I'(z, 0, y) be the set of all pairs of paths (y, y) such that y = {z = x¢, X1, ..., X =
v} ¥ ={0 = yo, y1,..., yn = y}, all points reside on level 0, and y is the first
common point along the two paths. Paths y = {z} and y = {0} are also considered
when either y = z or y = 0. Use the notation

Pw()/) = ﬂxo,xl (a))ﬂxl,xz (Cl)) e 7Tx,,,,1,xm (a))

for the probability that the X-walk follows path y, and similarly for P®(y). For
any pair (y,7) € I'(z, 0, y) the random variables P“(y) and P®(y) are indepen-
dent under P. Let H (z, y) be the collection of all paths from z to y on level O that
contain y only as the last site, and analogously for H (0, y). Then

Y. b@Po(Xp0,0) N Xo5)) # D)
z-u=0,z#0

= Y b@ Y Y EP°OMIEP°()]

z-1=0,z#£0 y-a=0 (y,y)€l'(z,0,y)

< Y. by Y EP°WMIY bly—z Y, E[P°»)]

y-i=0 7€H(0,y) z-1=0 yYEH(z,y)

= > by Y, E[P°(M] Y bx) Y E[P°(y)]

y-4=0 7€H(0,y) x-01=0 y€H(0,x)

2 2
= ( Db Y E[P‘“(y)]) = ( Y bx)Po(x e X[o,m))>

x-u=0 y€H(0,x) x-u=0

o1—1 2
< (Eo[Z(IHXnI)D < oo,

n=0
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The finiteness of the last term can be seen by the usual application of Holder’s
inequality to Eo(| X, |1{o1 > n}), along with (3.7) and (3.9). 0

Next we analyze the process Z ;. Under the annealed probability it is a Markov
chain because the walks can be restarted from the points (X ML) X- (L )) of each
new common level, and then they see a new environment independent of the past.
We shall show that Z; is also a martingale with certain uniform moment bounds
on its increments.

Let L = L denote the first common level above zero. We generalize the treat-
ment to two walks X, and )?n that both start at level zero, but not necessarily at
the same point. The first task is to bound L.

LEMMA 5.3. Letd > 1 and consider a product probability measure P on envi-
ronments with a forbidden direction —ii € Z%\ {0} as in (2.1). Assume nonnestling
(N) in direction i, and the moment hypothesis (M) with p > 2. Then for any
D € [2, p) there exists a constant Co = C2(p) such that E, o(LP~YY < C, for all
choices of 7z € V.

PROOF. Either the very first new levels of X and X are common, or not, so

(5.3)
X-UFEX-U

The first term after the equality sign is bounded by a constant independently of z
by (3.9). We rewrite the last sum by introducing the levels visited by the X-walk
until the first common level. It becomes

.p—1 o i
Z Z l]f PZ,O(XUI:vaUm.u:lmformzz"”’k’
k=l x-li=iy, %-4=i
(0,01,0mn ir)EAL

~

X5 =X, X-walk does not visit

levels iy, ..., ix—1 but does visit level ik),
where Ay is the set of positive integer (k + 1)-vectors (f, i1,...,Ir) such that:
(i) ifk=1,then 0 <i <iy, while _ i
() ifk>2,then0 <i; <--- <ig,i <igxandi & {if,...,ix—1}.

This accounts for all the possible ways of saying that the walks continue from
disjoint levels i; and i i and first meet at level ir. It can happen that iy = i{ or iy = i
but not both.



RANDOM WALK IN RANDOM ENVIRONMENT 19

Write the probability in the above sum as

E[PO(Xs = x) P (X5, = %) PY(Xop, - i = i1 form=1,...,k—1)
X P;”()?-Walk does not visit levels iy, ..., ix—1 but does visit level ik)]
. 0(Xoy =x, X5, = %) Pe(Xoy, i = i1 form=1,....k—1)
X P; ()? -walk does not visit levels iy, ..., ix_1 but does visit level iy).

Above we used independence: the probabilities

P (Xg, = 2) Py (X5, =3)
are functions of (w, :y - i =0), the probability

P (X, i =ipyr form=1,....k—1)

is a function of (w, :y - it € {i1, ..., ix—1}), while probability
P;” ()? -walk does not visit levels iy, ..., ix_1 but does visit level iz)
is a function of (wy:0 <y - <iy,y-iu & {i1,...,ik—1}).

By translation, the last sum in (5.3) can now be written as

Z PZ’O(XO'I ' ﬁ = ll? X&I . I:\l - ;)
i1#i

X if;_lP (i + X,, - 2 =i for some n > 1)

+ > T Pl X, =g for j=1,..k—1)
k>2,(ip,...,ir):
(i1senig)EAR

x Po(i + Xo, i1 ¢ {i1, ... ix—1) forall j >0,

butl~'+)~(an U=y forsomeniO)}.

The quantity in braces can be represented as E (Lp ) where the random variable
L ; is defined as the first common time (or “level”) of two independent delayed
renewal processes:

m n
Lij=inf{l>1: forsomem,n20,i+ZYk=Z=j+Zl7k},
k=1 k=1

where {Y} is an i.i.d. positive integer-valued sequence distributed like {(X, —
Xo,_,) - u} under Py, and {fk} is an independent copy. It follows from Lemma 3.1
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that E(Y7) < co. By Lemma A.3 in the Appendix, E(Lf_;l) <ca+i" "4
1

i7=1). Substituting this back into (5.3) gives
E.oLP"Y<C+CY Po(Xo =iy, X5, -1 =10)(1+ TS
i];'él7

which is bounded by a constant by (3.9). This completes the proof of Lemma 5.3.
g

Having bounded L, we turn to develop a martingale. We have
o0 (X |H) = 1{ Xy, -0t > k+ 1} X,
+1{X5, -4 =k}(Xo, + E, (Xo, — X0))
= Xy, +1{Xs, - il =K} EY, (X, — Xo).

Consequently
k—1
Mi=X5, — Y 1{X;, - = j}E%j(XU, — Xo)
Jj=0 '

is a vector of martingales under PZ‘"0 with E?O(Mk) = My=z. Let Mk denote the

corresponding vector-valued martingale for X r- We have EZO(Mk) = Mo =0.

Let us observe that these martingales have nicely bounded moments. First
by (3.9),

-1

(5.4) > 1{Xy, = J}EY, (Xo, = Xo)| < C3t.
Jj=

By another application of (3.9),

(5.5) E¢ ol (Mg — My—1)*| #i—1] < Ca.

In particular, M and M are L?-martingales. We wish to apply optional stopping to
the martingales M and M and the stopping time L, justified by the next lemma.
Given p € (2, p), let us write

(5.6) p=(({pE—1 A2, a number that satisfies 1 < p <2 < p.
LEMMA 5.4. Letd > 1 and consider a product probability measure P on envi-

ronments with a forbidden direction —i € 74 \ {0} as in (2.1). Assume nonnestling
(N) in direction u, and the moment hypothesis (M) with p > 2.

(a) There exists a constant Cs such that EZ,0(|)~( WL |13 ) < Cs for all choices of
z € Vy. Same is true for X;, — z.
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(b) For P-almost every w, {Myrr : £ > 0} and {M@AL :£ > 0} are uniformly in-
tegrable martingales under P, for all choices of z € V4.

PROOF. Part (a). We do the proof for X i M LAk 1S also an Lz—martingale.
By orthogonality of martingale increments, by #f;_i-measurability of {L > j} =
{L <j—1}° by (5.5), and by the integrability of L (Lemma 5.3),

¢
~ ~ ~ 2

E.o(Mpael®) =Y Eoo(|Mpnj — Mpaii—1)7)

j=1

£
=Y E.o(M; —M;_1>,L>j)<Cs) P.o(L>j)<C.
Jj=1 j=1

(Above | - | is the ¢2-norm.) Then by Fatou’s lemma EZ,0(|ML|2) < C. Invok-
ing (5.4) we finally get

E.0(1X;,1") < CE.o(MLI?) + CE, o(L?) < Cs.

Part (b). The P-full probability set of w’s is defined by the conditions
E‘“O(L” Y < 00 and (3.9). This set is evidently of full P-probability by Lem-
mas 3.1 and 5.3.

We prove the uniform integrability for My.1, since the case of M@ AL 18 the
same. Due to (5.4), it suffices to check that {X; 1)} is uniformly integrable. By
part (a) we only need to show the uniform integrability of {X;,1(L > £)}. For that,
pick g1 so that 1 < g1 < H'Tp A(p —1),let g2 =q1/(q1 — 1) be the conjugate
exponent, and let v =1/g» =1 — 1/g;. Then q1(1 + v) =2q1 — 1 < p and so
(3.9) can be applied with exponent g (1 4 v):

CollXn | = €]

I4
E?fo[@v Y o1Xo, = X a0 = 5)]

j=1

l-i-U]

IA
.Mg

E [ vﬂ(L>J)}X)L — X

jl}
1

~
I

(Ew [L])I/QZ(E(O []]_(L >])|XA,] _)()L |(1+V)6]1])1/¢I1

M8

1

~.
Il

o0
< C Y (ELG LDV PLy(L = M4
j=1

o
Z E” L])l/qz(Ew [LP 1])1/(11 —(P=-D/q1 - 50
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where the convergence of the series comes from (p — 1)/g; > 1. In the second-to-
last inequality we used the #f;_1-measurability of the event {L > £} and (3.9) with

exponent g1 (1 +v). O

The conclusion from uniform integrability is that by optional stopping
E2y (ML) = Mo and E®,(My) = M. With this we get

ZO(XKL - )?XL)

j=0
L—1
YUl A= B (X - Xo>)
j=0 gl
L—1
—z+E§jO(Z X, -a=Jj}ER, (Xo — Xo)
j=0
L—1 N
-3 1{X;, - :]'}Egi_(xg1 - X0)>.
j=0 J
Abbreviate
L—1 - L—1 N
S=) 1{Xs,-i=j} and S=) 1{X; -i=j}
j=0 j=0

for the numbers of levels that the walks visit before level L. Integrating out the
environments then gives

L—1
EZ,({Z X, i = j}E%j (X5, — Xo)}
j=0
o
=D Eeol1lj < LI{X;, it = J}ER, (Xo, = Xo)]
j=0

= Eo(Xe) Y Ezo[1{j < LY{X,,; i = j}]
j=0

= Eo(Xo,) Ez,0(5)
with a corresponding formula for the X-walk. Substituting this back up leads to

E;0(Xo, — X3,) =2+ Eo(Xo,) Ez.0(S — 5.
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Project this equation onto ii. Since Xy, - it — X 7, *1=0by the definition of L and

z-u =0 while X4, -4 > 1, we conclude that E, o(S — S) =0. Substituting this
back up gives this conclusion:

(5.7) Eo(Xy, —X;5,) =2,

which is a mean-zero increment property.

Recall the definition (5.1) of the V,-valued Markov chain Z,, that tracks the
difference of the walks X and X on successive new common levels. The transition
probability of Z,, is given for x, y € V; by

q(x,y) = Peo[Xs, — X5, =)].

To paraphrase the formula, in order to find the next state y from the present state x,
put the X-walk at x, put the X-walk at the origin, let the walks run until they have
reached a new common level L above 0 and let y be the difference of the entry
points at level L.

We are now all set for controlling the chain (Z;). Recall that p = (p — 1) A2
and p € (2, p).

LEMMA 5.5. Letd > 1 and consider a product probability measure P on envi-
ronments with a forbidden direction —ii € z¢4 \ {0} as in (2.1). Assume nonnestling
(N) in direction i and the moment hypothesis (M) with p > 2. Then the transition
q(x,y) has these properties for all x € V ;:

(5.8) Y mgx,x+m)=0

mGVd

and there exists a constant Cg < 00 such that

(5.9) > imlPq(x, x +m) < Ce.

meVy,

In addition to the assumptions above, assume d > 2 and ellipticity (E). Then there
exists a constant € > 0 such that

(5.10) gx,x)<l-—¢ forallx € Vy.

PROOF. Property (5.8) follows from (5.7), and property (5.9) from
Lemma 5.4(a).

We prove property (5.10) carefully, for even though the argument is elemen-
tary, it is here that the proof needs the ellipticity hypotheses. By assumption (2.3)
in the ellipticity hypothesis (E) we can fix two nonzero vectors z # y such that
E(mo,moy) > 0. Pick their names sothat z- &4 > y - . If y - i1 = z - it =0, then by
nonnestling (N) there exists a vector u with u - # > 0 and E(mo,0ym0,) > 0. Thus
by replacing z with u if necessary we can assume z - i > 0. Recall that we are
assuming # is an integer vector, so all the dot products are also integers.
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Let x € V4. We distinguish three cases.
Case 1.y -u=0. Then

1—q(x,x) >q(x,x —y) > ProXi=x+z,X1=y, X2=y+72)

(Emo.)*Emoy, if x {0, y},
= E”x,x—f—zﬂo,yﬂy,y—i—z = E[TL’()ZJT()y]EJT()Z, if x= O,
]E[ngz]Enoy, if x=y.

Case 2. y-u>0and y ¢ Rz. Let n,m > 1 be such that nz - u = my - i is the
least common multiple of y - & and z - 2. We have

1—qg(x,x)
>qg(x,x +nz—my)
>PooXi—Xi—1=2,X;—Xj_1=y, fori=1,...,nand j=1,...,m)
(Erroz)" (Emoy)™, if x 0,
- {E[noznoy](IEnoz)”_l(Enoy)m_l, if x=0.

Case 3.y - > 0 and y € Rz. Together with the earlier assumption y - i1 <z - il
these imply y - & < z - ii. The ellipticity hypothesis (E) implies the existence of
a vector w ¢ Rz such that E(mg,) > 0. Consider the positive integer solutions
(¢, m, n) of the equation

Lz-u)=m(y-u)+n(w-i).
Such solutions exist. For if w -t =0, then £ =y -, m = z - i1 together with any
n > 0 works. If w-u > 0, then one solutionis { =w -, m=w-u,n=z-u—y-u.
Fix a solution where ¢ is minimal. Define a path (¥ j);.”;rl" such that X = y, Xp =
vy + w, and after that each step is either y or w but so that x,,, 4, = my +nw. Define

another path (x; = kz)iz |- Paths (x j);f’;rln and (xk)ﬁz1 do not have a common level
until at X,,,1,, - # = x¢ - it. To see this, note two points:

(i) X1 -4 = xi - i is impossible due to the assumption y - it < 7 - .
(ii) Anequality X; it =xj -1 with2 < j <m+nand I <k < £ would produce
a solution (¢, m, n) with smaller £.

Note also that, since z, y, w % 0 and by the linear independence of w and z,
X4+ X —Xmin=x+Lz—my —nw #x for any x.
So
1—qg(x,x)>q(x,x + X0 — Xmtn)
> Pro(Xk=x+x; forlfkfﬁand)?j =xjforl <j<m+n)

_ { (Eo.)* (Eroy)™ (Emow)", if x #0,
E[T[OZWOy](EnW)e_l(ET[Oy)m_l(EWOw)n» if x=0.
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The three cases give finitely many positive lower bounds on 1 — ¢ (x, x) that are
independent of x. Let ¢ be their minimum. [

We can now finish the proof of Proposition 5.1. Write

Gu(x,y) =Y q"(x.y) = Ex [Z 1z = y}],
k=0 k=0

where ¢¥ (x, y) is the k-step transition probability from x to y, and now E, is the
expectation on the path space of {Z;} when the initial state is Zy = x.

Continue from (5.2) and apply Lemma A.4 from the Appendix and the summa-
bility of A:

n—1

Eo,0(|X10.0-11 N X[o.n-11]) < Y Eolh(Z)]= > h(x)Gp—1(0,x)
j=0 xeVy

< Cﬁl’ll/ﬁ Z hx) < cnl/P.

xEV,{

Recalling that p = (p — 1) A2 and p € (2, p), this completes the proof of Propo-
sition 5.1, and thereby the proof of Theorem 2.1. [J

APPENDIX

A.l1. A linear algebra lemma. Let us say that a vector is rational if it has
rational coordinates, and analogously a vector is integral if it has integer coordi-
nates. The lemma below implies that for a finitely supported step distribution the
requirement of a rational vector in the forbidden direction assumption (2.1) and in
the nonnestling hypothesis (N) is no more restrictive than requiring a general real
vector. This justifies the derivation of Corollary 2.2 from Theorem 2.1.

LEMMA A.l. Let A be a finite subset of Z%. Suppose there exists a vector
0 € RY such that 0 - x > 0 for all x € A. Then there exists a vector ii with integer
coordinates such that, for all x € A,

A

n-x>0 ifandonlyif v-x>0 and

-x=0 ifandonlyif v-x=0.

<>
<>

The proof is mainly done in the next lemma. Let us recall this notion of vector
product: if hy, ..., hg—1 are vectors in RY, let 7 = F(hy,...,hg_1) be the vector
defined by the equations

detlhy, ..., hg_1,x]=x -2, for all x € R?.
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Here [A1,...,h4—1,x] denotes a matrix in terms of its column decomposition.
Explicitly, z = [z(1), ..., z(d)]" with coordinates

2G) = (=) det[hy, ..., hg_11{i},

where [hy,...,hq_1]{i} is the (d — 1) x (d — 1) matrix obtained from [/, ...,
hgq—1] by removing row i. Consequences of the definition are that z - h; = O for each
h;, and z # 0 if, and only if, &y, ..., hz— are linearly independent. The explicit
formula shows that if all 4; are integer (resp. rational) vectors, then so is z.

LEMMA A.2. Letvy,...,v, be linearly independent vectors in RY that lie in
the orthogonal complement {0} of some vector v € R%. Suppose vy, ..., v, all
have integer coordinates. Then for each ¢ > 0 there exists a vector w with rational
coordinates such that |lw — 0| < e and vy, ..., v, € {w}*.

PROOF. Ifn=d — 1, then z = F(v1,...,v4-1) is a vector with integer co-
ordinates and the property span{vy, ..., vg—1} = {z}L. The spans of z and U must
then coincide, so in particular we can take rational multiples of z arbitrarily close
to v.

Assume now n < d — 1. Find vectors &,41, ..., s—1 so that
Ul, ) Una%—n—H» ---’Ed—l
is a basis for {0}*. Next find rational vectors Myy1» - -+ My_p such that for each

n+1<k<d-1,nl' — & as m— oo, and so that

m m
U17~~-9vl’l= r]n+]9-vnd—1

are linearly independent for each m.

This can be achieved by the following argument. Suppose that for a particular
m>1andn <k <d — 1, vectors nZ’H, ..., ny" have been chosen so that |1771 —
£jl <1/m forn+1 < j <k, and the system vy, ..., vy, nr’l"H, ..., my is linearly
independent. The case k = n corresponds to the case where none of these vectors
has been chosen yet, for the given m. The subspace

U =span{vy, ..., Up, Myyqs - i)

has dimension k < d — 1 and is a closed subset with empty interior in R¢. Con-
sequently the set Bj/p,(§k+1) \ U is nonempty and open, and we can choose any
rational vector 7;", | from this set.

Once the rational vectors 7" IRTRERS n’i_, have been defined, let

Cm = F(Ul, ceey Un, n’T+1, ey T]Zl_l)
This ¢, is a rational vector. Next let s, be the real number defined by
|Smm — 0| = inf{|t&, — 0] :t € R}

and then let g, be a rational such that |s,, — g;»| < 1/m. Finally, let w,, = qn&m.
Clearly, {wm}J- contains vy, ..., v,. We claim that w,, — 0 as m — o0.
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The product F' is continuous in its arguments, SO

é‘ﬂ’l_) § :F(vlv"'?Unaél’l-i—l’"'vgd—l)'

Since ¢ and 0 both span the orthogonal complement of {vy,..., vy, Eir1,--..,
&4—1}, there is a real s such that 0 = s¢. Consequently s¢,, — s¢ = 0. Now

|wy, — ﬁ| = |qm&m — ﬁ| <|gm — Sml - [&m| + [$mCm — ﬁ|

The first term after the above inequality vanishes as m — oo by the choice of g,
and because |¢;,| — |¢|. By the definition of s,

|Smm — lA)| <I[s¢m — ﬁl -0

as observed earlier. This completes the proof of the lemma. [J

PROOF OF LEMMA A.1. Let
M =max{|x|:x €A} <oo and S=min{v-x:x€A,0-x>0}>0.

Let vy, ..., v, be a maximal linearly independent set from A N {o}*. If this set
is not empty, then pick a rational vector w from Lemma A.2 with ¢ = §/(2M).
Otherwise, just pick any rational vector w € B (). Then for x € A we have on the
one hand

v-x=0=—= x espan{vy,..., v} = w-x =0,
and on the other hand
Vx>0=0-x>—=w-x>0-x—|[(w—0)-x|>86§ — Mlw—1v|>5/2.

Now let i be a large enough positive integer multiple of w. [

A.2. A renewal process bound. Write N* = {1,2,3,...} and N =
{0,1,2,...}. The setting for the next technical lemma is the following. Let
{Y; :i € N*} be a sequence of i.i.d. positive integer-valued random variables, and
{Y;:j € N*} an independent copy of this sequence. Y denotes a random variable
with the same distribution as Y7. The corresponding renewal processes are defined
by

So=S8=0,8, =Y +---+Y, and S,=Y;+---+Y, forn>1.

Let h be the largest positive integer such that the common distribution of ¥; and
Y; is supported on hN*. For i, j € hN define

L; ;j =inf{¢ > 1: there existm,n > O such thati + S,, =€ = j + §n}.
The restriction £ > 1 in the definition has the consequence that L; ; =i fori > 0
but Ly o is nontrivial. The next lemma is proved in the Appendix of [11].
LEMMA A.3. Let 1 <r < oo be a real number, and assume E(Y™t!) < co.

Then there exists a finite constant C such that for all i, j € hN,
E(LL)<C(+i"+j7).
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A.3. A Green function estimate.

LEMMA A.4. LetV be a subset of some 74.d > 1. Consider a Markov chain
Z, on'V whose transition g (x, y) has properties (5.8)~(5.10) with 1 < p <2.Then
there exists a constant C7 < oo such that

n n
Gu(x,y) =) q"(x.y) = E, (Z 1{Z; = y}> <Cm'l?
k=0 k=0
foralln>1landallx,y€V.

PROOF. First we use the familiar argument to reduce the proof to the diagonal
case. For k > 1, let

e =P(Zi 2y, Zimi £y, Zi =)

be the probability that after time O the first visit from x to y occurs at time k. Note
that >, f*(x,y) < 1. Then for x # y

Gn(x,y) = Zq (x, y)—ZZfJ(x N (. )

k=1 j=1
= ij(x,y)qu_j(y,y)
= k=j

<Zf’(x y)Zq O, y)<Zq 0, 9) = Gn(y, ).

j=l1
We can now take x = y and it remains to show
n
E. (Z 1{Z = x}) <Cm'/?.
k=0
Keep x fixed now, and consider the Markov chain Z, unAder the measure P, on
its path space. By properties (5.8) and (5.9), Z,, is an LP-martingale relative to

its own filtration {F, # 7}, with initial point Zy = x. Furthermore, (5.9) implies a
uniform bound on conditional pth moments of increments:

(A.1) Ex(1Zk — Zi1|P)1FE)) < Ce.

Let0 =19 < 71 < 72 < --- be the successive times of arrivals to x after leaving
x, in other words

Tj41 =inf{n > 7;: Z, = x and Z; # x forsome k:7; <k <n}.
Let T} (j > 0) be the durations of the sojourns at x; in other words

Z,=x fif,andonlyif t;<n<7t;+T, for some j > 0.
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Given that an arrival has happened, the sojourns are independent of the past and
have geometric distributions, so on the event {r; < oo},

1

BT ) = 1 o

Let J, = max{j > 0:7; < n} mark the last sojourn at x that started by time n.
With these notations

n In
E (Z HZ = x}> <E, (Z T,-)
k=0 j=0
(A.2) =Y Ex(1{r; <n}T))
j=0

= _q(x’x)Ex(l + 7).

To bound the number J,, of arrivals to x from somewhere else we use the up-
crossing lemma from martingale theory. Write Z,, = (£!, ...,énd ) in terms of the
(standard) coordinates, and similarly x = (', .. t?). Let U,, count the number of

upcrossings of the martingale £’ across the interval [t/ — 1, ] up to time n. Simi-
larly V;} counts the number of downcrossings across the interval [¢', ' 4+ 1] made
by the martingale &' up to time n. Quite obviously

d
I <D UL+ V)
i=1

since each arrival to x means that some coordinate arrived at ¢ from either above
or below. By the upcrossing inequality ([6], (2.9) in Chapter 4)

E(UD) < Ex[(g — (7" — 1)) = Ex[(&8) — ¢ = 1))T]
<EflE — 1+ 1—1=E.[IE —1'|].

Similarly E, (V) < E,[|} — t'|], by applying the upcrossing inequality to —&°
and the interval [—#; — 1, —¢;]. Now follows

d
E [Jn] <) (Ex[UJ1+ Ex[Vi])
i=1

d d
<23 E.IE —1N1=2 E.[lg —&]1.
i=1

i=l
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In the next stage we apply the increment bound (A.1). Since 1 < p <2 we can
apply the Burkholder—Davis—Gundy inequality ([4], Theorem 3.2) to derive

d d
23 ELIE — &l <2 {ELIE) — E)IPTYVP

i=1 i=1

d no N\ Pl P
k=1

i=1
d n ‘ ) A 1/p
sch{ExDé,é—s;_w’}
i=1 k=1
§Cn1/ﬁ.

The next-to-last inequality came from noticing that p/2 € (0, 1] and hence, for any
nonnegative summands,

(xX] 4 - +x,)P? < xf/2 4o xP2,
Substituting the bounds back up to line (A.2) and applying property (5.10) gives

1+ Cnl/pP I+ cnl/p

<C 1/13
I—qg(x,x)~ ==

n
Gn(x,x) = Eyx [Z 1{Z; = x}} <
k=0
for a new constant C7. The proof of the lemma is complete. [J
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