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We use Dirichlet form methods to construct and analyze a reversible
Markov process, the stationary distribution of which is the Brownian con-
tinuum random tree. This process is inspired by the subtree prune and regraft
(SPR) Markov chains that appear in phylogenetic analysis.

A key technical ingredient in this work is the use of a novel Gromov—
Hausdorff type distance to metrize the space whose elements are compact
real trees equipped with a probability measure. Also, the investigation of the
Dirichlet form hinges on a new path decomposition of the Brownian excur-
sion.

1. Introduction. Markov chains that move through a space of finite trees are
an important ingredient for several algorithms in phylogenetic analysis, partic-
ularly in Markov chain Monte Carlo algorithms for simulating distributions on
spaces of trees in Bayesian tree reconstruction and in simulated annealing algo-
rithms in maximum likelihood and maximum parsimony tree reconstruction (see,
e.g., [21] for a comprehensive overview of the field). (Maximum parsimony tree re-
construction is based on finding the phylogenetic tree and inferred ancestral states
that minimize the total number of obligatory inferred substitution events on the
edges of the tree.) Usually, such chains are based on a set of simple rearrangements
that transform a tree into a “neighboring” tree. One widely used set of moves is the
nearest-neighbor interchanges (NNI) (see, e.g., [6, 7, 9, 21]). Two other standard
sets of moves that are implemented in several phylogenetic software packages but
seem to have received less theoretical attention are the subtree prune and regraft
(SPR) moves and the tree bisection and reconnection (TBR) moves that were first
described in [32] and are further discussed in [6, 21, 30]. We note that an NNI
move is a particular type of SPR move and that an SPR move is a particular type
of TBR move and, moreover, that every TBR operation is either a single SPR move
or the composition of two such moves (see, e.g., Section 2.6 of [30]). Chains based
on other moves are investigated in [5, 14, 29].
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In an SPR move, a binary tree T (i.e., a tree in which all nonleaf vertices have
degree 3) is cut “in the middle of an edge” to give two subtrees, say T’ and T".
Another edge is chosen in T’, a new vertex is created “in the middle” of that edge
and the cut edge in 7" is attached to this new vertex. Last, the “pendant” cut edge
in T’ is removed along with the vertex it was attached to in order to produce a new

binary tree that has the same number of vertices as 7. See Figure 1.
As remarked in [6],

The SPR operation is of particular interest as it can be used to model biological
processes such as horizontal gene transfer and recombination.

(Horizontal gene transfer is the transfer of genetic material from one species to
another. It is a particularly common phenomenon among bacteria.) Section 2.7
of [30] provides more background on this point as well as a comment on the role
of SPR moves in the two phenomena of lineage sorting and gene duplication and
loss.

%
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F1G. 1. An SPR move. The dashed subtree tree attached to vertex x in the top tree is reattached
at a new vertex y that is inserted into the edge (b, c) in the bottom tree to make two edges (b, y)
and (y, ¢). The two edges (a, x) and (b, x) in the top tree are merged into a single edge (a, b) in the
bottom tree.
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In this paper we investigate the asymptotics of the simplest possible tree-valued
Markov chain based on the SPR moves, namely the chain in which the two edges
that are chosen for cutting and for reattaching are chosen uniformly (without re-
placement) from the edges in the current tree. Intuitively, the continuous-time
Markov process we discuss arises as limit when the number of vertices in the tree
goes to infinity, the edge lengths are rescaled by a constant factor so that the initial
tree converges in a suitable sense to a continuous analogue of a combinatorial tree
(more specifically, a compact real tree), and the time scale of the Markov chain is
sped up by an appropriate factor.

We do not, in fact, prove such a limit theorem. Rather, we use Dirichlet form
techniques to establish the existence of a process that has the dynamics one would
expect from such a limit. Unfortunately, although Dirichlet form techniques pro-
vide powerful tools for constructing and analyzing symmetric Markov processes,
they are notoriously inadequate for proving convergence theorems (as opposed to
generator or martingale problem characterizations of Markov processes, e.g.). We
therefore leave the problem of establishing a limit theorem to future research.

The Markov process we construct is a pure jump process that is reversible with
respect to the distribution of Aldous’ continuum random tree (i.e., the random tree
which arises as the rescaling limit of uniform random trees with n vertices when
n — oo and which is also, up to a constant scaling factor, the random tree asso-
ciated naturally with the standard Brownian excursion—see Section 4 for more
details about the continuum random tree, its connection with Brownian excursion
and references to the literature).

Somewhat more precisely, but still rather informally, the process we construct
has the following description.

To begin with, Aldous’ continuum random tree has two natural measures on it
that can both be thought of as arising from the measure on an approximating finite
tree with n vertices that places a unit mass at each vertex. If we rescale the mass of
this measure to get a probability measure, then in the limit we obtain a probability
measure on the continuum random tree that happens to assign all of its mass to
the leaves with probability 1. We call this probability measure the weight on the
continuum tree. On the other hand, we can also rescale the measure that places a
unit mass at each vertex to obtain in the limit a o -finite measure on the continuum
tree that restricts to one-dimensional Lebesgue measure if we restrict to any path
through the continuum tree. We call this o -finite measure the length.

The continuum random tree is a random compact real tree of the sort inves-
tigated in [20] (we define real trees and discuss some of their properties in Sec-
tion 2). Any compact real tree has an analogue of the length measure on it, but in
general there is no canonical analogue of the weight measure. Consequently, the
process we construct has as its state space the set of pairs (7, v), where T is a
compact real tree and v is a probability measure on 7. Let u be the length mea-
sure associated with 7. Our process jumps away from 7 by first choosing a pair of
points (u,v) € T x T according to the rate measure 4 @ v and then transforming
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T into a new tree by cutting off the subtree rooted at u that does not contain v and
reattaching this subtree at v. This jump kernel (which typically has infinite total
mass—so that jumps are occurring on a dense countable set) is precisely what one
would expect for a limit (as the number of vertices goes to infinity) of the particular
SPR Markov chain on finite trees described above in which the edges for cutting
and reattachment are chosen uniformly at each stage.

The framework of Dirichlet forms allows us to translate this description into rig-
orous mathematics. An important preliminary step that we accomplish in Section 2
is to show that it is possible to equip the space of pairs of compact real trees and
their accompanying weights with a nice Gromov—Hausdorff-like metric that makes
this space complete and separable. We note that a Gromov—Hausdorff-like metric
on more general metric spaces equipped with measures was introduced in [31]. The
latter metric is based on the Wasserstein L? distance between measures, whereas
ours is based on the Prohorov distance. Moreover, we need to understand in detail
the Dirichlet form arising from the combination of the jump kernel with the con-
tinuum random tree distribution as a reference measure, and we accomplish this
in Sections 5 and 6, where we establish the relevant facts from what appears to
be a novel path decomposition of the standard Brownian excursion. We construct
the Dirichlet form and the resulting process in Section 7. We use potential theory
for Dirichlet forms to show in Section 8 that from almost all starting points (with
respect to the continuum random tree reference measure) our process does not hit
the trivial tree consisting of a single point.

We remark that excursion path-valued Markov processes that are reversible with
respect to the distribution of standard Brownian excursion and have continuous
sample paths have been investigated in [34—36], and that these processes can also
be thought of as real tree-valued diffusion processes that are reversible with respect
to the distribution of the continuum random tree. However, we are unaware of a
description in which these latter processes arise as limits of natural processes on
spaces of finite trees.

2. Weighted R-trees. A metric space (X, d) is a real tree (R-tree) if it satis-
fies the following axioms.

AXI10M 0 (Completeness). The space (X, d) is complete.

AXx10M 1 (Unique geodesics). For all x, y € X there exists a unique isometric
embedding ¢, :[0,d(x, y)] = X such that ¢, ,(0) = x and ¢, ,(d(x,y)) = y.

AXIOM 2 (Loop-free). For every injective continuous map v : [0, 1] — X one

has ¥ ([0, 1) = ¢y 0,y (1) ([0, d (¥ (0), ¥ (1) D.

Axiom 1 says simply that there is a unique “unit speed” path between any two
points, whereas Axiom 2 implies that the image of any injective path connecting
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two points coincides with the image of the unique unit speed path, so that it can
be reparameterized to become the unit speed path. Thus, Axiom 1 is satisfied by
many other spaces such as R¢ with the usual metric, whereas Axiom 2 expresses
the property of “treeness” and is only satisfied by R? when d = 1. We refer the
reader to [12, 15-17, 33] for background on R-trees. In particular, [12] shows
that a number of other definitions are equivalent to the one above. A particularly
useful fact is that a metric space (X, d) is an R-tree if and only if it is complete,
path-connected and satisfies the so-called four point condition, that is,

o d(x1,x2) +d(x3, x4)
' <max{d(x1, x3) + d(x2. x4), d(x1, x4) + d (x2, x3)}

forall xq,...,x4 € X.

Let T denote the set of isometry classes of compact R-trees. In order to equip
T with a metric, recall that the Hausdorff distance between two closed subsets A,
B of a metric space (X, d) is defined as

(2.2) du(A, B) :=inf{e > 0: A C Us(B) and B C U.(A)},

where U, (C) :={x € X :d(x, C) < ¢}. Based on this notion of distance between
closed sets, we define the Gromov—Hausdorff distance, dgg(X, Y), between two
metric spaces (X,dyx) and (Y,dy) as the infimum of the Hausdorff distance
du(X', Y') over all metric spaces X’ and Y’ that are isomorphic to X and Y, re-
spectively, and that are subspaces of some common metric space Z (cf. [10, 11,
23]).

A direct application of the previous definition requires an optimal embedding
into a space Z which it is not possible to obtain explicitly in most examples. We
therefore give an equivalent reformulation which allows us to get estimates on the
distance by looking for “matchings” between the two spaces that preserve the two
metrics up to an additive error. In order to be more explicit, we require some more
notation. A subset i C X x Y is said to be a correspondence between sets X and
Y if for each x € X there exists at least one y € Y such that (x, y) € ), and for
each y € Y there exists at least one x € X such that (x, y) € ). The distortion of
N is defined by

(2.3)  dis(R) := sup{ldx (x1, x2) — dy (1. y2)|: (x1. y1), (x2, y2) € R}
Then
24) dan((X, dx), (Y. dy)) = 3 infdis(%),

where the infimum is taken over all correspondences N between X and Y (see,
e.g., Theorem 7.3.25 in [11]).

It is shown in Theorem 1 in [20] that the metric space (T, dgp) is complete and
separable.
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In the following we will be interested in compact R-trees (7', d) € T equipped
with a probability measure v on the Borel o-field 8(7). We call such objects
weighted compact R-trees and write TY! for the space of weight-preserving isome-
try classes of weighted compact R-trees, where we say that two weighted, compact
R-trees (X, d, v) and (X', d’, V') are weight-preserving isometric if there exists an
isometry ¢ between X and X’ such that the push-forward of v by ¢ is v':

(2.5) v/:qﬁ*v::vod)_l.

It is clear that the property of being weight-preserving isometric is an equivalence
relation.

We want to equip T%! with a Gromov—Hausdorff type of distance which incor-
porates the weights on the trees, but first we need to introduce some notions that
will be used in the definition.

An e-(distorted) isometry between two metric spaces (X, dy) and (Y,dy) is a
(possibly nonmeasurable) map f: X — Y such that

(2.6)  dis(f) :=sup{|dx(x1,x2) —dy(f(x1), f(x2))|:x1,x2€ X} <¢

and f(X) isanée-netin Y.

It is easy to see that if for two metric spaces (X,dx) and (Y, dy) and € > 0
we have dgg((X, dx), (Y,dy)) < ¢, then there exists a 2¢-isometry from X to Y
(cf. Lemma 7.3.28 in [11]). The following lemma states that we may choose the
distorted isometry between X and Y to be measurable if we allow a slightly bigger
distortion.

LEMMA 2.1. Let (X,dx) and (Y,dy) be two compact real trees such that
deu((X,dx), (Y,dy)) < € for some ¢ > 0. Then there exists a measurable
3¢e-isometry from X to Y.

PROOF. If dgu((X,dx), (Y,dy)) < &, then by (2.4) there exists a correspon-
dence N between X and Y such that dis(N) < 2¢. Since (X, dx) is compact
there exists a finite e-net in X. We claim that for each such finite e-net $X-¢ =
{x1,...,xn¢} C X, any set sY.e — {y1,..., yne} €Y such that (x;, y;) € N for all
ie{l,2,...,N¢}is a 3¢-net in Y. To see this, fix y € Y. We have to show the
existence of i € {1,2,..., N°} with dy(y;, y) < 3¢. For that choose x € X such
that (x, y) € ). Since SX:€ is an e-net in X there exists ani € {1,2, ..., N} such
that dx (x;, x) < e. (x;, yi) € N implies therefore that |dx (x;, x) — dy (yi, y)| <
dis(M) < 2¢, and hence dy (y;, y) < 3e.

Furthermore we may decompose X into N¢ possibly empty measurable disjoint
subsets of X by letting XL = B(xy, 8), X* 1= B(xa, s)\Xl’e, and so on, where
B(x,r)isthe openball {x’ € X : dx(x, x") <r}. Then f defined by f(x) = y; for
x € X"¢ is obviously a measurable 3g-isometry from X to Y. [
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We also need to recall the definition of the Prohorov distance between two prob-
ability measures (see, e.g., [19]). Given two probability measures © and v on a
metric space (X, d) with the corresponding collection of closed sets denoted by C,
the Prohorov distance between them is

dp(ie,v) :=inf{e > 0: u(C) < v(C?) + ¢ for all C € C},

where C® := {x € X :infyccd(x,y) < &}. The Prohorov distance is a metric on
the collection of probability measures on X. The following result shows that if
we push measures forward with a map having a small distortion, then Prohorov
distances cannot increase too much.

LEMMA 2.2. Suppose that (X,dx) and (Y,dy) are two metric spaces,
f:X — Y is a measurable map with dis(f) < ¢, and u and v are two proba-
bility measures on X. Then

dp(fslt, fov) <dp(p,v)+e¢.

PROOF.  Suppose that dp(u, v) < 8. By definition, u(C) < v(C?) + § for all
closed sets C € C. If D is a closed subset of Y, then

fen(D) = pn(f~1(D))
< u(f~1(D))
<v(7 D)) +8
=v(f7'(D)*) +35.

2.7)

Now x’ € f~(D)’ means there is x” € X such that dy(x’,x”) < § and
f(x") € D. By the assumption that dis(f) < &, we have dy (f (x"), f(x")) <8 +e¢,
and hence f(x’) € D3*¢. Thus

(2.8) YDy c (D)
and we have
(2.9) fett(D) < v(f~HDTE)) 4+ 8 = frv(DOT9) +6,

so that dp(fiit, fxV) <38 + &, as required. [J

We are now in a position to define the weighted Gromov—Hausdorff distance be-
tween the two compact, weighted R-trees (X, dx, vx) and (¥, dy, vy). For ¢ > 0,
set

(2.10) Fy y := {measurable e-isometries from X to Y}.
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Put
Agaw(X,Y)
(2.11) :=inf{e > 0:exist f € Fy y, g € Fy x such that
dp(fxvx,vy) <&, dp(vx, g5vy) < €}.

Note that the set on the right-hand side is nonempty because X and Y are compact,
and hence bounded. It will turn out that Agyw: satisfies all the properties of a metric
except the triangle inequality. To rectify this, let

n—1
(2.12) douw (X, Y) :=inf} Y Aguw(Z;, Ziz1)'* L,

i=1
where the infimum is taken over all finite sequences of compact, weighted R-trees
Zi,....,Zy,withZyj=Xand Z, =Y.

LEMMA 2.3. The map dgpw : T x T¥ — R is a metric on T*'. Moreover,
38 (X, NV < dgrn (X, Y) < Agrm (X, 1)/
forall X,Y € TV,

PROOF. It is immediate from (2.11) that the map Agywt is symmetric.
We next claim that

(2.13) Aguw ((X, dx, vx), (Y,dy,vy)) =0,

if and only if (X, dx,vx) and (Y, dy, vy) are weight-preserving isometric. The
“if”” direction is immediate. Note first for the converse that (2.13) implies that for
all & > 0 there exists an e-isometry from X to Y, and therefore, by Lemma 7.3.28
in [11], dgu((X, dx), (Y,dy)) < 2¢e. Thus dgu((X, dx), (Y,dy)) = 0, and it fol-
lows from Theorem 7.3.30 of [11] that (X, dx) and (Y, dy) are isometric. Check-
ing the proof of that result, we see that we can construct an isometry f: X — Y
by taking any dense countable set § C X, any sequence of functions (f;;) such
that f, is an g,-isometry with ¢, — 0 as n — oo, and letting f be limy f,,
along any subsequence such that the limit exists for all x € S (such a subsequence
exists by the compactness of Y). Therefore, fix some dense subset S C X and
suppose without loss of generality that we have an isometry f:X — Y given
by f(x) =limy— fu(x), x € S, where f, € F)S(’TY, dp(fuxvx,vy) < &, and
lim,,—, 0 €, = 0. We will be done if we can show that f,vy = vy.If wy is a discrete
measure with atoms belonging to S, then

dp(fsvx, vy) <limsup[dp(fu«vx, vy) + dp(fusitx, [usxVX)
(2.14) +dp(fultx, fasttx) +dp(fuvx, furtx)]

<2dp(ux,vx),
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where we have used Lemma 2.2 and the fact that lim,,— oo dp(fuitx, fusmtx) =0
because of the pointwise convergence of f, to f on S. Because we can choose px
so that dp(ux, vx) is arbitrarily small, we see that f,vy = vy, as required.

Now consider three spaces (X, dx, vx), (Y,dy,vy) and (Z,dz, vz) in T"!, and
constants ¢&,8 > 0, such that Agpw((X,dx,vx),(Y,dy,vy)) < & and
Agan((Y,dy, vy), (Z,dz,vz)) < 8. Then there exist f € Ff(’y and g € F)é,z such
that dp( fxvx, vy) < € and dp(g«vy,vz) < 8. Note that go f € F;?JFZ‘S Moreover,
by Lemma 2.2

(2.15) dP((g o flsvx, VZ) <dp(g«Vy,vz) +dp(g« fsVx, &xVy) <3 + & + 0.
This, and a similar argument with the roles of X and Z interchanged, shows that
(2.16) Agaw (X, Z) <2[Agun(X, Y) + Aguw (Y, 2)].

The second inequality in the statement of the lemma is clear. In order to see the
first inequality, it suffices to show that for any Z, ..., Z, we have

n—1
2.17) Agu(Z1, Zn) M <237 Agu(Zi, Ziv) V.
i=1
We will establish (2.17) by induction. The inequality certainly holds when n = 2.
Suppose it holds for 2, ..., n— 1. Write S for the value of the sum on the right-hand
side of (2.17). Put
m—1
(2.18)  k=maxil<m<n—1:Y Aguw(Zi, Zix)"/* < 8/2¢.
i=1
By the inductive hypothesis and the definition of &,
k—1
2.19)  Aguw(Z1, Z)'V* <23 Aguw(Zi, Ziz)'* <2(8/2) = 8.

i=1

Of course,
(2.20) Ao (Ze, Zis)'* < 8.
By the definition of &,
k
(2.21) Y Acun(Zi, Zig)'* > 8/2,

i=1
so that once more by the inductive hypothesis,
n—1
AGHwt(Zk+1, Zn)1/4 <2 Z AGHwt(Zi, Zi+1)1/4
i=k+1

k

(2.22) =25-2)" Agawn(Zi, Ziz)'*
i=1
<S.
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From (2.19), (2.20), (2.22) and two applications of (2.16) we have
Acun(Z1, Zn)"* < (4 DG (Z1, Z1) + A (Zi, Zi1)

+ Aguvt(Zi1, Zn) 1}
(2.23)
<(4x3x8§H4

5257

as required.

It is obvious by construction that dgywt satisfies the triangle inequality. The
other properties of a metric follow from the corresponding properties we have
already established for Aggw and the bounds in the statement of the lemma which
we have already established. [

The procedure we used to construct the weighted Gromov—Hausdorff metric
dgyw from the semimetric Agyw was adapted from a proof in [24] of the cele-
brated result of Alexandroff and Urysohn on the metrizability of uniform spaces.
That proof was, in turn, adapted from earlier work of Frink and Bourbaki. The
choice of the power }t is not particularly special; any sufficiently small power
would have worked.

Theorem 2.5 below says that the metric space (T™!, dggw) is complete and
separable and hence is a reasonable space on which to do probability theory. In
order to prove this result, we need a compactness criterion that will be useful in its

own right.

PROPOSITION 2.4. A subset D of (T, dgyw) is relatively compact if and
only if the subset E .= {(T,d) : (T, d,v) € D} in (T, dgn) is relatively compact.

PROOF. The “only if” direction is clear. Assume for the converse that E is
relatively compact. Suppose that ((75,, d7,, v1,))nen is a sequence in D. By as-
sumption, ((7,, dr,))nen has a subsequence converging to some point (7', dr) of
(T, dgn). For ease of notation, we will renumber and also denote this subsequence
by ((Ty, dr,))nen. For brevity, we will also omit specific mention of the metric on
a real tree when it is clear from the context.

By Proposition 7.4.12 in [11], for each ¢ > O there is a finite e-net 7° in

. HTE .
T and for each n € N a finite e-net 7] := {xﬁ’l,...,xﬁ "} in T, such that

dou(Ty,T?) — 0 as n — oo. Moreover, we take #7,, = #T° = N°, say, for
n sufficiently large, and so, by passing to a further subsequence if necessary,
we may assume that #7,° = #7T° = N°® for all n € N. We may then assume that
T and T° have been indexed so that lim,_, » d7, (x,i’i,xﬁ’]) =dr (x&1, x%J) for
1<i,j<N°.

We may begin with the balls of radius ¢ around each point of 7,7 and decompose
T, into N® possibly empty, disjoint, measurable sets {T5!, ..., T&N °} of radius
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no greater than ¢. Define a measurable map f¢:T, — T by ff(x) =x5'if x €
T&' and let g¢ be the inclusion map from T to T,,. By construction, f¢ and g
are measurable e-isometries. Moreover, dp((g;)«(f,;)«Vn, Vz) < € and, of course,
dP((fyf)*Vn’ (frf)*vn) =0. Thus,

A (T, (f)xvn)s (Tn, va)) <&

By similar reasoning, if we define h¢ : Tf — T¢ by x5 > x| then

im_ Agrse (T, (£9)avn), (T, (h5)40)) = 0.

n

Since T°¢ is finite, by passing to a subsequence (and relabeling as before) we have
Tim_dp((15)vy, v¥) =0
for some probability measure v® on T°°, and hence
Tim A ((TF, (h5)evn), (T, %)) = 0.
Therefore, by Lemma 2.3,
limsup dgps (T, vn), (T%, (h5)svn)) < '/%.

n—o0
Now, since (T, dr) is compact, the family of measures {v?: & > 0} is relatively
compact, and so there is a probability measure v on T such that v® converges to v in
the Prohorov distance along a subsequence ¢ | 0 and hence, by arguments similar
to the above, along the same subsequence Aggw ((T¢, v¥), (T, v)) converges to 0.
Again applying Lemma 2.3, we have that dggw ((T¢, v¥), (T, v)) converges to 0
along this subsequence.
Combining the foregoing, we see that by passing to a suitable subsequence and
relabeling, dgywt ((Ty, vi), (T, v)) converges to 0, as required. [

THEOREM 2.5. The metric space (T™', dgyw) is complete and separable.

PROOF. Separability follows readily from separability of (T, dgu) (see The-
orem 1 in [20]), and the separability with respect to the Prohorov distance of the
probability measures on a fixed complete, separable metric space (see, e.g., [19]),
and Lemma 2.3.

It remains to establish completeness. By a standard argument, it suffices
to show that any Cauchy sequence in T"' has a convergent subsequence. Let
(Tw, dr,, vi)nen be a Cauchy sequence in TY. Then (T, dr,)nen is a Cauchy
sequence in T by Lemma 2.3. By Theorem 1 in [20] there is a T € T such that
dcu(T,, T) — 0, as n — oo. In particular, the sequence (75, d7;, )sen is relatively
compactin T, and therefore, by Proposition 2.4, (T, dr;,, Vn)nen is relatively com-
pact in TY. Thus (7}, dr,, va)nen has a convergent subsequence, as required. [J
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We conclude this section by giving a necessary and sufficient condition for a
subset of (T, dgn) to be relatively compact, and hence, by Proposition 2.4, a nec-
essary and sufficient condition for a subset of (T™!, dgyw) to be relatively com-

pact.
Fix (T, d) € T and, as usual, denote the Borel-o-algebra on T by B(7T). Let
(2.24) T°= | la, bl

a,beT

be the skeleton of T. Observe that if T/ C T is a dense countable set, then
(2.24) holds with T replaced by T’. In particular, T° € B(T) and B(T)|70 =
o({la,bl;a,b € T'}), where B(T)|ro :={ANT%A € B(T)}. Hence there
exists a unique o-finite measure MT on T, called length measure, such that
w'(T\ T°) =0 and

(2.25) uwT(la, b)) =d(a,b) Va,beT.

Such a measure may be constructed as the trace onto 7° of a one-dimensional
Hausdorff measure on 7', and a standard monotone class argument shows that this
is the unique measure with property (2.25).

Fore >0,T €T and p € T write

(226)  R(T,p):={xeT:3yeT,[p,yl>x,dr(x,y)=e}U{p}

for the e-trimming relative to the root p of the compact R-tree 7. Then set

ﬂ R (T, p), diam(T) > ¢,
(2.27) R (T) :={ per

singleton, diam(7T) < e,

where by singleton we mean the trivial R-tree consisting of one point. The tree
R (T) is called the e-trimming of the compact R-tree T'.

LEMMA 2.6. A subset E of (T, dgn) is relatively compact if and only if for all
>0,

(2.28) sup{u” (Re(T)): T € E} < 00.

PROOF. The “only if” direction follows from the fact that T +— wl (R (T)) is
continuous, which is essentially Lemma 7.3 of [20].

Conversely, suppose that (2.28) holds. Given T € E, an e-net for R.(T) is a
2¢-net for T. By Lemma 2.7 below, R.(7T) has an e-net of cardinality at most
[(5) 7 T (R(THIE) ™ T (Re(T)) + 1]. By assumption, the last quantity is uni-
formly bounded in T € E. Thus E is uniformly totally bounded and hence is rela-
tively compact by Theorem 7.4.15 of [11]. [J

LEMMA 2.7. Let T €T be such that u” (T) < co. For each € > O there is an
g-net for T of cardinality at most [(%)_IMT(T)][(%)_IMT(T) +1].
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PROOF. Note that an %—net for R¢/2(T) will be an ¢-net for 7. The set
T \ Rg/>(T) is a collection of disjoint subtrees, one for each leaf of R./>(T), and
each such subtree is of diameter at least % Thus the number of leaves of R, />(T)
is at most (%)_IILT(T). Enumerate the leaves of R, >(T) as xqo,x1,...,X,.
Each arc [xo,x;], 1 <i <n, of Rg/o(T) has an %—net of cardinality at most
(%)_ldT (x0,x;) +1< (%)_1MT(T) + 1. Therefore, by taking the union of these
nets, R /2(T) has an §-net of cardinality at most [(%)*IMT(T)][(%)*I;LT(T) +1].

(]

REMARK 2.8. The bound in Lemma 2.7 is far from optimal. It can be shown
that T has an e-net with a cardinality that is of order u” (T)/e. This is clear for
finite trees (i.e., trees with a finite number of branch points), where we can traverse
the tree with a unit speed path and hence think of the tree as an image of the interval
[0,2u7(T)] by a Lipschitz map with Lipschitz constant 1, so that a covering of
the interval [0, 217 (T')] by e-balls gives a covering of T by e-balls. This argument
can be extended to arbitrary finite length R-trees, but the details are tedious and so
we have contented ourselves with the above simpler bound.

3. Trees and continuous paths. For the sake of completeness and to estab-
lish some notation we recall some facts about the connection between continuous
excursion paths and trees (see [4, 18, 26] for more on this connection).

Write C(R4) for the space of continuous functions from R into R. For
e € C(Ry), put ¢(e) :=inf{t > 0:e(¢r) = 0} and write

e(0) =0, ¢(e) < o0,
3.1) U:=3ecCR;):e(®)>0for0<t <(e),
and e(t) =0 fort > ¢ (e)

for the space of positive excursion paths. Set U ti={eecU: C(e) =L}
We associate each ¢ € U' with a compact R-tree as follows. Define an equiva-
lence relation ~, on [0, 1] by letting

(3.2) Ul ~e U2 iff e(uy) = inf e(u) =e(uy).

u€luiAuy,u1Vus)

Consider the following pseudometric on [0, 1]:

(3.3) dr,(uy,uz) :=e(uy) —2 inf e(u) +e(uy),

u€lugAuy,u1Vusz)

which becomes a true metric on the quotient space 7, := R |., =[O0, 1]|~,.

LEMMA 3.1. Foreach e € U the metric space (T,, dr,) is a compact R-tree.
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PROOF. It is straightforward to check that the quotient map from [0, 1] onto
T, is continuous with respect to dr,. Thus (7, d7,) is path-connected and com-
pact as the continuous image of a metric space with these properties. In particular,
(Te, dr,) is complete.

To complete the proof, it therefore suffices to verify the four point condi-
tion (2.1). However, for up, u, usz, us € T, we have

G max{dr, (u1, u3) +dr, (uz, us), dr, (ur, us) + dr, (uz, u3)}
. >dr, (w1, uz) +dr,(u3, ug),

where strict inequality holds if and only if

min inf e(u)
i#j uelujnuj,uivu;l
3.5)
¢ { inf e(un), inf e(u)}. 0
u€luyAup,u1Vus) ueluzAug,uz3Vuy)

REMARK 3.2. Any compact R-tree T is isometric to T, for some ¢ € U'.
To see this, fix a root p € T. Recall R.(T, p), the e-trimming of T with respect
to p defined in (2.26). Let i« be a probability measure on 7 that is equivalent to
the length measure ;7. Because u” is o -finite, such a probability measure always
exists, but one can construct & explicitly as follows: set H := max,c7 d(p, u), and
put

-1 H(R(p, 27T H)N )
' n! (R(p, 27" H)
T —i —i+l1
W (R(p,27TH) \ R(p, 27" H) N )
+).27 4 -
2 nT(R(p, 27 H)\ R(p, 271" H))

i>2

For all 0 < ¢ < H there is a continuous path
fe:[0.2u" (Re(T. p))] > Re(T. p)

such that i, defined by h.(¢) := d(p, f:(¢)) belongs to U2’ (Re(T.p)) [in par-
ticular, f.(0) = fS(ZMT(RS(T, 0))) = pl, he is piecewise linear with slopes
=£1 and T}, is isometric to R, (T, p). Moreover, these paths may be chosen consis-
tently so that if &’ < &”, then

fer(t) = fo(inf{s > 0: {0 <r <s: for(r) € Ren(T, p)}| > t}),

where | - | denotes Lebesgue measure. Now define e, € U 1(R(T.P)) to be the ab-
solutely continuous path satisfying
des(t) _du” dhe(t)

A Zﬁ(fs(l)) i

It can be shown that e, converges uniformly to some e € U as & | 0 and that T}, is
isometric to 7.
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2 N\
u v :
| "
% %

FIG. 2. A subtree prune and regraft operation on an excursion path: the excursion starting at time
u in the top picture is excised and inserted at time v, and the resulting gap between the two points
marked # is closed up. The two points marked # (resp. ) in the top (resp. bottom) picture correspond
to a single point in the associated R-tree.

From the connection we have recalled between excursion paths and real trees,
it should be clear that the analogue of an SPR move for a real tree arising from an
excursion path is the excision and reinsertion of a subexcursion. Figure 2 illustrates
such an operation.

Each tree coming from a path in U! has a natural weight on it: for e € U!,
we equip (T, dr,) with the weight vz, given by the push-forward of Lebesgue
measure on [0, 1] by the quotient map.

We finish this section with a remark about the natural length measure on a tree
coming from a path. Given e € U'! and a > 0, let

e(t) = a and, for some ¢ > 0,
(3.6) G,:=11t€[0,1]:e(u) >aforalluelt, t + ¢,
e(t+¢e)=a,
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denote the countable set of starting points of excursions of the function e above
the level a. Then u¢, the length measure on T,, is just the push-forward of the
measure [;° da >_1eg, O by the quotient map. Alternatively, write

(3.7) Ie:={(s,a):s€]0,1[,a €10, e(s)[}

for the region between the time axis and the graph of e, and for (s, a) € I', denote
by s(e, s,a) :=sup{r <s:e(r) =a} and s(e, s, a) := inf{t > s:e(¢t) = a} the start
and finish of the excursion of e above level a that straddles time s. Then u’e is the
push-forward of the measure [ ds ® da s (e,s,a) Dy the quotient

s(e,s,a)—s(e,s,a)
map. We note that the measure p ¢ appears in [1].

4. Uniform random weighted compact R-trees: the continuum random
tree. In this section we will recall the definition of Aldous’ continuum random
tree, which can be thought of as a uniformly chosen random weighted compact
R-tree.

Consider the Itd excursion measure for excursions of standard Brownian mo-
tion away from 0. This o-finite measure is defined subject to a normalization of
Brownian local time at 0, and we take the usual normalization of local times at
each level which makes the local time process an occupation density in the spatial
variable for each fixed value of the time variable. The excursion measure is the
sum of two measures, one which is concentrated on nonnegative excursions and
one which is concentrated on nonpositive excursions. Let N be the part which is
concentrated on nonnegative excursions. Thus, in the notation of Section 3, N is
a o-finite measure on U, where we equip U with the o-field U generated by the
coordinate maps.

1 e e

Defineamapv:U — U byet— f;;(_)) Then

N ' M N{eeU: >
4.1) p(ry:= v DOtecU@O=cl) g
N{ee U:¢(e) = c}
does not depend on ¢ > 0 (see, e.g., Exercise 12.2.13.2 in [27]). The probability
measure P is called the law of normalized nonnegative Brownian excursion. We

have

dc

4.2) {ecU:¢(e) edc} Woros

and, defining 8.:U' — U°® by
(4.3) e = Jce(-/c),

we have

44 Y P
“4.4) /N(de)G(e) /0 2%/ (de)G(8.¢e)
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for a nonnegative measurable function G: U — R.

Recall from Section 3 how each e € U! is associated with a weighted com-
pact R-tree (T,,dr,,vr,). Let P be the probability measure on (T™, dgyw)
that is the push-forward of the normalized excursion measure by the map e +—
(Tze, dry,, v15,), Where 2e € U'is just the excursion path ¢ — 2e(t).

The probability measure P is the distribution of an object consisting of Aldous’
continuum random tree along with a natural measure on this tree (see, e.g., [2, 4]).
The continuum random tree arises as the limit of a uniform random tree on n
vertices when n — oo and edge lengths are rescaled by a factor of 1/,/n. The ap-
pearance of 2e rather than e in the definition of P is a consequence of this choice
of scaling. The associated probability measure on each realization of the contin-
uum random tree is the measure that arises in this limiting construction by taking
the uniform probability measure on realizations of the approximating finite trees.
The probability measure P can therefore be viewed informally as the “uniform
distribution” on (TY!, dgpw).

5. Campbell measure facts. For the purposes of constructing the Markov
process that is of interest to us, we need to understand picking a random weighted
tree (T, dr, vr) according to the continuum random tree distribution P, picking
a point u according to the length measure ! and another point v according to
the weight vr, and then decomposing T into two subtrees rooted at u—one that
contains v and one that does not (we are being a little imprecise here, because
w! will be an infinite measure, P almost surely).

In order to understand this decomposition, we must understand the correspond-
ing decomposition of excursion paths under normalized excursion measure. Be-
cause subtrees correspond to subexcursions and because of our observation in
Section 3 that for an excursion e the length measure u’¢ on the corresponding
tree is the push-forward of the measure [ ds ® da m%(a s.a) by the
quotient map, we need to understand the decomposition of the excursion e into the
excursion above a that straddles s and the “remaining” excursion when e is chosen
according to the standard Brownian excursion distribution P and (s, a) is chosen
according to the o -finite measure ds ® da Sesm—sesa onFe—see Figure 3.

Given an excursion e € U and a level a > 0 write:

(a) ¢(e) :=inf{t > 0:e(r) = 0} for the “length” of e,

(b) £¢(e) for the local time of e at level a up to time ¢,

(c) e' for e time-changed by the inverse of ¢ fot ds1{e(s) <a) (i.e., et is
e with the subexcursions above level a excised and the gaps closed up),

(d) ¢¢ (e?) for the local time of eV? at the level a up to time ¢,

(e) U™ (e) for the set of subexcursion intervals of e above a (i.e., an element
of U (e) is an interval I = [g;, dy] such that e(g;) = e(d;) =a and e(t) > a for
g1 <t<dp),



SUBTREE PRUNE AND REGRAFT 935

(5:2)

FIG. 3. The decomposition of the excursion e (top picture) into the excursion €*“ above level a
that straddles time s (bottom left picture) and the “remaining” excursion ¢*% (bottom right picture).

(f) N1 (e) for the counting measure that puts a unit mass at each point (s’, '),
where, for some I € UM% (e), s’ := Egl (e) is the amount of local time of ¢ at level

a accumulated up to the beginning of the subexcursion I and ¢’ € U given by
e(gr+1)—a, O0<t<d;—gy,

5.1) e,(t):{ (81 +10) 1= 81
0, t>dp—gr,

is the corresponding piece of the path e shifted to become an excursion above the
level O starting at time 0,
(g) e% e U and ¢** € U, for the subexcursion “above” (s, a) € I',, that is,

(5.2) és’a(t) = e(i(e’sﬂa)-i_t) —a, OSfSE(easva)_i(e’saa)a
0, t>5(e,s,a)—s(es,a),

respectively “below” (s, a) € I, that is,

e(t), 0<t=<s(es,a),

e(t+35(e,s,a) —s(e, s, a)), t>s(e, s, a),

(53)  &9@t) = {

(h) of(e) :=inf{t > 0:£{(e) > s} and {(e) :=inf{t > 0: £ (e) > s},
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(i) e>* € U for e with the interval Jo(e), tl(e)[ containing an excursion
above level a excised, that is,

e(?), 0<r=0af(e),
e(t+tl(e) —ol(e)), 1> ol(e).
The following path decomposition result under the o-finite measure N is

preparatory to a decomposition under the probability measure P, Corollary 5.2,
that has a simpler intuitive interpretation.

54 e>i(r) = {

PROPOSITION 5.1.  For nonnegative measurable functions F on Ry and G, H
on U,

ds @da A5 5.
/N(de)/e s —sesd F(s(e,s,a))G(e>“)YH (™)

Z/N(de)[) da/NTa(e)(d(s/,e/))F(GS‘f(e))G(e/)H(és’,a)

e
= N[G]N[H/O dsF(s):|.

PROOF. The first equality is just a change in the order of integration and has
already been remarked upon in Section 3.

Standard excursion theory (see, e.g., [8, 27, 28]) says that under N, the random
measure e — N T9(¢) conditional on e — e'¢ is a Poisson random measure with
intensity measure AV (e) ® N, where A¥%(e) is Lebesgue measure restricted to the
interval [0, £4_(e)] = [0, 2¢4_(e¥9)].

Note that &¢ is constructed from e¥¢ and N 1¢(e) — 8y o) in the same way
that e is constructed from e‘¢ and N 14 (e). Also, lopy (&%) = o (e). Therefore, by
the Campbell-Palm formula for Poisson random measures (see, e.g., Section 12.1
of [13]),

fN(de)/o da/NT“(e)(d(s/,e/))F(og(e))G(e/)H(éS”a)
Z/N(de) /OoodaN[/ N (e)(d(s', ¢)) F(al(e)G(e ) H (&)

=/N(de) /Oooda N[G]NH/OE&(E) ds/F(os“/(e))}H‘ew]

= NI[G] /Oooda/N(de)q/dﬁf(e)F(s)}H(e))
:N[G]/N(de)({/Oooda/dﬁg(e)F(s)}H(e)>

¢
:N[G]N[Hfo dsF(s)] O

e¢a}
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The next result says that if we pick an excursion e according to the standard
excursion distribution P and then pick a point (s, a) € I', according to the o -finite
length measure corresponding to the length measure 17 on the associated tree T,
(see the end of Section 3), then the following objects are independent:

(a) the length of the excursion above level a that straddles time s,

(b) the excursion obtained by taking the excursion above level a that straddles
time s, turning it (by a shift of axes) into an excursion €°*“ above level zero starting
at time zero, and then Brownian rescaling ¢*“ to produce an excursion of unit
length,

(c) the excursion obtained by taking the excursion &% that comes from excis-
ing ¢*¢ and closing up the gap, and then Brownian rescaling ¢*“ to produce an
excursion of unit length,

(d) the starting time s(e, s, a) of the excursion above level a that straddles time
s rescaled by the length of ¢*“ to give a time in the interval [0, 1].

Moreover, the length in (a) is “distributed” according to the o -finite measure

(5.5)

% 0=p=1
VI~ p)p?

the unit length excursions in (b) and (c) are both distributed as standard Brownian
excursions (i.e., according to [P) and the time in (d) is uniformly distributed on the
interval [0, 1].

Recall from (4.3) that 8.: U' — U¥¢ is the Brownian rescaling map defined by

S.e :=+/ce(-/c).

COROLLARY 5.2. For nonnegative measurable functions F on Ry and K
onU x U,

fP(de) / ds ® da F(W’ > a))K(és’“, s5.ay

s(e,s,a) —s(e,s,a) L (es9)

_ ”01 duF(u)} f P(de) f ds ®da K (@, &%)

s(e,s,a) —s(e,s,a)

f P(de") @ P(de”) K (8¢, 81— p€").

:{flduF(u)} ! /1 dp
0 2V o (1 = p)p3

PROOF. For a nonnegative measurable function L on U x U, it follows
straightforwardly from Proposition 5.1 that

/N(de)/ ds ®da F(”—v(e’s’a)>L(és,a’és,a)

S(e,s,a) —s(e,s,a) c(e5%)

(5.6)
1
_ { /O du F(u)} / N(de') ® N(de")L(e', ")z ().
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The left-hand side of (5.6) is, by (4.4),

/°° de f Pde) [ ds®d
e S a
0 2273 [gee
5 F(s(8ce,s,a)/¢(Bee® ) L(Bee™, Bre®)

E(Jce’ s, Cl) - £(5Ce7 s, Cl)

6.7

If we change variables to r = s /c and b = a/+/c, then the integral for (s, a) over
.. becomes an integral for (¢, b) over I',. Also,

s(8ce, ct,\/cb) = sup{r <ct: ce<£> < \/Eb}
c
(5.8) =csup{r <t:e(r) <b}
=cs(e, t,b),

and, by similar reasoning,

(5.9) 5(8ce, ct,\/cb) =c5(e,t,b)
and
(5.10) ¢ (Bee VY = e ().

Thus (5.7) is

/0 2\/ﬁ/ﬂ"(de)\/_/ dt @ db

| Flste.t.0)/¢@ )L™, Fect ity
s(e,t,b) —s(e,t, b)
Now suppose that L is of the form

(5.11)

Mg (") +¢(e")
VRGENCON

where, for ease of notation, we put for e € U, and ¢ > 0,

(5.12)  L(¢, ") = K(Re)teene’s Reenteene”)

1
(5.13) Ree:=48.-1e= %e(c-).
Then (5.11) becomes
®  dc /‘
_— IP’(a’e)/ dt® db
/0 2V2m 3 T,

(5.14)
 FGet, b)/c(E-P)K (@"P, &PYM(c)

s(e,t,b) —s(e,t,b)
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Since (5.14) was shown to be equivalent to the left-hand side of (5.6), it follows
from (4.4) that

dt @ db s(e,t,b) Atb uib
/P(de)/e S(e,t,b) —s(e,t,b) F( (eb) )K(e e

(5.15)
M f N(de') ® N(de")L(¢, ") (e"),

and the first equality of the statement follows.
We have from identity (5.15) that, for any C > 0,

d d
N{;(e>>C}/P(de>/ L

s(e,s,a) —s(e,s,a)

- / N(de') @ N(de") K (R¢(e)+¢(e)€'s Reer+eene’)

y Uz () +¢") > C)
v ¢ (e/) +£(e")

00 dc//

_/ 2V 2716/3 24/ 2mc”
1{c' + " > C}
x | P(de) @ P(de”" YK (RprscnBp€, Rerson 8 //e”)—.

/ ( ) c'+c c'+c m

Make the change of variables p = #/C/, and & = ¢’ + ¢’ (with corresponding
Jacobian factor &) to get

¢(e”)

/OO /- dc//
0 Z‘/ ZT[C/3 0 2\/ 27[ C//
17 ]l{C + C” > C}

/ " /
X /]P’(de ) QP(de")K(Rerqcr8e€ s ReryperBene’) NS

2 00

X /P(de/)@)IP’(de//)K(/Spe/, $1_p€")

(o 1)

X fIP)(de/)®]P(de/’)K(5pe',51_pe”),

and the corollary follows upon recalling (4.2). U
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COROLLARY 5.3. (i) Forx > 0,

/P(de)[ = 5 ®da ]l{ max és’a>x}
e S(e, s, a) — i(e, S, Cl) 0<r<t(e54)

o0
=2 Z nx exp(—2n2x2).

n=1

(1) ForO<p <1,

[Bao BB i@y s py= |22

s(e,s,a) —s(e,s,a) 27p

PROOF. (i) Recall first of all from Theorem 5.2.10 in [25] that

(5.16) P{e eU': max e(r) > x} =2 (4n*x* — 1) exp(—2n°x?).

0<t<l1

By Corollary 5.2 applied to K (¢, ") := 1{max,¢[0,;(/yj €' () = x} and F =1,

/P(de)/ _ ds®da ]l{ max 054 >x}
. S(e,s,a) —S(e s,a) lo<t<c(es9)
RS
— dp X
b i o> 7]

2JE/ \/T (4n ﬁ—l)exp<—2n2%2>

_Zanexp( 2n%x? ),

n=1
as claimed.
(ii) Corollary 5.2 applied to K (¢, ¢”) :=1{¢(¢’) > p} and F = | immediately
yields
ds @da As.a
[Bao [ - 1@ ) > p)
e S(e, S,a) _i(evsva)

1 /1 dp _[1=p
221 Jp [p3(1 = p) 2np O
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We conclude this section by calculating the expectations of some functionals

with respect to P [the “uniform distribution” on (T%!, dggwt) as introduced in the
end of Section 4].

For T € T, and p € T, recall R.(T, p) from (2.26), and the length measure
u! from (2.25). Given (T,d) e T* and u, v € T, let

(5.17) STV .—tweT uelv,wl}

denote the subtree of T that differs from its closure by the point u, which can be
thought of as its root, and consists of points that are on the “other side” of u from v
(recall Ju, wl is the open arc in T between v and w).

LEMMA 5.4. (i) Forx > 0,
Plu” ® vr{(u,v) € T x T :height(S7*") > x}]

= PUT vr(dv)u” (Re(T, v))]

o0
=2 Z nx exp(—n2x2/2).

n=1

(i1) Forl <a < o0,
P[ /T v (dv) /T MT(du)(height(ST’”’”))"}

1
—2+D)/2 <%)§-(Q)’

where, as usual, (o) := anl n—“.
@iii) ForO < p <1,

2(1-p)
Tp

Plu’ @vr{u,v) €T x T:vp(ST"Y) > pll =
(iv) For % < B <oo,

1B —1/2)
T T.u, o8 | — »—1/2 =
P[/T VT(dU)/TM (du)(vy (S ) ]_2 NGO

PROOF. (i) The first equality is clear from the definition of R, (T, v) and Fu-
bini’s theorem.

Turning to the equality of the first and last terms, first recall that P is the
push-forward on (T"!, dgyw) of the normalized excursion measure P by the map
er+> (Tze,dr,,, vy, ), Wwhere 2e € U Uis just the excursion path ¢ — 2e(r). In par-
ticular, 75, is the quotient of the interval [0, 1] by the equivalence relation defined
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by 2e. By the invariance of the standard Brownian excursion under random reroot-
ing (see Section 2.7 of [3]), the point in 73, that corresponds to the equivalence
class of 0 € [0, 1] is distributed according to vr,, when e is chosen according to P.
Moreover, recall from the end of Section 3 that for e € U!, the length measure
w'e is the push-forward of the measure ds ® da 35 (e,s,a) on the sub-
graph I', by the quotient map defined in (3.2).

It follows that if we pick T according to P and then pick (#,v) € T x T ac-
cording to u” ® vr, then the subtree S7-*V that arises has the same o -finite law
as the tree associated with the excursion 2¢*“ when e is chosen according to P
and (s, a) is chosen according to the measure ds ® da m‘sg(e,s,a) on
the subgraph I',.

Therefore, by part (i) of Corollary 5.3,

1
s(e,s,a)—s(e,s,a)

[ f vr(dv) f w (du)]l{helght(ST“”)>x}}

ds®d
—Z/P(de)/ s$@da ]l{ max é>¢ > i}
e s(e,s,a) —Q(E,S,Cl) O0<r=<g(es9)

=2 Z nx exp(—n2x2/2).

n=1

[\

Part (ii) is a consequence of part (i) and some straightforward calculus.

Part (iii) follows immediately from part (ii) of Corollary 5.3.

Part (iv) is a consequence of part (iii) and some more straightforward calculus.
OJ

6. A symmetric jump measure on (T", dggw). In this section we will con-
struct and study a measure on T*' x T"! that is related to the decomposition dis-
cussed at the beginning of Section 5.

Define a map ® from {((T,d),u,v):T € T,u € T,v € T} into T by setting
OUT,d), u,v) = (T,d™"), letting
d(x,y), if x,y e ST,

d(x,y), ifx,yeT\ ST,
d(x,u)+d(,y), ifxEST’”’”,yeT\ST’”'”,
d(y,u)+d(v,x), ifyestv xerT\ ST,

That is, ®((T,d), u, v) is just T as a set, but the metric has been changed so
that the subtree STV with root u is now pruned and regrafted so as to have root v.

If (T,d,v) € T* and (u,v) € T x T, then we can think of v as a weight on
(T, d™)), because the Borel structures induced by d and d®™V) are the same.
With a slight misuse of notation we will therefore write ®((7,d, v), u, v) for

(T,d™",v) € T Intuitively, the mass contained in ST-*¥ is transported along
with the subtree.

6.1) d"“V(x,y):=
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Define a kernel « on TV by
(6.2) k((T,dr,vr),B) = w!l @vp{w,v) €T x T:O(T, u,v) € B}

for B € 8(TY). Thus « ((T, dr, vr), -) is the jump kernel described informally in
the Introduction.

REMARK 6.1. It is clear that « ((T, dr, vr), -) is a Borel measure on T"! for
each (T, dr,vr) € T*. In order to show that « (-, B) is a Borel function on T"!
for each B € B(T™), so that « is indeed a kernel, it suffices to observe for each
bounded continuous function F : T"' — R that

/ﬁw®axmunuTuuwTum
:E%/ﬁu®azmvnu&”%dm»ﬂdw
and that
(T,dr,vr) — fF(@(T, u, v)) %D (duyvr (dv)

is continuous for all & > 0 (the latter follows from an argument similar to that in
Lemma 7.3 of [20], where it is shown that the (T, d7, vr) — R (T) is contin-
uous). We have only sketched the argument that « is a kernel, because « is just a
device for defining the measure J on T*' x T"' in the next paragraph. It is actually
the measure J that we use to define our Dirichlet form, and the measure J can be
constructed directly as the push-forward of a measure on U' x U'—see the proof
of Lemma 6.2.

We show in part (i) of Lemma 6.2 below that the kernel « is reversible with
respect to the probability measure P. More precisely, we show that if we define a
measure J on T*' x TV by

(6.3) J(A xB):= / PdT)x(T,B)
A
for A, B € 8(T™), then J is symmetric.

LEMMA 6.2. (i) The measure J is symmetric.
(ii) For each compact subset K C T*' and open subset U such that K C U C
th’

J(K, T\ U) < oo.
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(iii) The function Agygw is square-integrable with respect to J, that is,

/' J(dT,dS)A&um (T, S) < oo,
TWty TWt

PROOF. (i) Given ¢/,¢” e U', 0 <u <1 and 0 < p < 1, define €°(-; ¢/, ¢’
u,p) €U by

e’(t; e, e’ u, p)
(6.4) 81-p€" (1), 0<tr<(-pu,
S1—p€"((1 — p)u) + 8,/ (t — (1 — p)u),
(I=pu=<t=d-pu+p,
81_pe" (t — p), (I—pu+p=<t<l.
That is, e°(-; €', €”,u, p) is the excursion that arises from Brownian rescaling
¢’ and ¢” to have lengths p and 1 — p, respectively, and then inserting the rescaled
version of ¢’ into the rescaled version of ¢” at a position that is a fraction u of the

total length of the rescaled version of ¢”.
Define a measure J on U' x U! by

/;/] » J(de*, de*™) K (e*, ™)
X

6.5) - f P(de') @ P(de")

du ® dv ! /1 dp
[0,112 2427 Jo [ = p)p3

x K(e°(e',e" u, p),e(e e, v, p)).

Clearly, the measure J is symmetric. It follows from the discussion at the beginning
of the proof of part (i) of Lemma 5.4 and Corollary 5.2 that the measure J is the
push-forward of the symmetric measure 2J by the map

U1 X U1 > (6*, e**) = ((Tze*, dee* s szg*), (Tze**, dee** s sze**)) S ™ x TWt,

and hence J is also symmetric.

(ii) The result is trivial if K = &, so we assume that K # &. Since T"' \ U and
K are disjoint closed sets and K is compact, we have that
6.6 = inf Aggw(T,S) > 0.
(6.6) ¢i= Ao (T, S) >

Fix T e K. If (u,v) € T x T is such that Agyw (T, ®(T,u,v)) > c, then
diam(T") > ¢ [so that we can think of R.(T), recall (2.27), as a subset of T].
Moreover, we claim that either:

(@) ue R.(T,v) [recall (2.26)], or
(b) u ¢ R(T,v) and v (ST-#:Y) > ¢ [recall (5.17)].
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Suppose, to the contrary, that u ¢ R (T, v) and that vy (ST-4v) < ¢. Because
ué¢ R.(T,v),themap f:T — O(T, u, v) given by

u, ifwesTuv,
fw):= ,
w, otherwise,

is a measurable c-isometry. There is an analogous measurable c-isometry g: ® (T,
u,v) — T. Clearly,

dP(f*VT, v@(T,u,v)) <c
and
dp(vT,g*l)@(T’u’v)) <c.

Hence, by definition, Agyw (T, (T, u, v)) <c.
Thus we have

J(K, TV \ U)

< /;(P{dT}K(T, {S: Agum (T, S) > c})
©67) < [ P@n) [ vr@ou’ (R(T.v)

—i—/ P(dT)/ vr(dvyu{u e T:vp(ST*Y) > ¢}
K T
< 00,

where we have used Lemma 5.4.
(iii) Similar reasoning yields that

T,dS)A% (T,
/TMXTMJ(d ,dS) AL (T, S)

:/ P{dT}/OodtZt/c(T, {S: Aguw(T, S) > 1})

Wt 0
o T

§frth(dT)fo dtZt/TvT(dv)M (Re(T, v))

(6.8) +/T P(dT)/Ooodt2t/ vrdvyu{u e T:vp{ST"V) > 1}
'wt T
5/0 dtzt/TMP(dT)/TvT(du)MT(RC(T, v))

+/1‘wt P(dT)/T UT(dU)/‘TMT(du)v%(ST?“av)
< 00,

where we have applied Lemma 5.4 once more. [J
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7. Dirichlet forms. Consider the bilinear form

E(f.9)
. = JAT.dS)(F(S) — F(T))(g(S) — g(T)),

TWt s Twt

for f, g in the domain
(72) D* &) :={f¢€ LZ(TWt, P): f is measurable, and & (f, f) < oo}

[here as usual, L>(T™, P) is equipped with the inner product (f, g)p := [ P(dx) x
f(x)g(x)]. By the argument in Example 1.2.1 in [22] and Lemma 6.2, (&, D*(8))
is well defined, symmetric and Markovian.

LEMMA 7.1. The form (&, D*(8)) is closed. That is, if (fn)neN is a sequence
in D*(8) such that

lim (E(fu — fm> fu — f) + (fu = funs fu — fn)p) =0,

m,n— o0

then there exists f € D*(8) such that

Wm (E(fu— f. fa—= )+ fa = f. fu = ) =0.

PROOF. Let (fy)nen be a sequence such that limy, n—o00 E(fn — fin, fu —
Sm) + (fn — fus fu— f)p =0 [ice., (fu)nen is Cauchy with respect to & (-, -) +
(-, -)p]. There exists a subsequence (np)reny and f € Lp(TV,P) such that
limg 00 fn, = f, P-a.s., and limg—, oo (fn, — f, fu, — f)p =0. By Fatou’s lemma,

13 [I@T.AS)(f($) = FTI) < Hminf€(fu. fu) < oo,
and so f € D*(€). Similarly,

E(fu—ffo= D)
74 = [7@1.as) lim (= £u)(S) = (fu = fu)(T))’

<liminf&(fu = far, fu = fu) > 0

as n — oo. Thus (f,)nen has a subsequence that converges to f with respect
to &(-,-) + (-, -)p, but, by the Cauchy property, this implies that (f;),en itself
converges to f. [J

Let £ denote the collection of functions f : T"' — R such that

(7.5) sup [f(T)] <oo
TeT™t
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and
| f(S) — f(T)]
R e ©)

(7.6)
s,Tet 527 Aguwi (S, T)

Note that /£ consists of continuous functions and contains the constants. It fol-
lows from (2.16) that £ is both a vector lattice and an algebra. By Lemma 7.2
below, £ C D*(&). Therefore, the closure of (&, «L£) is a Dirichlet form that we
will denote by (&, D(8)).

LEMMA 7.2. Suppose that { f,}nen is a sequence of functions from T into
R such that

sup sup |fn(T)| < oo,
neN TeTwt

| fn(S) — fu(T)|
sup  sup T o
neNs,Ter 527 Aguw(S, T)

and

lim f, = f, P-a.s.,

n—oo

for some f:T"' — R. Then { f,}pen C D*(E), f € D*(E), and
nli)rgo(g(fn_fvfn_f)+(fn_f’fn_f)P)=0'

PROOF. By the definition of the measure J [see (6.3)] and the symmetry of J
[Lemma 6.2(i)], we have that f,(x) — f,,(y) = f(x) — f(y) for J-almost every
pair (x, y). The result then follows from part (iii) of Lemma 6.2 and the dominated
convergence theorem. [

Before showing that (&, D(&)) is the Dirichlet form of a nice Markov process,
we remark that /£, and hence D (&), is quite a rich class of functions: we show
in the proof of Theorem 7.3 below that /£ separates points of T"' and hence if
K is any compact subset of TV!, then, by the Stone—~Weierstrass theorem, the set of
restrictions of functions in /£ to K is uniformly dense in the space of real-valued
continuous functions on K.

The following theorem states that there is a well-defined Markov process with
the dynamics we would expect for a limit of the subtree prune and regraft chains.

THEOREM 7.3. There exists a recurrent P-symmetric Hunt process X =
(X;,PT) on TV whose Dirichlet form is (&, D(E)).

PROOF. We will check the conditions of Theorem 7.3.1 in [22] to establish
the existence of X.
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Because TY' is complete and separable (recall Theorem 2.5) there is a sequence
H; CH; C --- of compact subsets of T%' such that P(Ugcn Hi) = 1. Given «,
B > 0, write L4, g for the subset of J£ consisting of functions f such that

(7.7) sup [f(T)| <«
TeT™
and
(7.8) [f(S) — f(T)] <5

s.Tet, 527 Agum(S, T)

By the separability of the continuous real-valued functions on each Hy with respect
to the supremum norm, it follows that for each k € N there is a countable set
Lo gk € L4,p such that for every f € L4 g

(7.9) inf  sup | f(T)—g(T)|=0.
8€Llapk TeH,

Set Ly, := Uen La,g k- Then for any f € £, g there exists a sequence { f; }neN
in Ly g such that lim, .~ f, = f pointwise on |Jicy Hi, and hence P-almost
surely. By Lemma 7.2, the countable set | J,,cy Lim,m 18 dense in &£, and hence also
dense in D (&), with respect to &(-, -) + (-, -)p.

Now fix a countable dense subset S C T¥'. Let M denote the countable set of
functions of the form

(7.10) T+ p+q(Agan(S,T)Ar)

for some S € S and p, g, r € Q. Note that M C L, that M separates the points of
T%! and, for any T € T", that there is certainly a function f € M with f(T) # 0.

Consequently, if € is the algebra generated by the countable set M U
Umen Lm,m., then it is certainly the case that C is dense in D (&) with respect
to €(-,-) + (-, -)p, that C separates the points of TV and, for any T € T%!, that
there is a function f € € with f(T) #0.

All that remains in verifying the conditions of Theorem 7.3.1 in [22] is to check
the tightness condition that there exist compact subsets K; € K, C - -- of TV such
that lim,,_, oo Cap(T%' \ K,,) = 0, where Cap is the capacity associated with the
Dirichlet form—see Remark 7.4 below for a definition. This convergence, how-
ever, is the content of Lemma 7.7 below.

Finally, because constants belong to D (&), it follows from Theorem 1.6.3
in [22] that X is recurrent. [

REMARK 7.4. In the proof of Theorem 7.3 we used the capacity associated
with the Dirichlet form (&, D (&)). We remind the reader that for an open subset
U g th’

Cap(U) :=inf{&(f, f) + (f, fp: f € D(E), f(T)>1,P-ae. T €U},
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and for a general subset A € T™
Cap(A) :=inf{Cap(U) : A C U is open}.

We refer the reader to Section 2.1 of [22] for details and a proof that Cap is a
Choquet capacity.

The following results were needed in the proof of Theorem 7.3.

LEMMA 7.5. For e,a,6 >0, put Vo , :={T € T:,uT(Rg(T)) > a} and, as
usual, Vg’a :={T € T:dgu(T, V¢,q) < 8}. Then, for fixed ¢ > 36,

NVi.=2.
a>0
PROOF. Fix SeT. If § € nga, then there exists 7 € V., such that
dcu(S, T) < §. Observe that R.(T) is not the trivial tree consisting of a single
point because it has total length greater than a. Write {yy, ..., y,} for the leaves of
R:(T).Foralli =1,...,n, the connected component of T\ R,(7T) that contains
y; contains a point z; such that dr (y;, z;) = €.
Let N be a correspondence between S and T with dis(R) < 2§. Pick xq, ..., x, €
S such that (x;, z;) € N, and hence |ds(x;, x;) — dr(zi,zj)| <26 forall i, j.
The distance in R, (T) from the point yj to the arc [y;, y;]is

(7.11) 5(ds i, yi) +ds(yr. vj) — ds(i. y7)).-
Thus the distance from yi, 3 < k < n, to the subtree spanned by yi, ..., yx—1 18
(7.12) N 3drGryi) +dr G, vi) — dr (i, y))),
I<i<j<k—1
and hence

1T (Re(T)) = dr (y1, y2)
(7.13)

n
+3° A HdrOry) +drr y) —dr i y)).
k=31<i<j<k-—1

Now the distance in § from the point x; to the arc [x;, x;] is

2(dsCxek, xi) + ds (xg, xj) — ds(xi, x;))

(7.14) > $(dr(zk. 2i) +dr (i, 2j) — dr(zi, 2j) — 3 x 25)
= 3(dr (s ¥ + 28 +dr (i, ¥)) +26 = dr (31, y)) — 2 = 65)

-2
>0
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by the assumption that & > 34. In particular, x1, ..., x, are leaves of the subtree
spanned by {xi,...,x,}, and R, (S) has at least n leaves when 0 < y < 2& — 64.
Fix such a y.
Now
W (Ry(S))

>dg(x1,x2) =2y

(7.15) +>3 N [BdsC,xi) + ds(, xj) — ds(xi, x7)) — v ]
k=31<i<j<k—1

> ul (Re(T)) + (26 =26 —2y) + (n —2)(e — 38 — y)
>a+ (2 —28—-2y)+ (n—2)(e —38 —y).

Because MS(RV (S)) is finite, it is apparent that S cannot belong to Vg,a when a is
sufficiently large. [

LEMMA 7.6. Fore,a>0,let V., be as in Lemma1.5. Set U, , :={(T,v) €
TY': T € V. ,}. Then, for fixed ¢,

(7.16) lim Cap(U¢ o) =0.

PROOF. Observe that (T, dr, vr) — ,uRE(T)(T) is continuous (this is essen-
tially Lemma 7.3 of [20]), and so U, 4 is open.

Choose § > 0 such that ¢ > 3§. Suppressing the dependence on ¢ and §, define
uq: TV — [0, 1] by

(7.17) ua((T,v)):==8""(8 — dou(T. Ve.a)) ;.-

Note that u, takes the value 1 on the open set U.,, and so Cap(U;,) <
E(ug,uy) + (g, ug)p. Also observe that

|ua((T', V) — ua((T", V)| < 8 du(T', T")
(7.18)
<85 AGEm (T, V), (T”,V")).

It therefore suffices by part (iii) of Lemma 6.2 and the dominated convergence
theorem to show for each pair (7', v'), (T”,v")) € T¥ x T that u,((T’,v')) —
uga((T",v")) is 0 for a sufficiently large and for each T € T"! that u,((T, v)) is 0
for a sufficiently large. However, u,((T’, V")) — ug((T"”, V")) # 0 implies that ei-
ther T’ or T"” belongs to Vg’a, while u, ((T, v)) # 0 implies that 7 belongs to Vg’a.
The result then follows from Lemma 7.5. [

LEMMA 7.7. There is a sequence of compact sets K; € Ky C --- such that
lim,,_, o Cap(T"'\ K,) = 0.
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PrROOF. By Lemma 7.6, for n = 1,2,... we can choose a, so that
Cap(Upz-n 4,) <27". Set

(7.19)  Fp=T"\ Uy, ={(T,v) e T : u” (Ry-n(T)) <y}
and

(7.20) K, := () Fu.
By Proposition 2.4 and Lemma 2.6, each set K, is compact. By construction,

CElp(TWt \ Kn) = CaP( U UZ_’”,am)

m=>n
(7.21) < Y Cap(Uyn,,)
m>n
< —m — 2—(}1—1)‘
= -

8. The trivial tree is essentially polar. From our informal picture of the
process X evolving via rearrangements of the initial tree that preserve the total
branch length, one might expect that if X does not start at the trivial tree 7y con-
sisting of a single point, then X will never hit Ty. However, an SPR move can
decrease the diameter of a tree, so it is conceivable that, in passing to the limit,
there is some probability that an infinite sequence of SPR moves will conspire to
collapse the evolving tree down to a single point. Of course, it is hard to imagine
from the approximating dynamics how X could recover from such a catastrophe—
which it would have to since it is reversible with respect to the continuum random
tree distribution.

In this section we will use potential theory for Dirichlet forms to show that
X does not hit Ty from P-almost all starting points; that is, that the set {7y} is
essentially polar.

Let d be the map which sends a weighted R tree (T, d, v) to the v-averaged
distance between pairs of points in 7". That is,

8.1) c?((T, d, v)) :=/ / v(dx)v(dy)d(x,y), (T,d,v) e T
TJT

In order to show that Ty is essentially polar, it will suffice to show that the set

(8.2) (T, d,v) e T":d((T,d,v)) =0}

is essentially polar.

LEMMA 8.1. The function d belongs to the domain D(E).
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PROOF. If we let d,(T,d,v)) = Jr [y vdx)v(dy)ld(x,y) An], forn e N,
then d,, 1 d, P-a.s. By the triangle inequality,

2
83) (d,d)p< / P(dT)(diam(T))* < / IP’(de)(4 sup e(t)) < 00,

te(0,1]

and hence d, — d as n — oo in L2(T", P).
Notice, moreover, that for (T, d,v) e T andu,ve T,

d((T.d,v)) —d(O((T,d,v),u,v)))*
_ . 2
84 =2 [ VAV A0 — ()

=207 (ST*VY(T \ ST d?(u, v).

Hence, applying Corollary 5.2 and the invariance of the standard Brownian excur-
sion under random rerooting (see Section 2.7 of [3]),

/ J( T, dS)(d(T) — d(5))*
TW[XTW[
= 2Am PdT)

x /T vy (dv)u” (duyvr (ST or (T \ ST*Y) dF (u, v)

xT
85 <2 f P(de)2 / ds@da___ seayp(52)2q)

s(e,s,a) —s(e,s,a)

8 /1 dp

Va1 = p)pd
« / P(de') @ P(de")p(1 — p)(sup 81— pe”)?

8 /1 dp
Vo Jo 1= p)p3

Consequently, by dominated convergence, &d—d,,d—d,) — 0asn— oo.
It is therefore enough to verify that d, € £ for all n € N. Obviously,

2
p(1 —p)zflP(de)( sup e(t)) < 0.

t€l0,1]

(8.6) sup dy(T) <n,

TeT™
and so the boundedness condition (7.5) holds. To show that the “Lipschitz”
property (7.6) holds, fix ¢ > 0, and let (T, vr), (S,vs) € T be such that
Agut((T, v7), (S, vs)) < . Then there exist f € F?S and g € F§’T such that
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dp(vr, g+vs) < € and dp(fyvr, vs) < € [recall F;,s from (2.10)]. Hence

\d, (T, vr)) — dn((S, vs))|

5‘L/TVT(dx)vT(dy)(dT(x,Y)/\")

8.7) - f s (dn)gsvs(dy)(dr(x, y) An)
g(S) Jg(S)

+ f gvs(dx)gwvs(dy)(dr(x. y) An)
g(S) Jg(S)

- /s /S vs(dx")s(dy")(ds(x', y) An)

For the first term on the right-hand side of (8.7) we get

_/;,/;VT(dx)VT(d)’)(dT(x,y)/\n)

- / / gevs(dx)gsvs(dy) (dr (e y) An)
g(8) Jg(S)

5‘/T/;vT(dx)vT(dy)(dT(x’)’)/\”)
(8.8)

_/TL(S) vr (dx)gsvs(dy)(dr(x, y) An)

+ ‘fg(g)/Tg*US(dX)UT(dy)(dT(x’y)/\n)

- / / guvs(dx)gsvs(dy)(dr(x. y) An)
g(8) Jg(S)

953

By assumption and Theorem 3.1.2 in [19], we can find a probability measure v

on T x T with marginals vy and g, vs such that
(8.9) v{(x,y):dr(x,y) > e} <e.

Hence, forall x € T,

/TvT(dy)(dT<x,y>An) —/(

8

5 g«vs(dy)(dr(x,y) An)

5/ v(d(y. Y))|(dr (x. y) An) — (dr(x. ') An)|
(8.10) T8
ff”g(S)V(d(y,y))(dr(y,y)An)

< (1 + (diam(T) An)) - €.
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For the second term in (8.7) we use the fact that g is an e-isometry, that is,
[(ds(x’, ¥y ) An) — (dr(g(x"), g(y")) An)| < e forall x',x” € T. A change of vari-
ables then yields that

[ gevs(dx)gas(dy)(dr(x., y) An)
g(8) Jg(S)

_ [S /S vs(dxyws(dy')(ds(x',y') An)

(8.11) <&+

/ gevs(dx)gavs(@dy)(dr(x, y) An)
g(S) Jg(S)

— /S fs vs(dx")vs(dy)(dr(g(x"), g(y")) An)

=e.
Combining (8.7) through (8.11) yields finally that

d, (T, —d, ((S,
8.12) sup |dn (T, v7)) — dn((S, vs))] “34m,
(Tar)£Svs)et  Aguam (T, vr), (S, vs)) O

PROPOSITION 8.2. The set {T € TV :d(T) =0} is essentially polar. In par-
ticular, the set {Ty} consisting of the trivial tree is essentially polar.

PROOF. We need to show that Cap({T € T:d(T) = 0}) = 0 (see Theo-
rem 4.2.1 of [22]).
For ¢ > 0 set

(8.13) W, :={T e TV :d(T) < ¢}.

By the argument in the proof of Lemma 8.1, the function d is continuous, and so
W:; is open. It suffices to show that Cap(W;) | Oas e | 0.
Put

(8.14) ug(T) = (2 - @> , T e TV
€ /+

Then u € D(E) by Lemma 8.1 and the fact that the domain of a Dirichlet form
is closed under composition with Lipschitz functions. Because u.(7) > 1 for
T € W,, it thus further suffices to show

(8.15) liﬁ)l(é”(ug, ug) + (g, ug)p) =0.
&
By elementary properties of the standard Brownian excursion,
(8.16) (g, ug)p <4P{T:d(T) <2¢} -0

as ¢ | 0. Estimating & (u,, u) will be somewhat more involved.
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Let £ and E be two independent standard Brownian excursions, and let
U and V be two independent random variables that are independent of E and E
and uniformly distributed on [0, 1]. With a slight abuse of notation, we will write
[P for the probability measure on the probability space where E, E ,Uand V are
defined.

Set
D:=4 ds®dt[Es+Et—2 inf Ew},
O<s<t<l SSw=t
[:\I = 2 dlét,
[0,1]
(8.17) D:=4 ds®dt[E +E,—2 inf E }
O<s<t<l SSwW=t
Hy =2 dt[Et +Ey—2  inf ]
[0,1] Unt=w=Uvt
Hy :=2 dt[Et +Ey—2 inf ]
[0,1] VAt<sw=<Vvt

For0<p <1 set

Dy(p) = (1—p)*VT=pD+ p>/pD

¢ +2(1 — p)p/pH +2(1 — p)py1— pHy
and
810 Dy (p) = (1— p)zﬂbf p*\/pD V
+2(1 = p)p/pH +2(1 — p)py/T— pHy.
Then
€ (ue, ue)
(8.20)

_ ;P[/‘ __dp
22w L Ji= oo
5 {(2_ DU;p))+ B (2_ Dvg(p))j]

Fix0<a < % and write a = 1 — a for convenience. We can write the right-

hand side of (8.20) as the sum of three terms I (e, a), II(g,a) and Ill(g, a), that
arise from integrating p over the respective ranges

(8.21) {p:Dy(p) Vv Dy(p) <2¢,0=<p =<a},
(8.22) {p:Dy(p) A Dy(p) <2e < Dy(p)V Dy(p),0<p <a},
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and
(8.23) {p:a<p=<l}
Consider I (g, a) first. Note that if Dy (p) vV Dy (p) < 2¢, then
(8.24) {(2 - M) - (2 - M) }2 22p (Hy — Hy .
€ + e +
Moreover,
{0<p=<a:Dy(p)V Dy(p) <2¢}

C{o<p<a:(1—p)Y?D+2(1—p)*?p(Hy v Hy) < 2¢)
(8.25) . . .
c{0<p<a:a?D+2a?p(Hy v Hy) <2¢)
(2e —a’’D) }
< > Ndq.
26_13/2(HU VvV Hy)

Thus I (¢, a) is bounded above by the expectation of the random variable that arises

={p:0§p§

: 0920201 — T2 /62 aoai 1 dp
from integrating 2“p {IVLIU Hy} /sv aganvlst the measure om T over the
interval [0, 2 —a>/2D)../(2a*/*(Hy v Hy))]. Note that
x d 1 1
(8.26) / —'Op“ = x@12, o> —.
a—1/2 2

Hence, letting C denote a generic constant with a value that does not depend on ¢
or a and may change from line to line,

(2e —a*? D), )3/2{1% -
HU Vv HV 2

7 12
I(s,a) < CIP’[( Hy) ]

&

c
< —5P[@e —a**D)Y(Hy v Hy)'?]
&

C
—=P[(Hy + Hy)"?1{D < 2a=%¢})

(8.27) Te

C v v
< —5PID'*1{D < 2a7/%}]
el/2

< CP{D <2a"%},
where in the second last line we used the fact that
(8.28) P[Hy|E]=P[Hy|E]=

and Jensen’s inequality for conditional expectations to obtain the inequalities
IP’[HI/2|E] < D!/? and P[H 1/2|E] < D!/2, Thus, lim, o I (¢, a) = 0 for any value
of a.
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Turning to Il (e, a), first note that D < 4H and, by the triangle inequality,

(8.29) D <2(Hy A Hy).

Hence, for some constant K that does not depend on ¢ or a,

(8.30) |Dy(p) A Dv(p) — D| < K(Hp*?+ (Hy A Hy)p)
and

(8.31) |Dy(p) Vv Dv(p) — D| < K(Hp*?+ (Hy v Hy)p).

Combining (8.31) with an argument similar to that which established (8.25)
gives, for a suitable constant K*,

{0<p=<a:Dy(p)ADy(p) <2 < Dy(p)V Dyv(p)}
={0<p=<a:2e <Dy(p)V Dv(p)}

(8.32) N{0<p=a:Dy(p) A Dy(p) <2¢}
c { : (A28 —VD)+ < a}
a K*(H+Hyv Hy)

(2e —a>? D), }
= — Aaj.
26_13/2(HU 7AN Hv)

Moreover, by (8.30) and the observation |(2e —x)4 — 2e — y)4+| < |x — y|, we
have for Dy (p) A Dy (p) <2e < Dy(p) vV Dy (p) that

-2 - (-2) |

:{(2_ DU(p)ADvm))J2

ﬂ{p:OSps

&

IA

2 v

S12e = D)4

(8.33) 5 o
+ ?{(28 — Dy(p) A Dv(p)), — 2e — D)4}

IA

2 o, 2 w

8—2{(28 - D)4} + 8—2{DU(/0) A Dy (p) — D}
C « ~ v v

= 51Q@e = D)3+ H?p’ + (Hy A Hy)'p?l,

for a suitable constant C that does not depend on ¢ or a. It follows from (8.26) and

a d 1 1
@30 [ o= e N
X

\/;p T 12-8
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that
C/ . 26 — b —1/2
I(e,a) < —ZIP’[(Zs — D)i{#} }
e H+ Hy v Hy
c’ R 2e — —5/213 5/2
(8.35) + —Z]P’[Hz{ @e — a7 D)y /\a} ]
& 26_13/2(HU A Hy)

c" . . e — —5/2[) 3/2
+— P[(HUAHV)Z{ (_8 - 2+ Aa} i|
3 2a3/2(HU A Hy)

for suitable constants C’, C” and C"”.
Consider the first term in (8.35). Using Jensen’s inequality for conditional ex-
pectations and (8.28) again, this term is bounded above by

1 - v 1 .
(8.36) —Pl(2e— D)Y*{AD'? + B} < S PlQe— D)/*(2'2 46! 1 BY]

for suitable constants A, B. Now, by Jensen’s inequality for conditional expecta-
tion yet again, along with the invariance of standard Brownian excursion under
random rerooting (see Section 2.7 of [3]) and the fact that

(8.37) P(Ey edry=re" 2 dr
(see Section 3.3 of [3]), we have
P[(2e — D)}
5 5 LY LT 32
=P[<P[28—2{EU+EV—2 in E} E]) ]
UnV=t<UVV +
5 5 L N3/2
. P{(2¢ —2{E Ey -2 inf E
L (Con LR N

o o0
=P[2e —2Ey))*] = / drre " 2(2e — 2r)3/?
0

e 1
5/ drr(28—2r)3/2=23/287/2/ dss(1 —s)3/2.
0 0

Thus the limit as ¢ |, 0 of the first term in (8.35) is O for each a.
For the second term in (8.35), first observe by Jensen’s inequality for conditional
expectation and (8.37) that

PD <r} < P[<2 - ?)J E P[(z - ?)J

(8.39)
(2r)?
2

<2P{Ey <2r} <2 =472,
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Combining this observation with (8.29) and integrating by parts gives
26 — 352D 5/2
p[{-2 0 el
26_13/2(HU A Hy)
26 — G52 5/2
SPH—(S ? )+/\a} }

#°D
2e/@>? 2 5/2
(8.40) = / P(D € dr}<é3/2(—8 — a5/2) A a)
0 r
~5/2 3/2
< /2€/a dr 4}’26_1_15/‘@(2—(9 — 515/2> / 2—8
= J2e/aa'24a52) 2\ r r2

1/@5/2 3/2
— 408257—15/4/ . ds(l — 55/2> .
1/(aa'?+a’/?) s

If we denote the rightmost term by L (e, a), then it is clear that
1
8.41 limlim — L(g,a) =0.
(8.41) i elig 2 (e, a)

From (8.28) and Jensen’s inequality for conditional expectations, the third term
in (8.35) is bounded above by

C v v v C v v

—P[(Hy A Hy)'? (26 —a¥?D)?) < SPIDV?(2e — a2 D)}
(8.42) 8c

il _ 75/279)3/2
and the calculation in (8.38) shows that the rightmost term converges to zero as
g | 0 for each a.
Putting together the observations we have made on the three terms in (8.35), we

see that

8.43 limlimZI (e, a) = 0.
(8.43) alfolelf(} (e,a)

It follows from the dominated convergence theorem that

(8.44) limIll(e,a) =0
el0
for all a, and this completes the proof. [
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