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LOWER ESTIMATES OF TRANSITION DENSITIES AND BOUNDS
ON EXPONENTIAL ERGODICITY FOR STOCHASTIC PDE’S

BY B. GOLDYS AND B. MASLOWSKI!
University of New South Wales and Academy of Sciences of Czech Republic

A formula for the transition density of a Markov process defined by an
infinite-dimensional stochastic equation is given in terms of the Ornstein—
Uhlenbeck bridge and a useful lower estimate on the density is provided. As
a consequence, uniform exponential ergodicity and V-ergodicity are proved
for a large class of equations. We also provide computable bounds on the
convergence rates and the spectral gap for the Markov semigroups defined by
the equations. The bounds turn out to be uniform with respect to a large fam-
ily of nonlinear drift coefficients. Examples of finite-dimensional stochastic
equations and semilinear parabolic equations are given.

1. Introduction. The aim of this paper is to study the ergodic properties of
solutions to a semilinear stochastic equation

dX* = (AX* 4+ F(X*))dt +/QdW,

(1.1)
Xp=x€E,

considered in a separable Banach space E, where W is a cylindrical Wiener
process on a Hilbert space H such that £ C H. Under the assumptions listed
below (see Section 2), this equation has a unique Markov solution (X}) with a
unique invariant measure j*.

Ergodic properties of solutions to infinite-dimensional stochastic differential
equations have been extensively studied in recent years. The key problems in this
field are the existence and uniqueness of invariant measure and the rate of con-
vergence of the time ¢ distribution of the process to the invariant measure. In the
case of dim E < oo these questions have been studied for a long time and the
ergodic theory of finite-dimensional diffusion processes is relatively well devel-
oped, see, for example, a classical monograph [21]. In this paper we study the
ergodic properties of a class of ordinary and partial stochastic differential equa-
tions that includes stochastic reaction—diffusion equations in bounded domains.
First results on the existence and uniqueness of invariant measures for stochastic
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reaction-diffusion equations were obtained in [12, 26, 42], see also [5], the mono-
graphs [6, 10] and references therein. The rate of convergence to the invariant
measure in infinite dimensions became a subject of interest much later and still is
not well understood. Jacquot and Royer [24] proved exponential ergodicity for a
semilinear parabolic equation with bounded nonlinear drift, Shardlow [39] applied
the theory of Meyn and Tweedie to obtain V -uniform ergodicity for some semi-
linear equations in Hilbert spaces. Hairer in [14] proved, under different sets of
conditions, uniform exponential ergodicity for equations with drifts growing faster
than linearly. Exponential convergence to equilibrium in a norm intermediate be-
tween the total variation metric and the Wasserstein metric has been obtained in
[31] for the stochastic Navier—Stokes equation.

A closely related problem of asymptotic behavior of the Markov semigroup
Pi¢(x) = E¢(X;) attracted much attention due to its importance in Mathemati-
cal Physics. In particular, exponential convergence of the semigroup in the spaces
LP(E, u*), p€[l,00), and related questions of the existence of the spectral gap
and logarithmic Sobolev inequality have been studied by numerous authors, see
[1-3,7,8, 11, 18, 22, 43].

The aim of the present paper is to prove V-uniform (exponential) ergodicity
with V(x) = |x|g + 1 and, if the drift grows faster than linearly, uniform exponen-
tial ergodicity, for equation (1.1). Our method allows us to find exact bounds on
convergence (i.e., to give explicit estimates for the rate of exponential convergence
in the total variation norm or V-variation norm). In this respect, our results seem
to be new even for finite-dimensional SDE’s (which is also due to our method to
estimate the transition density that, to the best of our knowledge, has not been
used in finite dimensions so far). If the Markov semigroup (F;) is symmetric, we
obtain explicit lower estimates for the spectral gap in L>(E, u*). Stronger results
are obtained in the case of a drift growing faster than linearly: for a symmetric
Markov semigroup, we show uniform estimates on the spectral gap in the spaces
LP(E, u*) forall pe[l,00) and in the nonsymmetric case, our estimates remain
valid for p > 1, in particular, in L?(E, 1*).

Unlike in the aforementioned papers, in the present paper a lower bound mea-
sure and a suitable small set for a skeleton process are found explicitly in terms of
the lower estimates of transition densities and the constants in an ultimate bound-
edness condition (or, in particular, a suitable Lyapunov function). This enables us
to apply earlier results on computable bounds for Markov chains, which are ex-
pressed in terms of lower bound measures, corresponding small sets and constants
from the Lyapunov—Foster geometric drift condition [33]. The bounds turn out to
be uniform with respect to a large family of drift coefficients, which is important
for proving continuous dependence of invariant measures on parameter (cf. Sec-
tion 8). We also believe that this uniformity is an important tool for studying the
Hamilton—Jacobi—-Bellman equation for the ergodic control problem. On the other
hand, the method employed here has its limitations. Our method strongly relies
on the Girsanov theorem and therefore, we need an assumption that /' maps the
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whole state space into the range of 4/Q. Therefore, any extension to other types
of equations (like stochastic Burgers or Navier—Stokes equations) would be diffi-
cult. Note, however, that in the two recent authors’ papers [17] and [16] V -uniform
ergodicity and spectral gap type results have been proved for stochastic Burgers,
2D Navier—Stokes and more general reaction—diffusion equations. Nonetheless,
in these papers a different method is used that allows us neither to find explicit
bounds on the convergence constants nor to show the uniformity of convergence
with respect to coefficients.

An important tool for our proofs is a formula for the transition densities that
is derived in this paper. We use this formula to establish suitable lower estimates
on the densities which we believe are of independent interest. They are obtained
by means of the Girsanov theorem and the so called Ornstein—Uhlenbeck bridge
(or pinned Ornstein—Uhlenbeck process). Let us explain the main idea of this ap-
proach.

Let (Z;) be an Ornstein—Uhlenbeck process on a separable Hilbert space H.
By this, we mean that (Z") is a solution to a linear stochastic evolution equation

dZF =AZ'dt +/QdW;,
(1.2)
Zy=x€eH.

The Ornstein—Uhlenbeck bridge (Zf’y ) associated to the Ornstein—Uhlenbeck
process (Z;) is informally defined by the formula

P(ZF € B|Z} =y) =P(Z " € B), r<1,

where x,y € H and B C H is a Borel set. The importance of various types
of bridge processes for the study of transition densities of finite dimensional
diffusions is well recognised, see, for example, [23]. In infinite-dimensional frame-
work this concept was developed in [41] in order to study the regularity of
transition semigroups of diffusions on Hilbert spaces. In [28] and [29] an Ornstein—
Uhlenbeck bridge is introduced in order to obtain lower estimates on the transition
kernel of some semilinear stochastic evolution equations. The basic idea is as fol-
lows. Using the equivalence of measures corresponding to X; and Z; and the
Girsanov formula, we can write the transition density of the process X; in the
form

d(T,x,y) =E(®(ZDI|Z7 = y),

where & is a measurable functional defined on trajectories of the Ornstein—
Uhlenbeck process. This form of the density is not suitable for the uniform es-
timates that are needed. Therefore, the conditional expectation is transformed into
a usual expectation with respect to the measure of the OU bridge (Zf’y ) considered
fortr [0, T]:

d(T,x,y) =Ed(Z*),
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which enables us to find the uniform lower estimates. Let us note here a technical
difficulty caused by the fact that we can define the OU bridge for y in a certain
Borel subspace of measure one only, but this turns out to be sufficient for our
needs.

Precise formulations and hypothesis are given in the following Section 2. In
Sections 3 and 4 the properties of the OU bridge, which are needed in the sequel,
are established (some auxiliary results are deferred to the Appendix). The formula
for transition densities is found and the lower estimates are given in Section 5.
These results are applied in Section 6 to establish our main results, V -uniform er-
godicity and uniform exponential ergodicity, respectively, and find the computable
bounds on respective constants. In Section 7 the corollaries on the L?(E, u*) ex-
ponential convergence and the spectral gap are stated. Section 8 is devoted to some
extensions and applications (continuous dependence of invariant measures on a
parameter). Examples (finite-dimensional nonlinear stochastic oscillator and sto-
chastic parabolic equations) are presented in Section 9.

2. Assumptions and notation. Let H = (H, |- |) be a real separable Hilbert
space and let E = (E,| - |g) be a separable Banach space densely embedded
into H. In this paper we will study a stochastic semilinear equation

dX; = (AX; + F(X,)dt +/QdW;,
Xo=x€E,

2.1

where (W;) is a standard cylindrical Wiener process on H defined on a stochastic
basis (2, , (¥7), P) satisfying the usual conditions, A denotes a linear operator
on H generating a strongly continuous semigroup (S;) on H and F is a nonlinear
mapping £ — E. The first assumption assures the existence of an H-valued and
strong Feller solution to the linear version of (2.1), when F = 0; in this case we
consider the linear equation
dZ} = AZFdt +/QdW;,
(2.2)
Zy =x.

The solution to equation (2.2) is given by formula
t
(2.3) ZF =Six + / Si—sv QdWs, t>0.
0

HYPOTHESIS 2.1. The operator Q > 0 is bounded and symmetric. For each
t > 0, a bounded operator,

t
0 =/ S, 08 ds,
0

is of trace class. Moreover,

(2.4) im(S,) cim(Q,”%),  t>0.
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If Hypothesis 2.1 holds, then
(2.5) im(Q;) = H, t>0.

It is well known (cf. [9]) that (2.4) is equivalent to the strong Feller property of the
process (Z;). Moreover, (2.4) yields

(2.6) im(0,/% =im(Q}’*,  1>0.

The next hypothesis assures that the Ornstein—Uhlenbeck process Z* defined by
equation (2.3) takes values in the Banach space E and is continuous in E.
HYPOTHESIS 2.2. (a) The part A of A in the space E,
A = Aldom(A), dom(A) = {y e dom(A)NE: Ay € E},
generates a Co-semigroup on E, which is again denoted by (S;).
(b) The process 79 is P-a.s. E-valued and E-continuous.
We further assume the following:

HYPOTHESIS 2.3.

1
@.7) /0 10,1725, 0"? |lus di < oo,

where || 7T ||gs stands for the Hilbert—Schmidt norm of the operator 7.

Assumption (2.7) is not standard. It is needed to obtain a formula for the transi-
tion density (cf. Theorem 5.2). We will show that it is satisfied in many important
cases (cf. Lemma 3.3, Remark 3.4 and Section 9).

In this paper we consider mild pathwise continuous solutions of (2.1).
A process X defined on a filtered probability space (2, F, (¥7), P) is a solution
to equation (2.1) on an interval [0, T] if P(X. € C(0,T:E)) =1 and

t t
(2.8) Xt:S,x—l—/ St_,F(X,)dr—i—/ Si—r/ O dW,., t €0, T], P-as.
0 0

Now we will formulate assumptions involving the nonlinear term F in equa-
tion (2.1).

HYPOTHESIS 2.4. (a) The mapping F: E — E is Lipschitz continuous on
bounded sets of E. For eaxh x € E, there exists a unique mild solution X to equa-
tion (2.1). Moreover, X is a Markov process in E.

(b) im(F) C im(Q'/?) and there exists a continuous function G : E — H such
that Ql/ 2G = F and for some constants K, m > 0,

2.9) GO < K+ Ix[E), xekE.
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REMARK 2.5. The assumption of local Lipschitz continuity of the mapping
F is not necessary for our main results. It may be replaced by the existence and
uniqueness conditions for equation (2.1) and approximating equations. Similarly,
the mapping G need not be continuous. Only measurability and the polynomial
bound (2.9), are needed but this would make some proofs technically more com-
plicated.

Hypotheses 2.1-2.4 are standing assumptions of the paper and the results will
be enunciated without recalling them again. Obviously, the hypotheses are used se-
lectively (e.g., Hypothesis 2.4 is not needed for results on the Ornstein—Uhlenbeck
bridge).

Denote by 8B, # and bB, the Borel o-algebra of E, the space of probability
measures on E and the space of bounded Borel functions on E, respectively. Fur-
thermore,

Pip(x) :=Exp(Xy), $pebB,xe E, 1 >0,
and
P, x,T):= Pr(x), xeE T'eB,t>0.

Let (P/") denote the adjoint Markov semigroup, that is,
(2.10) P v(T) ::/ P(t,x,v(dx), t>0,ve P, I'eB.
r

An invariant measure p* € & is defined as a stationary point of the semi-
group (Pj), that is, P*u* = u* for each t+ > 0. Obviously, P;*v is interpreted
as the probability distribution of X, if X has the initial distribution is v.

In our main theorems on V -uniform ergodicity, exponential ergodicity and spec-
tral gap the solution to equation (2.1) is supposed to be ultimately bounded. In
order to illustrate which systems are covered, it may be useful to formulate a
growth condition on the nonlinear term F which will be selectively used in some
statements below (though it is not needed in our general theorems). By (-, -) g g+,
we denote the duality between E and E* and by 9| - |g, the subdifferential of
the norm | - |g. Suppose that there exist ky, k2, k3 > 0, and s > O such that, for
x € dom(A) and x* € 3|x|g, we have

(211) (Ax+ F(x+y),x" g g < —ki|x|g + ka|y|s + k3,  yeE.

For example, if the mapping F : E — E is Lipschitz continuous on bounded sets
in E and Hypotheses 2.1 and 2.2 are satisfied, then the above condition implies
existence of a unique mild solution to the equation (2.1) [i.e., Hypothesis 2.4(a)].
If, moreover, the moments of the Ornstein—Uhlenbeck process 7Y are bounded
on [0, 0co) [condition (6.1) below], then there exists an invariant measure for the
corresponding Markov process.
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3. Some properties of the Ornstein—Uhlenbeck process. We will use the
notation p; for the probability distribution of Z} and u; if x = 0. Obviously,

is a Gaussian measure N (S;x, Q). For simplicity of notation, we set Z; := Z?,
s > 0. It is easy to check that, for s <t

3.1 B(Zy, h)(Z:, k) = (Si—s Qsh, k).

LEMMA 3.1. The operator V; = Ql_l/le_;Qll/2 is bounded on H and

(3.2) Vel < 1, t€(0,1].

Moreover,

(3.3) lim V,x = lim V;x = x, xeH.
t—1 t—1

PROOF. Estimate (3.2) was proved in [35]. It follows from (3.2) and a simple
identity

01=01-++ S1-:0:S1_,,

that

(3.4) 01-1=0,U-V,vH0).
To prove (3.3), we will show first that

3.5) }ijlg)(V,x,y):(x,y), x,yeH.

Indeed, for y € im(Ql_l/z), we have

lim (V,x, y) = lim(S1_, 0} *x, 07 *y) = (x, ).
r—1 r—1

For arbitrary y € H, we may find a sequence (y,) C im(Q?l/ 2), such that y,, — y
in H and then (3.2) yields
(Vix,y —yn) >0,
uniformly in ¢ < 1, and (3.5) follows. Next, (3.4) yields
1/2 1/2
(1%, x) = (I = V,VN0’x, 0)’x),  xeH.

It follows that, for each y € im(Qi/ 2), we have

lim(|y[* = V" y%) =0,
and since || V*|| < 1 for all ¢, we find that

lim [V y|=|yl, yeH.
t—1
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Now, invoking (3.5), we obtain the first part of (3.3). It is enough to prove the
second part of (3.3) for x such that |x| = 1. In this case (3.5) implies (V;x, x) — 1,
and thereby, invoking (3.2),
1 =liminf(V;x, x) <liminf|V,x| <limsup|V;x| < 1.
t—1 t—1 =1

Therefore, V;x — 1 ast — 1. Now, taking into account (3.5), we obtain the second
part of (3.3). I

Clearly, V/* = ,1 / ZST_t Ql_l/ % and the operator
(3.6) K, = 0}*v*

is of Hilbert—Schmidt type on H. Then the operator
H>3x— XKx(t):=Kxe€L*0,1; H)

is bounded.

Let u denote the probability distribution of the process {Z;,t € [0, 1]} con-
centrated on LZ(O, 1; H) and let £ LZ(O, 1; H) — C(0, 1; H) be defined by the
formula

oCu(t)—ftS 0'%u(s)ds
= 0 t—s .

The space im(L) endowed with the norm
|91l = inf{lul :u € L*(0, 1; H), Lu = ¢}
may be identified with reproducing kernel Hilbert space of the measure p, see [9].

For any ¢ € [0, 1), we define an unbounded H -valued operator
Bx=0'28;_,07"x,  xeim(Q,?),
and an unbounded operator
Bx(t) = B;x, te[0,1),

taking values in C ([0, 1), H).

The following lemma is crucial for the rest of the paper. Let us recall that the
operator V : H — E, where E is a Banach space, is said to be y-radonifying if it
transforms any cylindrical Gaussian measure on H into a Radon Gaussian measure
on E.

LEMMA 3.2. (a) For every t € [0, 1), the operator B, with the domain

dom(B) = Q}/Z(H) extends to a Hilbert—Schmidt operator B, : H — H and

1
3.7 /0 | Bt ||lus dt < oo.
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(b) The operator B with the domain dom(B) = Ql/ 2
operator B: H — L0, 1; H) and
(38) |BX|L2(0’1;H):|X|H5 x€H.

(c) We have K = LB and the operator X : H — C(0, 1; E) is y-radonifying.

(H) extends to a bounded

—1/2 A1/2

PROOF. (a) Note first that [|Q, '~ Q"
Ql__lt/ 2S1 —¢ is bounded. Therefore, the operator
1/2

(0, 770,50, 710" = 01281, 07
is bounded. Moreover, taking (2.7) and (2.6) into account, we obtain, for a certain
C >0,

I <1 and by (2.4), the operator

—1/2 A1/2 ~—1/2

1 1
[0 | B s di < c/o 10;%5,0"2 s dt < oo

and (3.7) follows.
For any h € H, we have

1/2h2_ ! 125 p124
|0 I—OIQ 1_hl”dt,
and therefore, for h = Qfl/ 2x, we obtain
1
(3.9) |x|2:/ |Bx(t)|*dt.
0

Using the density of Qi/ 2(H ) in H, we can extend (3.9) to the whole of H and
(3.8) follows.

(c)Forx € Qi/Z(H), we have

—1 2
KzX—QtS1 ;Q /

~1/2

—/ S 08, ST_, 0]
(3.10)
12,

—f S 0St_,07

:/ Si—s Q2 Bx(s)ds = L(Bx) (1),
0

for all + € [0,1]. By (b), this identity extends to all x € H and we find
that X = LB on H. By Hypothesis 2.2, we have u(C(0,1; E)) = 1, hence,
°C:LZ(O, 1; H) — C(0,1; E) is y-radonifying and therefore, X = LB: H —
C(0,1; E) is y-radonifying as well. [J

We have left open the question of effective verification of Hypothesis 2.3. This
is addressed in the following lemma.
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LEMMA 3.3. Assume that either:

(1) dim(H) < o0 or
(i) there exist @ € (0, 1) and B < HT“ such that

1
(3.11) /z—“||S,Q1/2||%ISdz<oo
0
and
—1/2 C
(3.12) 1o; 28,1 < 7

Then Hypothesis 2.3 is satisfied.

PROOF. The proof of (i) extends a classical controllability result from [38]
and may be found in [25].
Assume that (ii) holds. By Hypothesis 2.1,

025,02 = (07'/? Qtl//zz)(Qt_/;/zS,/z)S,/zQl/z,

where [|Q; /20,3 1| < 1 and thereby,

12

- —1/2
107 25,0 llns < 107,52 81/211S120 2 s

Therefore, for a certain ¢y > 0,

1
—1/2
fo 10725, 0"2|us di

l(x —1/2 24 12 1—a /22 4
< A 1°11Q, ) " Sty2ll” dt ot 1520 "~ |lfzs dt

1 12001 2o 12
561(/0 t2ﬁ——oedt> (/()t (NI ||Hsdl) )

and (2.7) follows. [

172

REMARK 3.4. Conditions (3.11) and (3.12) are well known and often used
in the theory of SPDE’s. Condition (3.11) is a standard assumption that implies
the existence of an H-continuous version of the OU process (Z;), while (3.12) is
closely related to the existence and integrability of the gradient of the OU transition
semigroup (cf. [9] for details). Hypothesis 2.3 will be checked in more specific
cases in Section 9.
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4. Ornstein—Uhlenbeck bridge. In Lemma A.2 [applied with H| = L0, 1;
H), T = KX and C = Q1] an extension of the operator K; Ql_l/ % {0 a measurable
set M C H, it1(M) = 11s defined. We use the notation K; Ql_l/2 for this extension
in the present section. Note first that Ql_l/ ’z 1 is a cylindrical Gaussian random

variable on H and therefore, by Lemma 3.2(b), the process (K; Ql_l/ 2Z 1) 1s well
defined and has E-continuous modification. Therefore, we can define an E-valued
process

Zi=2,-K07"%z, 1€[0,1), and Z; =0,

which has an E-continuous modification for ¢ < 1.

PROPOSITION 4.1. (a) The H-valued Gaussian process (Z) is independent
of 7.

(b) The covariance operator 0, of Z; is given by
“.1) 0,=0/2( -V vno,?,  relon.

(c) The process (Z) is continuous in E fort € [0, 1].

PROOF. (a) For &, k €im(Q1’%), (3.1) yields

B(Z;, hWZ1, k) = B(Zy, I)(Z1, k) — B(K, Q7 Z1, h) (21, k)
= ($1-:Q:h, k) = (@10} K }h, k)
= (S1-1Q1h, k) — (S1-1Q:h, k) =0
and therefore, the process (Z) and Z; are independent.
(b) It follows from (a) that
0= Qt + KK/
Hence, the definition of K; and V; yields
0r=0— 087, 07'$1,0, =021 = Vv o, .
(c) Using (3.2), we find easily that
4.2) lim tr(Q;) =0.
To prove that
4.3) lim tr(Q,) =0,
we note first that

tr(Q) = tr((I — VFV)(Qr — Q1)) +tr((I — V*V) 01).
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Next, it is easy to see that
0 <limtr((/ — V,;*Vi)(Q1 — Q) < limtr(Q1 — Q,) = 0.
t—1 t—1
We have also

o0
w(( = V'V 01) =t(Q) — Y IV: 0 e,
k=1
and (4.3)Afollows from (3.3), (3.2) and the dominated convergence. Since the
process (Z;) has E-continuous version by Lemma 3.2(b), it follows that

0=1imZ =Z;.

t—1

This fact completes the proof of continuity. [

PROPOSITION 4.2. There exists a Borel subspace M C H such that
w1(M)=1and forall x € H and y € M, the H-valued Gaussian process

12

(4.4) Z;7 =277 — K. Q] "z - y)
is well defined for all t € [0, 1). Moreover,
(4.5) 29 =Sx— K07 PSix+K,07'?y+Zi,  Pas.

PROOF. By Lemma A.3, we can choose a measurable linear space M such that
Kth1/2 is linear on M with (M) =1 and the mapping (¢, y) — K,Q;lﬂy is
measurable. By (2.4) we have S1x € iQ(Q}/z) and therefore, Kth_l/z(Zf —y)is
well defined for any y € M. Clearly, Z; "’ may be rewritten in the form (4.5). O

The process (/Z\;C’y ) defined in Proposition 4.2 will be called an Ornstein—
Uhlenbeck bridge on H (connecting points x € H and y € M). We will denote
by %Y the law of the process {Z; " :t € [0, 1]}.

THEOREM 4.3. There exists a Borel subspace M C E with pt1(M) =1, such
that the process (Zc’y ) has E-continuous version for each x € E and y € M.
Moreover, there exists a measurable mapping U : M — Ry and a random vari-
able k, such that

(4.6) 1Z*Nco:py <k(1+|x|g +U(y), x€E,yeM,
and
4.7) ENZ™ 18 0.1: gy < LOO(1+ |x[ + U ()"

foreachn e N, x € E and y € M, where L(n) is a constant depending on n only.
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PROOF. It was already shown in Proposition 4.1 that the process (Z:) has
trajectories in C(0, 1; E) and we have

(4.8) ki =sup|Z|g < 00, P-ass.

1<l
Since (Z;) is a Gaussian process, we obtain, for any m > 0,

(4.9) ka(m) =Esup|Z | < oc.

<1

The same argument shows that the process t — K,Ql_l/ 2y has trajectories in
C(0,1; E) for every y € M, where M is given by Proposition 4.2 (possibly,
after excluding a zero wj-measure set). By the strong Feller property we have
Six € im(Q}/Z) C M, so it follows from Proposition 4.2 that %Y (C(0, 1; E)) =1
for x € E and y € M. Furthermore, using the notation from Lemma 3.2, we
have K, Q7 "/*Six = X (Q;"/*S1x)(1), 1 € [0, 1]. By (2.4), the operator Q; /*S)
is bounded and it is easy to see that (3.3) together with (3.6) yields con-
tinuity of the mapping Kthl/le :E — C(0,1; E). Hence, setting U(y) =
1K Q" *yllcw.1.6) and taking into account (4.8) and (4.9), we obtain both
(4.6) and (4.7) foralln > 0. [

The following theorem justifies the intuitive notion of the OU bridge (Zc’y )
given in the Introduction.

THEOREM 4.4. Let ®:C(0,1; E) — R be a Borel mapping such that, for
xek,
E|®(ZY)] < o0.
Then
E(®(Z9)|Zf = y) = Ed(Z*Y), wi-a.e.
PROOF. By Hypothesis 2.2 and Theorem 4.3, the processes (Z;) and (Zf’y)

are concentrated on C(0, 1; E) and (Kth_l/z(Slx — y)) € E. Moreover, the

processes (Zc’y ) and (K,Ql_l/ ZZf ) are independent by Proposition 4.1. There-
fore, using well-known properties of conditional expectations, we obtain
S 1,2
E(®(ZY)|Z] =y) = B(®(Z* + K, 07 *(ZF — )12} = y)
=Ed(Z*Y), i-a.e.

foranyx e E. U
Let

1
Yuzf Sl—sQl/des» u=<I,
u
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and
H,=07'?s1_,0"  u<l.
LEMMA 4.5. Forallu €0, 1], we have
(4.10) Yu=01-07'21—-815Z;,  P-as,
where Ql_sQfl is bounded for all s € [0, 1].

PROOF. We have

t
K,Q_l/Zzl _ </0 Si_ 0\ H? dS>Q1—1/2Z1

and
t
SlfthQl_l/zzl = </0 SlsQl/ZHs*dS) Ql_l/zzl
= (01— 01-007'Z
=Z1— 014077,
and thereby,

~1/2 —
~$1.4K, 07?21 = 01-,07'Z1.
Therefore, by definition of 4 ¢, wWe obtain
Yo =271 —81-sZs

-1/2 -1/2
=7 — Sl—s(Zs - KsQ] / Zl) - Sl—sKsQ1 /

=71 = S1-5Zs — (Z1 — 01-507 ' Z1)
= Ql—sQl_lzl _Sl—SZA

g

Since the operator-valued function t — Q; is continuous in the weak operator
topology and all the operators Q; are compact for ¢ > 0, there exists a measur-
able choice of eigenvectors {ex () : k > 1} and eigenvalues {A;(¢) : k > 1}. For each

n > 1 we define a process

a—zm

(Yu,ex(1 —u))Her(1 —u).

LEMMA 4.6. There exists a measurable stochastic process () defined on

[0, 1) such that, for each a < 1,

a
4.11) lim IE/ o — oy |*du=0
0

n—oo



ERGODICITY FOR STOCHASTIC PDE’S 1465

and for each h € H and a < 1, the series

(4.12) (o, h Yu,ek(l —w))(ex(l —u), Hyh)

Z «/)\k(l —

converges in L2(0, a) in mean square. Moreover, if 0 <u <v < 1, then, for all
h,ke H,

(4.13) E{ay, h) (o, k) = (Hyh, Q717

1/2

0=
1/2
0,7, is bounded. Finally,

vk),

2
where the operator Q| _, Y

4.14) E/ |y | du < oo.
0

In what follows we will use the notation (e, h) = (Q,_, 12 Y,, H,h).

PROOF OF LEMMA 4.6. Foru <wv <1,

(4.15) E(Y,, h){(Yy, k) = (Q1—vh, k), h,keH.
Therefore,
Z 1
Eler; — oy h)* = ,;H ol = B el = 0) el —w)., Hu)®
(4.16) .
= Y (a(l—w), Hh)* — 0,
imt n,m
hence, the process
(o, ) i 1 (Yu, ex(1 —u))(ex(1 —u), Hyh)
Oluy _k: m uvek u ek u ) u
(4.17) 2
=(Q_, Yu, Huh)

is well defined and measurable for each 7 € H and u < 1. Let P, be an orthogonal
projection on lin{ex (1 —v):k <n} and H! = P, H,. Then Q:I/lebf is bounded

on H and we may define " _(Q_I/ZH")*Y By (4.15),
E{of, h)(@ik) = (01, Q7 W2 Hh, Q7P HIk)
 (H"h, Q—l/le/z "y,
1/2

By (2.6), the operator O _ {le is bounded and, therefore,

—1/2

E(Q7 ! Yu. Hut)(Q7 'Y, Hk) = lim B h) e, k)

1/2

= (H,h, 07120\ Hyk).



1466 B. GOLDYS AND B. MASLOWSKI
It follows from (4.13) that
E(au, h)? = [Hyh|?,
hence,
Elo | = | Hyllfs <00,  u<1,
and by Hypothesis 2.3,
1
IE/ loty | du < 0.
0

Then (4.16) and the dominated convergence yield

a
fim /E|a3—au’"|2du:o.

n,m—0o0 Jo

As a consequence, we find that (4.11) holds for any a € (0, 1). U
LEMMA 4.7. The cylindrical process

t
;tzwz—/audu, <1,
0

is a standard cylindrical Wiener process on H independent of Z;.
PROOF. We need to show that, for any 4 € H, the process

(o= Wi — [ 4O Yo Hut)
is areal-valued Wiener process. Let /1, k € H. We will show first that, forr <t < 1,
(4.18) E(St = &, h) (&, k) =0.
We have
B¢ — &, ) {8y, k)
— _E(W, — W,,h)f (07 /*Y,, Hk)du

1/2

—E(W,, >/ s

(/ (0112Y,, Huh>du> </ (072Y,. H,k) dv)

=—IL—-—DL+ 1.

Y,, Hh)du
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We will consider [ first. Taking into account that the series (4.17) is mean-square
convergent, for each u € (0, 1), we obtain

E(W, — Wy, h){Q/*Y,, Hk)
X (en(1 —u), H,k)

=L naw

E((Yu, en(1 —u))(W; — Wy, h)).

Next, foru <r,

E(<Yuven(1 —u)) (W erh>)

=1|<:/ (QV28F_en(1 — u),dWs)/t(h,dWs)

=/t<sl_sQ‘/2h,en<1 —u))ds

and therefore,

—1/2

E(W: — Wr, h)(Q,_,, Yu, Hyk)

> (en(1 —u), H,k)

- ,; Vi —u)

/ (Z en(l)L (i‘)_lj)k) (Sl—sQl/zh,en(l—M))dS)

=1

/t<slsQ1/2h, en(1 — ) ds

_f (Q7Y281_,0' 2, Hyk) ds

_f (07202 Hyh, Huk) ds
and
(4.19) I = // (0,201 Hyh, H,k) ds du,

1/2 A1/2

where the operator Q,_/~Q,"", is bounded. By similar arguments, we find that

=0 and (4.13) yields

L= /f (07202 Hyh, Hyk)du dv

and in view of (4.19), I = I3, and since I, =0, (4.18) follows. We will show, that
forhe Handt <1,

(4.20) E(z,, h)> =t|h)?.
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We have

E(;,,h>2=r|h|2—2E<W,,h>/ n

i [P mman)( [r a0 a)

=t|/’l| —2J1+ J3.

1/2YM9 Huh>

Proceeding in the same way as in the computation of /1 and /3, we obtain

Ji= fEWt, (07 2Y,, Hyh) du

—f/ (0701 Hyh, H,hyds du.

Invoking again (4.13), we obtain

(4.21)

Jy= //EQ_I/ZYu,H (Y., Hyh)du dv
—/f (Hh, 0717 01% H,h)dudv

+[f (07201 H,h, Hyh)du dv.

Since t < 1 and the functions under the integrals are continuous, we can change
the order of integration in the first integral and obtain

Iy = f/ (Hoh, Q70 Hyhy dv du

+/f (07201 Hyh, Hyh)dudv.

Hence, J3 = 2J; and (4.20) follows. Combining (4.18) and (4.20), we find that,
fors,t <1,

E(¢s, h) (&, k) = min(s, 1) (h, k), h,ke H.
Since

supE[(¢,, h)|=|h|>,  heH,

t<1

there exists a cylindrical random variable ¢; such that
11m<§[vh>:<§lvh>y hEHy
t—1
for all + < 1. Therefore, (¢;) is a cylindrical Brownian motion for 7 € [0, 1]. It
remains to show that, for any ¢t < 1,
4.22) E(¢, h){Z1, k) =0, h,ke H.
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By definition of ¢, it is enough to show that
(4.23) E(W;, h Ef oy, h)(Z1,k)du.
Now, we have
(4.24) E(W;, h)(Z1, k) =/Ot(Sl_uQ1/2h,k)du.
Invoking (4.10) and using the fact that Z; and (Z) are independent, we obtain

]E/t(au,h)(Zl,k)du
_/ E(Q/*Y,, H,h)(Z,, k) du,
(4.25) / E(Q, ' 01-,07' Z1, H,h)(Z), k) du
_/ (0% Huh, k) d

- / (S1-4O'?h, k) du
0
Comparing (4.24) and (4.25), we obtain (4.23) and the lemma follows. [J

REMARK 4.8. Lemma 4.7 allows to define the Ornstein—Uhlenbeck
bridge (Z;"”) as a unique solution of a certain linear stochastic evolution equa-
tion. As it is not needed in this paper, it is omitted, see [15] for details.

PROPOSITION 4.9. Let

—1/2 —1/2

Bi(s) = (Q, 1" S1-s0"»* 01781,
BZ(S)—(Q_1/251 (0 07
B3(s)y = (Q]'?81_,0"%)* Q‘”2 y €im(Q}’%),s € (0, 1).
Then
1 .
(4.26) Ef |B1(s)Zs|ds < o0,
0
! 2 “12¢ 2
4.27) /0 [Ba(s)x|"ds =0, ""Six|", x€eH.

Moreover, there exists a Borel subspace M C H with (M) =1 such that B3
extends to a linear mapping B3 : M — LI(O, 1; H), that is,

1
(4.28) /|Bg(s)y|ds<oo, yeM,
0
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and B3(s)Z1 has the covariance (QI_I/ZSI_SQI/Z)*(Ql_l/le_sQl/z) for each

se€l0,1).

PROOF. Condition (4.26) is a reformulfl\tion of (4.14) in Lemma 4.6, where it
was also shown that the function ¢t — Bj(¢) Z; is integrable. Invoking the definition
of the operator B and Lemma 3.2, we obtain

172

1 1
(4.29) fo |Ba(s)x |2 ds = /0 1BO,2S1x(s)2ds = 107/ 81x[2,

and (4.27) follows.
For y € im(Q}/z), we have B3(t)y = BQI_I/Zy and forany a < 1,

a
2
/0 1B, |3 dt < oo,

and taking (3.7) into account, we may apply Lemma A.3, which yields the desired
result. [

5. Transition density of semilinear stochastic evolution equation. In this
section a formula for transition densities defined by equation (2.1) will be derived
and some useful lower estimates on transition densities will be established.

PROPOSITION 5.1. Assume that equation (2.1) has an invariant measure
u* e P. Then
(5.1 1Py — " llvar = 0, t—>o00,veP,

where || - ||var denotes the total variation of measures. Furthermore, for each x € E
and T > 0, the measures P(T, x, -) and /f} are equivalent and for ut a.e. y,

dP(T,x,")
dury

:E(exp(/oT<G(z;‘), dw,) — %/OT |G(Zf)|2dt>‘Zx = y).

)
(5.2)

PROOF. By Hypothesis 2.1, the Ornstein—Uhlenbeck process is strongly
Feller, therefore, its distributions (u;) are equivalent for x € H, t > 0. If (5.2)
holds for each T > 0 and x € E, we have the equivalence P(T, x, -) ~ u7, hence,
(P(T,x,-))r>0.xcE are equivalent, as well and the convergence (5.1) follows from
well-known results (cf. [37, 40]).

It remains to prove (5.2), which follows from the Girsanov theorem (see,
e.g., [9], Theorem 10.4). In order to apply this result, we must verify (taking, for
simplicity, T = 1)

(5.3) Eexpp(Z*) =1,
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where
(5.4) o(Z*) :_/ (G(Z7),dWy) / |G(Zx)| ds.
Forn > 1, set
F(x), if |x[g <n,
(53) Fn(x) = { F<ﬂ> if x|g > n,
Ix|g /)’

and let G,, be defined by F),(x) := Q!/?G, (x). Obviously the approximating equa-
tions

dX,(t) = (AXn(t) + Fo (X (1)) +/QdW,,
X,(0) = x,

(5.6)

have uniquely defined solutions P-a.s. in C(0, 1; E) and denoting by Py, IBX” and
Pz« the distributions in C (0, 1; E) of X, X,, and Z*, respectively, we have

(5.7) lim P( sup | X, (t) — X(1)|g > 0) =0.
=0 \tef0,1]

Hence,

(5.8) |Px, () — Px]| m — 0o,

VdI'

thus, (IBXn) is a Cauchy sequence in the metric of total variation. Therefore, the
sequence of densities

d Py

(5.9 " = exp p,(Z%),
Z,’C
where
(5.10) pn(Zx):—/ (Gp (Zx) dWy) / |G, (Zx)| ds,

is a Cauchy, hence, convergent, sequence in LY(Q). As G,, is bounded for each n,
obviously Eexp p,(Z*) = 1, so it remains to identify the LY(Q)-limit of exp Pn
with exp p. Clearly, G, — G pointwise and |G, (x)| < K (1 + |x|), therefore,

2

1 1
@A<Gﬂ4xdWQ—A<G@Q¢mm

1
:E/ Go(Z2) — G(ZN)Pds — 0
0

by the dominated convergence theorem and Hypothesis 2.2. Similarly, we have

1 1
/|Gn(z;f)|2ds—>/ IG(Z)ds,  P-as.,
0 0
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so we obtain (possibly, for a subsequence) exp p,(Z*) — exp p(Z*) P-a.s., which
completes the proof of (5.2).

We will Jnow state one of our main results, which provides a formula for the

density d
Fubini theorem that the density has the form

dP} dP(1,
d1”<y>=f %( Y (dx)
(5.11) H i
dP(1,x, ) duy
—f GO g om@.  rae.

provided the product of densities inside the integral on the r.h.s. is (x, y)-measu-
rable. As mentioned in the preceding proof, the Gaussian measures (| and | are
equivalent with the density given by the Cameron—Martin formula

X

Hq
)
dpy Y

g(x,y) =
(5.12)

=eXP<<Q 25k, 072y — |Q‘”2 |), xcE.
for pi-almost all y € E.

THEOREM 5.2. Foreachv € £, we have
d P*

(5.13) ( )—/ h(x, y)g(x, y)v(dx), pi-a.e.,

where g is deﬁned by the Cameron—Martin formula (5.12), and for x € E and
wi-almostall y € E,

h(x,y):= Eexp(p(fx’y)
(5.14)

1 - A
- fo (G(Z5Y), Bi(5)Zs + Ba(s)x — Ba(s)y) ds),

where By, By and B3 are defined in Proposition 4.9. In particular, for each x € E,
we have

dP(1,x,-)

(5.15) d—(y) h(x,y)g(x,y), p1-a.e.
n1

PROOF. Since both g and % are (x,y)-measurable, taking into account
(5.11) and (5.12), we only have to prove that
dP(1,x,")

(5.16) 7( ) =h(x,Yy), x € FE,ui-a.e.
duy
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Assume at first that the mapping G is bounded and let tik = % for keN, i =
0,1,...,k, that is, Ay = {t(])‘, tf AU t,]f } are equidistant divisions of the interval
[0, 11,28 =0,1f =1, tlk+1 t¥ = 1/k (for brevity, the dependence of ¥ on k will
be suppressed in the notation). Set, for k > 1,

k—1

(5.17) PM(Z%) =Y (G(Z)), Wiy — W) — /|G(Zx)| ds.
i=0

The mapping G is assumed to be bounded, thus,

k—1 2

Y G(Z 1,01 ()
i=0

1
ds < 2sup|G|? < oo,

1
(5.18) /O|G(z;f)|2ds+f0

so the random variables exp p*(Z*) are uniformly integrable on . Clearly,
exp ,ok(Z") — exp p(Z") P-as. (possibly, for a subsequence), and therefore,

(5.19) expp(Z*) = klim exp PAVAY in LY (Q),
—> 00

which in view of (5.2) yields

(5.20) %(y) =E(expp(Z")|Zi =y) = klim E(exp p*(Z)|Zf = y)
ui —00

for pi-almost all y € H. On the other hand, in terms of the cylindrical Wiener
process ¢; defined in Lemma 4.7, we have

k—1

'Ok(Zx) = Z(G(fo), §t5+1 - gti)
(5.21) =0 . 1
+ (G(zF), H¥ Q' 1?Y,) s—%/o 1G(Z5) 2 ds.

ti
Invoking (4.10), we obtain

1/2

1/2 1/2
~H QY =H* 0’81, Z, - H} 0\ 07"

(5.22) R
= B1(s)Zs — B3(s)Z,

for s € (0, 1) P-a.s. [note that both terms on the r.h.s. of (5.22) are well defined
P-a.s. in L! (0, 1, H) by Proposition 4.9]. Therefore, for y € M, where M is the
intersection of the two full measure sets (denoted in both cases by M) from Theo-
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rem 4.3 and Proposition 4.9, respectively, we obtain
E(expp"(Z)|Z] = )
=E(exp p*(2)|Z1 =y — Six)
k—1
o COPCICIRNE
i=0

Lyl R
_/t <G(Zi)7Bl(S)Zs — B3(s)Z1)ds

i

1
(5.23) — %/0 |G(z§)|2ds) Zi=y— Slx)
k—1 .
= ECXP(Z(G(ZZ.’}), $tipr — {fi)
i=0

li+1 ~ R
- / T(G(Z5), Bis)Zs — By )y — Six))ds

1 ~
-1 |G<Z§’y)|2ds)
=:E®(x, y),
since the processes (Z) and (&;) are independent of Z;. By (5.18), the dominated

convergence theorem yields
1 |
@) = e [ (G260 -4 [ 6@ Pas
1
0
=:P(x,y), P-a.s.

(possibly, for a subsequence), since Ba(-)x, B3(-)y € LAI(O, 1, H) for x € H and
y € M. Proposition 4.9 and Gaussianity of the process Z imply

(5.24) —~ / (G(ZX), B1(5)Zs + Ba(s)x — B3(s)y) ds)

1
(5.25) Eexp(M/ |Bl(s)2s|ds> <00
0

for each M < oo, and hence, the sequence (P (x, y)) is equiintegrable on 2. It
follows that

(5.26) Jim @ (x,y) =@, y) in LY()
— 00
and in virtue of (5.23) and (5.20), we find that, for any x € E,
dP(1,x,")
(5.27) ——— ) =EdP(x,y) =h(x,y), pi-a.e.

du;
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Now we drop the assumption of boundedness of G. Proceeding as above, we ob-
tain, foreach N >0and x € E,

E(l{ﬂlelc((),l;E)SN} epr(Zx)lzf = y)
(5.28)
=Bl 20000 =m PG Y, pi-ae,

because on the set {||Z*||c(0,1:£) < N} we have G(Z*) = G y(Z") [cf. definition
in (5.4)] and Gy is bounded. By (5.3) and the dominated convergence theorem,
we get

(5.29) Hm 1zt e <N €Xpp(ZY) =expp(Z*)  in L'(Q),
N—o00
and (possibly, for a subsequence) it follows that

lim B(Lyzx ¢ <N} eXP(P(Z)|Z] = y)

N—oo
(5.30)
X[ dP(l,x,-)
=E(exp(p(ZN|Z] =y) = ———F—(), L1-a.S.
dui
On the other hand, by the monotone convergence theorem,
(5.3D) JEHOOEI{IIZW||C(0,1;E)§N}q)(x’ y) =E®@(x,y) =h(x,y)

forx € E, y € M, so (5.28), (5.30) and (5.31) yield (5.16) and the proof is com-
pleted. U

By means of the formula (5.15), we may find a useful lower estimate on transi-
tion densities.

THEOREM 5.3. Forx e E,
dP(1,x,")
(5.32) —:m——OOZﬂ%M—QM@—AU», ui-a.e.,
1

where A: M| — Ry is a measurable mapping, M| € B(E), u1(M1) =1, p=
max(2, 2m) and the constants cy,cy > 0 depend only on A, Q and K,m from
Hypothesis 2.4(b).

PROOF. From (5.15) in virtue of the Jensen inequality, we obtain, for x € E,
dP(1,x,-)

i, )

~ L ~
(5.33) = eXp(E(P(Zx’y) - /0 (G(Z;), Bi(s)Zs + Ba(s)x — B3(s)y) ds

_ 1. _1n
—HmﬁQﬁw—Ewl/&ﬂﬁ)
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for y from a set of pi-full measure in E. Note that in the proof of Theorem 5.2,
we found a set M, (M) =1, such that Bz(-)y € LY0,1: H) and h(x, y) is well

defined for y € M. Similarly, Si"Ql_l/ ? is a Hilbert-Schmidt operator by (2.4),

hence, SFQ; >0 '?y € H is well defined for y € My, 1(Ma) =1 and the
density g(x, y) is given by the formula (5.12) for y € M. We may take M| =
M N M. It follows from Hypothesis 2.4(b) and (4.7) that the stochastic integral
in p(Z*7) is a martingale and, hence, for any x € E,
dP(1,x,-)
du;

1 ! ~
> exp(— [ EIG@Z)Pds
0

)

1 P P
- E/O GZEN (1B () Z5 | + | Ba(s)x] + [ Ba(s)y]) ds

172 —1/2 1. _1n
— listor oyl - 5105 /S1x|2)

i
Zexp(—K2<l +/0 E|Z§’y|%’"ds)
1 —~ —~~
—Efo KL+ 1252 (1B1(5)Zs | + | Ba(s)x| + | B3 (s)y]) ds
- _ 1. 12
—alxl1S7 07yl - 521, /Sl||2-|x|2E),
xekE,

for pi-almost all y € M;, where ¢ is the constant from continuous embed-
ding E < H. Set Uy, Us: My — Ry, Ui(y) = B3Oyl L10.1:m) U2(y) =
|Si“Q1_1y|; by (4.7) of Theorem 4.3, we further get

dP(1,x,")

U exp(—K2[1 FLEm) (L 2+ UON™)]

1 -~
—KE/ |B1(s)Zs|ds
0
1
—K/O |Ba(s)x| ds — KUL ()

1
CKLm)(1+ 2+ U™ /O |Bo(s)x| ds

(5.34) — KLm)(1+ [IxI" + U™ M) U1 (»)
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—_~ l -~
~ KLBIZ W p, [ 1B16Z1ds

- Lo —1p2
~ el U2 — 5105 /S1||2-|x|%).
By Lemma 3.2, we have
! —12
| 1B26x1ds = 18O S1x1110 1
—12
(5.35) <IBQ, ""Sixll120.1: )
~12 =12
=10, 251l < el 0y sl - Ixle
and it follows from Proposition 4.9 that

1 R q
(5.36) E(/ | B (s)Zslds) < 00,
0

for each ¢ < oo. Therefore, for each n > 0 small enough, there exist constants

c1(n) > 0 and c3(n) > 0 and a function A = A, : M; — R such that, x € E and

y € My,
dP(1,x,")

e (y) > eXp(—01 () — (K2L2m) + n)|x| 3"

— KLm) Q7 Syl - x| H!
1, _1n
eyl — (502“91 PSP + n)|x|% - A(y)),
and the estimate (5.32) follows. [

REMARK 5.4. Under more stringent conditions, we may obtain a lower esti-
mate on the transition density which is more “explicit” in y and has a more sym-
metric form. In addition to the conditions of Theorem 5.2, assume that there exists
a Banach space E of pu1-full measure, continuously embedded into H such that

(5.37) S1(E) C im(Qy).

1 ~
(5.38) [ 1Byl <alylz vek.
and

t
(539 U= sup /0St_sQST_SQ;‘ydsEsazwn;, vek,

t€l0,1]

for some aj, a> > 0. Then for some constants by, by, b3 > 0 (dependent only on
A, O, K and m) and p = max(2, 2m), we have
dP(1,x,")

(5.40) d—m(y) > by exp{—balx|f — bslyl%}, xeE,yeEae.
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To see (5.40), we check that, under present conditions (5.37)—~(5.39), (5.34) im-
plies, for all for x € E and for pui-a.e. y € E,

dP(l,x, )
i O Zexp(=CAF X+ Y~ lxle + g
+ el P e+ xRy g
Il T a0 A+ 113)),

for arbitrary small > 0 and a universal C = C(n) < oo, and (5.40) follows. It may
be of interest to mention some particular cases when the conditions (5. 37) (5. 39)

are satisfied. A trivial example is a finite-dimensional one, H = E = E =R, i
which case we obtain
dP(1,x,-)
(54D ——==() = brexp(~balx|hy — bslylf).  x.yeRY
duy R R

Note that in this case the only assumptions in Theorem 5.2, Corollary 5.3 and the
present remark are the well posedness and growth conditions in Hypothesis 2.4
and the strong Feller property of the Ornstein—Uhlenbeck process (2.7).

Suppose that A = A* is strictly negative and define H) = dom((—A)X), A >0,
with the norm |y|x = [(—A)*y|, y € dom((—A)"). Let Q = I; then A~ must be
compact and it is easy to check that im(S;) C im(Q1) = dom(A), therefore, (5.37)
holds with any E, E < H. Furthermore, we have

101281507 v = 1S1—s (=AM (= o (=) 74 - 1yls
(5.42)
const

< -
< gyl
for y € H), since Al Ql_1 € L(H), thus, (5.38) holds for E= H, with any A > 0.
If, in addition, ||S; || £(x, £y < const-t~7,t € [0, 1], for 0 > 0 such that 0 < A, then
(5.39) holds as well since

(5.43)  |S1-5S1-s07 ' y|E < const(t —s) 77 (1 —s)* 7!, O<s<t<l.

6. Exponential convergence to invariant measure. The following uniform
ultimate moment boundedness result will be useful in the sequel.

PROPOSITION 6.1. Assume that the growth condition (2.11) holds true and

6.1) k(p) :=supE|Z | < oo, p>0.
t>0
Then
kok k
62) ol X e < e M xlp + 2O TR gy g0

ki
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Suppose that the following stronger version of (2.11) holds: For each x € dom(A),
there exists x* € d|x|g such that, for some ki, kz, k3 > 0,s > 0, > 0, we have

(63) (Ax+ F(x+y),x")pp < —kilx|5 +kalyls +ks,  yeE.

Then
(6.4) sup supE | X, |z < M,
xeE t>1
where
e 2(kok k 1+¢ 1 1/e
(6.5) M:k(l)—l-max((%)%—g) ,(k— +2) )
1 1€

PROOF. Inequality (6.4) has been proven in [14], Proposition 2.1 (see also a
similar result in [20]). The proof of (6.2) follows the lines of similar proofs based
on Yosida approximation techniques (see, e.g., [9]) and we sketch it only. The
process Y*(t) := X — Z; satisfies the equation

t
(6.6) Y*(t)=Sx + / Si—s F(Y*(s) + Zy) ds, t>0,
0
and the sequence of approximating processes Y} (¢) is defined by
t
(6.7) Y;'(t) = R(A)Six + / R\ S;—s F(Y*(s) + Zy) ds, t>0,
0

where R(A) := A(A 1 — A)_l € L(FE) is well defined for A large enough. It is well
known that

X X dY)» A X
(6.8) Yy =Y, W—AYA—F(YA+Z):U}L—>0, A — 00,

in C(0, T; E) (cf. page 201 of [9]). Since by (2.11)

(6.9) ci_t|Y))f(t)|E < -k (Ole + k| Z; |5 + k3 + |on. ()| e,
we obtain

YEOle < e Rl + [ iz +h dr,
and thereby,
(6.10) E|Y*(1)]p < e ' |xlg + /0 MO0 ok (s) + k) d

and (6.2) follows. [J
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Our next aim is to establish uniform geometric ergodicity and V-uniform er-
godicity results for V(x) = |x|g + 1 using the lower density estimates and uni-
form moment boundedness shown above. We will also find explicit bounds on the
convergence rates, hence, the constants below will play some role. We assume that

(6.11) EolX/|g <koe ™|x|g +¢, >0,

for some kg, k; > 0 and ¢ € R. Note that, by Proposition 6.1, if (6.1) and the
growth condition (2.11) are both satisfied, then (6.11) holds with k; given in (2.11),
ko=1 and

(6.12) Z“:kzk(lih—i—k(l).
1

Now, take R > 4¢, r > 4(¢c + %), and define

l L <R 6‘)
= ——10 -,
0= "%\ 2k T ko

(6.13) L |
T=max(to+1,——log— ), b=0C+=
max(o—i— ki 0g4k0> c+2
and
(6.14) 5=tere R [ Oy

where B, :={y € E, |y|g <r}, and ¢y, ¢z, p and A are defined in the same way
as in Theorem 5.3. In the following proposition, existence of a universal small set
satisfying a uniform geometric drift condition is shown.

PROPOSITION 6.2. Assume (6.11). Then the following holds:
(a) We have
(6.15) inf P(T,x,I")>6p(), I' e B(E),

xeB,

where

-1
6.16) (D)= (/ e_A(y)M1(dy)> [ e Oumay,  rese)

is_a probability measure. In particular, B, is a small set of the Markov chain
(X)) := (Xy71), with the lower bound measure S [i.
(b) We have

(6.17) E(IX7|e +1) < 3(x| + 1) + b1, (x), x€E,

that is, the chain (X,) satisfies the one-step Lyapunov—Foster condition of geo-

metric drift toward By, with the constants % and b and the Lyapunov function

Vx)=Ixlg+ 1.
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PROOF. (a) By (6.11), we have, fort > tg,x € E, |x|g <7,
E| X g -
R =

and therefore, by Theorem 5.3, for each ¢ > fg, we get

1— i(kore—’ﬂ’ +0) > !
R

(6.18) P(t,x,Bp)>1— =5

P(t+1,x,F):/ P(l,y,F)P(t,x,dy)z/ P(1,y,T)P(t, x, dy)
E Bgr

dP(l’ Y, )
z/BRfFT@m(dz)Pa,x,dy)

(6.19)
> /B /F crexp{—calyl? — A1 (d2) P(t. x. dy)
R
> cle—sz”/ ¢ 2@ () P(t,x, By),  x€E.T € B(E).
r
Hence,
inf P(t4+1,x,T) > cle*CZR”/ e My (d7) inf P(t,x, BR)
xeB, r xeB,
(6.20) > Jare R [ MO @)
I'nB,

=si(T), T eB(E)

and (6.15) follows.
To prove part (b), we use again (6.11) to obtain

E:(1Xilg+1) <kolx|pe ™™ +2+ 1< tixlp +2+1
(6.21) <t(xlg+1D—lxlg—3+c+1
<Xxlg+ 1D+ @+ H1p.x)

forxeE, t > —% log ﬁ, which completes the proof. [

In the next theorem our main result on uniform geometric V-ergodicity for
V(x) = |x|g + 1 is stated. It is based on the paper by Meyn and Tweedie [33],
where exact bounds for geometric ergodicity of irreducible Markov chains are
found, and Proposition 6.2 above. Following [33], we introduce the constants
v, M., yc,x, b and £ as follows:

172+ vy,
—_, <

v=r+1, Ye=82(4b+8v), A=
L+ ye

(6.22)
~ - 467
b=v+y69 5=




1482 B. GOLDYS AND B. MASLOWSKI

and
1

— m(1 — 4 b+b2+E(b(1 1) +Db%)) > 1.

c

We will show that the Markov chain (f(n) has the geometric rate of convergence
to the invariant measure with any constant

1
6.23 e(l——,1).
(6.23) o ( M, )
Let by B denote the Banach space of measurable functions ¢ : E — R such that

||¢||v=§gg%<oo

THEOREM 6.3. Assume (6.11). Then there exists an invariant measure
w* € P and for V(x) = |x|g + 1, we have

(6.24) sup |Prp(x) — / pdu*| <MV (x)e™ ™, t>0,xekE,
lllv=<1 E
where
1

w:—?logp >0 and
(6.25) o

M=(1+y) ——— @+ ko+ 1)e 8"

o+M: — 1

and
(6.26) 1Py — ¥ lvar < M(Ly + 1)e™ ", t>0,veP,

where L, = [ |x|gv(dx). The constants w and M may be chosen the same for all
nonlinear terms F satisfying Hypothesis 2.4(b) with the same constants K and m
and (6.11) with the same constants kg, ki and T [or, in particular, satisfying the
growth condition (2.11) with the same k1, k2, k3 and s].

PROOF. The existence of an invariant probability measure in presence of
the lower bound measure [cf. (6.15)] and condition (6.11) are well known (see,
e.g., [28]). It follows from Proposition 6.2 that we may apply Theorem 2.3 of [33]
to the Markov chain (f( ) = (X,7) (note that the measure [ is concentrated on
B, so the conditions imposed in [33] are satisfied), which yields

sup <Cp"V(x)=Ce "V (x),

Pyro(x) — /cpdu*
lglly <1

(6.27)
xeE,neN,
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where C = (1 + y.)—2+—. Using the semigroup property of (P;) and (6.11),

oM -1
we obtain
sup |Par+sp() = [@di”| = sup Ps(in— / wdu*)(x)
lpllv <1 lpllv<1

< |Py(Ce™ TV ()| < Ce "B (|1 X1g + 1)
(6.28) <Ce"(kolx|g +T+ 1)
< C@+ko+ e 8P (|x| g + De @@ T+,
neN,xeE,se[0,T],

which yields (6.24). Inequality (6.26) is an obvious consequence of (6.24) since
1Py — ¥ lvar < fE | P(t, x,-) — w*|lvarv(dx)

(6.29) < / sup v(dx)

lolly<1

Pip(x) — f pdu*

< / M(x|g + e~ v(dx) = M(L, + e~

for each v € #, t > 0. The universality of M and o follows from the fact that
all constants defined in (6.12)—(6.14) and (6.22) (including c1, ¢3, p and the map-
ping A, cf. Theorem 5.3) are independent of F. [

If the growth of the nonlinear term F is faster than linear, the Markov process
defined by the equation (2.1) may be uniformly ergodic, that is, the constant L,
in (6.26) may be replaced by another constant independent of the initial measure
v € . This has been established earlier in [14] and [20]; however, the lower bound
measures are not found there constructively. In the theorem below explicit bounds
are found and, in particular, uniformity of convergence with respect to coefficients
is proven.

THEOREM 6.4. Assume (6.1) and let the stronger growth condition (6.3) hold
true. Then there exists an invariant measure W* € P and for any v € P,

(6.30) 1PV — ¥ lvar < (1 =8 Le™® v — w¥llvar, >0,

where @ = —%log(l —38) > 0, § is defined by (6.14) with R = 2M and r = oo
and M is given by (6.5). In particular, the constants on the r.h.s. of (6.30) are
uniform with respect to all nonlinear terms F satisfying the growth conditions
(2.9) and (6.3) with the same constants K, m, k1, k>, k3, s and ¢.
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PROOF. By Proposition 6.1, we have that

) Ex[Xile _ 1
(6.31) inf P(1,x, Bg) > 1 —sup ———— > —
xeE xeE R 2

and similarly, as in (6.19), we get

xeE

inf P2, x,T") > in}f;f P(1,y,I)P(1,x,dy)
(6.32) TeRE
= Jeie R [ MO ) = o).

where /1 is defined by (6.16) with r = oo. For each v € &, it follows that P'v > /1
and a simple computation (cf., e.g., [14], Theorem 2.4) yields

”P;M”varf(]_8)“/L||var’ HW=1V] — V2, V], EP.

By the semigroup property of (P;*), we have || P, it|lvar < (1 — 0)" || t|lvar and for
s € [0, 2], it follows that

||P2*n+sﬂ||var S ”PS*PZ*nM”V&‘ S ”Pz*n:u”var

< e 2| wflyar < (1 = 8)"Le™ D ). O

7. Uniform spectral gap property. In this section we consider exponential
ergodicity in spaces LP(E, u*) for p € [1, 00). Note first that, by Theorem 5.2,
the transition kernels P (T, x, -) are equivalent for T > 0, x € E, they are also
equivalent to the invariant measure p* (if it exists) and we have, for each ¢ > 0,

P(x) = /E P NG y). ¢ € Ch(E),

where the function (x, y) — p;(x, y) is measurable. Let us recall that (P;) extends
to a contraction semigroup on L”(E, u*) for all p € [1, oo] and is a Cp-semigroup
if p <oo. Let M(E) C (Cp(E))* denote the space of finite Borel measures on E
with the variation norm. For v € M(E), we have

(7.1) (PFv.¢) = (v, Pud) = /E /E PG B (dy)v(dx).

LEMMA 7.1. Assume that the equation (2.1) has an invariant measure
w* € P. Then the space LP(E, u*) is invariant for (P}") for each p € [1, 00).
Moreover, | P} || p—p =1 and

72 PG = /E P Y @Etdx), e LY(E, 1),

Finally, (P}) is a Co-semigroup on LP (E, u*) for p € [1, 00).
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PROOF. For ¢ € LY(E, u*), ¥ >0, we define

Gy (y) = fE PeGe Y (O (d),

and v = ¥ u*. For ¢ > 0, the Fubini theorem yields

(Prv.9) = [ [ pie 0 I @oom’ @) = (G 9) < oo,
EJE
Putting ¢ = 1, we obtain
Gyl = (PF (™), 1) = (Yu*, 1) =¥,
and therefore,

IGlh <I¥lli, ¥ eLY(E,u*), ¥ >0.

Clearly, G,y = P/ (yu*). All those arguments extend immediately to an arbitrary
W € L'(E, u*) and therefore, G, is a contraction on L' (E, *). Other parts follow
easily by a standard density argument. [

Let L, be the generator of (P;) acting in LP(E, u*). We say that L, has the
spectral gap in LP (E, u*) if there exists § > 0 such that
o(Ly) N{r:Rer > -8} ={0}.
The largest § with this property will be denoted by gap(L ).

THEOREM 7.2. Assume (6.1) and let the stronger growth condition (6.3) be
satisfied. Then, for each p € (1, 00), we have

D)
(7.3) gap(L,) > —
P
and
(7.4) 1P — (1", )l p < Cpe™ @D,

where @ > 0 is defined in Theorem 6.4. If, moreover, the semigroup (Py) is sym-
metric in L*>(E, u*), then (1.3) and (7.4) hold for p =1.

PROOF. By Theorem 6.4, there exist C > 0 such that
(7.5) 1Py = ¥ lvar < Ce™,
for any probability measure v on E or, equivalently,
(7.6) 1Py — v(E) ¥ lvar < C v llvare ™",
for any signed measure v. If v = ¢ u*, then (7.6) and Lemma 7.1 imply

IPF Y = Dl < Cllylhe™,
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hence,

(7.7) IPf =TIl < Ce™®,
where [Ty = (y, 1)1 and

(7.8) 1P = Tllg—q <2, g €[1,00].
Take ¢ > 2. Then by (7.7), (7.8) and the Riesz—Thorin theorem, we find that
(7.9) |PF =Ty < Cle™ @210,
where
1 6 1-96
—_— =t —
p 1 q

Therefore, taking ¢ — o0 in (7.9), we obtain
(7.10) 1P =Tl s p < Coe™@/PD.

Therefore, (7.4) holds, and since (P;) is a Cp-semigroup in L*(E, u*), Theo-
rem 3.6.2 in [34] (7.10) implies the spectral gap property with gap(L,) > % for
p € (1,00). If (Py) is symmetric, then the conclusion of the theorem for p =1
follows immediately from (7.5). O

REMARK 7.3. (1) In Theorem 7.1 and 7.2 the invariant measure u*, hence,
the space L”(E, u*), depends on the coefficients of equation (2.1). It is interesting
to note that the lower bound on gap(L,) and C, are universal for all systems
satisfying Hypothesis 2.4(b) and (6.3) with the same constants.

(2) By Theorem 7.2, the spectral gap exists for all p € (1, 00). The fact that
this property holds in L' (E, u*) is perhaps surprising. Note that it does not need
to hold in general if F = 0. It is known (cf. [13]) that, for a one-dimensional
Ornstein—Uhlenbeck operator L?U considered in L1 (E, "), we have

o(LYY) = {x:Rex < 0}.

If p =2 and (P;) is symmetric, the stronger growth condition (6.3) is not needed.
We may get an estimate on spectral gap in L>(E, *) under the standard ultimate
boundedness assumption, which is stated in Corollary 7.4 below. Note that the
assumption of symmetricity of (P;) may not be removed (cf. Example 9.1 below).

COROLLARY 7.4. Let the conditions of Theorem 6.3 be satisfied and assume
that (Py) is symmetric on L?>=L*E, w*). Then

(7.11) I Prgllp2 < e @l 2
holds for all t > 0 and ¢ € L?, [odu* =0, where w is defined in (6.25).
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PROOF. Taking arbitrary r > 0, we get, by Theorem 6.3,

(7.12) sup
lolly <1

<MV(x)p", x ek,

Prp(x) — / pdu*

where p = e~ ', that is, the skeleton (Y,) := (X;,) is V-uniformly ergodic with
the rate p. By [36], Theorem 2.1, it follows that

@13 IPugle <0l neNgpel? [dut =0

and taking n = 1, we obtain (7.11). [
8. Some extensions.

8.1. Equations nonhomogeneous in time. Some results in the present paper
may be easily generalized to the case when the nonlinear term F = F (¢, x) in the
equation (2.1) also depends on time, that is, the equation has the form

dX[:(AX[+F(I,X[))d[+\/§th’ IZSZO,
XS =X,

and defines a nonhomogeneous Markov process. For instance, let P, and Py,
denote the corresponding two-parameter Markov semigroup and adjoint Markov
semigroup, respectively, 0 < s < ¢, and set P(s,x,t,I') := E;  1r(X;) =
P Ar(x),0<s<t,xeE,I' e B.

THEOREM 8.1. Let Hypotheses 2.1, 2.2, 2.3 and condition (6.1) be satisfied
and let F:Ry x E — E be a jointly measurable mapping such that F(t,-) is
Lipschitz continuous on bounded sets in E and satisfies Hypothesis 2.4(b) and the
growth condition (6.3) with constants independent of t € R.. Then

1P} v — Plvallvar < (1= 8) "' @ oy = wallyar, 0<s<t,v,m€P,
where & = —%log(l — 8) and 8, @ depend only on the constants in Hypothe-
sis 2.4(b) and (6.3).

The proof is just a a slight modification of the above results; similarly to Theo-
rems 5.2 and 5.3 and Proposition 6.1, we obtain

inf P(s,x,s+2,I")> inf / Pis+1,y,s+2,)P(s,x,s+1,dy)
E

seRy,xeE seRy,xeE
= Jeie o [ MO ) = o),

where R = 2M and M is defined in Proposition 6.1. Our statement now follows
just as in the proof of Theorem 6.4.
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8.2. Continuous dependence of invariant measures on parameter. Uniformity
of convergences proven in Theorems 6.3 and 6.4 with respect to nonlinear drifts
in a fairly large class may be useful in some cases, for instance, in ergodic control
theory. Another application (given below) is a continuous dependence of invariant
measures on a parameter. Consider the parameter-dependent equation

dX% = (AX? + Fo(X%)) dt +/Q dW,,
Xy =x€E,

where o € A C R?. Denote by P(t, x, -) and u® the transition probability kernel
and the invariant measure, respectively, associated with the equation (8.1).

8.1

THEOREM 8.2. Let Hypotheses 2.1-2.4, condition (6.1) and the growth con-
dition (2.11) hold for equation (8.1) with the constants independent of o« € A, and
assume

(8.2) lim Gy (x) = Ggy(x), xekE,
a— g

where Fy = Q'/2G. Then

(8.3) Jm [[sa = e llyar =0-

PROOF. First we prove
(8.4) lim [|P¥(t, x,) — P*°(t, x, ) llvar = O,
oa—>o

for each t > 0 and x € E. By (5.2), it suffices to show that exp p% — exp p*°
in L(Q), where
t t
,Oa(Zx)=f0 (Go(Z7), dWs) —%/ 1Ga(Z) ds.
N
By the dominated convergence theorem, we have

o—> o0

t
lim E/ 1Go(ZF) — Goo(ZF)|* ds =0,
0
hence, exp p“(Z*) — exp p*(Z*) P-a.s. In order to prove uniform integrability
of (exp p*(Z%)), o € 4, it is enough to show

(8.5) sup Epg (Z*) exp po (Z7) < o0.
aEA

Setting /W\A =W, — f(f Go(Z7)dr, s €0, t], we obtain, in virtue of the Girsanov
theorem

t t
E(/O (GuZ), W)~ 4 |Ga<z;“>|2ds) exp pu(Z°)
t . t
(8.6) =1E(/0 (Gu(Z), W) +4 [ |Ga(z;‘>|2ds)exppa<ZX>

t t
=E%/O IGa(X;")IstSKZJerE/O |X¥|3"ds < N,
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where N < oo is a constant independent of @ € 4, which may be easily seen simi-
larly as in (6.2) (cf. also Proposition 2.1 of [14]). Thus, (exp p*(Z*)) are uniformly
integrable, which concludes the proof of (8.4). Now we have

lite = tag |y < IP*(E, X, ) — Hallvar
(8.7) + 1P, x, ) — POt x, ) lvar
+ 1P, x, ) — 1*llvar
and by Theorem 6.3,

lim sup ||P“(¢, x, ) — e llvar =0,
t*)OantA

which together with (8.4) yields (8.3). O
9. Examples.

EXAMPLE 9.1 (Finite-dimensional equation). In the finite-dimensional case
E = H = R4, the condition (2.7) is satisfied, even if the covariance matrix Q
is degenerate, which may be shown by generalizing a well-known Seidman’s re-
sult [38] (cf. [25], Theorem 5.25). Obviously, Z € C([0, T], ]Rd) foreach T > 0,
so the only assumptions that are needed in Theorem 6.3 (V-uniform ergodicity)
and, if P, = P/, in Corollary 7.4 (spectral gap), are the strong Feller property for
the linear equation (2.4) (which is true if and only if the matrix Q is positive
and is implied by positivity of the matrix Q), Hypothesis 2.4 and the the ultimate
boundedness of solutions to (6.11). In order to apply Theorem 6.4 (uniform er-
godicity) and Theorem 7.2 [spectral gap in L”(E, 1*)], we have to assume the
stronger growth condition (6.3).

As a specific example, we consider a nonlinear stochastic oscillator equation

0.1 y=f(y,y) +our, y(0) = x1, y(0) =x2,

in RY. We assume that f:R? x RY — R? is a locally Lipschitz function,
x1,x€eR 5 e £(Rd) is a regular matrix, and (w;) is a standard Wiener process
in RY. Equation (9.1) may be rewritten in the form (2.1) with X; = (y(¢), y(¢)) €

R =—FE=H,
(0 I (0 2d
A‘(O 0)’ Fm_(f(x))’ e R

12 _ 0 0
Q - (O (GO,*)l/Z)'

According to the Kalman rank condition (see, e.g., [27]), the matrix Q; is invertible
for each t > 0, so the equation with F = 0 is strongly Feller. Suppose that f has
at most polynomial growth, that is,

|fO)|ge < K1+ [x[8h),  xeR¥,
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for some K, m < co. Then by Theorem 6.3, the solution is V-uniformly ergodic
(Theorem 6.3), provided the ultimate boundedness condition (6.11) holds true. For
example, we may take d = 1, f(x) = —apxp — a1x] for x = (x1, x2) € R24 with
some o1, > 0 (a damped linear oscillator). Then (6.11) holds with constants
which may be easily expressed in terms of o1, ap and o and V-uniform ergodicity
holds true. Similar results for a more general version of equation (9.1) can be found
in [30].

Note that the semigroup (P;) is not symmetric in this case and Corollary 7.4
(on the spectral gap) is not applicable. Indeed, it follows from the results in [7, 8]
that the spectral gap is zero in the present case. This example also shows that the
assumption of symmetry of P; in Corollary 7.4 may not be removed.

EXAMPLE 9.2 (Stochastic reaction—diffusion equation with the cylindrical
noise). Consider the system

M Lu fw+
—=Lu u ,
ot 1

9.2) u(0,8) =x(8),
ou ou
%(1’70)25(1’71)209 (t7§)€R+X(O’1)a

where L is a uniformly elliptic operator

9.3) [Lel6) = (ia(é)iw) (S)+b(5)i<p(§)+0(§)¢($), §€(0,1),
9§ 9§ 9§

with a,b,c € C'([0,1]),a(&) = ap > 0,& € (0,1), f:R — R is a locally Lip-

schitz mapping, and n = (z, £) is a nondegenerate noise. Let us note that the C'

regularity of the coefficients is made for simplicity only and may be easily relaxed.

The system (9.2) is rewritten in the form (2.1), with the coefficients defined in an

obvious way on the spaces H = LQ(O, 1), E=C([0,1]),

A=L, Dom(A) = {go e H?*(0, 1), g—(g(O) = g—(g(l) = 0}, Q e L(H),
where Q is supposed to be boundedly invertible on H,and F: E — E, F(x(§)) =
f(x(€)),& €(0,1),x € E. Itis well known (see, e.g., [9], A5.2) that A generates a
strongly continuous semigroup on H and Hypothesis 2.2 is satisfied. With no loss
of generality (replacing, if necessary, A and F by A —w/ and F +wl, respectively,
with o sufficiently large), we may assume that (Ax,x*)E, g+ <0 for each x €
Dom(ﬁ), x € d||x]|| (recall that A denotes the part of A on E), then (6.1) is satisfied
(see, e.g., [14], Example 3.1). It is well known that the corresponding Ornstein—
Uhlenbeck process is strongly Feller and for a certain ¢ > 0,

—1/2
10; /25, <

C
—, te(0,1),
= 0, 1)
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(cf. [9]), hence, (3.12) holds. Moreover, standard estimates on the Green func-
tion of the problem [4] yield ||S;|lgs < const.z~ /4, which implies (3.11) with
O<a< % Therefore, Hypotheses 2.1 and 2.3 hold and it remains only to specify
the growth conditions on f. We assume that

9.4) I f &) <k 4+ &™), § eR,
and
9.5) f(& +n)sign€ < —ki|§| + ka|nl® + k3, &, neR,

for some constants k, m, k1, ka, k3 and 5. Now it is easy to check that Hypothe-
sis 2.4 is satisfied and we may apply Theorem 6.3 to get V-uniform ergodicity
with the rate which is specified there. Also, in the case the Markov semigroup P
is symmetric in L?(E, u*) (e.g., if Q = I'), we may apply Corollary 7.4 to obtain
a lower bound for spectral gap. If the condition (9.5) is strengthened to

(9.6) fE+m)signé < —ki|§]'"7° +kalnl* + ks, £.neR,

where ¢ > 0, then (6.3) holds as well and we may apply Theorem 6.4 on uniform
exponential ergodicity and Theorem 7.2 on the spectral gap in LP(E, u*), p €
[1, 00). For example, if f is a true polynomial, we have obtained the following
result:

COROLLARY 9.3. In Example 9.2, assume that V is a set of polynomials of
the form

2n
FE) =—ayp&” +Y aif,

i=0

where a;, i =1,...,2n, are in a given bounded set in R?", axy+1 > a, for a given
a > 0andn > 0. Then the V -uniform ergodicity (and if n > 0, uniform exponential
ergodicity) holds with constants in (6.24), (6.26) and (6.30) uniform with respect
to f € V. Also, if n > 0, then there is a positive lower bound on the spectral gap
for (Py) in LP(E, u*), p € (1, 00), uniform in f € V. Finally, if b=0and Q =1,
then this bound holds also for p = 1.

EXAMPLE 9.4 (The case of Lipschitz drift). Consider (9.2) with the same dif-
ferential operator L and initial and boundary conditions in the case when the noise
may degenerate, for simplicity, suppose that ¢ < c¢g < 0. For o > 0, let H, denote
the domain dom((—A)?) equipped with the graph norm |y|, := [(—A)? y|. As
well known, for o € (0, %), the norm | - |, is equivalent with the norm of Sobolev—
Slobodetskii space H>° (0, 1),

Ly —yml?
|y|H2(r: |Y|L2(01)+/ / )1+20_ déd?’}, yEHa-
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Assume that f:R — R is Lipschitz continuous. It is easy to check that F':
H, — H, is continuous and satisfies the growth condition (2.11) if, for some
ki, ko > 0, we have

(f&) — f(n)sign€ —n) <ki|§ — 0l + k2, &, neR.
Assume that Q = (—A) ™22 for some A > 0. Then setting £ = H,, we obtain
G| =107 PF < 107 Il ety i) |F()s < K(1+xl6),  x € Hy,

for a suitable K < 00, provided A < o. Moreover, the mapping G: H, — H is
continuous since F is continuous in E. In view of Remark 2.5, the results of the
paper can be applied to this case. Also, condition (3.11) is satisfied with o < %
as shown in Example 9.2, and Hypothesis 2.2(b) holds true for £ = H,, pro-
vided Zaiz"_m_l < 00, where («;) are the eigenvalues of the operator (—A)

(cf. [9]), which is true (taking into account that o; ~ i2) ifA>o0— }‘. The remain-

ing condition (2.7) is always satisfied because Q,_I/ZS,QI/2 = Ql/zStQt_l/2 =
V2(=)V2(1 — '4)=1/2¢t4 and by the previous Example 9.2, we have that
| Hyllas < const.r /4, Summarizing, assume that

1 1
o—3<A<o<j3

holds, which may be achieved by a suitable choice of o € (0, %) for A € [0, %).
Then V -uniform ergodicity follows from Theorem 6.3. Moreover, if b = 0, then
the existence of the spectral gap in L?(E, u*) with E = H, follows from Corol-
lary 7.4. In both cases the estimates on the rate of convergence are specified in
Theorem 6.3 and Corollary 7.4, respectively.

APPENDIX

For the reader’s convenience, we collect here some basic facts about measurable
linear mapping that are used in the paper. Most of them are well known.

Let H be a real separable Hilbert space and let © = N (0, C) be a centered
Gaussian measure on H with the covariance operator C such that im(C) = H. The
space Hc = im(C'/?) endowed with the norm |x|c = |C~!/2x| can be identified
as the reproducing kernel Hilbert space of the measure w. In the sequel we will
denote by {e, : n > 1} the eigenbasis of C and by {c, : n > 1} the corresponding set
of eigenvalues:

Ce,, = cpey, n>1.
For any & € H, we define
o1
Gn(x) =) ——(h,ex)(x,ex), x€H.

k=1

$
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LEMMA A.1. The sequence (¢,) converges in L?(H, W) to a limit ¢ and
[ 16C0P @) =P,

Moreover, there exists a measurable linear space My C H, such that u(My) =1,
¢ is linear on My, and

(A.1) ¢(x) = lim ¢, (x), x € Mp.

We will use the notation ¢ (x) = (h, C~1/2x).

Let H; be another real separable Hilbert space and let T : H — H; be a bounded
operator. The Hilbert—Schmidt norm of 7" will be denoted by || T ||gs. Let

n

- 1

T.x = E —(x, ex)Teg, xeH.
k=1 V €k

LEMMA A.2. Let T:H — Hi be a Hilbert-Schmidt operator. Then the se-
quence (T,) converges in L*(H, w; Hy) to a limit T and

/H 7000, pe(dx) = | T 3.

Moreover, there exists a measurable linear space Mt C H, such that u(Mr) =1,
T is linear on Mt and

(A.2) T(x)= lim Tx, x € Mr.
n—oo
We will use the notation TC~Y/2x = f(x).

LEMMA A.3. Let K(t,s): H— H be an operator-valued, strongly measur-
able function, such that, for each a € (0, 1),

1 1 a ra
(A.3) f/||K(t,s)||Hsdsdt+/ / IK (. 5)|13g ds dt < oo.
0 JO 0 Jo

Then the mapping (t,s,y) — K(t,s)C~Y2y is measurable, and there exists a

measurable linear space M C H of full measure, such that, for each 'y € M,

1
/|K(t,s)C_1/2y|ds<oo, t-a.e.
0

PROOF. Let

Kx=K(t,s)x, x € H.
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By assumption, the operator KX : H — L?((0,a) x (0,a); H) is Hilbert—Schmidt
for any a < 1 and thereby, by Lemma A.2, there exists the space M, of full mea-
sure such that

-1/, i 1 VK
(v, ex) Kex,

i1 NSk

;\,

where the convergence holds in mean-square and for each y € M, in L%((0, a) x
(0,a); H). Therefore, K C~/2 is a measurable function of (y,s,t) for s,t <a.
Let a, — a be increasing and let M = ;2| M, Then K C /2y is well defined,
for all s, ¢ < 1 is clearly measurable in (y, s, ). Moreover, for each y € M,

ap ran 2
Bo=([" [" 1K@ Pydsar)

an an
[3pt] 5/ / |K (t,5)C™V?y|?ds dt < .
0 0

Since the sequence I, (y) is nondecreasing to a limit /,(y) for each y €  and

1 1
/Ioo<y)u<dy>s/ / 1K (1, 5) s ds df < oo,
H 0 JO

the lemma follows. O
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