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NOTES ON THE TWO-DIMENSIONAL FRACTIONAL
BROWNIAN MOTION

BY FABRICE BAUDOIN AND DAVID NUALART1
Toulouse University of Technology and Universitat de Barcelona

We study the two-dimensional fractional Brownian motion with Hurst
parameter H > % In particular, we show, using stochastic calculus, that this
process admits a skew-product decomposition and deduce from this represen-
tation some asymptotic properties of the motion.

1. Introduction. We consider a complex fractional Brownian motion started
at zo =x! +ix% e C*,
B,=B'+iB>, 1>0,
where B! and B? are two independent fractional Brownian motions with the same
parameter H € (0, 1). That is, for i =1, 2, B' ={B/,t > 0} is a Gaussian process
with mean E(B,) = x' and covariance

R(t,s) = 5™ + 127 — |1 — 5?1,

Notice that, in the case H = %, B is a planar Brownian motion. In what follows,

we shall always assume that H > % In this case, it is known that B is a transient
process (see [20]).

The aim of this paper is to use the stochastic calculus for the fractional Brownian
motion which has been recently developed by several authors (see, e.g., [1, 2, 4,
11]) in order to obtain geometric properties of this motion as it has been made in
the case of the planar Brownian motion (see, e.g., [6, 8, 12, 13, 17, 18]). The key
point of our study is an analogue of the celebrated skew-product decomposition of
the two-dimensional Brownian motion. Precisely, we show that we can write

I d By
B, =zpexp , t>0,
0 By

where the integral of the right-hand side can be understood not only path-wise, but
also as a local divergence. We shall see that it is then possible to apply the ergodic
theorem to study the asymptotics of the integral

! dBg
0 Bs’

(1.1)
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whose real part (resp. the imaginary part) explains the radial part of B (resp. the
angular part of B).

In that respect, the study of the two-dimensional fractional Brownian motion
with Hurst parameter H > % could seem simpler than the study of the planar
Brownian motion, for which it is not possible to apply directly the ergodic theorem.
Nevertheless, for the fractional Brownian motion, we shall see that the study of the
windings is much more difficult because the integral (1.1) is not a time-changed
fractional Brownian motion.

2. It6’s formula for holomorphic functions. Before we study the skew-
product decomposition, we need to develop stochastic calculus for the two-
dimensional fractional Brownian motion. In particular, we shall need a two-
dimensional t6’s formula.

Let #¢ be the Hilbert space defined as the closure of the set of step functions on
R with respect to the scalar product

(11011, Ljo.s1) e = R(2, 5).

For i = 1,2, the mapping 1jo;; —> B! — x' can be extended to an isometry be-
tween J¢ and the first chaos H 1‘ associated with B'. We denote this isometry by
¢ — Bi(p).If p € %2, we set B(p) = (B'(¢"), B*(¢?)).

Let 4 be the set of smooth and cylindrical random variables of the form

2.1 F=f(B(p1), ..., Blgn)),

where n > 1, f € C}° (R ( f and all its partial derivatives are bounded), and

@i € #®?. The derivative operator D of a smooth and cylindrical random variable
F of the form (2.1) is defined as the #®?-valued random variable

DF = Z(—( !, ;1 @9})

where Z = (B(¢1), ..., B(¢;)), and we make use of the notation f(zy,...,2n)
and z; = (x;,y;), for j=1,...,n. The derivative operator D is then a closable
operator from L” () into LP(Q J€®2) for any p > 1. For any p > 1, the Sobolev
space D7 is the closure of § with respect to the norm
IFII} , =EIFI” +EIDF|,z-.

In a similar way, given a Hilbert space V, we denote by D7 (V) the corresponding
Sobolev space of V-valued random variables.

The divergence operator § is the adjoint of the derivative operator, defined by
means of the duality relationship

(2.2) E(Fé(u)) =E(DF, u) g2,
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where u is a random variable in L2(Q2; #®?). That is, we say that u belongs to the
domain of the operator §, denoted by Dom 8, if the mapping F +— E(DF, u) 3>
is continuous in L>($2). If u € Dom$ is a two-dimensional stochastic process, we
will make use of the notation

oo oo
8(u)=/ ul B! +/ u?8B2.
0 0

The space D'2(#®2) is included in Dom 8. For an element u in D12 (#%?), we
have

(2.3) E@w))* =Elulle: +E(Du, (Du)*) es.

We recall that #¢ contains the space of real-valued functions ¢ on R such that

(e olyilee)
[7[ wwtiewii —sP2dras < co.
0 JO

The following result has been proved in [2].

PROPOSITION 1. Let u = (u;);>0 be a two-dimensional stochastic process in
the space DV2(H®?) such that, for some T > 0,

T pT
IE(/ / |ug s || —s|2H—2dzds> < 00,
0 JO

E/ | Detg|| Dyuy ||t — 5?7210 — )2 dr dudo dny < o
[0,T]

and
et 2H-2
[f | Dguql|t — s|7" " “dsdt < o0,
0 Jo

a.s. Then the symmetric integral defined as the limit in probability

T T
/ u;dB; = lim(28)_l / Uy (B(H_g)/\T — B(S_g)\/o) ds
0 el0 0
exists and we have
T T rT
(2.4) f u;dB; = 8(u) +o¢H/ / (Dlul + DXud)|t — 5P 2 ds dr,
0 0 Jo

where oy = HQ2H — 1).

We denote by D)2

1oz (F®2)  the set of #¢®2-valued random variables u such that
there exists a sequence {(",u")},n > 1} C F x DL2(#%?) such that Q" 1 Q
a.s. and u = u", a.e. on [0, T] x ©2,. We then say that {(2", u")} localizes u in
DL2(H®2). If u e ID)II(;S(,%’ ®2). by the local property of the divergence operator,

we can define without ambiguity §(u) by setting
Sler =8")lar
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for each n > 1, where {(2", u")} is a localizing sequence for u in DL2(#22).

If f is a real-valued function on R? twice continuously differentiable, then for
eacht >0, V f(B.)1o,) belongs to Dllo’cz(,}f@z) and the following version of Itd’s
formula holds (see [2]):

12 Lof | Lof 2
FB) = ' x) + / (558! + /0 3y (B35

+H/< L 5>+82y§<3s>)s“1ds.

On the other hand, we will denote by fé us d By the Riemann—Stieltjes integral
of a stochastic process u; whose trajectories are y-Holder continuous, provided
y >1— H (see [21]).

If f:C— C is a twice continuously differentiable function in the variables
(x,y) = f(x+1iy), formula (2.5) leads to

(2.5)

f(Bt)—f(zo>+/ (B 8B]
(2.6)

+/ —f(B ) 8B, +H/ Af(Bg)s*1=1as,
Where8 _2( ’ay) and 37_2(%—{—1'%).
PROPOSITION 2. Let f:C — C be a holomorphic function, then

t
2.7 f(B) = f(zo)+f0 f'(By) 8 By

t
2.8) = f(z0) + /0 F(By) dB,,
where f'(z) = az

PROOF. Equation (2.7) follows from (2.5) and the fact that 3—_ =0 and
Af =0. Equation (2.8) follows from the change of variables formula for integrals
with respect to Holder-continuous functions. [

REMARK 3. Unlike two-dimensional Brownian motion, two-dimensional
fractional Brownian motion is not conformal invariant. It means that, in general,
fé f'(By) 8 By is not a time-changed fractional Brownian motion. Nevertheless, let
us recall that, in [3], it is shown that, for a deterministic function, g which satis-
fies some regularity assumptions and for a one-dimensional fractional Brownian
motion B with Hurst parameter H > %, we can write a decomposition

t
H H
| s dBI =Bt g+ A 120
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where A, is a bounded variation process and 87 a fractional Brownian motion with
Hurst parameter H. Hence, a natural question is to ask if such a decomposition
exists (with the suitable time-change) for the two-dimensional process f(B;) or
not, but so far there is no answer yet to this question.

As an immediate corollary of the previous proposition, we also deduce the fol-
lowing:

COROLLARY 4. Let @ = f(z)dz be a holomorphic one-form on C, then
t t
[ a=[ r@oss = fbas,
B(0,1) 0 0
where [ B(0.1) @ denotes the integral of o along the trajectories of B.

REMARK 5. We recall that we can define the integral of a holomorphic one-
form on any continuous path.

REMARK 6. The previous equality is interesting because it relates objects of
different natures.

From now on, since the different integrals coincide for holomorphic functions,
we shall use indifferently the notation § or d.
As a consequence of Itd’s formula, we can deduce the following.

PROPOSITION 7.  Let f:C — C be a holomorphic function, then

E((Imfotf(Bs)st)Z) =E(<Re/0lf(Bs)st>2>
E((Im /Ot F(By) dBS> (Re /Ot F(BY) dBS>) —0.

PROOF. In fact, this is a consequence of 1t6’s formula. Indeed, let us consider
a holomorphic function F such that F = f’. From Itd’s formula, we have to show
that

and

E((Im(F (B)) — F(20)))°) = E((Re(F (B)) — F(20)))°)
and
E((Im(F (B;) — F(z20)))(Re(F(B;) — F(z0)))) =0.
Now, notice that after a suitable scaling, these equalities only involve the centered

reduced normal law, and are, hence, easily checked. [J

The following proposition provides the skew-product decomposition for the
fBm.
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PROPOSITION 8 (“Skew-product decomposition for the fBm”). We have

b=z [ ) =wen([[ ). rz0
=Zp€x =270¢€X ’ — Y
t = Z0EXp o B, zZpexp o B,

PrOOF. If we apply Itd’s formula to

' d By
B;exp _/0 5 )
N

we see that it is constant, and so equal to zg. [J

Notice the important fact that the divergence integral fé ‘SB—% is local. Indeed, if

not, we would have

'8B t BlsB! + B25 B2
Re(=( [, 5)) == =) =0
0o B; 0 | By

and from It6’s formula,

E(n|B;[) = E(ln|zo),

which is clearly absurd.

3. Polar decomposition. First of all, we study the polarity of points for the
complex fractional Brownian motion B issued from zg # 0. For this, it is enough
to adapt the original proof by [6] of the polarity of points for the planar Brownian
motion.

PROPOSITION 9. [fH > % then the points are polar for B, that is,¥x € C,

P3¢t >0,B,=x)=0.

PROOF. We proceed in several steps. We assume H > % because the case
H = %, which corresponds to the case of the Brownian motion, is well known.

In [19] it has proved that a.s. the Hausdorff measure p,, of the fractional Brown-
ian curve is finite, where ¢(g) = ¢'/# loglog(1/¢). This clearly implies that the
Lebesgue measure of the fractional Brownian curve is zero. For the sake of com-
pleteness, we provide a simple and direct proof of this result. Let us denote by n
the Lebesgue measure on the plane and note that

E(u{B:(@),0<1<1}) < nE( sup |B,|2>.
0<r<l

Hence,

E(u{B:(w),0 <t < 1}) < +o0.
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Now, from the scaling property of the fBm, for 7' € N*,
E(u{Bi(@),0 <t < T}) = T*"E(u{B/(0),0 <1 < 1}).

But, since the increments are stationary,

T
E(u{B/(@),0<t <T}) <Y E(u{Bi(w),i — 1 <1 <i})

i=1
< TE(u{B;(w),0 <t < 1}).
We deduce that
T E({Bi(@),0 <1 < 1) < TE(u{B,(),0 <1 < 1}),

which implies

E(u{B;(w), t > 0}) =0.
Now, if there exists at least one x € C \ {z¢} such that

P(dt>0,B,=x) >0,
then we claim that, for all z € C \ {zo},

P@r >0, B, =27) > 0.

This follows from the rotational invariance and the scaling property of the fBm.
Since

E(u{B:(w),t>0}) =0,
we have, for all z € C\ {z0},

P@3t>0,B;=z)=0.
To conclude the proof, we have now to show that

P3At >0, B, =z9) =0.

For this, notice that for, & > 0, the process (B;+n — Bp);>0 is still a fractional
Brownian motion (this is a Gaussian process with the same covariance function
as B). Hence, if we had

PEt >0, B, =2z9) >0,
then, we would have, for & > 0,
P3¢t > 0, By, — B, =z¢9) > 0,

which is absurd because zg #0. [J
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REMARK 10. It is known (see, e.g., [20]) that, for H € (0, %), the sample
paths of B have interior points, so that E(u{B;(w),0 <t < 1}) > 0. In particular,
the points are not polar. Notice also that, for H € (0, %], B is recurrent, whereas it

is transient for H > %

Assume now that zo = 0. Since 0 is polar for the complex fBm, we can consider
for ¢ > 0O the radial part
pr = | Bl
and the angular part
B;

"TB

PROPOSITION 11. For each t > 0, ©, is independent of the process (ps)s>0
and uniformly distributed on the unit circle.

PROOF. Let X be an R-measurable random variable, where &R is the natural
filtration of (o5)s>0 and let f be a Borel function on the circle. We know that the
law of B is rotational invariant, and this implies that, for all 6 € [0, 2],

E(Xf(0,) =E(Xf(e"?0,)).

Integrating this relation yields

E(Xf(O,)) = E(X% /Ozn f(em@t)dé’).

Since the Lebesgue measure on the circle is invariant by translation, we deduce
that

1 2 0
- fo £(e?0,)d6

is constant and does not depend on ®,. This implies that
1 2w 0
E(Xf(©0) =EX)-— f(e?)do,
T JO
which gives the expected result. [

4. Asymptotics of the skew-product and limit theorems. We come back to

the case zp # 0 and study the asymptotics of fot ‘SBﬁ = fot % as t tends to infinity.
s s

First we present some preliminary results.

LEMMA 12. For any real number k > 1, we have

E(/k d B,
1 By—=z0

><+oo.



PLANAR FRACTIONAL BROWNIAN MOTION 167

PROOF. In order to show this property, we express the path-wise Riemann—
Stieltjes integral in terms of fractional derivatives, using the fractional integration
by parts formula (see [22]):

e ook

where | — H <o < %, and the left and right fractional derivatives are given by

D,i:aBk—(S)ZF_(;)((k_S)l —a / (y —s)2 o y)

?+<B.i10>(S)

__ 1 <<Bs—zO)—‘ +a/S 1/(Bs —20) = 1/(By = 20) , )
T Tl—a)\ (s—1D | (s — y)at dy ).

and

Clearly, for all p > 1,

(4.1) E( sup |D,1—°‘Bk_(s)|f’) < 00.

1<s<k

On the other hand, for 1 < p <2,

k ds
4.2) E(/l |BS—ZO|P(s—1)aP> <00

and
1/(Bg — —1/(By —
E(/ ( 11/( z0) — 1/( 20)| y) ds)
1 1 (S _ y)oH—l
k K |By _ Bs| p
<[ () 5= i) as)
1 \J1 (s = y)**TBs — zol|By — 20
4.3) . .
S
<k”IE[G”// d ds}
— 1N (s—y)p(o‘+1*H+8)|Bs—Z0|p|By—Z0|p Y
/ 1/ / 1 2/[1
< CkP(E(GP?))"9 sup (E<72)) < 00,
1<s<k |Bs_ZO| Pd
where

|By — Bs|

G= sup V="

1<y<s<k (s—y
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provided é + % =1,2pqg <2,and p(a¢ +1 — H + ¢) < 1. The estimates (4.1),
(4.2) and (4.3) imply the desired result. [

REMARK 13. The previous result is not true for H = %, that is, in the case of
the planar Brownian motion.

Now, we prove the ergodicity of the scaling for the fractional Brownian motion.

LEMMA 14. For k € R% \ {1}, the transformation on the path space Ty : w —
% which preserves the law of a one-dimensional fBm issued from 0 is ergodic.

PROOF. Let B be a one-dimensional fractional Brownian motion issued
from 0. It suffices to show that T} is mixing. For this, we note that, for s,¢ > 0

and n € N*,

P 1
E(ﬁskn—h;) — anH(SZH +k2nHZZH—|S—an‘|2H)

so that

n——+00

. Bt
Iim E <ﬂs kn—H) = 0,
which implies the mixing property of 7. [

Before we turn to the skew-product decomposition, we state a last preliminary

result on the %—Variation of the integral f(; dlf 5. We refer to [5] for similar results
3

on the %—Variation of divergence integrals with application to fractional Bessel

processes.

PROPOSITION 15.  Sett; =, fori=0,1,...,n. Then
— C —_—,
i=0 !t By 0 |Bs|1/H

almost surely, as n tends to infinity, where c = E(| Bq| 1/HYy,

PROOF. For any complex-valued process u; whose paths are locally y-Holder
continuous, with y > 1 — H, we set
tit1
/ ugdBy
I

n—1

Va(u) = Z

i=0

1/H
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Then, by the Holder inequality, we obtain

n—1

Vo)~ Vo) = Z(

i=0

lit1
w/t- (s — vy) d By

lit1
/ us d By
t

i

\/H

(4.4) x +

>1/H

If u; is a step process, then, from the properties of the fBm (see [15]), we know
that V, (1) converges almost surely to ¢ fé lug|'/H ds. We can write

o)L -
T
"\B o |B|VH] ™

it1
/ vs d By
14

i

< %Wn(u — ) (V,@)' 4 v, () H).

t
+ vn<um)—cf i (5)[ 1/ dis
0

v(%) V)

t t ds
I/H g _f 7‘
/Omm(sn o= [ i

=ay,m+ bn,m + Cm,

+c

where
() =3 =1 .,0(0).
j=0 "li-1

Using (4.4), we can estimate the first summand as follows:

Ly, (L ‘H V(L) v
il (5 )| ((z) )
S_

([ (5~ )a)|
ar — —Up B
7} 1/H o\ B u

-1 1-H . 1-H
Vi ~ 4B, Vi /mdBv) )
x( arl/H</0 B ) + arl/H( A u !

where Var,y denotes the total variation of order % on the interval [0, #]. Then
Love-Young’s inequality (see [21]) implies that lim,, sup, a, ,, = 0. From the
previous results, we know that, for any fixed m, lim, b, , = 0, and clearly,
lim,, ¢, = 0. This completes the proof. [J

anm =

We can now turn to the asymptotics of the skew-product decomposition. The
main ingredient of what follows is the ergodic theorem.

PROPOSITION 16. We have

1 ! 8BS a.s.
—_ —
logt Jo B t—+
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and

1/! ds as. T'(1—=1/(2H))

logt Jo |Bs|VH 15400 21/CH)

PROOF. We first write

Bt =20 + ﬁfv
where S is an fBm started at 0.
The key point is that
dBs ds
and W
Bs |Bs|

are invariant by scaling and this suggests to use Birkhoff—Khintchine’s ergodic
theorem.

Let & > 0, since the law of the standard fBm is invariant under the transforma-
tion Ty : w — w(k) by Birkhoff-Khintchine’s theorem and Lemmas 12 and 14,

kH
we have

1N1 Cdpins /K as,
1 ﬁkns/an N—+o0

’

where Y is constant. Hence,

kn+ld
S [P sy

n IBS N—+o00

We conclude that

NJ1 By N>+

L dbs as

Since k was arbitrary,

1 [1dBs s,
S L5y
logt 1 ,Bs t——+o00

Now, because B is transient,
1 ! dBs 1 I d By
logtJ1 By logtJo By~

This implies

1 tdBS a.s.
— = Y.
logt Jo By t—+occ

Let us now show that

Re(Y) =
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For this, we must check that

(2l

logt /t—>+oo

which is a direct consequence of the scaling property for 8. We deduce that
ReY =H.

Now, we note that
ImY =0

because of the rotational invariance of the fBm.
Since the second limit is obtained exactly by the same way, we omit the details
of its proof. Let us just mention that it is based on the following computation:

1 tds 1
1i E =FE( ——
1 b0 <logt/0 |Bs|1/H) (lNll/H>’

where N denotes a random variable with standard normal distribution on R%. [J

REMARK 17. Unlike what happens in the case of the standard Brownian mo-
tion, the process ( fé %)120 is not a complex fBm g time-changed with the clock

/‘f ds
0 |Bg|V/H

Indeed, otherwise, we would have

1 Z‘Sﬁ:ﬁfédS/lBs\'/” as g
logt Jo Bs logt t—+00

because

ﬂt as

t t—>+oo )

REMARK 18. It is also possible to apply the ergodic theorem to obtain, more
generally, jointly with Proposition 11, the following limit theorem:

L1 Bs as. Tl —1/Q2H))
logt/1 Iﬂsll/Hf(lﬁc|>dst—>_+>oo 21/CH) /fd

where f is an integrable function on the unit circle S endowed with its normalized
Haar measure o and 8 is a two-dimensional fBm issued from O.

As a direct corollary of this, and by time inversion we, deduce the following
corollary.
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COROLLARY 19. Let (B;);>0 be a complex fBm with Hurst parameter H > %
and started at 0. We have, for any z € C,

log|B log|B; + zt*1
70‘%' Bl 2% H and —0g| r+2 |ﬂ>H.
logt  t—>+o0 logt? t—0+

PROOF. The first part of the proposition stems immediately from the skew-
product decomposition, indeed,

log | B;| 1 (/’ (SBS)
= —Re .
logt logt? 0o Bs

For the second part, we use a time inversion argument. Indeed, we can write

B; ZIZH,Bl/t,

where f is a planar fractional Brownian motion issued from 0, and then we apply
the first part of the proposition to 8. [

Observe that, from the law of iterated logarithm (see, e.g., [9] and [10]), it is
known that, for any H € (0, 1), the following inequality holds:

|B,| < A(1 +t")\/InIn(3 + 1).
Before we conclude this section, we give a small extension of Proposition 16.
PROPOSITION 20. Let (B;);>=0 be a complex fBm with Hurst parameter

H > % and started at zo #Z 0. Let f:C — C be a holomorphic function on the
whole plane such that f(0) =0. Then

1 4 1 a.s.
e — |8B;, == H{f'(0).
logt/of<Bs> 25 H'0)

PROOF. Indeed, we can write for z € C* and some holomorphic function

g:C—>C,
1 7(0) 1 1
/()-L2 (Y
z z z z
It stems from this that

1 ! 1 f'(0) [t 8By 1 1,01
L (e = O 0B L L (LY
logt Jo B, logt Jo Bs logt Jo B: B,

Now, thanks to It6’s formula,

o w5 () = g5(5) (5]
logtoBszg By S_logtgz() \B /)

which allows to conclude according to Proposition 16. [J
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5. Study of the windings. In this section we shall again assume that zy # 0.
We denote

_ /f BldB — B dB}
"o By 2
From the skew-product decomposition of the two-dimensional fractional Brownian
motion, the process 6 characterizes the windings of B. Though the complete study

of the asymptotics of 6 is not yet well understood, we present some results. First,
it is easy to study the windings of B up to 2.

PROPOSITION 21. We have

: 1
E(elnef) ~

n—+oo thH "

PROOF. From the skew-product decomposition, we get
By :
m =exp(ib;), t>0.
Hence, for n € N,
("N + zo)"
[tH N + zo|" )

where N is a two-dimensional standard normal law. The result follows then from
a straightforward computation on the two-dimensional standard normal law. [

E(exp(inb;)) = E(

We conclude now the paper with a limit theorem for the functional of the two-
dimensional fractional Brownian motion
7 = ft B2dB! — B! dB?
1

5.1 )
5.1) S

which looks like the windings. Formula (2.3) allows us to compute the variance of
this process:

t rt
]E(ZIQ):Q,O[H/;/; (rs)szR(s’r)h,_S|2H72drds

(5.2) — zoe%,/ 4(sr)—2”1{9§r,a§s}|r —a 17210 — 5" 2 dr ds db da
[1,7]

< Cpglogt.

PROPOSITION 22. Let Z; be defined by (5.1). Then \/12(;? converges in law,

as t tends to infinity, to the normal distribution N (0, 02), where

1
62=4H(2H—1)/ (y_ZHR(y, 1)—H10gy—1_H,3(_>’ ))(l_y)ZH—Zdy
0 1—y
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and
1
B(y) = / (1 - x)ZH_l(x + y)_Zde.
0

PROOF. Define, forAeRand ¢ > 1,
X ( . )
=exp|
t P Togt

and set (X, t) = E(X;). Using the change of variable formula for the Riemann—
Stieltjes integral we can write, for 1 < #y <t,

Lol —2H /p2 ;nl 1 1p2
X, =X; + X B-dB, — B,dB
t o o 10gl/l ul ( u u u u)
(5.3) . i

— —— X, Z,du.
10 2u(logu)3/2="" .

Using (2.4), we can transform this pathwise integral into a divergence integral,
plus a complementary term:
t

A —2H p2 ;pl 1 2
X B,;dB,— B,dB
0 v/1ogu ult (B dB, wdBi)

Y _
(5.4) :/t @qu 2H(p2sBl — Bl sB?)
0
—2H

+a m/ fBzDX—B D?X,))(u —r)*" 2 dr du.
H . Jozn ( u)( )

Substituting (5.4) into (5.3) and taking expectations, we obtain

@(x, 1) =@(%, 10)
72H

—apg)? E/ X.(B:D!z, - B!D?7,)(u — r)* 2 dr du

1 logu
t A
1o 2u logu ar

( ,u)du.

Now we apply the duality relationship (2.2) and we get
E(X,B2D}Z,) = E(Xu(D?D} Zy, 10,0 )
+E(D?Xu 10.) 5D} Zu)
=E(Xu)(D?D; Zu. 10,0 3¢
iA

_l’_
Jlogu

E(Xu(D?Zy, 10.0)) 36 D} Zu)
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and we obtain

e, 1) = @A, 10)
—2H

t
u
— Ol[-[)\z
1 logu

u
x fo (D2D} Zu, 10.u)) 3¢

—(D!'D?Zy, 10,0)5) (. — ) 2 dr du

E(Xy.)

A % dut vl
- , U u 9 5
1o 2ulogu oA

where

w'()», 1) = —l')LSO[H /;0 W

t M—ZH

u
X/O E[Xu({D?Zu: 10.0)) 56 D} Zu

— (D! Zy, 10.)) 4 D} Zu) ] (u — )2 dr du.

‘We have, forr <u,

| B? u § B2
D, Z,==%—| —>&,
r P2H | g2H
usBl B!
2 _ 0 r
D2y = . Q2H  p2HC

Hence,
(DD} Z. 10.) 50 =107 1y — r >0,y L0 5o
u u

= aH/ / 0"\ — 012" 2d0do —r " R(r,u)
0 Jr
u

= H/ 0 2H (0= 4 (u—0)2H"1) a6 — r 2 R(r, u)

r

= HlogE + H,B(L) —r 1 R(r,w),
r u—r
where
1
o= [ (=0t )M dx,
0

and, similarly,
(D2D} Zy, L. 30 = r > 10,0y = 07 1 L0, ) o

— 2" R(r,u) — Hlog % — Hﬁ( il )
r

u-—r
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Hence,

@A, 1) = @(A, to)

t M—ZH
— ZaHAZ/ E(X,)
1o logu

X /Ou<r_2HR(r,u) - Hlog; - Hﬂ(u ir>)

(5.5 X (u— r)ZH_2 drdu
oA dg
1o 2ulogu A

— A, u)du+ (A, t)

t

1
= (L. 10) — 202 / L oG wp ) du

1o ulogu

4 A
—(,u)d At
1o 2ulogu BA( wydu+y A1),

where
1
p(z):fl/ (y—ZHR(y,])—Hlogy 1 H'3< ))(1 D22 gy,

We claim that lim;_, o, ¥ (X, #) = 0. In order to show this property, let us write

E(Xu(D?Zu. Y0.10) 3¢ Dy Zu)

B? u §B2
2

=E((D?Zus 10.0) 3¢ (r > (D2 Xois Lo.1) ) o — (D2 X, 67119 4)

iA _
= E(XM(DZZLM 1(0,u)>]((r ZH(D.ZZLM 1(0,r)>}(

logu

- (D.ZZM, 9_2H1(r,u))ﬂ))-
Therefore,

V1) =—iXay

x E/ logu3/2

x/o (D?Zu 0. ¢
x (r D2 Zu 1 o.m) g = (D2 Zu, 67" 1) )
+(D! Zu, 10.)) 5
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x (r?D! Zu 0.0 g = (D! 20, 672 1)) )

X (U — r)ZH_2 drdu.
We have

1 ‘o Br2 S‘SBGZ 2H-2
<D. Zy, 1(0,u)>}(=aH// ( H —/ W)lr_0| drdo.
0Jo \r r 0

Hence,
wru| B2 s 8B
D'z,.1 < // ; _f 020\ 1r — 6P 2 dr o
I(D-Zus Lo,)) g |l < m o Jo 1728 7 ) g2m 2|r | r
u ru
gc// r~ i — 01?2 drdo
0 J0

< cufl,

because, applying the inequality proved in [7], we obtain, for some constant cg,

H/ u 5392
- 92H
Similarly,

_ upru/ B2 s 8B} Py
(D!7,,60 2H1(r,u))ﬂ,=a,,/0/ ((72‘; —/ 92—g>|a—9|2H 20721 40 do
r o

and

sen 1672 16| 11 e,y < crr ™"

u u
D!z, 072110 4 |15 < C/O fr o Hio —0 20721 4o do

=Cdr 1,
where
o0 o0
d:/ / y_Hly—x|2H_2x_2dedy<oo.
0 1
Also,
werl (s 8BF B2
D!Z,,1 < f/ f—e— z —01*2ad0d
D! Z0 0l < [ |} | G = |l =1 :
u r
5cf/ o Hio —0"2d0do
0 JO
SCrH
Finally,
T u
v (A, 1) §C/ —/ r 1w =) 2 drds
(5.6) o logu'l*Jo

C

< b
— Jlogt

;



178 F. BAUDOIN AND D. NUALART

where the constant C depends on ¢y, H and A. Similarly, we can derive the estimate

oy
5.7 — M) 5.
5.7) a1 ¢ )‘ ~ t(log1)3/?
Equation (5.5) yields
ad A0 d
00 _ 2 0k o 0
ot tlogt  2tlogt ol Ot
Hence,
1 2o 2
w(k,t)zw(/\,to)eXp{—/ Md&}
v slogs
t s Qo A2 A 3
(5.8) + exp{—/ MWK O | w)ds.
10 1w ulogu 2slogs dA
The integral exp {— ftf) %Zg’;(s) ds} behaves as ; g as t tends to infinity. We have,
from (5.2),
(59) 2| = S (X)) < AVC

Then, (5.9) and (5.7) imply that hm,_)oogo()\, t) = ¢(A,00) exists. By a simi-
lar argument, differentiating equation (5.8) with respect to A, we can show that
lim; s o0 37 = ‘;—f(k 00) exists. We claim that

10
(5.10) —2agAp(00)p(A, 00) ———(A 00) =
2 9
Otherwise, 3 + behaves as when ¢ tends to infinity, where C is a constant

tlogt
different from zero, which is contradictory because we would have

oA, t) R Cloglogt.
Equality (5.10) implies that

9, 00) = ¢RI (),

and = converges in distribution as 7 tends to infinity to the normal distribution
N(O, 4aHp(oo)). ]

Notice also that, as H tends to %, the variance o2 in the preceding proposition

converges to 2. This is reasonable, because if B; is a standard two-dimensional
1 t BidB; —B; dB; converges in distribution as ¢ tends to
> Jlogr /1 s g

infinity to the normal law N (0, 2). Indeed, the Girsanov theorem implies that

i» [t B2dB! — B! dB? A2t |Bg)?
E(exp( ! K s K s+ / |v| dS)):l,
Jlogt Ji s 2logt J1  s?

Brownian motion
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2

and, applying the ergodic theorem, we have that 21(1)gt 1’ |f;| ds converges almost

surely to one. Nevertheless, we could expect that, in the case of the fBm which is

transient, the functional

/t B2dB! — B! dB?
1

s2H

is closer to the windings of B than it is the case for the planar Brownian motion
for which it is well known, since [18], that they behave like %G logt, where C is a
Cauchy law with parameter 1.
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