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UNIFORMLY ROOT-N CONSISTENT DENSITY ESTIMATORS FOR
WEAKLY DEPENDENT INVERTIBLE LINEAR PROCESSES

BY ANTON SCHICK! AND WOLFGANG WEFELMEYER
Binghamton University and University of Cologne

Convergence rates of kernel density estimators for stationary time series
are well studied. For invertible linear processes, we construct a new density
estimator that converges, in the supremum norm, at the better, parametric, rate
n~ 12, Our estimator is a convolution of two different residual-based kernel
estimators. We obtain in particular convergence rates for such residual-based
kernel estimators; these results are of independent interest.

1. Introduction. The usual estimators for the density of a stationary process
are kernel estimators and their recursive versions. Rates of convergence and point-
wise central limit theorems have been studied under various mixing conditions by
Robinson [24], Chanda [8], Castellana and Leadbetter [7], Masry [19-22], Tran
[39—41], Roussas [27-29], Cai and Roussas [6], Ango Nze and Portier [2], Ango
Nze and Doukhan [1], Ango Nze and Rios [3], Doukhan and Louhichi [11] and
Dedecker and Merlevede [10], and for linear processes by Hall and Hart [14], Tran
[42], Hallin and Tran [15], Coulon-Prieur and Doukhan [9], Honda [16], Lu [18],
Wu and Mielniczuk [43], Bryk and Mielniczuk [5] and Schick and Wefelmeyer
[37, 36]. Under appropriate conditions, the convergence rates of these kernel esti-
mators are the same as for independent and identically distributed observations.

Linear processes are written as linear combinations of independent innovations
and the stationary density can be represented as a convolution of other densities
in many different ways. We use the simplest such representation and estimate
the stationary density by plugging in residual-based estimators of the densities
involved in the representation. We expect this to lead to faster, parametric rates
of convergence. This is already known in nonparametric models with i.i.d. ob-
servations. Frees [12] shows that his plug-in estimators for densities of certain
functions ¢(Xy, ..., X;;) are pointwise n'/2_consistent. Saavedra and Cao [32]
consider the special case g(X1, X2) = X1 + aX3. Schick and Wefelmeyer [34, 38]
prove functional convergence for (X1, ..., X)) =u1(X1) + -+ + upm(X,,) and
q(X1, X2) = X1 + X», viewing their estimators as elements of L or of the space
Co(R) of continuous functions on R vanishing at infinity. Giné and Mason [13]
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obtain functional results in L, locally uniformly in the bandwidth, for general
q(X1, ..., Xm). Special cases of the semiparametric time series model considered
here have also been studied. Saavedra and Cao [31] consider pointwise conver-
gence of plug-in estimators for the stationary density of moving average processes
of order one. Schick and Wefelmeyer [33] obtain asymptotic normality and ef-
ficiency and Schick and Wefelmeyer [35] generalize this result to higher-order
moving average processes and to functional convergence in L and Co(R); see
below for details. Here, we consider general invertible linear processes and obtain
n'/2_consistency of our estimator for the stationary density in Co(R).

Specifically, we consider a stationary linear process with infinite-order moving
average representation

0
(1.1) X, :8Z+Z¢s$t—h teZ,

s=1

with summable coefficients ¢, and independent and identically distributed (i.i.d.)
innovations &, t € Z, having mean zero and finite variance. If the innovations have
a density f, then X has a density, say /. The usual estimator of this density from
observations X1, ..., X, of the linear process is a kernel density estimator

- 1 n
h — k — X)), eR,
(x) nZ:jl by (X — X ) X

where kj,, = k(x/b,)/b, for some kernel k (an integrable function that integrates
to 1) and some bandwidth b,, (tending to 0).
Our goal is to construct an n!/2_consistent estimator of /. For this, we set

o0
Yt:Xt_gt:ZQOSSI*S’ t €.
s=1

We must exclude the degenerate case that the observations are i.i.d.:

(C) At least one of the moving average coefficients ¢, is nonzero.

Yy then has a density, say g. We have Xo = g9 + Yp. Since Yy is independent
of &9, we can express the density 4 of X as the convolution 7 = f x g of f and g.
We obtain an estimator of 4 as i = f x g, where f and g are estimators of f and g.
We base these estimators on estimators of the innovations. For this, we require
invertibility of the process.

(I) The function ¢(z) =1+ > 52, ¢sz* is bounded and bounded away from
zero on the complex unit disk {z € C:|z| < 1}.

p(z) =1/p(2) =1—32, 052" is then also bounded and bounded away from
zero on the complex unit disk. Hence, the innovations have the infinite-order au-
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toregressive representation

o
(1.2) &g =X,—Y 0sXi—s, tel.
s=1
Let p, be positive integers with p,/n — 0. For j = p, + 1, ..., n, we mimic

the innovation ¢; by the residual

Pn
Ej=X;— ) 0iXji,
i=1

where 9; is an estimator of o; fori =1, ..., p,. We then estimate the innovation
density by a kernel estimator based on the residuals,

A~ 1 n

fx) = > kp,(x — &), x R,

PP j=pt

and we estimate the density g by a kernel estimator based on the differences I?j =
X;i—&;
Jj—¢

1

n
Z kbn(x—f/j), x eR.
mTP =t

§(x) =

In addition to (C) and (I), we use the following assumptions:

(Q) the autoregression coefficients satisfy > . , |05 = O (n~Y/?7¢) for some
¢ >0;
(R) the estimators o; of the autoregression coefficients o; satisfy

Pn
> (@i —0)* = 0p(gan™")
i=1
for some g, with 1 < g, < py;
(S) the moving average coefficients satisfy > o ; s|@g| < 00;
(F) the density f has mean zero, a finite fourth moment, is absolutely contin-
uous with a bounded and integrable (almost everywhere) derivative f’, and the
function x — xf/(x) is bounded and integrable.

The usual estimators of the autoregression coefficients are the least squares esti-

mators 01, . .., 0p, which minimize Z?:pn_H(Xj -y Qin_i)Z. By Lemma 1,
they meet condition (R) with g, = pj, if, in addition,
(1.3) npn Y 03— 0

S>pl‘l

holds. For smooth parametric models for the autoregression coefficients, we even
have (R) with g, = 1, as shown in Section 2.
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We denote the number of nonzero coefficients among {¢; : s > 1} by

N=> 1l[ps #0].
s>1
We can then express (C) as N > 1. If N is finite, then (S) holds and the auto-
correlation coefficients decay exponentially. Moreover, (Q) holds with ¢ =1 if
pn =log(n) log(logn).
If we assume that |os| < Bs~'~% for some o > 0, then we have

> losl=0(p;®) and npy ) of = Omp, ).

§>pn 5> Pn
The choice p, = nf with 2B« > 1 then gives (1.3) and (Q) with ¢ = Ba — 1/2.

Under (C) and (F), the density A is only guaranteed to be twice continuously

differentiable. Thus, the optimal rate of nonparametric estimators like the kernel
estimator & is n=2%/3. Our estimator for & is h = f x g. We will show that its rate is
n=1/2, Simulations in [33] for a related estimator in a first-order moving average
process show that £ is better than h, even for small sample sizes, and uniformly
over a range of bandwidths. We note that our estimator h is easy to calculate.
Indeed, /1 (x) can be written as the V-statistic

1 n n R R
ﬁ Z Z Kp, (x — & = Yj),
Pr)™ 21 j=pat]

ft(x) =

where Kp(x) = K(x/b)/b and K = k xk. Here, we used the fact that kp, * kp, = K.
Thus, it is advantageous to choose a kernel k for which k& * k is known.

Smoothness of g and A can be linked to the number N. Our main result will
thus be formulated in terms of N. The following conditions on the kernel and the
bandwidth are kept general in order to allow for various smoothness assumptions
in terms of an integer m > 2, where m — 1 will play the role of a (known) minimal
size for N. Under (C), we know that N > 1, so we can always take m = 2.

(B) The sequences b,, p, and g, and the exponent ¢ satisfy p,g,b, Ix
n=12 — 0, nb2" = 0(1), n'’*s, — 0 and n'%b,s, = O(1), where s, =
b;]/zn_l/2 + pnqnb,fs/zn_1 + bn_3/2n_5_1/2.

(K) The kernel k has bounded, continuous and integrable derivatives up to order
two and is of type (m, 2), as defined below.

A kernel k is said to be of type (m, c) if ftik(t) dt=0fori=1,...,m and if
[ 1t|™¢|k(2)| dt is finite. A kernel satisfying (K) can be chosen to be of the form
p®, where ¢ is the standard normal density and p is an appropriate polynomial of
degree m.

A possible choice of bandwidth is b, ~ n~!/®™_ Condition (B) is then met if
4m¢ > 1 and p,g,n~—3m=3/G4m) _ 0 hold. In particular, p, = g, ~ nf requires
that 8mpB < 2m — 3.
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Let G,, F,, and H,, denote the processes defined by

n

Gu(x)=—— > (g(x —¢j) — Elg(x —¢))]),
n j=py+1
Fp(x) = > (f&—=Y)—Elf(x—Y)l),

n— .
Pn J=pn+1

Pn
H, (x) = Y (i — 0i) E[Xokp, (x — Y})],
i=1
for x € R. Let || - || denote the supremum norm. We can now state our main result.

THEOREM 1. Suppose (1), (Q), (R), (S), (F), (K) and (B) hold. Let N > m —
1>1.Then

lh—h —TFy =Gy + f +Hyl| =0,(n~/?).

The proof is an immediate consequence of the results in Sections 3—10. Write

(1.4) h—h=gx(f=H+fxG—+(—H*@E—g.

Since f is Lp-smooth and g is L-smooth of order m — 1, as shown in Section 3,
Lemmas 9 and 10 in Section 9 imply || f — fll2 = 0p(sy) + o(by), while Lemmas
11 and 12 in Section 10 imply [|g — gll2 = O, (sy) + o(b,T*I). Inequality (4.3)
below and condition (B) then give

(1.5) IF=H*@E—DI<If = fll2llg — gl =0,(n"/?).

We note that strong consistency of f was proved by Robinson [25, 26]. For
(finite-order) nonlinear autoregressive models, convergence rates of residual-based
kernel estimators were obtained by Liebscher [17] and Miiller, Schick and We-
felmeyer [23]. By the smoothness properties of f, g and /& from Section 3, Theo-
rem 4 in Section 9, applied with a = g, gives

(1.6) lg* (f = ) = Gull = 0,(n~"/?)
and Theorem 5 in Section 10, applied with a = f, gives
(1.7) 1f (@ — &) = Fu+ £/ Hall =0, (2 '/?).

Theorem 1 now follows from (1.4)—(1.7).

The sequences n'/2G,, and n'/2F, are tight in Co(R) by Section 4. Moreover,
the sequence n'/2 f’+ H, is tight for the least squares estimators if (1.3) also holds.
Indeed, according to Lemma 1 in Section 2, the above assumptions imply that the
least squares estimators satisfy

1 n
Y Xj_iej o,

(1.8) A=Mm1
TP jpt
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where A = (81 — 01,..-,0p, — 0p,) > Xj— 1= Xj1,000, Xjm o) | and M, =
E[XoX{ 1. Thus, if (F) holds, then nl/2 f"xH, is tight in Co(R) by Theorem 2

in Section 7, applied with a = f". ’. Hence, n'/2(h — h) is tight in Co(R) by the
above Theorem 1 and / is n!/2-consistent in Co(R). Since the finite-dimensional
marginal distributions of n'!/? (h — h) are asymptotically normal with mean zero,
the process nl/2 (fz — h) converges weakly in Co(R) to a centered Gaussian process
with covariance

[(s, 1) = lim Cov(Zn(s), Zn(1)), s,t €R,

where

Zn(x)_fz glx—ej)+ f(x—Y)) —2h(x)+&;X]_ M E[Xof'(x—Y))]).

We pay a price for n'/2-consistency in several respects. One is that we need
stronger assumptions on the process, namely invertibility and a sufficiently fast
decay of the autoregression coefficients, that is, condition (Q). Another is that we
must choose, besides the bandwidth b,,, the cut-off index p,. However, our estima-
tor has the advantage that its asymptotic behavior does not depend on b, and p,,
at least in the ranges we allow, while the rate of the usual kernel estimator depends
on the bandwidth.

If we strengthen (F) by imposing additional (smoothness) assumptions on f’
and use kernels of type (r, 2) for appropriately chosen r, the bias terms in the es-
timation of f, g and & can be made smaller, allowing for larger bandwidths and
hence weaker assumptions. For example, if f’ has bounded variation and a kernel

of type (2m — 1, 2) is used, then we can show that || f % kp, — f|l2 = 0(193/2),

g *ky, — gl = O®">'%) and ||h % ky, — h| = O (b2"~1). This allows us to re-
place the requirements nbﬁm = 0(1) and n'/?b,s, = O(1) in (B) by nbﬁ’”_2 -0
and nb4 O(1). For the choice b, = (nlog n)/@m=2) "the requirements of this
modlﬁed condition (B) are then implied by pnqn(logn)l/zn (m=D/Cm=1) — O (1).
This allows for larger values of p,, and avoids additional assumptions on ¢.

The paper is organized as follows. In Section 2 we comment more on the
assumptions. We also look at the case where we have a parametric model for
the autoregressive coefficients and give more details for classical models such
as the AR(p), MA(1) and ARMA(1, 1) models. In Section 3 we review expan-
sions in Co(R) and L. In Section 4 we give a tightness criterion for sequences
of Co(R)-valued random elements and sufficient conditions for tightness of em-
pirical processes based on observations from linear processes. These are used in
later sections to show tightness of nl/2F,, n'/2G, and n'/? f’ % H,. An important
inequality is established in Section 5. The asymptotic behavior of averages of the
form (n — p,)~ 1 > = patl X j_jay(x —Y;) and their means is studied in Section 6.

Such averages arise in the stochastic expansion of g. Tightness of n'/? s H, is es-
tablished in Section 7. Section 8 shows how well the residuals approximate the true
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innovations and gives uniform stochastic expansions for residual-based averages

of the form (n — p,)~ 12, —ppt1 (X — €j)and (n — p,)~ IZ/ —pt1 An (X — ‘).
The kernel estimators f and g are of this form. In Section 9 we give convergence
rates of f in Ly and stochastic expansions of functionals a f in Co(R). Analo-
gous results are given for ¢ and a * ¢ in Section 10. We have seen above how these
results enter the proof of Theorem 1.

2. Examples. The following result on the behavior of the least squares esti-
mators is essentially contained in [4].

LEMMA 1. Assume that (1), (1.3) and pﬁ/n — 0 hold and that f has a finite
fourth moment. Then expansion (1.8) is valid.

PROOF. The least squares estimators (01, .. ., @ pn)T can be expressed as

~ 1 &
—1;ZXJ-_1XJ- with M, = ZXJ 1X] .
=1

] 1
We can write the error term in (1.8) as (M_l 1)A — 1B with
ZXJ 1€j and B, =-— ZXJ IZQI j—i
/ 1 i>pn

By (2.13) of Berk [4],

E[|B, "] = 0<pn > @-2)
i>pn
and by the relation immediately preceding his (2.17), we have E[|A,|*] =
O(p,n~"). By his Lemma 3, we have pl/ZIIM U — MYl = 0p(1), where
|M ||« = supj,<; |Mx]| is the operator norm of a matrix M. By his (2.14), both
|Mp]ls and || M, —1|, are bounded. Combining the above, we obtain

M =M YA =0,(p, Y0, (p) P07V =0, (0712,

12
Mn—an — Op <p’£/2<z le) ) =0p(n_1/2)-

i>pyn

The result follows. O

Of special interest is the case where we have a parametric model for the autocor-
relation coefficients, that is, there are functions ry, r, ... from an open subset ®
of R? into R such that g; = r;(¥) for all i and some unknown ¥ in ®. We can
then take o; = ri(ﬁ) for all i and some estimator ¥ of ©¥. Now, let us impose the
following conditions:
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(R1) the estimator 9 of ¥ is n'/2-consistent, that is, D —9= OP(nfl/z);
(R2) the functions rq,rp,... are differentiable at ¥ with gradients 7{(¥),
(), ... and

o0 o0
SN (@ +5) —ri@) =7 s) =o(s?) and Y| < oc.
i=1 i=1
These conditions imply (R) with g, = 1. If (C) and (F) are also met, one obtains
(see Theorem 3 in Section 7) that

If % H, — @ —0) T All=0,(n~1/?)

with

A@) =) HEXof k=YDl xeR.
i=1
Thus, if (I), (Q), (R1), (R2), (S), (F), (K), (B) and N > m — 1 hold, we have the
expansion

2.1) lh—h =Ty =Gy + @ —0) Al =0,(n""?)

and tightness of nl/2 (fz — h). Weak convergence of nl/2 (fz —h) in Cy(R) can now
be established under mild additional assumptions on 9.

Let us now look at three special cases, namely AR(p), MA(1) and ARMA(1, 1).
In these examples, the moving average and autoregression coefficients decay ex-
ponentially, so (S) holds and the choice p, ~ log(n)log(log(n)) guarantees (Q)
with ¢ = 1. We can then take m =2 and b,, ~ n~l/4

EXAMPLE 1. Let X; =X,y +---+¥,X,_, + & be an AR(p) process
with ¢, # 0 and such that the polynomial o(z) =1 — Zle ;7' has no roots in
the (complex) unit disk. Set & = (94, ..., ﬁp)T and f(,_] =(X;—j, ...,X,_p)T.
We can then write the model as X; = T X +—1 + &:. The representation (1.2) holds
with o5 = r(¥) = ¥ for s < p and o; = rs(¥) = 0 for s > p. By our assump-
tions on p(z), the moving average representation (1.1) holds with ¢, being the
coefficients of 1/p(z) = ;’;’l (pszk and Y; = X; — & = z?TX}_l. Since ¥ =0 is
ruled out, we have (C). Moreover, the moving average coefficients decay expo-
nentially, implying (S). Let ? be an n'/2-consistent estimator of . We estimate
the innovations ¢; by the residuals g i=Xj— DTX j—1. Here, (R2) holds with
Fi () = e;, the ith unit vector, for i < p and with (%) = 0 for i > p, and we
find A(x) = E [)N(o f(x — 19Tf(o)]. A simple estimator for ¢ is the least squares
estimator

n -1
&:( 3 5(‘,-_1??}_1) Y XX

j=p+1 j=p+l1
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With M = E [f(of(g 1, ¥ has the stochastic expansion

b—o+m2 ZXJ 18+ o, 12,
] 1

With this choice of &, we obtain, in particular, that n'/? (h—h) converges weakly
in Co(R) to a centered Gaussian process. In this example, we can take p, = p.

EXAMPLE 2. Let X; = & + v&,—1 be an MA(1) process with || < 1 and
v+ # 0. The moving average representation (1.1) then holds with ¢; = ¥ and
¢s =0 for s > 1, and (C) holds, as ¥ # 0. The representation (1.2) holds with
os =rs(9) = —(—0)°. Let 9 be an n!'/2-consistent estimator of . We estimate
the innovations ¢ by the residuals &; = X ; + Zfil (—ﬁ)in_i. It is easy to check
that (R2) holds with 7s(9) = s(—9)*~'. We have ¥, = X; — & = ¥&_; and,
therefore, E[Xof'(x — ¥;)] =0 for i > 1. Thus, the expansion (2 1) holds with
A(x) = E[Xof' (x — Y1)l = El[eof'(x — ¥&p)]. In particular, if D is asymptoti-
cally linear, then nl/ 2(h h) converges weakly in Co(R) to a centered Gaussian
process. Our estimator h is asymptotically equivalent to the estimator

hsct) = [ for =0 fwdy
considered by Saavedra and Cao [31]. This estimator can be written

T zz (—n“f)

with Ly (x) = [k(x — 9y)k(y)dy. The kernel L can be replaced by a general
(nonrandom) kernel k. The U-statistic version of the resulting estimator,

hsc(x) =

n
hsw = Z kp, (x —&; — v¢j),
i,j=1
i#]
is studied in [33], where a pointwise version of the above stochastic expansion is
proved. Schick and Wefelmeyer [35] generalize the result to MA(g) and show that
the expansion holds uniformly and in Lj.

EXAMPLE 3. Let X; =aX;_1+ & + Be;—1 be an ARMAC(1, 1) process with
la|, |B] <1 and o + /3 # 0. The moving average representation (1.1) then holds
with ¢y = (@ + B)a*~ "and the autoregressive representation (1.2) holds with o5 =
rs(a, B) = (@ + B)(—B)°~ I The requlrement that o + B 75 0 gives ¢1 # 0 and,
therefore, (C). We have ¥; = X; — &, = Y oo | (o + Bla*~ le, . Let @ and /3 be
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n'/2-consistent estimators of o and 8, respectively. We estimate the innovations & j
by the residuals

Pn
gi=X;—@+p Y. -p X
i=1
Here, (R2) holds with 7g(a, B) = ((—A,B)S_l, —(s — Da(=B) 2 +s(—=B)HT.
Thus, the expansion (2.1) holds with & = (&, ) " and

o

Aw =3 o ) ELXof ' = ¥o)
S\ (s = Da(=p) 2 +s(=py~" ) 770 o

In particular, if & and B are asymptotically linear, then n'/ 2(h — h) converges
weakly in Co(R) to a centered Gaussian process.

3. Smoothness. Here, we shall address smoothness of f, g and h = f % g.
For this, we assume that N > r for some positive integer . We can then express
Yo=)'_,¢ré—r + Z, where 71, ..., 7, are the indices of the first » nonzero
terms among {¢s:s > 1} and Z =3 (. ¢se_. For t # 0, define densities f; and
fi by fi(x) = f(x/t)/|t| and f;(x) = E[f;(x — Z)]. Since the innovations are
independent with density f, we find that the density g of Yy equals f,l ifr=1
and equals the convolution f7, % --- % fr | * ffr ifr > 1.

Let 4 denote the class of absolutely continuous functions with a bounded and
integrable almost everywhere derivative. Let 4, denote the class of absolutely
continuous functions with an almost everywhere derivative in L, p € [1, 00). It
follows from (F) that f belongs to + and, hence, to 4, for each p € [1, 00). Ele-
ments of A are Lipschitz, while elements a of +, are L ,-Lipschitz with constant
C =|d'|p, that s,

la(- —1) —all, < Clt|, teR.

Indeed, we can express

1
alx+1t)—a(x) :tf a'(x +st)ds
0

and thus obtain from Jensen’s inequality and Fubini’s theorem that

1
/W@%4%—Mﬂde§VW/‘/kﬂx+nﬂhuds:vWMmﬂ teR.
0

A more careful analysis shows that elements a of +, are L ,-smooth,
la(- —t) —a+tad'|l, <|tlwpa(2)),  teR.

Here, w), , denotes the L ,-modulus of continuity of a measurable function v, de-
fined by

wpv(8) = sup [[v(- —17) —v]lp, §=0.

lr|<é
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If v belongs to L, then w), , is bounded by 2|v||, and w ,(§) — 0 as § — 0, by
the translation continuity in L ,, for which we refer to Theorem 9.5 in [30]. Also,
recall that the modulus of continuity of a function v is defined by
wy(§) = sup  [v(y) —v()] =< sup lv(- —1) —vl|, §>0.
x,yeR, |y—x|<8 lt]<d

If v belongs to Co(R), then w, is bounded by 2||v|| and wy(§) — 0 as § — 0.

Assume now that f belongs to +. Then the densities f; and f; for £ # 0 will
also belong to +. This immediately gives that g belongs to + if » = 1. Hence,
g is L p-smooth for each 1 < p < 0o. Now, assume that r > 1. Set g; = f], *--- *
Jios fa %ok fr_ % fy fori=1,....r —land g = f] %% f| % f].
These functions are integrable, bounded and uniformly continuous. The last two
properties stem from the fact that the convolution of a bounded function u with an
integrable function v is bounded and uniformly continuous in view of the bounds
ll  v|| < lullllv|li and wys (8) < |lu||lwy,,(8). It is now easy to check that g; is
the ith derivative of g. Thus, we have the identity

. ol
g0 =800 = 30 i) = [ (gr (x50 — g0 (0)r(1 =) Vs
i=1"" :

Since g, belongs to L, we obtain from Jensen’s inequality and Fubini’s theorem,
as above, that

< ﬂw (Ith teR

="y Wrer ’ :
)4
If (3.1) holds and g, € L, then we say that g is L,-smooth of order r. This
property reduces to L ,-smoothness if » = 1.

Since h equals f % g, the above arguments show that & is (r + 1)-times contin-
uously differentiable with bounded, integrable and uniformly continuous deriva-
tives. This implies that

3.1

r tl
g(-+t)—g—2;ﬁgi
i=

r+1 ;

¢ 0 |t|r+1
(3.2) h(-+1) —h—;ﬁh
1=

<
T (r4+ 1!

wye+n (1)), teR.

If (3.2) holds and 2”*Y is bounded and uniformly continuous, we say that / is
smooth of order r + 1.
Let us now summarize our findings.

COROLLARY 1. Let f belong to A and N >r > 1. Then f is Ly-smooth,
g belongs to A and is Lo-smooth of order r and h is smooth of order r + 1.

COROLLARY 2. Let a be Ly-smooth of order r and let k be a kernel of type
(m,2) withm >r. Then ||a * kp, —all2 = o(b},).

COROLLARY 3. Let a be smooth of order r and let k be a kernel of type (m, 1)
withm > r. Then ||a * kp, — al|| = o(b})).
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4. Weak convergence in Co(R). In this section, we address weak conver-
gence of sequences of random elements in the space Co(R) of continuous functions
vanishing at (plus and minus) infinity, endowed with the supremum norm || - ||.
To establish tightness, we use the following characterization of compact subsets
of Co(R).

LEMMA 2. A closed subset A of Co(R) is compact if and only if
limsup sup |a(z) —a(y)|=0,
a€A |z—y|<é
lim sup sup |a(z)|] =0.

K—004eA |zl>K

A proof of this lemma is given in [34]. From the lemma, we immediately obtain
the following characterization of tightness.

COROLLARY 4. A sequence A, of Co(R)-valued random elements is tight if
and only if for every ¢ > 0 and n > 0, there exist a § > 0 and a K < oo such that

@.1) sup P( sup 14,(2) ~ A ()] > &) <
n lz—yl<é
4.2) supP( sup A, (2)] > s) <.
n lz|=K

Once tightness is established, weak convergence follows from the convergence
of the finite-dimensional distributions.

Let a; and a; be two square-integrable functions. Then a; *a> belongs to Co(IR).
Indeed, an application of the Cauchy—Schwarz inequality and a substitution yield

(4.3) llai * az|l < |laill2llazll2.
Hence, a; * a; is bounded. Furthermore,
(4.4) lay * ax(- — 1) —ay x az|| < |lay(- — 1) — ayll2llaz|l2-

Since a; is square-integrable, we obtain from the translation continuity of square-
integrable functions (see, e.g., [30], Theorem 9.5) that ||a;(- — ¢) —ay]l2 — 0 as
t — 0. This shows that a; * ay is uniformly continuous. Finally, write xx (y) =
1[|ly| > K] and a| xay = ay * (a2(1 — xg)) +ay * (a2 xx)- Since |x — y| > K if
|x| > 2K and |y| < K, we obtain

“4.5) sup |ay *xax(x)| < |lar xk lI2llazll2 + llatll2llaz xk [ 2-
[x|>2K

Hence a; * a> vanishes at infinity. The above shows that a; * as is in Co(R).
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If a is a square-integrable function and I, is a sequence of L,-valued random
elements, then inequalities (4.3)—(4.5) yield

la*Dy(-—1) —a*xDyll < lla(- —1) —all2]|Dyll2,

sup |a * Dy (x)| < llaxk 121Dy ll2 + llall2 1Dy xk [l2.
|x|>2K

This shows that the Co(IR)-valued sequence a * D), is tight if ||D, |2 = O,(1) and
if for all positive ¢ and n, there exists a K such that sup, P(||D,xxll2 > €) < 7.
In view of the Markov inequality, a sufficient condition for these two statements is
the following condition.

(T) There exists an integrable W such that £ [D,% (x)] < W(x) forall x € R.

Now, let &1, &, ... be a stationary sequence of random variables with distribu-
tion function D and let

n

Dy(x)=n""2Y (1[; <x] - D(x)).  x€R,
j=l1

be the associated empirical process. If A is absolutely continuous with an almost
everywhere derivative A’ that is both integrable and square-integrable, then we can
express

B =2 Y (A =) — ELAG — £p)) = [ A= ) dD, )

j=1

as
An(x) = f A(x =)D,y dy = A’ D, (x), xR

Thus, the sequence A, will be tight if we can show that condition (T) holds. In the
following, we give sufficient conditions for (T).

(a) If &1, &>, ... are independent, then condition (T) holds if the random vari-
ables have a finite mean. Indeed, we have the identity £ [}D)% x)]=Dx)(1—D(x))
and D(1 — D) is integrable if and only if the &; have finite mean.

(b) Now assume that &1, &;, ... come from a linear process

o
Et=ZdSUt—s, IGZ,
=0

where the innovations U;, t € Z, are i.i.d. with finite mean, the coefficients
do, d, ... are summable and dy # 0. Then condition (T) holds if Y 52,(1 +
s5)|ds| < oo. This follows from Corollary 7.1 in [36].
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5. Abound. LetU;,t € Z, be independent and identically distributed random
variables with finite mean. For summable coefficients cg, c1,... and dp, d;, ...
with dp # 0, let us consider the linear processes

00 00
Sy = ch U_s and T, = Zdv U, te’Z.
s=0 s=0

For a measurable function a, we define
n
K@) =n""23"(a(x = T)) — E[a(x — T))]),
j=1
Hx)=n""23"(Sja(x — T)) — E[Sja(x — T))]),  x€R.
j=1

Let U = Uy and set

o

o0 oo X
a=) lejl and D=> (G +Dldjl=> > ldl.
Jj=0

j=0 j=0s=j
In their Lemma 7.3, Schick and Wefelmeyer [36] show the following result.

LEMMA 3. Suppose a is bounded and L|-Lipschitz with constant L. Let D be
finite. Then

f E[K2(0)]dx <4L|a| DE|U]L.

We shall now obtain a similar result for the process H.

LEMMA 4. Suppose a is bounded and Li-Lipschitz with constant L and U
has a finite second moment. Let D be finite. Then

f E[H2(x)]dx <8L|al|e®DE[U[1E[U?].

PROOF. We can write H(x) =n~1/2 "21(Zj(x) = E[Z;(x)]), where

Zj(x)=Sjalx —Tj), x eR.

Now, set

j—1
S}k=chUj_s, Sj=chUj_S,
s=0

j—1 o0
Tf=) dUj, Tj=) dUj,.
s=0
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We can then write
Zj(x)=Sta(x =T =T))+ Sjax =T/ — T))
and obtain, with # denoting the o -field generated by {U; : ¢ < 0}, that
(5.1 Zij(x)=E(Zj0)|F) =aj(x — Tj) + Sja;(x — T)),
where a;’-‘ and a; are the functions defined by
a;f(x) = E[S;’-‘a(x — T]?")] and aj=E[a(x — T;‘)], x eR.

These functions inherit the L-Lipschitz property of a. More precisely, we have
the bounds

lai (- —#) —ajlly < E[IS}IL|¢| < BL|t| and
(5.2)
laj(- —1) —ajll1 < Llt],

where B = a E[|U|]. To simplify notation, we abbreviate Sg by S, Tp by T and Z
by Z. Using stationarity and a conditioning argument, we obtain

n—1 [ele)

2 -
E[H?(x)] = Var(Z(x)) + - > (n— HCov(Z(x), Zj(x)) <2 T;j(x),
j=1 j=0

where, in view of (5.1), I'j (x) can be taken to be
Tj(x)=E[|Z(x) - E[ZW)]l|a}(x = Tj) —a}(x) + 8j(a;(x — Tj) —a;jx0)|].

Since a is bounded, we derive the bounds |Z(x)| < |S||la]l and |E[Z(x)]| <
E[|S|1lla]l for x € R. This, E[|S|] < B=«E[|U]] and (5.2) yield that

IT; 1 < llall E[(IS| + E[ISI)(BLI|T;| + LE[|S;T;|])]

< ||a||BL<Z|ds+j|E[<|S| +E[ISIDIU=I]+2 > |ct||ds|E[U2]>

s>0 s,t>j
< lla|BLQaE[U?] + 22 E[U?]) Y |d].
s>j

In view of B = ¢ E[|U]] and the definition of D, the desired result is now imme-
diate. [J

6. An auxiliary result. Let X, be a linear process as in (1.1). Let a, be an
integrable function that belongs to +4;. Fori =1,2,..., set

1 n
Z Xj—ian(x —Yj), x eR,
e

an,i(x) = Ela,,;(x)] = E[Xoa,(x — Y], x eR.

&n,i(x) =
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In this section, we study the behavior of a, ; and its expectation a, ; in L;. The
results developed here will be used in later sections with a, = kj, or a, = kl/yn'
From Lemma 4, we immediately obtain the following result.

LEMMA 5. Suppose (C) and (S) hold. Then there exists a finite constant A
such that

fVar@n,i(x))dx < Allanllld, i, i=1,2....

We denote the index of the first nonzero moving average coefficient by
T =inf{s > 1: ¢s # 0}.
Under (C), 7 is finite. Let Z; = Y; — ¢;£;_.. A conditioning argument shows that
dp,i (x) =1[i = T]E[va(x — Z) ]+ E[Xoun(x — Z;)]
with
un(x) = Elan(x —¢-0)] and vy (x) = E[goan(x — ¢r€0)], x €R.

Then u,, = a, * ¥y and v, = a, * Y1, where

1 X 1 x X
6.1) Yolo) = f(—) and () = —f(—), xeR.
lo]” \or loz| o ° \ @

Under assumption (F), 19 and | belong to 4.
If u,, converges in L, to some u and v, converges in Ly to some v, then we find
that a,, ; converges in L to a;, where

ai(x)=1[i =7]E[v(x — Z))] + E[Xou(x — Z;)], x €R.

Actually, a stronger statement is possible.

LEMMA 6. Let (C), (S) and (F) hold. Suppose that there exist square-
integrable functions u and v with u in Ay such that |a, * ¥1 — vl — 0,
lan * Yo —ulla — 0 and |la, * ¥y — u'll2 = 0. Then

o0 o0

- ~ 2 =2
S Nani —ail3—0 and Y a3 < oo.
i=1 i=1

PROOF. Fori > 7 and w € +A,, we have

E[Xow(x — Z)] = E[Xo(w(x — Z)) — w(x — Z))]
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with Z; =3, _, _; ¢s&i_s and, hence,
/(E[Xow(x — Z,-)])2 dx < E[X(z)] f E[(w(x —Zi) —w(x — Zi))Q]dx

< E[X3Nw' 13EWZ; — Z)*]

o0
= E[Xollw'I3E[e5] )" ;-
s=i
With w = a,, * 9 — u and assumption (S), we obtain
Y lani —aill; < EIXG1ELe5)llan * ¥ — u'll5 Y s¢f — 0,
i>T §>T
and with w = u, we obtain
> a3 < EIXGIEEu 13 s¢? < oo.
i>T §>T

The desired results are now immediate, as a,, ; converges in Ly to g; fori <7. [

REMARK 1. The assumptions on a, of the previous lemma hold with u =
a * Yo and v = a x Y if a, converges in L, to some a. They hold with u = vy and
v =1 if a, = kp,. In the first case, a; = a * §;, and in the second case, a; = §;,
where

(6.2) 8i(x) =1[i =T]E[Y1(x — Zo)] + E[Xoo(x — Z)].

7. Tightness of n'/2q « H,. Let us now address tightness of n'2q x H,, for
some square-integrable a. For such an a, we have, with a, =a x k;,

Pn
a*xH,(x) =Y (0 — 0)E[Xoan(x — ¥)1 = ATE[Xoan(x — YD)],  x€R.
i=1

Recall that A = (61 — 01, --,0p, — 0p,) ' and X;_1 = (X;—1,..., Xj—p,) . We
shall first treat the case where (1.8) holds. As seen in the proof of Lemma 1, the
dispersion matrix M,, = E [XOXJ ] is invertible and the operator norm of its inverse

M. I is bounded. Hence, there exists a constant K such that for all n,
(7.1D) c,TMncn <K|cy|*> and cZMn_lcn < K|cnl%, cn €RP,
Letd =(51,..., 3pn)T with §; as defined in (6.2). Now, set

1
Jn(x) =

n
— Z st}—_an_lS(x), x €R.
P jmput1

We point out that for any square-integrable a,

1

n—p

n
axJ,(x)= Z stJT_an_lE[Xoa(x—Yl)], x eR.

" J=pntl
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THEOREM 2. Let (C), (I), (F), (S) and (1.8) hold and p, — oo. Then, for each
square-integrable a, the sequence n'/?>a x J,, is tight in Co(R) and ||a x (H, —
Il =o0p(n="72).

PROOF. Since wp,i(x) = E[Xokp, (x — Y;)] equals E[X|_;kp, (x — Y1)], we
obtain that H,, = AT/,Ln, where w,(x) = E[Xokp, (x — Y71)]. Let us set

1 n
Z Xj—lgj-

n — .
Pn oyt

A=M;!

By the results in Section 6, we have, with v, =k, * Y1 and u, =k, * ¥, that
i (x) = 1[i = T]E[vn(x — Zo)] + E[Xoun(x — Z;)].

Since [|kp, * ¥; — Yilla — 0 for i =0, 1 and |[|kp, * ¥) — ¥{ll2 — 0, we obtain
from Lemma 6, applied with a, = k;,, that

o0 o0
Y i —8ill53—>0 and Y [I8]I5 < oo.
i=1

i=1
From this, we obtain that ||u, || = O(1). This shows that
(7.2)  Hy = AT pallo = 1A = 8) T pall2 < 1A = Alllall2 = 0, (0™ 1/2).
A martingale argument and straightforward calculations show that
(n = p)ELT;(0)] = E[51E[(Xg M, '8(x))*]
= E[e31E[8(x) " M1 XX M 18(x)]
= E[e216(x) "M, ' M, M 8(x).
This shows that
00
(n = pw) ELT; (0] < El[e51K Y~ 87 (x).
i=1

Since Y72, 81-2 is integrable, n'/?2a x J, is tight by the results in Section 4. Since
Un,i = kp, * 8;, we find that a (ATun) = kp, * a * J,. Thus, by the tightness
of n'/2a x J,,, we obtain that [la (AT i,) —a * J, | = 0,(n~1/?). This and (7.2)
establish n'/2||a x (H, — J,)|| = 0,(1). O

Now, let us look at the case of parametric autocorrelationA coefficients as de-
scribed in Section 2. We then have o; = r; (%) and 0; = r; (). We assume that
(R1) and (R2) hold. This gives the expansion

Pn
Ru=Y (ri(®) —ri(@®) — & = 0) #(®)* =0,(n ™).

i=l
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Fix a square-integrable a. Under (C), (S) and (F), we have

[e.@] o

2 2 2
> s puni —ax8il* < llall3 Y lin.i — 8ill5 = 0
i=1

i=1

and
o0 (0,0
2 2 2
E lla * & || Sllallz§ 13i115 < o0.
i=1 i=1

Using the Cauchy—Schwarz inequality, we find that

2 00

<Ry Y laxpnil*=0p(n"")
i=1

Pn
S @) — @) — (B — ) F(O))a *
i=1

and
2

Pn [e%e)
D i @)ax pni — Y Fi(9)ax;

i=1 i=1

o0 Pn 00
sti(ﬁ)F(Zuawn,i—a*8i||2+ > ||a*6i||2)—>0,
i=1

i=1 i=pp+1

provided p, — oc. This shows that under (C), (I), (F), (R1), (R2) and (S), we have

o
axH, — @ - Y F(@)a*s;

i=l

=0p(n_1/2).

Since a * §; (x) = E[Xpa(x — Y;)], we have the following result.

THEOREM 3. Suppose that (C), (I), (F), (R1), (R2) and (S) hold and that o; =
ri (%) and 0; = r; (). Let p, — oo. Then |la * H, — (% — )T Al = 0,(n"1/?),
where

A(x) =) i(®)E[Xoa(x — Y],  x€R.
i=1

If 7/;(¢¥) =0 for all i > p, as is the case in the AR(p) model, then the require-
ment that p,, — oo can be relaxed to p, = p.

8. Behavior of the residuals. In this section, we study how close the resid-
uals are to the actual innovations. Recall that A = (01 —01,...,0p, — Qp”)T
and X; 1 =(X;_q,..., Xj_pn)T. Note that condition (R) is equivalent to |A|2 =
Op (qnn_l). Under (I), we also have

n
3 Xjo1 = 0,(pY 712,
Jj=pn+1
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This follows since we have

2
Z Xj- ) }scE[Xé]

J=pn+l

(8.1) (n —p,,)E{(
n—pn

for some constant C independent of n and i. Thus, we derive
(8.2) ATX = 0,(p)2q}2n=1).

The residuals can be expressed as

gi=X; ZQ: =& — Z(Q, o)Xji+ Y oXji=&+) 0X;.

l>pn l>]7n

where

Pn
(8.3) Br=ej— Y (Gi—o)Xji=¢;—ATX; 1.

LEMMA 7. Suppose that (1), (Q) and (R) hold. Then

n
(8.4) Yo G- =0,07%),
J=pn+l
(8.5) Y @ =)’ =0,(pugn),
Jj=pn+1

(8.6) Z (¢ —¢)=0, (n=1/2- 9+ 0, (pl/z /2,1,

" j=pn+1

If the innovations have a finite moment of order & > 2, then

8.7) max [&; —¢j|= OP(n_C) +0p(p}l/2q}’ll/2n_l/2+l/é)-

Pn<j=<n

PROOF. It follows from the Cauchy—Schwarz inequality that
) Pn 5 Pn 5
(8.8) @ —e)? <) (2i—0i) Y X7
i=1 i=1
From this bound, assumption (R) and the fact that E[X (2)] < 00, we obtain

(8.9) Z @5 —£))> = 0p(gan™ ") O p(pan) = Op(Pugn)-
j=pn+1
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It follows from the Minkowski inequality that the La(P)-norm of &; — &} =

ZDP” 05X j_s is bounded by the L, (P)-norm of X, times Zs>pn |os|. Thus,

n 2
E[ > (é,-—é;f)z]snE[Xél(Z |Qs|> =0 %),

j=pn+1 $> Pn
which implies (8.4). It follows from (8.4) that
(8.10) max |[€; —8 = OP(n_ ),
pn<j<n
(8.11) Z @ — &) = 0,07,

”_p”j =pn+1

Indeed, the square of the left-hand side of (8.10) is bounded by R, the left-hand
side of (8.4), while the squared error term of (8.11) is bounded by R, /(n — py).
Thus, (8.6) follows since, by (8.2), we have

(8.12)

Z (8 —8])_ ATX 19) (p1/2 1/2 —1)
" j=pn+1

The additional moment assumption on the innovations gives E [ X0l5] < oo.
From this, we obtain that maxi<;<, |X ;| =0 (n'/%). Indeed, for each n >0,

n
P( max | X[ > nn‘/f) <" PUX;1 > qn'®) < n FE[XGUIXo| > yn'/41).

1< <n j—l
It follows from this, inequality (8.8) and assumption (R) that

2 2 —142
®.13)  max |5} —e;l” <pnlzl<g, 0i)* max X;I*=0p(pagan " 7%).

Combining (8.10) and (8.13), we obtain (8.7). U

LEMMA 8. Suppose that (1), (Q) and (R) hold. Let a,, be a sequence of func-
tions with bounded integrable derivatives up to order two such that ||a),|| = O(1)
and ||a, || = o(pn_lqn_lnl/z). Then

n

sup Y (an(x = Y) —an(x = Y) + ATX;_1a)(x — Y)))
xeR| — Pn j=pntl
(8.14) 1
=o0,(n ).

If, further, pagn/n — 0 and l|all2 = o(py > qn *n'12), then
n
3 (an(x — &) —an(x — )| =0p(n~"/?).

Pn J=pn+l

(8.15) sup

xeR|1T —
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PROOF. Note that (8.4) implies
1 n
Yo 1 —&=0,m7 1),
n—py .
J=pn+l
while (8.3) and (8.5) imply
n

1 . 1 "
> E-ept=—— 3 IATX P

n — . .
Pn J=pn+l Pn J=pntl

(8.16) On =

T, =
(8.17) 1
= Op(Pnan_ ).

The expression following the supremum in (8.14) can be written as |r,, (x)|, where

n
> (anx —Y) —an(x — Y)) + ATX;_ja)(x — Y))).
J=pn+1

Define r; as r,, but with Y j = Xj —&; replaced by Xj — &7. Then
I = r | < layll @ = Op (™~ llay ).
A Taylor expansion yields the bound
lrsll < lay I T = Op(pagan™"llay ).

This establishes (8.14). The same arguments yield

1 ! N
Y (anx—8) —an(x—g)) — ATX;_ja,(x —g)))| = 0p(n~ /).
Jj=pn+l1

sup
xeR| — Pn

In view of (8.2), we have
IATXa) « Il < |ATXllay * £l = 0,(py/*qy*n" ay ) = 0,(n~ /).
Result (8.15) now follows if we can show that ||&,| = op (q{l/z) for

Z X;—1(a,(x —¢&j) — Ela,(x —&)]), x eR.
j:Pn+1

&n(x)zn »
— Pn

It follows from Fubini’s theorem that &, = a, * W, with

Wn(x) -

> Xjoi(llej <x]— F(x)).

A

Thus, ||&, || < lla,, I21lWy 2. Since

(n — p) E[IWa 3] = E[|Xo|2]/F<x>(1 — F(x))dx = O(py),

-1/2 2)_ 0

. ~ 1/2 —1
we obtain @, || = 0,(pr/*n=2|al2) = 0, (g "/
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9. Estimating the innovation density f. The kernel estimator based on the
residuals is

f) = > kp,(x —&)), x eR.

In this section, we study convergence of f in the space Ly and of functionals of
the form a * f in the space Co(R).
Let f denote the kernel estimator based on the actual innovations €, 11, ..., &,

fx)= Z kp, (x — xeR.

n_p"j =pn+1

The first result is known.

LEMMA 9. Suppose that the kernel k is square-integrable and of type (m, 2).
Let f be Ly-smooth of order r < m. Then

If = flla= 0,20~ %) +o(B)).
PROOF. It is well known that E[ f (x)] = f s kp, (x) and
(n— p)EIIf — f ko, 13 < lkp  flly < by 1K

Thus, || f — f #kp, 2 = O, (by /*n=1/2). By Corollary 2, || f xkp, — fl2 = o(B").
]

LEMMA 10. Suppose that (1), (Q), (R), (F) and (K) hold. Then
If = Flla= 0p(pugnby ?n") 4+ 0, (0=~ 120,3/%).

PROOF. Let ?:;‘ be as in (8.3). Let f * denote the kernel estimator based on
&* ..., & With Q, asin (8.16), we find that

pnt+1°
Lf = £ < ILf = £ f = F51 < Nikp, Il Dk, 11O
and obtain, in view of (8.16), the rate
If = f*ll2= 0,6, 0= 712,

The identity &7 =¢; — ATX ;j—1 and a Taylor expansion yield = fF=ATy4r,
with

Ya(x) = Y Xtk (x —¢j)),
TP =t

ra(x) = Z / /(ATX, D2tk (x — &) +stATX; ) dsdt
n_pn
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With 7, as in (8.17), we obtain ||r, || < ||kl’)/n||T = OP(pHan;3ﬂ_l) and ||r||; <
Ik 11 Tw = O (Pngnb;*n~"), and, consequently,
I7all3 < Iralliralli = Op(p2apby 0.
Let y, = ikén * f. Since ||k, * flla = |If" * kp,ll2 < [ f'll21lkll1, we obtain
from (8.2) that
1A fllz < [ATX1IKG, % fll2 = 0p(py/*qy*n™ ).
A martingale argument yields

(n — p)Elllyn — 7all3] < paELXG1 K, )* % fll1 = O(puby ).

Thus, ||AT(yn —Y)l2=0 (pl/2 1/219 3/zn_l). The above imply the desired
rate. [

THEOREM 4. Suppose that (1), (Q), (R), (F) and (K) hold. Let a € A and
let a % f be smooth of order r < m. Let the bandwidth satisfy nb,%r = 0(1) and
p,,qnb;ln_l/2 — 0. Then

la* (f — f) = Aull = 0, (n™17?),

where
n

> (ax—gj) — Ela(x —¢))]),  x€eR.

J=pn+l

An(x) =

n—pn

PROOF. Let f = E[f] = f *kp,. Since a * f is smooth of order r <m and k
is of type (m, 1), Corollary 3 yields
la s f—ax fll =ll(ax f)xkp, —ax fll=o@®)) =om~""?).
We can write a % (f — f) = A, * kp, . Since n'/2A,, is tight in Co(R) by result (a)
in Section 4, we obtain that ||n!/?(A,, % kp, —Ay)|| = 0p(1). In other words,
las (f = f) = Anll = 0p(n™ /).

We can now calculate that
n

Z (an(x — &j) —an(x — €;)), x eR,

" J=pntl

A~ 1
ax(f = o =—

with a, = a * kp,. a, is then twice differentiable with a, = a’ * kp, and
a, = a xk, . We have |la,ll < [la'lllkp,l1 = O1), lla,ll < llalllk,, II1 =

n

— 2 _ .
O, and a3 < llaglllagls < llagllliky, il = O(b,?). In view of

pnqnbn_ln_l/2 — 0, Lemma 8 yields

la* (f — Hll=0,(n"12).

The desired result follows from the above. [
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10. Estimating the density g. The kernel estimator based on the estimated
versions Y; =X; —&jofthe Y; = X; —¢; is

gx) = Y kp,(x—Y)), xeR

In this section, we study convergence of g in the space L, and of functionals of
the form a x g in the space Co(R). Let g denote the kernel estimator based on

an+1»--~’yn,
1

n—p

n
Z kp, (x —Y;), x €R.
" j=pnt1

gx) =
We first give an analogue of Lemma 9.

LEMMA 11. Suppose that (C) and (S) hold. Let the kernel k be square-
integrable and of type (m,2). Let f belong to A1 N Ay and have finite mean.
Let g be Ly-smooth of order r with r < m. Then

18 — glla= 0, *n= ) + o).

PROOF. By Corollary 2, we have ||g * kp, — gll> = o(b},). It remains to show
that

(10.1) 18 — g *kp, l2 = Op(b; "/ *n~1/?).

Recall the notation t = inf{s > 1:¢; # 0}. We can write Y; = ¢;¢;_ + Z; with
Zj=7) . 9s€j_s. Let a, = kp, * Yo, where Y is the density of ¢.£9. We can
then express g — g * kp, as the sum 71 + kj, * 15 with

n

Ti(x) = D (kp, (x = Y)) —an(x — Z)),
— P jep
To(x) = > (Yoz = Zj) — E[Wo(x — Z))]).

n J=pn+l1
Using a martingale argument, we obtain (n — p,,) E[|| T} ||%] < ||k,%n xgll1 = O(b;l)
and thus ||T1]|2 = 0p(b;1/2n_1/2). Since f belongs to A; N A2, so does Y.
Thus, n'/2T is tight by result (b) in Section 4, applied with A = ¥ and & i=Z;.
This shows that || Ty * kp, 13 < [ T21311ks, It < IT2II T2 11 [k]l = Op(n~'/?). This
finishes the proof of (10.1). U
Let us define functions u, and u, by
pn(x) = E[Xokp, (x — YD)] and  p),(x) = E[Xok}, (x — Y1)].

We now give analogues of Lemma 10 and Theorem 4.
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LEMMA 12. Suppose that (C), (I), (Q), (R), (S), (F) and (K) hold. Then
18 — 2+ AT iyl = 0p(Paguby, *n™") + 0, (1™ 7120, /%),

n

PROOF. Let g* denote the kernel estimator based on Y ;n IRTRES )7,;“ with
?]* :Xj —é}k = Yj —{-ATXj_].
As in the proof of Lemma 10, we find that
18 = &*ll2=0,(n*"5,°/?) and
18* = &+ AT ll2 = Op(puguby*n™Y),

where

n
> Xj_ik, x—Y)), xeR
J=pn+1
Note that ”kl/m | = 0(1),72) and ||k1;n | = O(b;l). Thus, it follows from Lemma 5,
applied with a, = k;, , that

fly (x) =
n—pn

/ E[|I,(x) — E[A, (0)11P1dx = O(pab,>n™ ).
Since u,, (x) = E[f,(x)], we see that
IAT (A, — w)lla = 0, (pi2g 126,320~

n

The above rates yield the desired result. [J

THEOREM 5. Suppose that (C), (1), (Q), (R), (S), (F) and (K) hold. Let a € A
and let a x g be smooth of order r with r < m. Let the bandwidth satisfy nb,%r =
O(1) and p,,q,,b;ln_l/2 — 0. Then

la* (g —g) —Ky+d (AT py) | =0,(n"1?),

where
n

Z (a(x = Y;) — Ela(x — Y))]), x eR.
Pr j=pit

Kn(x) =

PROOF. Set ¢ = E[g] = g * kj,,. Since a * g is smooth of order r and the
kernel k is of type (m, 1) with m > r, we obtain from Corollary 3 that

laxg—axgll=(axg)*ky, —axg|=o0®))=o0mn""?).

Simple calculations yield a x (g — g) =K, * kj,. Since a belongs to A1 N A2 and
f has finite mean, it follows from (S) and result (b) in Section 4 that nl/?K, is
tight in Co(R). Consequently, [|n'/2(K, * ks, — Ky)|| = 0, (1). In other words,

la* (& —3) —Kull =0,(n""/?).
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With a, = a * kp,,, one verifies that

n
Z (an(x = Y)) —an(x = Y})), x €R.
Pr j=pat1

ax(§—gx) =

Now, let

1
n—pn

n
fin(x) = Y Xjoikp,(x—Y),  xeR.

J=pntl

Since [la/ || = O(1), ||la|| = O(b; ") and ||a[l2 = O(b; '), as shown in the proof
of Theorem 4, and since pnqnbn_ln_l/2

a’ x kp, that

— 0, we obtain from Lemma 8 and a;, =

la % (@ = &) +d" * (ATl =0,
It follows from Lemma 5, | kp, || = O(b,j]) and | kp, |1 = O(1) that

[ Bl = Bl @1IP)dx = 0, (pab; .
Since p, (x) = E[f1,(x)], we find that
la" % AT (fn — ) | < I 2] Allln — ttall2 = Op(py/*qy*by P01
=0p(n_1/2).

The desired result follows from the above. [
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