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SPATIAL EXTREMES: MODELS FOR THE STATIONARY CASE

BY LAURENS DE HAAN! AND TERESA T. PEREIRAZ
Erasmus University and University of Lisbon

The aim of this paper is to provide models for spatial extremes in the
case of stationarity. The spatial dependence at extreme levels of a stationary
process is modeled using an extension of the theory of max-stable processes
of de Haan and Pickands [Probab. Theory Related Fields 72 (1986) 477-492].
We propose three one-dimensional and three two-dimensional models. These
models depend on just one parameter or a few parameters that measure the
strength of tail dependence as a function of the distance between locations.
We also propose two estimators for this parameter and prove consistency un-
der domain of attraction conditions and asymptotic normality under appro-
priate extra conditions.

1. Introduction. The paper develops a framework as well as concrete models
for statistics of spatial extremes which are sufficiently simple to be used in appli-
cations. Only the case of stationary processes is considered and the dependence
structure will be represented by one parameter or a few parameters. Instead of de-
veloping more complicated models we aim at developing several simple models
with somewhat different features.

For simplicity of exposition and in order to stay close to the existing literature
we shall start discussing processes which are defined on R rather than R?. After
that we discuss stationary processes in R?.

The setting is as follows. Consider independent replications of a stochastic
process with continuous sample paths

{Xn (t)}te]R»

n=1,2,.... Suppose that the process is in the domain of attraction of a max-
stable process, that is, there are sequences of continuous functions a, > 0 and b,
such that as n — oo
maxj<j<p X;(t) — b, (¢
(1'1) { 1<i<n z( ) n( )
an(t)
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teR
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in C-space. Necessary and sufficient conditions have been given by de Haan and
Lin [4]. The limit process {Z(#)} is a max-stable process. Without loss of generality
we can assume that the marginal distributions of Z can be written as

exp{—(1+ y(t)x)_]/y(t)}

for all x with 14y (¢)x > 0 where the function y is continuous. For the time being
we shall discuss the standardized process, called simple max-stable,

(ZOYer = {1 +yOZ1))" "}, .

whose marginal distribution functions are all Fréchet: exp(—1/x), x > 0.

{Z(t)} is a simple max-stable process. We assume that {Z(¢)} is a stationary
process. The theory of de Haan and Pickands [5] applies. According to Theo-
rem 6.1 of that paper the process is determined by a nonnegative L; function and a
group of linear L1y isometries. However, since we aim at manageable models, we
shall restrict ourselves to the subclass of stationary max-stable processes which is
discussed on pages 490-491 of [5], the one of moving maximum processes. The
process is defined as follows.

Let ¢ be a unimodal continuous probability density on the real line and let
{X;,Y;};j>1 be the points of a homogeneous Poisson process on R x R;. The
process is defined as a functional of the Poisson process as follows:

Z(t) := max PXi =D iR
jz1 fi

It is easy to check directly that this process is stationary and simple max-
stable. The almost sure continuity of the process follows from [1]. We think of ¢
as a space parameter, not a time parameter. Note that for #1,%,...,7; € R and
X1,X2,...,%x4 > 0 (cf. [5]),

+00 _ ¢
P(Z(t) <x1,.... Z(ta) < xa) :exp{—/ max Mds}.
—c0 l<i<d X

However, this is not yet sufficiently simple for applications. We shall consider
three specific examples depending on just one parameter. For ¢ we choose the
normal density

ﬁ { ﬁ2x2 }
1.2) expy— ,
( Crtad )
the double exponential density
B
(1.3) 5 exp{=plx]}

and the 7-density

2.2y—(+1)/2
,BF((V+1)/2){1+/3 X }

D mrem

, with v a positive integer,
%
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where § is a positive constant. The constant 8 measures the strength of tail depen-
dence. We shall see that in all cases small values of B point at strong dependence
and large values of § point at weak dependence. However, the dependence does
not decrease at the same rate in all cases.

As it should be for spatial models, the tail dependence between Z(0) and Z(¢)
decreases monotonically and continuously with |¢]. In particular, when || — oo,
the random variables Z(0) and Z(¢) become independent.

The same happens for fixed + when varying 8: as 8 | O the process becomes
a.s. constant and as 8 — oo Z(0) and Z(¢) become independent (cf. propositions
below). The dependence decreases monotonically as § increases.

Next we extend the definition to processes on R2, that is, to random fields.
It is readily seen that the theory of de Haan and Pickands [5] remains valid if
the underlying Poisson process is based on R x R, rather than R x R, . So we
consider a unimodal (i.e., nonincreasing in each direction starting from the mode)
continuous probability density ¢ on R?. Let {X;, W;, Y;};>1 be the points of a
homogeneous Poisson point process on R? x R, . The process defined by

o Xj—1,W; —1r)

Z(t1, tp) :=max for (11, 1) € R?
izl Y;

is easily seen to be stationary and simple max-stable. The a.s. continuity of the
process follows from an extension of the arguments in [1].

The specific models we consider are analogous to the ones in the one-
dimensional situation:

2 202 2
(1.5) pin1 =1 expf TR
2 2
(we call this the normal model),
2
(1.6) d(t1, 1) = %eXp{—ﬂ(lﬁl + |2)}

(we call this the exponential model) and

p { ﬂz(tf+t§)}‘“
1.7 H,h)=—1+——==¢ , 1
(1.7) ¢(t1,12) o R D) o>
(we call this the r-model), for 8 > 0. Finally we consider the general normal model

B1B2

1.8 = —
(1.8) ¢(t1,12) o l_pzexp{ 21— p?)

(8117 — 201 Batit2 + /322’22]},

where p is the correlation coefficient (—1 < p < 1), for g1, B2 > 0.

The paper is organized as follows. The two-dimensional distributions of the
process are derived for the mentioned models in Section 2. Those are sufficient
for the estimation theory developed in Section 3. The two-dimensional marginal
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distribution for the normal model was derived earlier by Smith in an unpublished
paper [14]. Higher-dimensional marginal distributions do not seem easy to calcu-
late explicitly.

In Section 3 we are mainly concerned with estimating the dependence parameter
B on the basis of observations at finitely many locations from a stationary stochas-
tic process in the domain of attraction of the max-stable process. In all the models
there is a simple relation between 8 and a well-known dependence coefficient for
two-dimensional extremes,

A :zlifgz—lp{l —Fi(X)) <rand 1 — F»(X») <1},
t
where (X1, X») has a distribution function F which is in the domain of attrac-
tion of some extreme-value distribution (F7 and F; are the marginal distribution
functions).

The coefficient A € [0, 1] is related to the general framework of multidimen-
sional extremes in the following way. If

nli)ngo F"(anx + bn, Cny +dn) = G()C, ))),

where the two marginals of G are of the form exp{—(1 + y,-x)jrl/y" },i=1,2, then

1%1:—113{1 — Fi(X)) <txorl— Fy(X,) <ty}
t

N1 y 72—
:—IOgG(x ,y )

Y1 Y2
=:L(x,y)
and

1i£z—lp{1 — Fi(X)) <txand 1 — F>(X») <ty)}
t

=X +y —L(X, )’) = R(X, )’)

Then A = R(1,1).

D. Mason and X. Huang (see [9]) proved consistency and asymptotic normality
for a natural estimator Ii’(x, y) of R(x, y). We use this for estimating A = R(1, 1).
This result leads to a consistent asymptotically normal estimator of 8 based on
observations taken at just two sites, #; and ¢;. In general observations are available
at sites t1, 12, . .., tg (i.e., finitely many). One of our estimators of 8 is the average
of B-estimators based on the various pairs of sites. Consistency and asymptotic
normality follow.

The theory we develop can be used to solve some common problems in spatial
extremes. One is an extrapolation problem: it consists of estimating the extremal
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behavior of a process X (¢) at a site o where no observations are available based on
repeated observations of the process at d different space points t1, #2, ..., t7. An-
other problem refers to the extreme values of the (unobserved) aggregate process
[ X (t) dt over a space region S assuming that the process has been discretely ob-
served at a number of space points in §. Similarly one can look at the tail behavior
of sup,cg X (2).

In order to attack those problems, the estimation of § has to be complemented
by estimation of local parameters: the extreme-value index, the scale and the lo-
cation. The latter objects are not needed for the estimation of 8 but only for the
application.

The proposed models are quite simple examples of the representation in [5],
which is valid for all stationary max-stable processes. It seems that the full model
is not easily applicable: how does one estimate the initial nonnegative L function
and a general group of transformations? Moreover the representation is not unique.
Instead we have tried to look at simpler models which can be analyzed mathemat-
ically. We hope that providing several simple models with quite different features
will widen the scope for applications. Later we want to consider somewhat more
general parametric groups of transformations.

The validity of the model in applications can be checked with the following
steps: estimate 8 as outlined in Section 3, estimate R(1, 1) for each pair of sites
using the relation in Corollary 3.2 and check if this estimate of R(1, 1) is similar
to the direct estimate using Proposition 3.2. We have not done this yet.

2. Marginal distributions for the two models, and in R and R2. We find the
two-dimensional marginal distributions for all the models introduced in Section 1.
Note that in this section, different from other sections, for simplicity and without
loss of generality we consider the standardized process Z, not Z. First we consider
the processes on the line, next the ones on R?.

PROPOSITION 2.1. Fort € R and the exponential model, for wi, wy > 0,

—log P{Z(0) = w1, Z(1) = w2}

e Blsl g=Bls—1|
2.1 / max{ }ds
wy
w—, for0 < wy < e Plthyy,
2
2 L Bt Bt
. =1 —+———, Pty < ,
(2.2) T T fore wy < wy < ePlhw,
1
—, for wy > ePlilyy,
w1
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arctan(e?!') sinf cos@
= m x{ _—, }5(9) do
arctan(e~Alfl) wi w2
(2.3)
1 e Bltl 1 1 1 e Bl
+—max{ ,—}—}——max{—, }
2 w; w2 2 w; w2
where the spectral density s is given by
e Bltl/2
(2.4) ) = (sinf cos0) >/?;

1 1 1 wy
=— 4+ —+ —X<—),
w;  wry  wr \wi

and where the dependence function x is given by

-, 0<s<e Pl
x(s) =1 —e P2 /5, e Bl < 5 < Pl s> 0.
-1, s > ePll,

REMARK 2.1. Formula (2.1) follows directly from [5] and (2.3) reveals the
spectral measure, which has a density on the interval (arctan(e P!y, arctan(eP!'!))
and atoms of size ~/1 +e~2All/2 at each of the two boundary points of that
interval. The last characterization (2.4) is in the spirit of Sibuya [13] and
Pickands [11].

. . —Bls—t] . . o—Bls—1]
PROOF OF PROPOSITION 2.1. The integrand of (2.1) is gei—zt if ei}—zt >
o—Blsl
wy

that is, if

(2.5) s — 1 — Is| < L 1o (ﬂ)
. IB g W .

Since the joint distributions of (Z(0), Z(¢)) and (Z(0), Z(—t)) are the same we
proceed as if ¢ is positive. The left-hand side is ¢ for s < 0,7 —2s for 0 <s < ¢ and
—t for s > t. Hence if %log (%) > t, then inequality (2.5) holds for all s and we

get the first line of (2.2). Similarly, if % log (%) < —t, we get the last line of (2.2).
Next suppose —t < %log (%) < t. In this case (2.5) becomes
1
t—2s < —log (ﬂ>
B w

that is,
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Hence the integrand over this interval becomes

B [ e~ Bls—tl 1 B [1/2-1/2B)log (w1 /w2) ePls—1)
= ds =— — — ds
2 Jip—1/@p)log (wi/wy) W2 wy 2 Je0 wy
_ LU b2,/ 108 )
wy 2wy
1 1 e—Bltl/2
wy 2. Jwiwy
This in combination with the integral stemming from the case el e gives
the second line of (2.2).

To check the equivalence of (2.2) and (2.3) for e Pll < o< ePl!l it suf-
fices to see that the density of (2.2), after transformation to the polar coordinates

r=,/ w1 + w2 and 6 = arctan —1 is r 35(0) (cf. the construction of the spectral
measure in [6]). For (wy, wy) outside this range just evaluate the integral in (2.3).
O

REMARK 2.2. The parameter 8 controls the dependence: if B — oo, the spec-
tral density s(6) goes to zero and the spectral measure is concentrated at the points
{0, %}. This means that X (0) and X (¢) are independent. If 8 | 0O, the spectral mea-
sure concentrates on {%}. This means that X (0) = X (¢) a.s.

PROPOSITION 2.2. Fort € R and the normal model, for wy, wy > 0,
—log P{Z(0) < w1, Z(t) < w2}

el 1 wz) <ﬁ|t| I wl)
26 _———1————1—
(26) <2 TR AR R TR
71/2
2.7) = / max{sme Cz)se}s(e)de,
2

where the spectral density s is given by

6) = ! { ! (1— Lo 9)) <M+Ll(t 9))
W)= Blt|sin@ cosé | cosd \ 2 t2,32 nian 2 1718 e

(1 g1
B s

11 1w
(2.8) =—+—+—x(—>,

w1 w2 w2 wi

where the dependence function x is given by

x(s)=—sP (—%—#1 s)—¢<—¥+# S>, s > 0.
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REMARK 2.3. Again the parameter 8 controls the dependence: if § — oo,
the variables Z(0) and Z(¢) become independent; if 8 | 0, we get Z(0) = Z(¢)
a.s.

REMARK 2.4. This distribution function has been obtained in a number of
ways in the literature. Eddy [7] found it when studying convex hulls of samples.
Hiisler and Reiss [10] obtained the distribution as the limit distribution of the com-
ponentwise maxima in a triangular array where the distribution of the nth array is
the two-dimensional normal distribution with correlation coefficient p (n) such that
lim,,— (1 — p(n)) logn exists. A related reference is [2]. In [14] Smith developed
the distribution in the same way as it is done here. The distribution is mentioned in
[3] and [12]. Falk, Hiisler and Reiss [8] obtained the distribution as the pointwise
maximum of independent Brownian motions shifted by an amount corresponding
to points of a Poisson point process. Another way of obtaining the distribution is

—log P{Z(0) < w1, Z(t) < wa}

11
= Emax{—, — exp (NBt — 52t2/2)}, reR,
w; w2

where N is a standard normal random variable.

PROOF OF PROPOSITION 2.2. Clearly the distribution depends only on |z].
So we consider ¢ > 0 only:

B oo —Bu?/2 =B u—1)*/2
—logP{Z(O)Swl,Z(f)SU)Z}:m/ max{ w; wr }du.
—o0

—p2ur)2 BP0 . Bt | 1
e e pt 1 w2
Now o 2 s if and only if Bu < 5 ﬁ In =2, hence

—log P{Z(0) < wy, Z(t) < wa}
1 1 pBt/2+(1/BD nws/w

B w_l V2T J—o0
1 1 o0
w2 /27 ﬁt/2+(1/ﬂt)lnwz/w1

= (5 /3_1 a)*i{l‘ (‘ﬂ—+%1 o))

Hence the first part of the result. In order to obtain the second result note that

r3s(0) = (—

(cf. the construction of the spectral measure in [6]). [

e_”2/2 du

e~ W=B*/2 g,

2

[ log P{Z(O) < w1, Z(1) < wz}]>
dwq dwy

w=r cosf,wr=r sind
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PROPOSITION 2.3. Fort € R and the t-model, for wi, wy > 0,

—log P{Z(0) < wy, Z(t) < wn}
1

— 0<wy<b,

’ (v+1)/2w
w2

v ’

1 1
_pl,U(ﬂa ta'x) + _(1 - p2,v(,3, tvx))v
wi w2
b;i”+1)/2w1 <wy < wi,

2 t
(2.9) = _P{Tv,lfm}, W) =wy =:w,
w 2

1 1
— (1= p1v(B,t,%)) + —p2.u(B,t,x),
wi wo

- 1)/2
w1<w2<b1f)v+)/w,
1 —(v+1)/2
I w) Zbl f)v+ )/ wi,
w1 ’

where

B Bl | B

biy,=1+———,/1 ,
by + 2v Jv + 4v
B** Bl Bt
b,y =1+ —+—,/14+—,
2,v + " + ﬁ + 4y
Bt t2x v
Jt,x)=P{\|T, | — < —_ 1
pl,v(,B X) { v, 1 1—x 13 (1 —X)2 }32
Bot.x)=PL|T Btx <p t2x v
9 ,x = - = — 5 (>
P2y v, 1 1 —x (1 —X)2 /32

T,.1 is a random variable with a Student t-distribution with v degrees of freedom

and scale parameter 1 and x = (3—;)2/(”“);

L1 1 (w
(2.10) =—+—+—x(—>,
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where the dependence function x is given by

—s, 0<s sz—(vuﬂ)/z’
Spl’v(lB’ t’ S_Z/(v+1)) bl pz,v(ﬂ’ t, S_Z/(V‘l']))’
b2_,$)v+1)/2 —s<l.

x(s)=
_Spl’v(ﬁ’ t’ S_Z/(v+1)) - 1 + p2,v(137 t, S—Z/(U-‘rl))’

l<s< bl—’gv—l-l)/Z’

—1, s > bl_f)vﬂ)/z,

s > 0.

REMARK 2.5. The spectral measure corresponding to (2.9) is concentrated

on [bz_’f)wr])/z, bl_’f)wr])/z], having a density on (b;i”+1)/2, bl_’f)wr])/z

each of the boundary points of the interval.

) and atoms at

PROOF OF PROPOSITION 2.3.

—log P{Z(0) < w1, Z(t) < wy}

BT/
NN
" foo {(1 + B2 /v)~ D2 (14 B u _,)2/v)—<u+1)/2}
max , du.
oo wr -

2.2 —(v+1)/2 20,2 —(v+D/2 .
Now {+A7u l/v”l) * > U+8w ’1)02/”) % if and only if (1 — x)u? — 2tu >

_(d-=xy

ﬂ2

2.11) ( ¢ )2> xt? v
(@ TS o=

— 2. This is equivalent to

if 0 < x < 1 and to the reversed inequality if x > 1. Hence if 0 < x < by ,, then
(2.11) holds for all u and we get the last line of (2.9). Similarly if x > by ,,, we get
the first line of (2.9). In the case b1, < x < 1 condition (2.11) becomes

t 2

1—x

- xt v
“Va-x? g

u —

that is,

> - < — -
T aor g2 Tty WaZa B
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Hence the integral over this interval becomes

BL((v+1)/2) t/A=0)—~/x2/(A=0)2=v/B> (] 4 g2y2 /p)~(+D/2
VL (v/2) J-oo

AU ((v+1)/2) [+

VTVL(0/2)  Jij(—x)++/x12/(1=x)2—v/B?

o

1

w1

w2

. . 2.2 \—(w+1)/2
by., we get the second line of (2.9). Note that in the case x =1, A+pPu? /)07
A+ u—1)>/v) =2

w2

w1

L. DE HAAN AND T. T. PEREIRA

du

w1

(1 +182u2/v)7(v+1)/2

w1

du

)

xt? v
i
1—x (1—x) B
Bt xt?
+1_Fv,l +IB
1—x

v
(1—x>2_ﬁ>}'

This, in combination with the integral stemming from the case
A+ =)/ "+

(1+ﬁ2u2/v)7(v+l)/2
w <

, gives the fourth line of (2.9). Similarly in the case 1 < x <

wi

ifand only if u <t/2 fort > 0 and u > ¢/2 for t < 0. Hence
we get for (2.9) 2 P{T, | < Blt|/2}. O

Next we move to the two-dimensional models.

PROPOSITION 2.4. For t = (t1,12) € R? and the exponential model, for

wi, wy >0,

—log P{Z(0,0) <wy, Z(t1, 12) < w2}

(2.12)

1
Jwiwy

1
Jwiws

1

Jwiws

e~ Bnl+ln/2

=Bl I+nh/2]

e~ BUnl+lnl)/2

(w1, w2) € Ay,

It + 102 1 <w1>}
BT L “ 22,
a1\,

(w1, wp) € As,
min(|t1], Ilzl)]
2 b

148

1+ 8

(wy, wy) € Az,

It + 102 1 <w2)}
BT L Zm =2,
. a5,

(w1, wp) € Ay,

1+ 8

(w1, wr) € As,
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where

1 wi
A= (wr,wa):=In{ — ) < —=(t1] + 2] ¢,
B w)
1 w1
Ay =1 (wi,w2):—(t1] +|2]) < - In| — | < || Alt2| = |t1] V |82] {,
B w)
1 wi
Az = (wl,wz)ilfll/\lle—Itll\/ltzISEln<w—2)<|f1|\/|f2|—|11|/\|12| ,

1 wi
Ag= (wl,w2>:|t1|v|tz|—mwms—ln(—)<|r1|+|tz|},
B wo

1 wi
As= (wl,m):—ln(—)z|n|+|tz|}.
B w2

PROOF. We work out the integral as in the one-dimensional case on the areas
of u defined by |u; — 1| + |uz2 — 82| — |u1| — |uz| 2 %ln(ﬁ—;). It is convenient,
similarly to the one-dimensional case, to consider separately the nine areas defined
by the position of ©; with respect to 0 and #; and by the position of u, with respect
to 0 and #,. So, for example, if 0 < #| < t2, we can write

lur —t1] + lua — t2| — |ug| — |uz]

—t — 1, ifu; >t and up > 1o,
—2ur+1t —1t, ifu;>tpand 0 < uy < 1y,
nh—1, ifu; >t and up <0,
—2u1 +1 — 1, if0<u; <t;and up > 1,
=14 —2u; —2ur+1t +t, fO0<ui<tyand 0 <uyp < 1y,
—2ui+t+1, fO<u; <tjandup <O,
t — 1, ifu; <0and up > 1,
—2ur+1t)+1, ifu; <0and 0 < uy < 1,
Hn+n, ifu; <0and uy <O.

The calculations are complicated but not difficult. [
PROPOSITION 2.5. Fort = (11, t2) € R? and the normal model, we have for
wi, wa > 0,
—log P{Z(0,0) < wy, Z(t1, 12) < wy}
1 t 1 1 t 1
= —@(M + —log%> + —@(M + —logﬂ),
wi 2t Tw w 2t Twe

that is, it is the same as in the one-dimensional case with |t| replaced by |t|.

(2.13)
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2102 2 2
—p%u?/2 -2 u—t2/2
e e
>
o w3 if and

only if ﬁ% < # + ﬁ log z—? Next note that if the vector (Uy, U,) has a

PROOF. As in the one-dimensional case. Now

standard two-dimensional normal distribution, % is also standard normal.
The rest of the proof is as in the one-dimensional case. [

PROPOSITION 2.6. Fort = (11, 1) € R? and the t-model, for wy, wy > 0,

—log P{Z(0,0) < wy, Z(t1, 1) < wa}

1 —
—_, 0 <wy <b, wy,
) ,

1 1
—P{(T1,T2) € Ao} + —P{(T, T2) € AS ),
wi w2 ’

bz_,‘;wl <wy < wi,

(2.14) 2
=3\ —P{T <|t]/2}, w;=w)=:w,
w
1 1
—P{(T, T2) € A} ,} + —P{(T1, Tr) € Aru},
w1 ’ w2
w) < wy < bl_’gwl,
1 _
_— wy > by qwi,
where (T1, T2) is a random vector with bivariate t-density (1.7),
21412 21412
t t t
bl,a:1+ﬁ|| B 1_i_ﬁll’
4a—1) S2@—1) 8(a — 1)
B2t Blt] B2t
bro =1+ + 1+ ,
2 Ha—1)  Pa=1 8(a—1)
2 2
t t
Al,a={(u1,u2)€R23<u1— ! ) +(u2— 2 )
1—x 1—x
- x|t)? ﬂa—D}
~(1—x)? B? ’
fix \2 fx \2
Az,a={(M1,M2)GR23(M1— ! ) +(u2— 2 )
1—x 1—x
- x|t|? ﬂa—D}
~ (1-x)? B>
and

(w1>l/a
X =\|— .
w2
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PROOF. Analogous to the one-dimensional case. [

PROPOSITION 2.7. Fort = (t;,1) € R? and the general normal model, for
wi, wp >0,

—log P{Z(0,0) <wi, Z(t1, t2) < wa}

1 /T2 Tt |
(2.15) - —q>( 4 log ﬂ)
wi 2 VTt wy

1 NAUDY 1 w1
+ —CID( + log )
2 2 VTE-1t " ws

w
where
2
sl 1 ,31 —pB1B2
1—p2 | —pBif> B3
) ) ) 'z~ —@-Tz  w-v2 .
PROOF. As in the one-dimensional case. Now ¢— e ¢ i

wi - w2
and only if 'z 1t < @ + log z—f Next note that if the vector U = (Uy, Uyp)
has a bivariate normal distribution with mean value zero and covariance matrix X,
U £~ !t has a normal distribution with mean value zero and variance t” £ ~'t. The
rest of the proof is as in the one-dimensional case. [

3. Estimating the dependence parameter 8. We consider a sequence of in-
dependent, identically distributed stochastic processes with continuous paths

{Xi(®)}ier, i=1,2,....

We assume that the processes are in the max-domain of attraction [as processes in
C(R)] of a max-stable stationary process {Z (t)}ser such that the related process Z
(see the Introduction) has exponential spectral function (2.2) or (2.12), or normal
spectral function (2.6) or (2.13), or ¢ spectral function (2.9) or (2.14) as discussed
in Section 2. For definition of convergence and convergence criteria see [4].

Ideally it would be nice if we could assume that we have observed the sample
paths of n processes X as a basis for estimation of the main parameter 5. However,
in reality this is too much to expect. Usually one can observe the n processes only
at finitely many points in space, say #1, f2, ..., f4.

In this setup we propose estimators for § that are closely related to an extension
of the estimator I%(x, y) for the dependence function R(x,y) which was intro-
duced by Mason and Huang (see Huang [9]),

A 1
Riy g1 Xa) = D LX) X, 1m0 X3 ()= Kot 1510 ))
i=1
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with k < n, where {X; ,(¢;)}_, are the nth-order statistics of {X;(¢;)}7_, for j =
1,2,....d.

Let us now introduce our estimators in R. All three densities have the form
Boo(Bt). Corollary 3.2 below states that

+o0
Ry, iy, 1) =2 @o(t)dt

(B/2)(max|<j<qtj—min|<j<qt;)

=2{1 — F(é< max f; — min tj))}
2 \1<j=d I<j<d

with F(t) := " __ @o(s)ds. It follows that
2F (1 =Ry iyt (1, 1,...,1)/2)

max<;<qfj —Min|<j<ql;

ﬂ:

Hence we introduce the estimators

BU,ZzF*a—ﬁm%wwaJ“nAvm

max| <j<alj — Mini<j<at,

and
. 2 >
hr=go—r 2

1<j<m=<d Itj — tm

F=(1 =Ry ,(1,1)/2).

Considering the two-dimensional space, note that the standard normal and Student
densities are spherical symmetric. This means (cf. proof of Proposition 2.5) that
it is sufficient to consider the marginal distribution and hence we introduce the
estimators

. 2 2
pri= dd—1) 2 It — t]

1<j<m<d

F(1 = Ry, (1. 1)/2),

with F the (common) marginal distribution corresponding to ¢o (standard normal
or Student). The exponential model in two-dimensional space is more complicated.
We consider

~ 2 A
Be2:= m - Z Qajonbjum (Rtjstm(lv D)
<j<m<d
with a;, = |t1(j ) _ tl(m)|, the absolute difference of the first components of
t; and t,, and b;, = |t2(") — tz(m)l and O, the inverse function of %(1 +

gmin(a, b)) exp{—g(a + b)}, which is decreasing in g for a, b > 0.

Note that ,3 () is simpler than ,3 and summarizes the information of the sam-
ple in a somewhat more crude way. We could not find analogues of A1 in
two-dimensional space since we were unable to calculate explicitly the necessary
higher-dimensional distributions.
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All the mentioned estimators are consistent and asymptotically normal under
the appropriate conditions. We now state the results. The proofs will be given at
the end of the section after some lemmas. First we consider consistency.

THEOREM 3.1. Suppose that the normalized sequence of maxima [see (1.1)]
converges weakly to {Z(t)} in C(—o00,00). For sequences k = k(n) — oo,
k(n)/n — 0 as n — oo (recall that the sequence k figures in the definition of I%),
all the indicated estimators are weakly consistent for B.

Also the estimators are asymptotically normal under some extra conditions, that
is, \/I;(,BA — ) has asymptotically a normal mean zero distribution. In order to de-
scribe the asymptotic distribution more accurately, we now state a slight extension
of a result of Huang and Mason.

PROPOSITION 3.2 ([9], pages 29 and 43). Let {(X;(t1),..., X;(ta)}72, be
i.i.d. random vectors with distribution function F. Suppose that the marginal dis-
tributions F; (i =1,2,...,d) are continuous and strictly increasing. Define

Frpooty (X1, xg) =1 = F(FF (1 =x1), ..., F; (1 = x))
=P{l — F1(X(t1)) <xyor - or1 — Fg(X(t3)) < xq},

where the arrow denotes inverse function. Suppose that for all x1, x3,...,x4 >0,
X1+ x2+ -+ xqg > 0 and a positive function L,
1
(31) lllfg;Fll,lz,...,ld(txl’tx25"'7txd):Lll,l‘z ..... ld(x17x25"'7xd)'
Next we introduce the definition of a function R which is connected with the func-
tion L as follows. Let vy, 1. .1, be the measure that satisfies for x1, x2,...,xq >0
Vit U1, oo Sa)Is1 S xpor - orsqg <xq}y =Ly 1, (X1, .., Xa).

Such a measure exists by virtue of (3.1). The function R is given by

Riy ity (X1, X2, o Xa) 3=V 1y, ([0, X101 X [0, x2] X -+ X [0, xq]).
Define
R n
Riy, oty (X1, - Xq) = A Z I{Xi(tl)ixnf[kxl]ﬂ,n(Zl)w-’Xi (ta) > Xn—kxg1+1.0 ()}

i=1

where Xy _[kx;1+1,n(tj) is the (n — [kx; ]+ 1)st-order statistic of X1(t;), X2(¢j), ...,
Xn(tj), j=1,2,...,d. Then for all x1,x3,...,x3>0,x1+x2+---+x4 >0,

(32) Rl‘],l‘z ..... td(-xlvxZa---axd)_) Rl‘],l‘z ..... l‘d(-xhxz’---a-xd) inprobability,

n— 00, k=k(n)— oo, k/n— 0.
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Lt(lj,)tz,...,td’ j=1,2,...,d. Moreover suppose that for some o > 0
ﬁl],[z,...,td(txli t-x27 L) txd)
(3.3)

:t{Ltl,tz ..... td(xlsxz""vxd)—i_O(ta)}v t\l/()?
uniformly on x12 +x% +-- +x§ =1,x;>0,i=1,2,...,d. Then for a sequence
k= k(n) — oo with k = o(n?*/2+tDy 'y — oo,
A d
(3.4) \/];{Rtl,..,,td(xlv cey Xd) — Rtl ..... td(xl’ .. -,xd)} - Bn ..... td(xl’ ey Xd)
in D(Ri), where

Bty bty (X1, X2, 5 Xa)
=Wl‘1,t2 ..... td(x15x2""sxd)
Y]
_Ltl,tz ,,,,, td(x]aXZa---a-xd)Wl],tz ..... td(xlv()’"'vo)

(d)
.“_Lt17t2 ,,,,, td(x17x27"'9xd)Wll,lz ..... ld(ovo""vxd)

and W is a continuous mean zero Gaussian process with covariance structure

EWy ... td(xl,---’xd)th ..... td()’l,---,yd)=vt1 ..... td(Axl,...,xdmAyl ..... yd)

Axquz ..... X4 = {(tl,tz, ...,td)|t1 <X|yo0rt)<Xxpor ---orty <xd}.

The function L is called the tail dependence function and it is directly related
with the extreme-value limit distribution. In fact if F' is in the domain of attraction
of an extreme-value distribution G, condition (3.1) holds with L(xy,...,xg) =
—logG((—logG1)“(x1),...,(—1logGy) < (xq)) where Gy, ..., G4 are the mar-
ginals of G.

REMARK 3.1. For the exponential model in one-dimensional space
ﬁ o0
Ly (X1, Xg) = 5./ max(xle_ﬂls_”l, .. .,xde_ﬁls_tdl)ds
—00

and (see Lemma 3.1 below)
o0
Ry (X1, ey Xg) i= g/ min(xje P01 xgem Pl g,
—00

Similarly for the normal model and the #-model.
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THEOREM 3.3 (One-dimensional space). Suppose for the processes {X,(t)}
the limit relation (1.1) holds and moreover the second-order condition (3.3): for
some o > 0

15 (X1, .. txg) =t{—log P{Z(t;) < 1/x1,..., Z(tg) < 1/xq4} + O(t%)},

t¢0,uniformlyonx%—l—x%-i—---—i—xszl,xi20,i=1,2,...,d.
Ifk =k(n) — o0, k(n) = o(n**/ ¥+t 45 n — oo, then

R ) 2B;,, (1,1) 1
35 V(B - -
(3.5) Br=P= a=1 2= =l 2Bl =D

j<m

and

Vk(B - B)
3.6)
ZBflJz ,,,,, td(l,l,...,l) 1
max|<j<qlfj — Minj<j<qt;j go(f(Maxi<;<qt; — minj<j<qt;)/2)

in distribution. Here B is as in Proposition 3.2.

THEOREM 3.4 (Two-dimensional space). Under the same conditions,
2By 1, (1, 1) 1
Itj —tm| @o(BIt; —tnl/2)

N 2
37 VkB-p — TR >

j<m

and

38) Vk(Ber—B) — d( T 2 B (D€, 5, (051, (8)
]<m

in distribution, where ajy, .= |t(j) m)| bjm = |t(]) tz(m)l.

For the estimation of the general normal model we proceed as follows. Write
oo | Bt —rP1B2
L=p* | —pp1B2 B3
with —1 < p < 1 and 81, B2 > 0. For two sites t; and t,,, (1 < j <m < d) we write
(t;) —tm>T2—1(t,- — tn)
1
(1) 1

— 208152 ( /D t,%l))( 2 t<2))+/3 ( ) 1,512))2}

_ T
_tj’ma,
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where
ti=" ) forj=1.2.....d
(IJ(-I) . tr(nl))z
— (1) My, (2
tm=| (t;" —tw)(t;” —tm")
2 2)\2
(RGN
and
1 pi
(3.9) a:= 5 | —20B182
1—p )
5

Now note that

2= Ry, (1. 1) = L, (1, 1) = 20(,/1t; — t|T 51 [t; — t1/2).
Hence we define estimators
(3.10) Ojm =20 (1 Ry, (1,1)/2))".
Using the result of Proposition 3.2 and Cramér’s delta method we get
~ d _
GAD)  VE(Qjm —th,a) 5> 2By, (1 DT a(e(/t],a/2) 7",

where ¢ is the standard normal density. Now compose the (d(d — 1)/2)-dimen-
sional vectors

Qd—l,d
and
T
ti o
T
_ t) 3
T
ti_ 1.4
Then

(3.12) VE(@G—Ta) % b
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with
_ A
By, 1,(1,1) t’{za(qs( t{za/z))
—1
By, 1;(1,1) t'{3a(¢( t{3a/2))
b:=2
-1
| B (L DYt 4a(e (/8 ,a/2)) 7" |
Next define
(3.13) a.=Tr'n-'rq.
Then

G.14)  VkG-—a) =@'T)'TTVk(@G - Ta) > @r)~'17b.

By solving the equations (3.9) we get

2
— )
pi:=|ai day
2
N
P2 :=,la3 dar
and
Ly— az
= 2./aiaz
Cramér’s delta method now gives the joint asymptotic normality of the estimators
~2
A R a
(3.15) Pri=\la1— =,
4a;
. [ &
(3.16) Pri=yjaz— =
aj
and
(3.17) pi=——2

2Jaas

For the proofs of the theorems we need a number of auxiliary results.

LEMMA 3.1.  Suppose for some measure v on R¢ and some positive integrable
functions gy, ..., g4

v([x1,00) U---U[xq4,00)) :f_ max{gi(x —x1), ..., ga(x —xq)}dx.
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Then

v([x1,00) NN [xg,00)) = f_oo min{g;(x — x1),...,84(x — xg)}dx.

PROOF. Note that

v([x1, 00) U[x2,00) U---U[xg4,00))

d
=> v([xi,00) + (=D > v([xi, 00) N [x}, 00))

i=1 ij
4o+ (=D ([x1, 00) N [x2,00) N -+ N [xg, 00)),

and for any real ay, as, ..., aq,
d
max(a, a2, ..., aq) = y_ai+ (=) Y ai naj+---+ (=D larnaa A Aag
i=1 ]
(both follow by induction). Then the statement also follows by induction. [l

COROLLARY 3.1. Hence for our models in R

too L p(s—1)
R ..., zd(m,Xz,.--,Xd):/ min ————ds.
—00 i Xi

REMARK 3.2.  We apply Lemma 3.1, for example, to the functions g;(x) :=
—Blx|
ewj' '

LEMMA 3.2. Suppose p is a probability density on R, p(x) = p(—x) for
x > 0 and p(x) is decreasing for x > 0. Then

[ mintpts = b, plls = 14 ds
(3.18) B
=2 p(s)ds.

(1/2)(max|<j<qt;—mini<;<qt;)
PROOF. Note that

min{p(|s — 1)), ..., p(Is —ta])}

= min s — min t;|], $ — max t;
{p( I<j=d ]) p( 1<j<d ’D}
pl|s— min ¢t;|), s > mintj—i—% max f; — min ¢; |,
I<j=d - 1<j<d 1<j=d l<j<d -
p(s— max f; ), § < min tj+%<max tj — min tj>.
I<j=d I<j=<d 1<j=<d I<j=<d
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So the integral on the left-hand side equals

s — min t;| |ds.
I<j=d

0.¢]
2 p(
minlsjgdtj+(1/2)(max15j§dtj—minlsjfdtj)
COROLLARY 3.2. Hence for our models in R

o
,...,1):2/ b (s)ds
(1/2)(max15j5dtj —minlﬁjgdtj)

:2{1 - F<E< max f; — min tj)>}.
2 \l<j=<d 1<j=d
LEMMA 3.3. Under the conditions of Theorem 3.3,

R B -
\/I;{Rll,-mtd(l’ D= 2[1 B F(E(f?ﬁd” a 1r_<nj12dtj)>“

(3.19)
- Btl,...,td(l» 1)

in distribution with B as in Proposition 3.2.
PROOF. Combine Proposition 3.2 and Corollary 3.2. [J

LEMMA 3.4. Under the conditions of Theorem 3.4, for the standard normal
and Student models,

(3.20) x/lz{ﬁtj,tm(l, 1) — 2(1 — F<§(|tj — tm|)))} — Bt 1, (1, 1)
in distribution. For the exponential model

A 1 ;
\/%{Rtj,tm(ls 1) — 5(1 + gmin(“l(l) _ tl(m) ,

(3.21) x e—(ﬁ/2)(rf”—rf””|+|t§“—t£"”|))}

— By, 1, (1, 1)

4

in distribution, where t; = (tl(j), tz(j)), t, = (tl(m), tz(m)).

PROOF. Propositions 2.5, 2.6 and 2.4 give Ltj,tm(l,l), which is
2= Ry, (1D O

PROOF OF THEOREM 3.1. Follows immediately from statement (3.2) of
Proposition 3.2 and Lemma 3.2. [J

PROOF OF THEOREMS 3.3 AND 3.4. Immediately from Lemmas 3.3, 3.4 and
Cramér’s delta method. [J



168

L. DE HAAN AND T. T. PEREIRA

Acknowledgments. Comments of two referees made us aware of Smith [14]
and helped greatly to improve the presentation.

[10]

REFERENCES

BALKEMA, A. A. and DE HAAN, L. (1988). Almost sure continuity of stable moving average
processes with index less than one. Ann. Probab. 16 333-343. MR0920275

BROWN, B. M. and RESNICK, S. I. (1977). Extreme values of independent stochastic
processes. J. Appl. Probab. 14 732-739. MR0517438

COLES, S. G. (1993). Regional modelling of extreme storms via max-stable processes. J. Roy.
Statist. Soc. Ser. B 55 797-816. MR1229882

DE HAAN, L. and LIN, T. (2001). On convergence toward an extreme value distribution in
CI[0, 1]. Ann. Probab. 29 467-483. MR1825160

DE HAAN, L. and PICKANDS, J., III (1986). Stationary min-stable stochastic processes.
Probab. Theory Related Fields 72 477-492. MR0847381

DE HAAN, L. and RESNICK, S. I. (1977). Limit theory for multivariate sample extremes.
Z. Wahrsch. Verw. Gebiete 40 317-337. MR0478290

EDDY, W. F. (1980). The distribution of the convex hull of a Gaussian sample. J. Appl. Probab.
17 686-695. MR0580028

FALK, M., HUSLER, J. and REISS, R.-D. (1994). Laws of Small Numbers: Extremes and Rare
Events. Birkhduser, Basel. MR1296464

HUANG, X. (1992). Statistics of bivariate extreme values. Ph.D. dissertation, Tinbergen Insti-
tute.

HUSLER, J. and REISS, R.-D. (1989). Maxima of normal random vectors: Between indepen-
dence and complete dependence. Statist. Probab. Lett. T 283-286. MR(0980699

[11] PicKANDS, J., III (1981). Multivariate extreme value distributions (with discussion). Bull.
Inst. Internat. Statist. 49 859-878, 894-902. MR0820979

[12] SCHLATHER, M. (2002). Models for stationary max-stable random fields. Extremes 5 33-44.
MR1947786

[13] SiBuYyA, M. (1960). Bivariate extreme statistics. 1. Ann. Inst. Statist. Math. 11 195-210.
MRO115241

[14] SMITH, R. (1990). Max-stable processes and spatial extremes. Unpublished manuscript.

ECONOMETRIC INSTITUTE DEPARTMENT OF STATISTICS

ERASMUS UNIVERSITY AND OPERATIONAL RESEARCH

ROTTERDAM FACULTY OF SCIENCE

NETHERLANDS UNIVERSITY OF LISBON

E-MAIL: ldehaan @few.eur.nl CAMPO GRANDE, BLOCO C6, P1so 4

1749-016 L1ISBOA
PORTUGAL
E-MAIL: tpereira@fc.ul.pt


http://www.ams.org/mathscinet-getitem?mr=0920275
http://www.ams.org/mathscinet-getitem?mr=0517438
http://www.ams.org/mathscinet-getitem?mr=1229882
http://www.ams.org/mathscinet-getitem?mr=1825160
http://www.ams.org/mathscinet-getitem?mr=0847381
http://www.ams.org/mathscinet-getitem?mr=0478290
http://www.ams.org/mathscinet-getitem?mr=0580028
http://www.ams.org/mathscinet-getitem?mr=1296464
http://www.ams.org/mathscinet-getitem?mr=0980699
http://www.ams.org/mathscinet-getitem?mr=0820979
http://www.ams.org/mathscinet-getitem?mr=1947786
http://www.ams.org/mathscinet-getitem?mr=0115241
mailto:ldehaan@few.eur.nl
mailto:tpereira@fc.ul.pt

	Introduction
	Marginal distributions for the two models, and in R and R2
	Estimating the dependence parameter beta
	Acknowledgments
	References
	Author's Addresses

