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SELECTING OPTIMAL MULTISTEP PREDICTORS FOR
AUTOREGRESSIVE PROCESSES OF UNKNOWN ORDER

By CHING-KANG ING
Academia Snica and National Taiwan University

We consider the problem of choosing the optimal (in the sense of
mean-squared prediction error) multistep predictor for an autoregressive
(AR) process of finite but unknown order. If a working AR model (which
is possibly misspecified) is adoptedr fmultistep predictions, then two
competing types of multistep predictors (i.e., plug-in and direct predictors)
can be obtained from this model. We provide some interesting examples to
show that when both plug-in and direct predictors are considered, the optimal
multistep prediction results cannot lgeiaranteed by correctly identifying
the underlying model's order. Thisnfiling challenges the traditional model
(order) selection criteria, which usually aim to choose the order of the
true model. A new prediction selection criterion, which attempts to seek
the best combination of the prediction order and the prediction method, is
proposed to rectify this difficulty. When the underlying model is stationary,
the validity of the proposed criterion is justified theoretically. To obtain this
result, asymptotic properties of acculaiied squares of nhiistep prediction
errors are investigated. In addition to overcoming the above difficulty, some
other advantages of the proposed criterion are also mentioned.

1. Introduction and overview. In recent years there has been growing
interest in the study of multistep prediction in various time series models [e.g.,
Findley (1984), Tiao and Xu (1993), Bhansali (1996, 1997), Haywood and
Tunnicliffe-Wilson (1997), Hurvich and Tsai (1997), Findley, Potscher and Wei
(2001, 2003) and Ing (2003), among others]. Through these previous efforts, some
new parameter estimation, prediction and model selection theories related to this
research topic have been established. However, the problem of how to choose
models to minimize multistep mean-squared prediction error (MSPE) has still not
been clarified even for autoregressive (AR) processes. This motivated our study.

To fix ideas, let us assume that observations. ., x,, are generated from the
stationary AR model

p1
(1.1) X41= Y @iXp1-i + €41,

i=1
where 1< p1 < oo is unknownga,, # 0, thes,;’s are (unobservable) uncorrelated
random noises with zero mean and common variarteand the characteristic
polynomialA(z) = 1—aiz —--- —ap,z”* has no zeros inside or on the unit circle.
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This last assumption implies that,1 has a one-sided infinite moving-average
representation

o0
Xt+1= Zbib“t-&-l—i,
i=0
where b; = 1 for i = 0 and |b;| < coe ¥ for i > 1 and some positive
numberscg and c1. For later reference we also define the parameter space of
interest:

A={(d1,...,dp) :—00 <di <ooforl<i<pgand
1—diz—---—dpzP # 0 for any complex numbeg| < 1}.

To predict x5, h > 1, under the situation wher@s is unknown, it is
common to use a working AR model, which is possibly misspecified, to replace
the true underlying ARf{;1) model. Then a natural predictor af,;, can be
obtained by repeatedly using the fitted (by least squares) working model with
the unknown future values replaced by their own forecasts. In the following
discussion this predictor is referred to as the plug-in predictor. More specifically,
let the order of the working AR model be denotedignd let the least-squares
estimator of the coefficient vector in the working model be denoted, by, k) =
(a1.n(k), ..., ax.n(k)), whered, (1, k) satisfies

R 1 n—1
a1 &L K0 = — > %;(k)xj41
j=k

with x(k) = (x‘,- ceey XJ_k+1)/ and

1 n—h
—————— > "X (X (k).
n—h—k—i—lj:k J

Then, forh > 1 the plug-in predictor can be expressed by
1.2) Xnn (k) =X, (k)& (h, k),

wherea, (h, k) = A'~1(k)a,(1, k), and with1,, and0,,, respectively, denoting an
identity matrix and a vector of zeros of dimensian

A <k>—(én<1 o IH)
T ey )

(Note that Ag(k) = I;.) On the other hand, the direct predictor of.,
Xn+n(k), suggested by Findley (1984), is also frequently used as an alternative,
wherex, 1 (k) is obtained through a linear least-squares regression.gf on

Xty ..., Xi—k+1, thatis,

(1.3) Xnn (k) = X, (k)8 (h, k),

Co(h, k) =
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wherea, (h, k) satisfies
R 1 n—h
r,h,ba,hk)=——7-— Xi(k)xipip.
n( )an( ) n—h—k#—l;{ ]( )x]-i—h

Viewing (1.2) and (1.3), it is obvious that the plug-in and direct predictors
are identical wher = 1. Forh > 2 Ing [(2003), Theorems 1 and 2] showed
that the plug-in predictor has an advantage over the direct predictor in situations
where the order of the working modé, is not less tharp;. More specifically,
ash > 2 andk > p1, the MSPE of the plug-in predictor,

MSPEP, (k) = E (xn4n — %n4n (k).
and that of the direct predictor,

MSPED; (k) = E (xn4n — %n 1 (K)),
have the property

- MSPED,, ; (k) — o
n=00 MSPEP, (k) — o

(1.4)

whereo? = 02 Y./ _5b2. Therefore },1, (k) is asymptotically more efficient than
Xn+n (k) whenk > p1 andh > 2. For more details, see (2.2)—(2.4) of Section 2.
Ing (2003) also compared the prediction efficiencies,of; (k) andx,1,(k + 1)

and those ok, (k) andx,,,(k + 1) for k > p1. Under certain conditions it was
shown in Theorem 3 of Ing (2003) (see also Theorem 2.3 of Section 2) that

MSPEP, j,(k + 1) — o

(1.5) im > 1
n=c0  MSPEP, (k) — of
and
MSPED,, ,(k +1) — o2
(1.6) im nh(k+1) hd
n=00  MSPED, (k) — of

hold for 2 > 1 andk > p;. Inequalities (1.4)—(1.6) suggest that from the MSPE
point of view, X,1,(p1) seems to be the optimal choice among two competing
families of candidate predictors,

fam”y I = {)en—&-h(l), cees J?n-i—h (K)}
and
family Il = {X,, 14 (D), ..., X0 (K)},

where K is known to satisfyK > p;. [Note that we sometimes ugg, 1) to
denotex,, 1, (k) and usek, 2) to denotex,,,(k).] Surprisingly, whem: > 2 this
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conjecture is not true, provide@s, ..., a,,)’ falls into some nonempty subset
of A.

To see this, let us begin with the linear predictomef;,, 2 > 1, based on the
infinite past,x;_;, j > 0, with the smallest MSPE. Let this predictor be denoted
by x;15. Then we have

Ph
Xepn =Y _aj(h, pp)xiy1—;,
j=1

wherea,, (h, py) # 0 and

(a1(h, pp), ..., ap, (h, pp)) = ap(h, pp)

with ap(h, k) = T2 &) (v, - ... vark-1), Tk) = E(xe(k)xj(k)) and y; =
E(x;x;—;). We also have

(1.7) Xwh =Xeth + Nens

wheren; , = Z?;ébjet+h_j. Model (1.7) is referred to as thestep prediction
model that corresponds to model (1.1) [note that wheal, a;(1, p1) = a; for
Jj=1,..., p1]. One notable but often disregarded feature of model (1.7) is that
wheni > 1, p, can be strictly less thapy and vary withz. For example, ifp1 = 2,

then the corresponding two-step prediction model is

2
Xiy2 = (a1 +a2)x; + azaix;—1 + & 42 +a1&41.

Hencep, =1 < pp if a1 = 0. A similar situation also arises in the three-step
prediction case, provided thaf + ap = 0. This phenomenon can occur even if
all parameters in the one-step prediction model are large in magnitude. This also
creates some unexpected difficulties in assessing the performances of the plug-in
and direct predictors.

Note that wherp;, < p1 it seems more interesting to compare the performances
of x,415(p1) andx, ., (py) rather than those o, (k) andx, (k). In Section 2,
some interesting examples are given to show that whea p; andh > 2,

- MSPED,, ;(pn) — o
n=00 MSPEP, »(p1) — o

can occur. Moreover, since the value of the above limit depends on unknown
parameters, it is not possible to determine the rankings.of (p1) andx, ., (pn)

from the point of view of MSPE. This phenomenon further leads us to face
a fundamental problem while selecting multistep predictors; that is, instead of
the multistep predictor obtained by identifying the one-step prediction model’s
order, can a multistep predictor be constructed to minimize the multistep MSPE
directly? As mentioned, this problem is complicated when both families | and Il
are considered. In this situation, the prediction order and the prediction method
must be taken into account simultaneously.

(1.8)
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This article aims to resolve the above problem. The strategy adopted herein is
to find a statistic for each MSPE, ;, (k) and MSPEP, ,(k), k =1,..., K, and
to show that the ordering of these statistics coincides with the ordering of their
corresponding multistep MSPEs. To achieve this goal, we consider the multistep
generalizations of accumulated prediction errors (APEs) based on sequential plug-
in and direct predictors, hamely,

n—nh
(1.9) APEP, (k) = 3 (xivn — £i4n(0))?
i=my,
and
n—h 9
(1.10) APED, (k)= > (Xith — Xipn (k)"

i=my

respectively, wheren;, denotes the smallest positive number such &éi, K)

anda; (h, K) are well defined for all > m,. Note that the APE withh = 1, namely,
APEP, 1(k) = APED, 1(k), was first proposed by Rissanen (1986) for the
purpose of determining. Subsequently, the statistical properties of ABE (k)

were investigated by Wei (1987, 1992) in stochastic regression models, which
included model (1.1) as a special case. However, as indicated in Section 3, Wei's
approach cannot be directly applied to the casé of 2. Theorems 3.1 and 3.2
(also in Section 3) are devoted to dealing with this difficulty. In particular,
the results obtained in these theorems show that the ordering of the multistep
MSPEs of the predictors in families | and Il can be well preserved by their
corresponding multistep APEs wheris sufficiently large. Based on this finding,

we propose the following predictor selection procedige {,), where 1< k, < K

and 1< j, <2 (recall thatk, denotes the prediction order arjg denotes the
method of prediction):

STEP1. DefinelQ(Dl?n — argmin<;<x APED, 1(k).
STEP2. Define
k™ —arg min APED, j,(k
D.n glgk;K n,h( )

and define

k&M =arg  min APEP, (k).

STEP 3. If APED, 4k ) > APEP, 1, (k™"), then (k. ju) = (k™7 1);

R}

otherwise(lgn, ]An) = (Ig(Dh,)n’ 2)
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We show in Theorem 3.4 of Section 3 that with probability&l,, j,) ultimately
can choose the best predictor among families | and Il regardless of whether
pr < p1 Of pp = p1. This property is referred to as the asymptotic efficiency;
see Section 3 for the explicit definition. Moreoves, can also be consistently
estimated by,

It is worth noting that in this article more than a treatment of the difficulty
caused by (1.8) is offered: (1) To the author's knowleddsg, [,) is the first
criterion that is designed to choose the optimal multistep predictor from the
“honest” prediction point of view. By honest prediction, we mean the prediction
for the future of the observed time series; see Rissanen (1987, 1989) for details.
In the context of time series, most model selection criteria for prediction are
obtained or justified under the assumption that the processes used for estimation
and for prediction are independent; see, for example, finite prediction error [FPE;
Akaike (1969)], Akaike information criterion [AIC; Akaike (1974)] ang}, (k)
[Shibata (1980)]. However, this type of prediction, which differs from Rissanen’s
idea, does not seem to be natural for time series analysis; see also Ing and Wei
(2004). Recently, Ing and Wei (2004) obtained optimality for honest predictions
of AIC (referred to as same-realization predictions in their article) in stationary
AR(oc0) processes. However, because their main concern was the case of one-
step predictions, they did not deal with the problem of choosing the optimal
combination of prediction order and prediction method. (2) This article shows
that accumulated squares of sequential prediction errors can be used to choose
a good predictor even in certain nonstandard situations. The sequential prediction
error of APEP, (k) with h > 2 involves a nonlinear transformation of the one-
step least-squares estimators. While the sequential prediction error dbARE)
with & > 2 is directly obtained from/{(-step) least squares, its martingale structure
no longer exists [see the discussion after (3.6)]. These nonstandard situations,
which are not encountered with the one-step APE, challenge the validity of the
multistep generalizations of APE for model (predictor) selection. By establishing
the asymptotic efficiency ok(, j,,), we clarify this ambiguity.

This article is organized as follows. In Section 2, some preliminary results
from Ing (2003) and some examples that motivated this work are introduced.
The asymptotic efficiency ofk,, j,) is established in Section 3. In Section 4, an
extension of the proposed criterion to subset autoregressions is given. Concluding
remarks are given in Section 5. Some technical results, which are useful for
obtaining the APEP, j, (k) asymptotic expression with> p; are provided in the
Appendix.

2. Preliminary results and motivating examples. Throughout this section,
it is assumed that in model (1.1) tkgs are i.i.d. random variables with mean 0
and variance2 > 0. We also assume that the distribution functiomfF (-), has
the property, for some positive numbersy andM,

(2.1) |[F(x) — F()| < Mlx —y|%,
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provided |x — y| < n. Theorems 2.1 and 2.2 provide asymptotic expressions
for MSPEP, ; (k) and MSPED,, (k) with k > p1, respectively. Their proofs can
be found in Theorems 1 and 2 of Ing (2003).

THEOREM 2.1. Assumethat {x,} satisfies model (1.1). Also assume that {¢;}
satisfies (2.1)and
E(je1|™) < oo,
where 9, = max8, 2(h + 1)} + & for some§ > 0. Then, for k > pyand h > 1,
(2.2) n(MSPEP, (k) — 07) = fin(k) + O(n~Y?),

where f15 (k) = tr(I (k) Ly (k)T =2 (k) L), (K)o 2 with Ly, (k) = Y15 b; A1 (k)

I—1
Alk) = (aD<1, bl )

k—1

and A%(k) = Iy.

THEOREM 2.2. Let the assumptions of Theorem 2.1 hold, with 6, replaced
by 8 + 6 for some s > 0. Then, for k > p, and h > 1,

(2.3) n(MSPED, (k) — 6f) = fan(k) + O(n~Y?),

where f2 (k) = tr{C~1(k) cov(Zi?;éb‘,-xj(k))}oz and, for a random vector vy,
covy) = E{(y— E(Y)H(Y—E®¥)'}.

Bhansali [(1997), Proposition 3.2] showed thatkor p; > 1 andh > 2,
J2.n(k)
J1n(k)

Therefore, ifk > p1 > 1 andh > 2, thenx, ., (k) is asymptotically more efficient
thanx, (k) in the sense of (1.4). For example, assume 2 andk > p1 > 1.
Then

(2.4)

> 1.

(2.5) fa.2(k) = {k + (k + 2af}o?,
and
2.6) fratk) = {(k +2)a? +k — 1+ a}}o?.
(Note that|a,,| < 1 anda; =0 fork > p;1.) Hence, fork > p;,
. MSPED, 5(k) - a,z i i— af -0
n=00 MSPEP, 2(k) — o} (k+2)a1 +k — 1+ aj

The following theorem shows thgt ; (k) and f2 5 (k) with k > p1 are strictly
increasing functions of.
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THEOREM2.3. (i)Assumehs >1andk > p;. Then

@2.7) Junk+D
Jrn(k)

provided

(2.8) bp-1#0

or

(2.9) 1" # Op41,

where with the convention that b; = 0 for j <0, I* = (X" Y by_1-4—ibi, ...,
Yt by_1-:b;) isa (k 4 1)-dimensional vector.
(i) Assumehr > landk > pi. Then
fonk+1)
f2.n(k)

REMARK 1. A proof of Theorem 2.3 can be found in Ing [(2003), Theorem 3].
When 1< h < 5, it can be shown that either (2.8) or (2.9) holds forka#t p1,
and hence (2.7) holds without extra constraints on the parameter space. However,
for general: (especially wherk >> k), we are not able to establish (2.7) without
conditions (2.8) or (2.9). For more details on these conditions, see Ing [(2003),
Remark 2].

(2.10) > 1.

As immediate consequences of Theorems 2.1-2.3, we obtain (1.5) and (1.6).
Inequalities (1.4)—(1.6) seem to suggest that

2.11) im E(Xpth — Ensn(p1))? — o

n=>00 E(xpip — Fpin(k)2—02 ~

where x4, (k) is any predictor in family | or Il. However, as indicated by
Remark 1, whem is large, (2.7) cannot be guaranteed without (2.8) or (2.9).
Therefore, it is not clear whether (2.11) still holds in the situation where
both (2.8) and (2.9) are violated. Moreover, we will show that (2.11) can falil
when p;, < p1. To see this, let us begin with a simple extension of Theorem 2.2,
which provides an asymptotic expression for MSPE;, (k) with k > py,.

COROLLARY 2.4. Let the assumptions of Theorem2.2hold. Then (2.3) holds
withk > pp, and h > 1.

Since Corollary 2.4 can be shown by an argument similar to that used to show
Theorem 2.2, we omit the details. Whep < p1, it would be more interesting to
compare

lim (MSPEP, ;(p) —off) and lim (MSPED,;(ps) — o)
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rather than

lim_(MSPEP, (k) — o?) and (MSPED,, (k) — o).

lim
n—oo
The following two examples show that the advantage of the plug-in predictor can
vanish in this kind of comparison.

EXAMPLE 1. Leth =2 andp2 < p1. Then we see tha; = a; = 0 and
p2 = p1 — 1. This fact and Corollary 2.4 yield thab 2(p1) — f2.2(p2) = 2.
On the other hand, by (2.5) and (2.6) we haye(p1) — f1.2(p1) = (1 —a’)o?.

Therefore f12(p1) — f2.2(p2) = a3 0% > 0. As aresult, we have, for, — po = 1,

i MSPED,o(p) —0f _ faalp2) _,
n=00 MSPEP, 2(p1) — 05  f1.2(p1)

and hence,, 1 2(p2) is asymptotically more efficient thai . 2(p1) in this case.

For generah, the ratio of f2 5, (pn)/f1.n(p1) can be larger or smaller than 1, as
shown in the following example.

EXAMPLE 2. First assume that; = 2 andh = 3. By (2.5), (2.6) and the fact
that whenk > pq,

S22 = frnpa®) = fank) = fLuk) + &Ly ()T (k)L (k)exo®
[see Section 2 of Ing (2003)], wheeg = (1,0, ..., 0) is ak-dimensional vector,

1232 = f1.3(2) = (L — a3)o? + &L2(AT 12 LY e0™.

Some algebraic manipulations yie®Lo(2)I' ~1(2)L,(2)e0* = (1 + a2)(1 —
az — 4a?az)a?. Therefore

(2.12) 12.3(2) — f1.3(2) = 21+ a2)(1 — a2 — 2a%az)0>.

Note that Bhansali [(1997), page 442] indicated tifag(2) — f1.3(2) = (1 +
a)(1—ap — Za%az)az. However, one can see that the leading constant 2 on the
right-hand side of (2.12) is needed by examining a simple example which assumes
that—1 < a1 < 1 anda = 0.

Now, assumeé, = a? +az = 0. Thenpz =1 < 2= p; and, in view of (2.12),

(2.13) 123(2) — f1.3(2) = 21+ a2)(1 — az + 2a3)0%.
By Corollary 2.4,

l—4a2+a%02

(2.14) fo3() = I
.

’
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and

202
(2.15) £2.32) — fo3(1) = (1 —ar+ 1—2)02.

_az

According to (2.13)—(2.15),

f23(p3) _ f23(D) _ 1—4az + a3
f13(p)  f13Q  —dap+2da3 — 243 + 4a3’

Let the rational function on the right-hand side of (2.16) be denotegldpy) and
let the unique solution of the equati@iias) = 1 with —1 < a» < 0 be denoted
by T. Then it can be shown thdt ~ —0.54977,g(a2) < 1if —1 <apx < T and
gla2) > 1if T < as < 0. Therefore, wheh > 3 andp;, < p1, itis not possible to

determine the rankings df, ., (p1) andx,+,(p,) without knowledge of the AR
parameters.

(2.16)

To illustrate the results obtained in Example 2, four AR(2) models,

(2.17) x; =0.9x,_1 — 0.81x;_2 + &,
(2.18) x; =0.8x,_1 — 0.64x,_2 + &,
(2.19) x; = 0.6x;-1 — 0.36x;_2 + &
and

(2.20) x; =0.5x,1 — 0.25x¢;_2 + &,

are considered in our simulation study, wheyés are independent and iden-
tically (0, 1) distributed. The empirical estimates MISPED,, 3(1) — 03?)/
(MSPEP, 3(2) — 03?) for the above four models are obtained based on 20,000
replications fom = 150, 300, 500 and 1000. These empirical estimates and corre-
sponding limiting values [given by (2.16)] are summarized in Table 1. One can see
from these empirical results th&t 3(1) is more efficient thart,,; 3(2) for mod-

els (2.17) and (2.18), and is less efficient thgnz(2) for the other two models.

TABLE 1
Smulation results for (MSPED,, 3(1) — 02)/(MSPEP, 3(2) — 02)

M odel
n (2.17) (2.18) (2.19) (2.20)
150 0.700 0.891 1.398 1.719
300 0.688 0.843 1.365 1.782
500 0.649 0.879 1.365 1.762
1000 0.673 0.872 1.379 1.761

f2.3(D)/f1,3(2) 0.667 0.868 1.382 1.76
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This conclusion coincides with that obtained from (2.16). In addition, the empir-
ical estimates ofMSPED,, 3(1) — 02)/(MSPEP, 3(2) — o) are rather close to
their corresponding limiting values even foe= 150.

As a conclusion, we note that when both the plug-in and direct predictors
are taken into account, the optimal multistep prediction results cannot be
guaranteed by correctly identifying, or p,. Hence, a predictor selection criterion
that directly aims at the minimal MSPE (among those of the predictors in
families | and I1) is called for.

3. Main results. Since we attempt to choose a candidate predictor among
families | and Il that has having the minimal MSPE (at least for larpjehe loss
functions of the candidate plug-in and direct predictors are defined as

lim n(MSPEP, (k) —o?), if pp<k<K,

B1) Lixb= ["—“’O _
o0, if k< y 20

and

(32)  Lonth)= {nll_)moon(MSPED,,,h(k) — o), if ph <k<K,

o0, if k < Ph,
respectively, where the existence of the above limits is ensured by Theo-
rems 2.1 and 2.2. To ensure the prediction loss due to underspecification is much
larger than the loss due to overspecification, the loss function valuésDfwith
k < p1 and of (k, 2) with k < p;, are set toco. A predictor selection criterion,

(kn, jn) With 1 <k, < K and 1< j, < 2, is said to be asymptotically efficient if
(3.3) P ((kn, ) € Cp.x eventually =1,

where

Ch’,(:{(k,j):lgkgK,lgngand

Lintk)= min L n(ko) -
)= | TR o Tk 0)}

Therefore, with probability 14,, j,) can ultimately choose a predictor having the
minimal loss function value.

REMARK 2. Note thatCy, g can contain more than one element. To see this,
assume that =3, p1 =2,a? + a; =0, a, = T ~ —0.54977 andk > 2. (Recall
that p3 = 1 < p1 in this case.) By Theorems 2.1 and 2.3, Corollary 2.4 and
Remark 1, we havef s(k) < fi3(k + 1), f23(k) < f23(k +1) and f13(k) <
f2.3(k) for k > 2. Moreover, by Example 2f; 3(2) = f2.3(1). As aresult there are
two elements, namely (1, 2) and (2, 1),08 ¢ .
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The goal of this section is to show that (3.3) is fulfilled ty.(j,). We assume
in this section thafe,} in model (1.1) is a martingale difference sequence with
respect to an increasing sequencerdiields {;}, that is, ¢, is F;-measurable,
andE (g|F;—1) =0 a.s. for all:. We also assume that for some- 2,

(3.4) E(?|F_1)=0? and supE(|s|*|F_1)<oco  a.s.
t

Note that fork > p1,

n—h
(35) APEP,x(k)= Y {nis—X (k)L (k) (8 (1, k) — ap(d, k))}2

i=my
and fork > p;,

n—h
(3.6)  APED,4(k)= > {nin — X (k) (3 (h, k) —ap(h, b))},

i=my

wherer;  is defined in (1.7) and.; (k) = X" 56, AT (k), with AT (k)
defined below (1.2). The asymptotic properties of ARE, (k) = APED,, (k)

with 7 = 1 were investigated by Wei (1987, 1992) in stochastic regression models.
One of the key steps in Wei's analysis is to express the (second-order) residual sum
of squares of the fitted (by least squares) model in a recursive form. His approach,
however, cannot be directly applied to the situation considered in this article. This
is because for AP, ; (k) with 2 > 2 there is a random matriﬁ,-,h(k) that lies
betweenx’ (k) and (& (1, k) — ap(1,k)), and for APED,, ; (k) with h > 2 the
rightmost componenzzf;ﬁ X;(k)n; , of the centered estimator

1 A1 n—h
a;(h,k)—aph,k)=————T; " (h,k Xi(k)n;
8i(h ) = ap(h, k) = -—— = T )jgk Jmj
is no longer a martingale transformation. Therefore, some new technical tools are
needed to overcome these difficulties.

Theorems 3.1 and 3.2 describe the asymptotic behavior of BARJE) and

APED, , (k) in the correctly specified case.

THEOREM 3.1. Assume that {x;} satisfies model (1.1). Also assume condi-
tion (3.4). Thenfor k > pyand h > 1,

n—nh
(8.7)  APEP, (k) — Y n?,=c%fusk)logn +o(logn)  as.

i=my,
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PrROOF Rewrite the right-hand side of (3.5) as

n—nh n—h
> i =2 Y Xk Lin (k) (3 (L k) — ap(L k) i

i=my, i=my
n—h R 2
+ Z {X;(k)Li (k) (&1, k) —ap(1,k))}".
i=my,

This and Chow (1965) yield that

n—nh
APEP, (k) — Y (i.n)?

(3.8) L
= 3 KOLink)(E@QLL —ap@ )2 (1+0)+0@Q)  as.
i=my

To deal with the right-hand side of (3.8), we first introdu@g(x, k), where

n—h 4 n—h
(3.9) Qi (h, k) = (Z X; <k>e4,-+1> S’Vn_hS(Z X; <k>e4,-+1>

Jj=k Jj=k
with S = T'(k) Ly ()T~ (k) andV; = (X', X; (k)X (k)L

Following Lai and Wei [(1982), equation (2.16)], we obtain a recursive
expression foiQ; (1, k),

n—h i—1 2
Q;(h, k) + Z {Xf(k)Vi—lS<Z Xj(k)5j+l>} Cl-_1
=k

i=my,

(3.10) n—h ,
= O, +n—1(h, k) + D X (k)S'Vim1Sxi(k)ef q

i=my

H+ 140104110,
where
n—h i—1
1=2)" X;(k)S/Vi—15<Z Xj(k)gj—l-l)gi—%—l,
i=mp j=k
n—nh i—1
l=-2 %" (X(k)S'Vi1x; <k>)x;<k>w_1S<ij (k)em)siﬂc;l
i=mp, j=k
and

n—h
n=->" (xg(k)S/Vi_lxi(k))ZSinrlci_l

i=my
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with ¢; = (14 X} (k) Vi—1x; (k)). By (3.4), Theorem 2 of Lai and Wei (1985) and
the martingale strong law of Lai and Wei (1982), we have

1
(3.11) im —vl=rk as,
n—-oon

which together with (3.4) and an analogy with (2.31) of Wei (1987) yields
(3.12) Q5 (h,k) =o(logn) a.s.

Sincec, = (1 — X, (k) VXn (k))~1, by Theorem 4 of Lai and Wei (1983) [which
ensures that lig, o X/, (k) V,, X, (k) = 0 a.s.], we have

(3.13) lim ¢, =1 a.s.

n—oo
Now, by (3.4), (3.12), (3.13) and Chow (1965), we can rewrite (3.10) as

n—h

i-1 2
1+0D) Y [X§ (k)Vi—IS(Z X; U<)8/+1> }

i=mp j=k
n—h
(3.14) =o(logn)+ 01+ (1+ 0(1))02 Z X; (k)S"V;_18x; (k)
i=my,
+ 141+ a.s.
Reasoning as in the proof of Lemma 2.1 of Wei (1992), we obtain
0_2 n—h
(3.15) lim —— X; (k)S'V;_18x; (k) = fon(k) a.s.

n—0o0
logn i

It is shown in the Appendix that
(3.16) | =o(logn) a.s. and Ik=o(logn) a.s.

Moreover, by (3.11), Theorem 3 of Lai and Wei (1983), (2.10) and (2.12) of Lai
and Wei (1982), and an analogy with Lemma 2.1 of Wei (1992),

n—h
= 0(1)+0< > |x§(k)S/V,-_1x§(k)|ei2+l) a.s.

i=mp
=o(logn) a.s.
This, together with (3.14)—(3.16), yields

n—h

i—1 2
(3.17) > {Xﬁ(k)‘/i—lk?(Z Xj(k)8j+1)}

i=my, j=k

=o2fin(k)logn +o(logn)  a.s.
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In view of (3.8) and (3.17) this proof is completed if we can show that

n—h
> X)Ly (k) (& (1. k) — ap (L, k) }

i=my

i-1 2
X, (k) V;_1S; (Zx;(k)em)}

Jj=k

n—h
2
(3 . 18) i=my
n—h
2

i-1 2
X; (k)Vi—ls(Z X; U<)8/+l> }

=k
+ o(logn) a.s,

where §; = V.3 L; 4 (k)V;—1. Since by (3.11) and Theorem 1 of Lai and Wei
(1983) lim,_, o0 S, = S a.s., this fact and (A.1) imply that

n—h

i—1 2
(3.19) Z{x;(k)vi_l(ﬁi—S)<ij(k)sj+1>} =o(logn)  a.s.

i=my, j=k

Consequently, (3.18) follows from (3.17), (3.19) and the Cauchy-Schwarz
inequality. O

THEOREM 3.2. Let the assumptions of Theorem 3.1 hold. Then for & > p;,
and > 1,

n—nh
(3.20) APED, (k) — Y n?, =c?fauk)logn +o(logn)  as.

i=my,

PrROOF We only show (3.20) fol = 2, because the result far> 3 can be
obtained similarly and that fok = 1 was verified in Wei (1992). Reasoning as
for (3.8), we have, fok > p;,

n—2
APED, >(k) — Y (1:2)2

i=my

n—2 i—2 2
=(1+0(1)) Z {xQ(k)V,-_2<Z xj(k)njg)} + 0 a.s.

i=my j=k

(3.21)

Now consider

n—2 / n—2
0, (2,k) = (Z X; (k)m,z) Vn_z<Z X; (k)m,2>-

i=k i=k
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Following Theorem 1 of Wei (1987) and (3.14), we have
(3:22)  (1+0M)T*k) = Om,+1(2. k) — 0n(2, k) + Bk) + C(k),

where

n—2 i—1 2
Tky=Y_ {x;(k)v,-_1<2x,-<k>n,-,z)} :

i=my j=k
n—2
B(k)= Y Xj(k)Vix;i(k)n?,

i=my

and

n—2 i—1

Chy=2)" X (k)Vi—l<Z Xj(k)nj,2>ci_17h',2-
i=my j=k

[Notice that by Theorem 3 of Lai and WEi983) and (3.11), (33) still holds with

ph <k <p1] ) _
In what follows we deal withQ,, (2, k), B(k) andC (k) separately. Fo0,,(2, k),
by an analogy with Theorem 3 of Wei (1987),

n—2
Qn<2,k)=o(log< > ||x,-<k)||2+||a1x,-+1<k>||2)) a.s.

i=k—1
=o(logn) a.s,

(3.23)

where the second equality is ensured by (3.11).
For B(k) we have

n—2 n—2
Bk)= Y X(Vixi(kel,+ai > X (k)Vix;(k)e?
i=my i=mp
(3.24) L

+ 2a Z X; (k) Vix; (k)i 118 12.

i=my,

According to Theorem 1 of Wei (1987), (3.11), (3.13) and Chow (1965), the right-
hand side of (3.24) can be further expressed as

n—2
o2(1+ af)k logn + 0( Z (X: (k) ViX; (k))25i2+2) +o(logn) a.s.
(325) i=my
=o02(1+a?klogn +o(logn)  a.s.
Therefore

(3.26) B(k) = o0?(1+a?)klogn +o(logn)  a.s.
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To deal withC (k), we have
(3.27) $C(k) = D(k) + E(k) + F (k) + G(k) + H(k),

where

n—2 i—2
Dky=Y_ X;(k)Vi—1<Z Xj(k)nj,Z)Ci_l(ei—l-Z+a18i+1),
i=my, Jj=k
n—2
E(k)=a} Y X(K)Vi—axi—1(k)e; teigira,
i=my,
n—2
Fky=a1 Y X(k)Vi—1xi—1(k)c; ey,
i=my,
n—2
Gy = > Xk Vi—ixi—1(k)e; teir1i12,
i=my
n—2
H(k)=a1 Y X (k)Viexi—1(k)c; Teieiyo.

i=my

By (3.4), (3.13) and Lemma 2(iii) of Lai and Wei (1982), we can show that

(3.28) D(k) = 0( 2_32 {x;(km_l<§xj(k)nj,z> D +0@1) as.
Similarly, - -

E(k) = 0( nf (X! (k)\/i_lxi_l(k))zel?) +01) as.
(3:29) = 0( nf x;_l(k)w_lxi_l(k)el?> +01) as.

=o(logn) a.s,

where the second equality is enddiréy (3.13) and the Cauchy-Schwarz
inequality, and the last equality is guaranteed by the same argument used to obtain
Theorem 1 of Wei (1987). The same reasoning that shows (3.29) also gives

(3.30) G (k) =o(logn) a.s.
and

(3.31) H (k) = o(logn) a.s.
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We now deal withF (k). By an analogy with Lai and Wei (1982) we can show
that

n—2
Y X () Vimaxi—a (ke el

i=my

n—2
(3.32) =02 Y (k) VieiXi—1 (ke

i=my

n—2
+0< > IX; (k)V,-_lx,-_l(k)|> +0() as.

i=my

By an argument similar to that used for showing Lemma 2.1 of Wei (1992), the
Cauchy—Schwarz inequality and (3.13), we have

n—2
> X (k) Vimaxi—1(k)e; = tr(D~ (k) E1(k)) logn + o(logn)  a.s,

i=mp
whereE; (k) = E (X (k)X 1 (k)), and

n—2
> IX; (k) Vi—1xi—1(k)| = O (logn) a.s.

i=my,

These results, (3.32) and the fact thatl'trl(k) E1(k)) = a1(1, k) [note that
ai1(1, k) = a1 ask > py; see Section 1 for the definition af (4, k)] together imply
that

(3.33) F(k) = a1a1(1, k)o?logn + o(logn)  a.s.
In view of (3.27)—(3.31) and (3.33) we have
C (k) = 2a1a1(1, k)o%logn
(3.34) n—2 i-2 2
+ 0( .Z {x; (k)Vl-_1<ij(k)nj’2> } ) + o(logn) a.s.
i=my j=k
Since

n—2 i—2 2
> {X§(k)Vi_1<Z Xj(k)nj,z) }

i=my j=k

(3.35)

n—2 i—-1 2
=Y {Xﬁ (k)Vi—l<Z Xj(k)nj,2 — Xi—l(k)ni—l,z) } :

i=my, j=k
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by the Cauchy—-Schwarz inequality and an argument similar to that used to show
(3.29), the right-hand side of (3.35) equals
(3.36) (14 0(1))T (k) + o(logn) a.s.
This fact, (3.22), (3.23), (3.26) and (3.34) yield
(3.37) (1+0(D)T (k) = {(1+ a®)k + 2a1a1(1, k)}o%logn + o(logn)  a.s.
According to (2.3), (3.21) and (3.37), (3.20) is obtained if we can show that

n—2 i—2 2
(3.38) Z{x;(k)v,-_2<2xj(k)nj,z>} =T(k)+o(ogn)  as.

i=mp j=k

To show (3.38), first observe that

i-1
X; (k)Vi—1<ZXj (k)774/12>
i=1
i—2
=X (k) Vi—2 Y X (k)nj.2 + X; (k) Vi_2Xi—1(k)ni—1,2
=k
X (k) Vi_2X;_1.(k) =

— X:_1(k)V;_ Xi(k)n;
1% (Vi ox 1) -2 ngk sm;2

XK VioXi—1(k)
1+ X1 (k) VieX—1(K)

This fact, Theorem 4 of Lai and Wei (1983), and an argument similar to that used
to show (3.36) yield

Xi_1 (k) Vi—2Xi—1(k)ni—1,2.

n—2 i—2 2
T(k)=(140(D) ) (x;(k)w_zzjxj(k)nﬂ) + o(logn) a.s.,

i=myp Jj=k

as asserted.[d

REMARK 3. Interestingly, it can be seen from Corollary 2.4 and Theo-
rems 2.1, 2.2, 3.1 and 3.2 that the constant associated with /thheéetm of
MSPEP, ,(k), f1.n(k), appears in the log term of APEP, (k) and that asso-
ciated with the In term of MSPED,, ;,(k), f2.5(k), appears in the log term of
APED, ; (k). Whenp1 andp; are known, these special features allow determina-
tion of the sign off1 ,(p1) — f2.n(pr) by comparing the values of APE, ;(p1)
and APED, ,(pp). This is because, according to (3.7) and (3.20)1if,(p1) >

J2.n(pn), then
(3.39) P(APEPn,h(pl) > APED, »(pn) eventually =1
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andif f1,(p1) < f2.n(pn), then
(3.40) P(APEPn’h(pl) < APED, 1(pn) eventually =1

Equalities (3.39) and (3.40) show that fi ,(p1) # f2..(pn), then with prob-
ability 1 the sign of APEP, ,(p1) — APED, ;(py) ultimately equals the sign

of fun(p1) — fan(pn).

Theorem 3.3 below deals with the asymptotic performances of ABkk) and
APED, (k) in underspecified cases.

THEOREM 3.3. Let the assumptions of Theorem 3.1 hold. Then for
l<k<piandh>1,

1 Vl—h
- (APEPn,h(k) -y nfh>

i=my

(3.41) = (ap(h, p1) — ap(h, k) T'(py)(ap(h, p1) — ap(h,k))
+ (a(h, k) — ap(h, k))'T (k) (ath, k) — ap(h, k))
+0(1) as.,

wherea(h, k) = A"L(k)ap (1, k) with A(k) defined after (2.2)and ap (h, k) inthe
first term of the right-hand side viewed as a p1-dimensional vector with undefined
entriessetto zero,andfor 1<k < pp, andh > 1,

1 n—nh
- (APEDn,h(k) -y nfh)

(3.42) = /
= (ap(h, pp) —ap(h,k)) T (pn)(ap(h, pr) —ap(h, k))

+0(1) as,

where ap (4, k) in the right-hand side is viewed as a pj-dimensional vector with
undefined entries set to zero.

PrRoOF  Following Hemerly and Davis (1989) [which deals with APE/, (k)
with 7 = 1], we have
n—h
APEP, (k) = Y {nin + X} (p)(@p(h, p1) — & (h, b))}
i=my
n—h n—h 2
(3.43) = Yty + (L+0®) X X (pr)(@ap(h, p1) — & (h, b))}

i=my, i=my

4+ 0() a.s,



SELECTING OPTIMAL MULTISTEP PREDICTORS 713

whered; (h, k) is now viewed as @1-dimensional vector with undefined entries set
to zero and the second equality is ensured by Chow (1965). Since (3.11) ensures
that lim,_, o &, (h, k) = a(h, k) a.s., we can rewrite (3.43) as

APEP, (k) = (14 o(1))(ap (h, p1) — a(h, k))’

n—h
x > Xi(pOXj(p1)(ap(h, p1) — a(h, k))

i=my

n—h n—h
+ Z ’h’z,h + 0( Z X; (P1)Xi (Pl)) +0() a.s.

i=my i=my,

Consequently, (3.41) follows from (3.11) and the fact that
(@p(h, p1) —ap(h, k) T'(p1)(@p(h, k) — ach, k)) =0,

whereap (h, k) anda(h, k) are viewed ap;-dimensional vectors with undefined
entries set to zero.

Since the proof for (3.42) is similar to that for (3.41), to save space we omit the
details. [

Armed with the previous results, we are now in a position to show the
asymptotic efficiency otk,,, j,).

. TAHEOREM 3.4. Let the assumptions of Theorem 3.1 hold. Then, for K > p1
(k,, jn) isasymptotically efficient in the sense of (3.3).

PROOF.  First note that fork > p1, f2.1(k) = k. Hence Theorem 3.2 yields
that fork > p1, P(APED, 1(p1) < APED, 1(k) eventually = 1. Since the first
term on the right-hand side of (3.42) is positive, by Theorems 3.2 and 3.3 we
have fork < p1, P(APED, 1(p1) < APED, 1(k) eventually = 1. As a result,

lgg)n = p1+0(1) a.s. This fact and Theorems 3.1-3.3 further ensure that

P((kn, ju) € Cp.x eventually =1,

as asserted.[d

REMARK 4. In this remark, we consider the problem of choosigh > 1,
under model (1.1). Fot = 1 we have shown in the proof of Theorem 3.4 that
(3.44) D =ph+od  as.

This motivated us to ask whether (3.44) still holds witk 2. To investigate this
question first assumeg, = p1 (or, equivalentlyp,_1 # 0). By (ii) of Theorem 2.3
and Theorems 3.2 and 3.3, this assumption guarantees that (3.44) holdswith
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[In fact, by (i) of Theorem 2.3 and Theorems 3.1 and 3.3, this assumption also
ensures that fok > 2,

im 2 —
Jim kp, = p1=pn a.s,

wherel%}fn = argmin<x<x APEP, 5 (k).] However, when: is large andp;, <

k < p1 itis very difficult to verify f2,(k) < fon(k + 1), which is an essential
property for (3.44) withh > 2 to be true. [Note that (2.10) only ensures that
fa.n(k) < fon(k+ 1) holds withk > p1.] Consequently, with arguments used in

the present article, (3.44) cannot be guaranteed without extra constraints on the
parameter space.

To establish a strongly consistent estimator f without constraints on
the parameter space, we consider the multistep generalization of the Bayesian
information criterion (BIC),

. kc
BIC,,.x(k) =logé3, , (k) + —,

whereh > 1,¢, — 00, ¢, = o(n), liminf,_,c,/(logn) > 0 and 63 (k) =

(1/n) Z?;,f‘ (Xiph — X: (k)& (h, k))2. When the assumptions of Theorem 3.2 hold,
then arguments similar to those used to show Theorem 3.2 of the present study and
Theorem 3.6 of Wei (1992) yield that

ko =pr+to  as,

where IQgZL = argmin<x<k BIC, » (k). Therefore, the difficulty encountered
with £{}, does not exist foky ).

4. An extension to subset autoregressions. When somey;’s with 1 <i <
p1 — 1 in model (1.1) or some;(h, py)'s with 1 <i < p;, — 1 in model (1.7)
are zero, a multistep predictor, whichabtained without estimating these zero
coefficients, can be more efficient than the best predictor among families | and 1.
This motivated us to consider the selection of subset autoregressive models.
Several different algorithms are available for choosing the one-step prediction
model under this more general setting [e.g., McClave (1975) and Haggan and
Oyetunji (1984)]. While these algorithms have their own advantages, no algorithm
has been shown to possess optimal properties from the (multistep) MSPE point of
view. An algorithm which is modified fromk(, j,) is therefore proposed in this
section as a remedy.

To begin with, lets; =1 if x,41_; is included as a regressor variable for
predictingx;+, and letd; = 0 if x,+1—; is not included. Then the family of all
(nontrivial) subset autoregressions can be expressed as

O©={0=(61,...,0k):6;=0o0r1forl<i <K, and¢; = 1 for at least one},
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where K is as defined in Section 1. When modele ® is adopted, the
corresponding plug-in and direct predictors of,, are denoted by,.,(0)

[or (6,1)] and X,,(0) [or (0,2)], respectively, and the multistep MSPEs

of X,41(#) and x,4,(0) are denoted by MSPE, ,(6) and MSPED, ,,(9),
respectively. In addition, we also use APE,(9) and APED,, ;(0), respectively,

to denote the multistep APEs based on sequential plug-in and direct predictors
when 6 ¢ © is used. Lett® = 6, ..., 6L) and6@ = 6?,...,0?) be
members of®. Then we say® < @ jf 91.(1) < 91.(2) forall 1<i < K and

6D £ 6@ if oY > 6@ for at least one. Now the modified model selection
procedured), j,) with 6, € ® and 1< j, < 2, is given as follows.

STEP1. Definedyy), = argminee APED,, 1(6).

STep2. Define
ég’fn = argerrg(i_)nAPEDn’ 2 (0)
and define
6\LM = argerg(_i)rllAPEPn,h(e),

where®; = {0:6 € © andd,), < ).

STEP 3. If APED, 46 ) > APEP, ,6""), then 6,. j,) = 67, 1);

,n

OtherWise(én, jn) = (i{\gl,)n’ 2)

To show the validity of §,, j.), let us recall models (1.1) and (1.7)
again, and defin@* = (67, ...,0%) and 0™ = (67™,...,65"), wheref =1
if a; #0 and6 =0 if ¢; =0 ori > p3, and 6 = 1 if q;(h, pp) # 0 and
0r* =0 if a;(h, pp) =0 ori > p,. Therefore,0* and 6**, respectively, are
the most parsimonious correct models for the plug-in and direct predictors.
Following (3.1) and (3.2), the loss functionsxf, ;, (9) andx,, () are defined as

lim n(MSPEP, ,(8) — o2), if 6% <9,
@1 Eipe =] i) = o)

00, if 6* £,
and

(4 2) Eop(k) = nl—>i 00 (MS "’h( ) Uh), if 0** <@,
: 2.h = PED 0 *
’ if 9** z 9,

respectively, where the existence of the above limits is guaranteed by arguments
similar to those used to obtain Theorems 2.1 and 2.2. [Note that we also obtain
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expressions for the above limits like those on the right-hand sides of (2.2) and (2.3).
However, these expressions are not presented here, since they are not needed
in the following analysis.] A model selection criteri@#,, j,) with , € © and

1< j, < 2is said to be asymptotically efficient if

(4.3) P((Bn, jn) € Bu.x eventually = 1,

where
By k= ) 1<j<?2 E; = i E; .
e ={0.9):0€0. 1<) <2andE;,0) = _min _Ejoi0)]

The main result of this section is stated as follows.

THEOREM 4.1. Let the assumptions of Theorem 3.1 hold. Then 6, fn) is
asymptotically efficient in the sense of (4.3).

Theorem 4.1 can be shown by arguments similar to those used to show
Theorems 3.1-3.4. To save space, the details are omitted. Theorems 3.4 and 4.1
yield that for sufficiently large:, the predictor selected b, j,) is at least as
efficient as the one selected b,, j,). Before leaving this section, we note that
the main disadvantage o, j,) is its time-consuming nature, since it needs to
compute the multistep APEs for all possible subset autoregressive models and for
two different prediction methods. However, with the availability of fast computers
and efficient recursive formulas the computer time needed to complete this task is
not expensive, providefl is not too large.

5. Concludingremarks. One of the main purposes of this article was to find
the optimal multistep predictor in finite-order AR models from the honest MSPE
point of view. Since both the plug-in and the direct predictors are considered, it
is not possible to achieve this goal by identifying the order of the smallest correct
model, as discussed in Section 2. To resolve this problem, a new predictor selection
procedure(k,, j,) is proposed. We show that for sufficiently large(k,, j,) can
achieve the above goal by choosing the best combination of the prediction order
and the prediction method. In Section 4 this procedure is extended to the situation
where all possible subset autoregressions are included as candidate models. On the
other hand, the parameter set where (1.8) occurs has Lebesgue measure zero. So
one may argue that this is unlikely to occur in practice and, hence, the necessity to
construct(kn, Jjn) may be questioned. In contrast to this criticism, it is worth noting
that (k,, ]n) asymptotically dominates traditional multistep prediction procedures,
which select the one-step prediction order by certain consistent order selection
criteria and then forecast,; through the plug-in (or direct) method. More

precisely, the predictor selected tﬁi}n,fn) has at least the same asymptotic
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efficiency as those predictors selected by the traditional procedures for all points
of A and is asymptotically more efficient than the latter for some nonempty subset
of A [since the set where (1.8) occurs is nonempty/gr 2]. Moreover, some
other advantages af,, j,), besides offering a treatment of the case where (1.8)
occurs, are also emphasized at the end of Section 1.

The validity of ,, j,) is justified in the stationary case. It is also believed that
the predictor chosen by this procedure may also perform well in unstable cases.
However, since the proofs of Theorems 3.1 and 3.2 (especially Theorem 3.1)
rely highly on stationary assumptions, their extensions to unstable cases are not
straightforward. Further work is needed to overcome these technical difficulties.

This article assumes that the order of the underlying AR model is finite. Hence,
the frequently discussed AR{) model is excluded. When the data are known
to be generated from an AR{) model, it is common to use an AR model of
increasing (withz) order to predict future observations; see, for example, Shibata
(1980), Gerencsér (1992), Bhansali (1996) and Ing and Wei (2003, 2004). In
this situation, Ing and Wei (2004) showed that AIC is asymptotically efficient
for the honest one-step prediction. On the other hand, Ing and Yu (2002) showed
that the one-step APE is not asymptotically efficient in this situation. To rectify
the difficulty of using APE in ARfo) models, Ing and Yu (2002) proposed
a modification of APE, APE Instead of accumulating squares of sequential
prediction errors from stage [see (1.9)], APk is obtained by accumulating
squares of sequential prediction errors from stagewhere O< § < 1 may
depend onn. Under certain regularity conditions, they showed that ARE
asymptotically efficient in ARfo) models. Motivated by this result, it is expected
that an efficient multistep predictor selection criterion can be established in an
AR(oc0) model after asymptotic behavior of ARE (k) and of APED, j(k),
with 2 > 2 andmy, replaced by§, 0 < § < 1, is clarified under this model. As
a final remark, we note that when it is a priori unknown whether the order of the
underlying AR model is finite or infinite, the choice between the original APE
and its modification (by Ing and Yu) becomes a challenging problem even for
one-step predictions. Can a modification &f,(j,) be obtained for the optimal
multistep prediction without order assptions? This is theubject of ongoing
research.

APPENDIX

PrROOF 0OF(3.16). By (3.11), Theorem 3 of Lai and Wei (1983) and Chow
(1965), (3.16) is guaranteed by showing that
n—h 2
(A1) 3 1Ixi ()12 =0O(logn)  as.

i=my,

1 i1
S
i — kj:k
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To obtain (A.1), first observe that the term on the left-hand side of (A.1) can be
expressed as

(5 (2 2 (S o)

i=myp [=0 ji=k jo=k \c=0
(A.2)
k—1k—1( n—h 1 i-1 i-1
2
DR APHTETH SR
[=0c=0\i= ji=k jo=k

In view of (A.2), if we can show that

n—h 1 i-1i-1
(A3) Z ((l — k)2 Z Z le_cx‘/2_68j1+18j2+1>xl-z_l = 0('091’1) a.s.
i=mp J1=k jo=k
foreachO<l <k—1and O<c¢ <k — 1, then (A.1) follows. In what follows we
prove this property only for the case o= = 0, because the results for othés
and!’s can be obtained similarly.
Note that

n—h i1 i1
Z (( Z Z xJ1x125]1+l€]2+1)x2

i=my, ]1_k Jo=k

1! 1 14 1
(A.4) <C* Z (lz Z ijlx12811+1812+1>x2

i=k+1\" ji=k jo=k

n—h—1n—h-—1 n hx2
_ i
=C Z Z lexJ25J1+15J2+1<Z _2)’

=k o=k i=r !
whereC* is some positive number amd= max{j; + 1, j2 + 1}. Observe that

SE-R () ()

"2 —(—-Dyn@i—-1) "1

i—1
+I_§ (i — 122 +y0§i2
= An + Bn’r + Cn,r + Dn,r7
wheresi2 = §~:1x]2-, Yo= E(Xf),
A = S,%_h —(n— h)VO
T m—-m2
B — ,2_1 —(r—Dyo
nyr —

r—12
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n—h .2 ; ;
G- —-Dy @i -1
Cnr = Z = l)2i2

i=r

and

n—h
.—2
Dn,r = VOZl
i=r

This and (A.4) yield

11 1i-1 ,
Z ( 2 Z ijlx/28/1+15/2+1>x

i=k+1 J1=k jo=k
(A.5)
n—h—1n—h-1
Z Z X j1X jo€ j1+1€ jo+1(An + Bpr + Cp r + Dp ).
Ji=k j2=k
Since

n—h—1n—h—1 n—h—1 2
D D XjpXpEjpr1Ep+1An = o0(1)= ( Z x181+1) a.s,

1=k ja=k
by Wei [(1987), equation (2.30)] and (3.11),

n—h—1n—h—1
(A.6) Z Z lex]'28j1+18j2+1An = 0(|Ogn) a.s.
1=k o=k

By (3.11), an analogy with Lemma 2.1 of Wei (1992) and Chow (1965),

n—h—ln—h-1
D D XpXjp€ji+1€jp+1Bus
Ji=k  ja=k
“h—1.,2.2(2 (i
__{nz xjej(sj_]_ (J —Dyo)
P 1\2
ot (-1
(A.7) .
n—h—1 /j2 ( _1)
1— U2 Yo
+2 Z (Zx115n+1) = (j—1)2 xj28j2+l}
Jo=k+1 \j1=k

n—h—1 jo—1 2
:0(|Ogn)+0( Z ( ZX11811+1) sz) a.s.

Jjo=k+1 Ji=k
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Exchanging the order of summation, we have

n—h—1n—h-1
Z Z Xj1 X jo€ j1+1€ jo+1Cn.r
1=k j2=k
n—h (i—1 2 9 . .
{s7 17— —Dyo}(2 — 1)
9 = 5 (D) B
i=k+1 \j=k
n—h /i—1 21
:0( Z (ij€j+1) 3) a.s,
i=k+1\j=k L

where the second equality is ensured by (3.11). Observe that

_ i 2
n—h [i—1 1
> (S o) =
i=k+1 \j=k

n—h—1ln—h-1 nhl

h h—
= Z Z x/lx/25/1+1812+1z i2

ji=k jo=k i=r

—h— n—nh 1
(A.9) = Z /J+1Z

i= /+1

n—h—1 /jo—1 n—h 1
+2 Z (ijlngl)sz( Z l-_2>8j2+1

Jo=k+1 \j1=k i=jz2+1

n—h—1 Jjo—1 2
:O(Iogn)+0< Z (] Zx]1£]1+1> sz) a.s,

Jo=k—+1 Jj1=k

where the last equality follows from an argument similar to that used for showing
(A.7). As aresult, (A.8) and (A.9) yield

n—h—1ln—h-1

Z Z X j1X jo€ j1+1€ jp+1Cn,r
=k ja=k

n—h—1 172 1 2
:0(|Ogn)+0( Z ( Zx/15/1+1> sz) a.s.

J2=k+1 J1=k

(A.10)
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Reasoning as for (A.9),

n—h—-1ln—h-1
Y D XjpXjpEp+18j+1Dn r
1=k jo=k
(A.11)
2
:0( > (,— > x{,-le‘,-ﬁl) sz) +O(logn)  as.
o=k +1\J2 ji=k

Consequently, (A.3) [and hence (A.1)] follows from (A.4)-(A.7), (A.10) and
(A.11). O
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