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STOCHASTIC STRATONOVICH CALCULUS fBm FOR FRACTIONAL
BROWNIAN MOTION WITH HURST PARAMETER LESS THAN 1/2

E. Alos, J. A. Leon* and D. Nualart®

Abstract. In this paper we introduce a Stratonovich type stochastic integral
with respect to the fractional Brownian motion with Hurst parameter less than
1/2. Using the techniques of the Malliavin calculus, we provide sufficient
conditions for a process to be integrable. We deduce an It6 formula and
we apply these results to study stochastic differential equations driven by a
fractional Brownian motion with Hurst parameter less than 1/2.

1. INTRODUCTION

The fractional Brownian motion of Hurst parameter H € (0, 1) is a centered
Gaussian process BY = {B}? ¢ > 0} with the covariance function (see [16])

(1) E(BBI) = = (s* + 1 — |t — s*7).

N |

The purpose of this paper is to study stochastic integrals with respect to the process
B in the case H < 1/2. In [16], the authors derive the integral representation

t
@) B = ay / (t— )" Yaw, + .,
0

where W is a standard Wiener process and Z is a process with absolutely continuous
paths. Different approaches have been recently used to define stochastic integrals
with respect to B in the case H < 1/2:
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Using the representation (2), we defined in [1] a stochastic integral fOT usdBH
as the limit as € tends to zero of the integrals with respect to the regularized
process ap fot(t — s+ e)H_%dWS + Z;. This integral requires the trace
condition

T pr
/ / \Dsur\(r—s)H_% dsdr < oo
o Jo

almost surely, where D denotes the derivative in the sense of Malliavin calcu-
lus with respect to the Wiener process W. This condition is very strong and
it is not satisfied in simple cases like u; = W or u; = Bff. Moreover, under
a suitable Holder condition on the process wu, this integral coincides with the
limit of the forward Riemann sums

n

Z Ug;_y (Bt{{ - Btjj_l)v

i=1
where t; = iT'/n.
Since the fractional Brownian motion is a Gaussian process, one can apply
the stochastic calculus of variations (see [18]) and introduce the stochastic
integral as the divergence operator with respect to B that is, the adjoint of
the derivative operator. This idea has been developed by Decreusefond and
Ustiinel [6, 7], Carmona and Coutin [3] and Alods, Mazet and Nualart [2].
The integral constructed by this method has zero mean, and can be obtained
as the limit of Riemann sums defined using Wick products. The forward
integral defined in [1] can be expressed as the sum of the divergence with
respect to B and the trace term (3).
Using the notions of fractional integral and derivative, Z&hle has introduced
in [23] a pathwise stochastic integral with respect to BY, H € (0,1). If the
integrator has A -Holder continuous paths with A > 1 — H, then this integral
can be interpreted as a Riemann-Stieltjes integral.

As we pointed out before, the forward integral fOT BltdB}' does not exist.
Actually, a simple argument shows that the expectation of the Riemann sums

n
Z Bg—1 (Btlz{ - Bg—l)
i=1

diverges. In fact, if t; = ¢T'/n, then

n n
1
EY BI' (Bl -Bfl )= 5 SO = =t~ i)
=1 i=1
1

_ §T2H (1—n'2H).
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Notice, however, that the expectation of symmetric Riemann sums is constant:

SED (B + BB = BlL) = 5> [0 -] = ——
=1 =1

Taking into account this remark, and following the approach by Russo and
Vallois [20], in this paper we define a stochastic integral of Stratonovich type
fOT us o dBH as the limit in probability as ¢ tends to zero of

T
(2e)! /0 " (B{;’ ront Bg_e)w) ds.

Our main result is Theorem 2 which provides sufficient conditions for the
Stratonovich integral to exist, and yields a decomposition of this integral as the
sum of the divergence operator and a trace term. These conditions are fulfilled, for
instance, in the particular case u, = F(BH), for some regular function F. Section
5 is devoted to establish an 1td’s formula for the indefinite Stratonovich integral. Fi-
nally, in Section 6 we solve one-dimensional stochastic differential equations in the
Stratonovich sense driven by the fractional Brownian motion with Hurst parameter
less than 1/2.

2. PRELIMINARIES

Let B = {By,t € [0,T]} be a zero-mean Gaussian process of the form

t
B - / K(t, 5)dW,,
0

where W = {W;, ¢t € [0,T]} is a Wiener process, and K (t,s),0 < s <t <T,isa
kernel satisfying || K'|| = sup;c(o 1 fot K(t,s)%ds < oo. The covariance R(t, s) of

B has the form
tAs

R(t,s) = K(t,r)K(s,r)dr.
0

We will assume that the Gaussian subspaces generated by B and W coincide.

It is possible to construct a stochastic calculus of variations with respect to the
Gaussian process B, which will be related to the Malliavin calculus with respect to
the Wiener process W. We refer to [2] for a complete exposition of this subject. For
the sake of completeness, we give the basic definitions and results of this calculus.

The Reproducing Kernel Hilbert Space (RKHS) H is defined as the closure of
the linear span of the indicator functions {1}y 4, € [0, T} with respect to the scalar
product <1[0,t]7 1[0,5]>H = R(t,s).
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We denote by £ the set of step functions on [0, 7]. Consider the linear operator
K* from £ to L?([0,T]) defined by

<wa@=w@mm@+/[ww—mewm»

This operator satisfies the duality relationship (see Lemma 1 in [2])

T T
/(wamwﬁ:/“wMmex
0 0

for all ¢ € £ and h € L*([0, T1), where (Kh)(t) = [J K(t, s)h(s)ds.

As a consequence, the RKHS H can be represented as the closure of £ with
respect to the norm |||l = [[K*¢l|L2(j0,77), and the operator K™ is an isometry
between H and a closed subspace of L2([0, ), that is,

(4) H = (K*)~"(L*([0,T])).

A similar relation holds for the derivative and divergence operators with respect

to the processes B and W. That is,
(i) K*DBF = DF, for any F € D2 = D}, where D and D? denote the
derivative operators with respect to the processes W and B, respectively, and
D2 and ID)E2 are the corresponding Sobolev spaces.
(i) Dom 6% = (K*)~!(Dom 6), and 6% (u) = §(K*u) for any H-valued random
variable u in Dom 67, where § and 67 denote the divergence operators with
respect to the processes B and W, respectively.

Moreover, we have Dy;*(H) = (K*)~'(L"2), where L2 = DV2(L2([0, T})),
and this space is included in the domain of the divergence §°. We will make use
of the notations §(v) = fOT vsdWs for any v € Domd, and 65 (v) = fOT vsdB; for
any v € Dom 6”. Hence, if u € Dom 7, then

(5) /0 ' usdBy = /0 T(K*u)deS.

We will denote by ¢ a generic constant that may be different from one formula
to another one. Moreover, by convention K (t,s) = 0 if s > t.

3. THE STRATONOVICH INTEGRAL

Suppose that the Gaussian process is the fractional Brownian motion B of Hurst
parameter H € [0,1/2). The covariance of this process is given by

1
R(t,s) = 3 (s*H 4+ 21 — |t — s21).
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This process has the integral representation By = fo (t,r)dW,, where (see [2,

6)
©) KXLS):<zAt—wﬂH‘%—+sH—%Fi<E>

S

Fi(z) =cn <% - H) /02_1 ot 3 <1 —(0+ 1)H_%> do.

The kernel K (¢, s) satisfies the following conditions, where o« = 1/2 — H:
(@) [K(ts)] <c((t—s)""+s7%),
(ii) |8K t,s ! <c(t—s)~ o

and

Condition (ii) is a consequence of (see [16])

o e () () et

Consider the following seminorm on the set £ of step functions on [0, 77:

T
rw&:4<ﬁ@K@m%s
2

([ o0 = et ar) as

We denote by Hx the completion of £ with respect to this seminorm || - || 5. The
space Hy is the class of functions ¢ on [0,77] such that |¢|x < oo, and it is
continuously included in H.

Note that if u = {us,t € [0,7T]} is a process in DV2(Hy), then there is a
sequence {y,} of bounded simple H x-valued processes of the form

n—
(8) Pn = Z Fjl(tj,tj+1]7
7=0

where F); is a smooth random variable of the form

Fj :fj(B8{7 B] ),

Fm ()

with f; an infinitely differentiable function with bounded derivatives, and 0 = ¢y <
t1 < ...<t, =T, such that

T
©) EW—@M%+E/!WW—DMM%W—HQ as m— o
0



614 E. Alds, J. A. Le6n and D. Nualart

Moreover, if u € DV2(Hy), then u € Dom 67, K *u € "2 and (5) holds.
For a process u = {uy, t € [0, T]} with integrable paths and £ > 0, we denote by

u§ the integral (2¢) =" ["% u,ds, where we use the convention u, = 0 for s ¢ [0, T].

Now we introduce a stochastic integral of Stratonovich type with respect to B.

Definition 1. We say that a process u with integrable paths belongs to Dom (55

if
T
(25)_1 /0 Us (B(8+E)/\T - B(s—e)\/O) ds

converges in probability as € | 0. In this case, we denote this limit by (5?(11,). We
also make use of the notation (55 (u) = fOT U, o dB,.

In order to study the relationship between the integrals (55 and 67, we introduce

the following notion of trace. We say that a process u € D'?(Hy) belongs to the
space D” () if the limit in probability

1
TrDu 2= gl_)r% % /0 <DBu87 1[(8—6)\/0,(s+6)/\T]>H ds

exists. We will also make use of the notation
T
TrDu = / (Vu)sds.
0

The following is the main result of this section.

Theorem 2. Let u € D}f(?‘(;{) be a process such that

T
(10) E/ u? (s72% + (T — 5)*) ds < o0,
0

(11) E/OT /OT(DT’U,S)2 (s72% + (T — 5)72*) dsdr < oo.

Then u € Domég and
68 (u) = 68 (u) + TrDu.

In order to prove this theorem, we need the following technical result.

Lemma 3. Let u be a simple process of the form (8). Then u® converges to u
in DY2(Hg) as € | 0.
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Proof. Let u be given by the right-hand side of (8). Then u is a bounded process.
Hence, property (i) of the kernel K and the dominated convergence theorem imply

T
(12) E/ (us — u)’K(T, s)%ds — 0 as 0.
0

Fix an index ¢ € {0,1,...,n — 1}. Using that u; — us = 0 for s,t € [t; ti+1], we

obtain
tit1 T 2
/ (/ uf — e — (ut—us)\(t—s)_l_o‘dt> ds
t s

i

tit1 tit1 2
32/ (/ \uf—ui\(t—s)_l_o‘dt) ds
(13) t s

i

2
tit1 T
+2/ / E — 1 — (g — )| (E— 5)"1=0dt | ds
t tit1

i

:2A1(i, 8) + 2A2(i, 8).

The convergence of the term A(i,e) to 0, as € | 0, follows from the dominated
convergence theorem, the fact that v is a bounded process and that for a.a. 0 < s <

t<T,

)—l—a

uf —us — (ug —ug)|(t — s —0 as €]0.
t s

Suppose that ¢ < (1/4) ming<;<p—1 |ti+1 —ti|. Then uf —us = 0 if s and ¢ belong
to [t; + 2¢,t;11 — 2¢]. We can make the following decomposition

E(A1(i,e))
2

ti+2e ti+2¢e
SS/ (/ \uf—ui\(t—s)_l_o‘dt) ds
t s

i
2

tit1 tit1
+8/ </ luf —us|(t — s)_l_o‘dt> ds
tit1—2¢ s
ti+2e tit1 2
+8/ </ luf —uS|(t — s)_l_o‘dt> ds
t tid2e

i

tit1—2¢ tit1 ?
+8/ / E — | (t— 5)"10dt | ds.
t tit1—2¢

The first and second integrals converge to zero, due to the estimate

Juf =] < Zle =]
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On the other hand, the third and fourth term of the above expression converge to
zero because u; is bounded. Therefore, we have proved that

Ellu—u|% — 0 as & —0.

Finally, it is easy to see by the same arguments that we also have
T
E/ |Dyu — Dyuf||%dr — 0 as e — 0.
0
Thus the proof is complete. ]

Now we are ready to prove Theorem 2.

Proof of Theorem 2. From the properties of the divergence operator, applying
Fubini’s theorem we have

T
(25)_1A Ug (B(8+6)/\T - B(S—E)\/O) dS
r B
=(2€)_1/0 6% (us1i(s—eyvo,(s+e)nt](+)) ds
T
+<2e>—1jg (D 1 eeyvo(esepnr())y, 45
T (r+e)AT
:(25)_1/ / ugds | dB,
0 (r—e)vo
T
e /0 (DPus, Ls—epvo,s+e)aT) () 1y ds
T
_ / wEdB, + BF.
0

Using u € D}f(HK), we get that B converges to TrDw in probability as € | 0.

In order to see that fOT uSdB, converges to 7 (u) in L?(12) as ¢ tends to zero,
we will show that u® converges to u in the norm of DY2(H ). Fix 6 > 0. We
have already noted that the definition of the space D'(H ) implies that there is a
bounded simple H x-valued processes ¢ as in (8) such that

T
14 Blu— ¢l +E [ 1D = Drolfdr <6
0
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Therefore, Lemma 3 implies that for € small enough,

T
Em—uw%+E/ﬁwxm—uw@m
0
T 2
deu—w&+mEA 1D, (u— o) 3edr
T
(15) -MHW—¢W%+C?/!WA¢—¢W%W
0
T
wmw—w&+w/umwuwwwr
0

T
<2¢6 + cE| ¢ — vf||% + CE/O | Dy (" — uf)||Fedr.

We have

T

/ E(¢pS —uS)? K(T,s)ds
0
T

1 s+e 2
g/ E <—/ (or — ur)dr> K(T,s)%ds
0 2e s—¢

T 1 (7’+6)/\T
g/ E(p — uy)? 2—/ K(T, s)%ds | dr.
0 € J(r—e)vo

From property (i) it follows that

(r+e)AT
(25)_1 / K(T, t)2dt <ec [(T — r)—2o< + r—2a] '
(

r—e)Vo

Hence, by the dominated convergence theorem and condition (10) we obtain

T
limsup/ E(¢° —ud)? K(T,s)%ds
el0 Jo

(16) i
< [ B —u)? K(9Pds <6
0
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On the other hand,

(17)

2
B[ ([ il o) o
€ T 2
S@E/ (/ (o —w)r—o — (p — u)s- 9\(t—s)_1_°‘dtd0> ds
T+r—s -
4€2E/ </86 / (p—wt—(p—u)l(t—7)" O‘dtdr) ds
T+5
<3 E/ / (/ o —u)y— (p—u)|(t—r)"'" O‘dt) drds
13
T+e p(r+e)AT T+e 2
T2 / / (/ ‘(Pt_“t_‘Pr+ur\(t—7“)_1_adt> dsdr
(r

T+e T+5 2
<FE </ lor — up — @ + up| (t — r)_l_o‘dt> dr.
T

—E

By (16) and (17), we obtain

limsup B¢ — uf||% < 26.
el0

By a similar argument,

T
limsup £ | Dy (¢ — uf)||%dr < 26.
€l0 0

Since 4 is arbitrary, u° converges to u in the norm of D2(Hg) as e | 0, and, as a

consequence, fOT uSdB, converges in L2(Q) to 6% (u) . Thus the proof is complete.
[ ]

Remark 1.

The results of this section can be easily generalized to a centered Gaussian
process of the form B, = fo (t, s)dWs, where K (t, s) is a continuously differen-
tiable kernel in the region {0 < s <t < T} satisfying conditions (i) and (ii).

4. EXAMPLES

The purpose of this section is to analyze the existence of the Stratonovich integral
introduced in Definition 1 in some particular cases.



Stratonovich Calcculus for fBm 619

We will make use of the notation
1 T B
(18) T:(u) = (2¢)” /0 <D Ug, 1[(t—e)\/0,(t+e)/\T]>H dt

for a process u in DY (H).
Let F' be a continuously differentiable function satisfying the growth condition

(19) max{|F(x)|, [F'(x)|} < e,
where ¢ and \ are positive constants such that A < T2 /4,
From [2] we know that if H > 1/4, the process u; = F(B;) belongs to the

space L2(Q; Hy). Actually, it is not difficult to show that the process u; belongs
to DM2(Hy ). Let us check that the trace TrDu exists. To do this we first compute

T
T.(u)= (2)! /0 F'(B) Lo Ltoyvoeomprine dt

T
— (20)1 /0 F/(B)(R(t, (t+) AT) — R(t, (t— £) v 0)) dt

T
— (4e)! /O FB)(((t+2) AT — ((t— ) v 0)2H

—((t+e) AT —t)*H + (¢t — (t—¢) v0)*H)dt
T
—>H/ F'(B)t*=dt as <] 0.
0

As a consequence, F'(B;) belongs to the space D}f(HK), and by Theorem 2, the
Stratonovich integral of F'(B;) with respect to B exists. Moreover

T T T
/ F(B;) odB; = / F(B)dB; + H / F'(B)t* 1~ 1dt.
0 0 0

Remark 1.
The forward integral of F'(B;) with respect to B defined as the limit in proba-
bility, as € | 0, of

T
et /0 F(Bt) (B(t4eyar — By) dt,

does not exist in general. For instance, in the particular case F'(z) = x, we would
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find a trace term of the form

T
8_1/0 <1[0,t]71[t,(t+5)/\T]>H dt

T
o1 / (R(t, (t+ ) AT) — R(L,1)) dt
0

T(((t+5)AT)2H—t2H—((t+€)/\T—7f)2H) dt

1 2H — 1
i T2H_T 2H—-1 2H
2( = Tomyt )

which converges to —oo as ¢ tends to zero.

The forward integral with respect to the fractional Brownian motion of index
H < 1/2 has been studied in [1]. Notice that the process F'(B;) does not satisfy
the sufficient conditions introduced in this paper, for the forward integral to exist.

Remark 2.
The process © = W does not belong to the space ID%:Q(HK), and we cannot

apply Theorem 2 to deduce the existence of the Stratonovich integral fOT Wy o dBy.
In fact, as a consequence of (7),

1 T
% /0 <K((t + 5) A Tv ) - K((t - 5) \% 07 ')7 1[0=t]>L2([0,T]) dt

1 1 T t (t+6)/\T PR 3
=cy <H — —) —/ / / <C> (s — r)f > dsdrdt
2)2 )y Jo Jig—epvo \S

1\ [T [(s+e)AT —(s—e)Vr /r\s-H o3
o < 2) /0 /0 2e <s> (s —r)} *drds,

which by Fatou’s lemma, tends to —co as € tends to zero.

Remark 3.

The fact that F'(B;) is Stratonovich integrable with respect to B is still true for
kernels satisfying conditions (i) and (ii) other than the fractional Brownian motion
case. For instance, consider the Gaussian process B; = fot (t — s)~*dW;, with
a €[0,1/2). That is, K(t,s) = (t—s)~“. The covariance function of this process
is given by

R(t,s)= /Os(t —r) s —r)Ydr = /Os(t —Ss+r) Yr %dr

:3_20‘/ <7t—s+r> <C>_adr:sl_2aG <—t_$> ;
0 s s s
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with )
G(t) = / (t+7r)"“r~dr.
0

As in the case of the fractional Brownian motion, the process u; = F'(B;) be-
longs to the space DY?(H ) if F is a continuously differentiable function satisfying
condition (19) and o < 1/4. Let us show that the process u; = F'(B;) belongs to
the space ID)}/?(HK). We have

To(u) = (26)1 /0 FI(B)(R((t+ ) AT, 1) — R, (t— 2) v 0))dt

= (2¢)7 /ET_E FI(B) (#1720 = (t— o)) G (5 at

t

+(2¢)7! /ET_E FI(B)(t —e)l—20 <G (%) e (t ‘ 5>) dt

+(2¢)7t (/E F'(B)R(t + ¢, t)dt

0

+/T F'(By)(R(T,t) — R(t,t — 5))dt>

T—e
= Il,e + I2,5 + 13,5-

The term I3, tends to zero as € goes to zero. By the dominated convergence
theorem, the term I . converges to

(% _ a) G(0) /OT F(B)t2 dt.

On the other hand, for s, > 0, we have

d - —a\ __ -« —1l—«
%(s (s+7r) )——as (s+7r) )

Thus, for § > 0 such that 2« + § < 1, we obtain

—1+6r—2a—6'

'i (s (s+7)")| <as

dr

Therefore,
1
G'(r) < ar_2°‘_5/ 51045 = cgr2a79,
0
Hence we have that for ¢ € [¢,T — ¢, there is ;. € (¢/t, ¢/(t —¢)) such that

G<%>_G<t55)'

ScpetTH(t—e) T2 (0r) 20

(2e)7(t —g)l—2
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21) <as(t—e) 7 (5)

(22) < cs(t—e) 7

Note that (21) implies

(28)_1(t _ 5)1—204

e (%) e (é) ' Ler—g(t)

—0 as £]0

and (22) gives
I, — 0 as ¢ ]0.

Observe that as in the case of the fractional Brownian motion, the process
u = W does not belong to the space ID)}/?(HK). In fact, (18) implies

T (u) = % (/T /t((t+5) AT — $)~“dsdt
/ /(te ((t—e)y —s)” O‘dsdt)

:281—04) (2—@) (T2O‘— 20‘—(T—€)2_O‘)

1

1
(1 — ) Ll 21— o) il

which does not converge as € | 0.

5. IT6’s FORMULA FOR FRACTIONAL BROWNIAN MOTION INTEGRALS

Our purpose in this section is to prove a change-of-variable formula for the
Stratonovich integral defined in Section 3.

We will assume the following condition on the integrand process wu.

(C) u and D,u are A\-Holder continuous in the norm of the space D':* for some
A > «, and the function

D,u; — D,u
Yy = sup | D usHl4+ sup Dy r/\ all1a
0<s< ‘t—S‘

satisfies fo yRdr < oo for some p > 2/(1 — 4a).
Then we can prove the following result.
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Theorem 4. Suppose o < 1/4. Let u be an adapted process in D*?(H)
satisfying (10), (11) and condition (C) and such that the following limit exists in

probability,
T
J

for some process (Vu), in Y2, Define X; = fot usodBs. Then, for all F € C}(R)
the process F (Xs)us is Stratonovich integrable with respect to B and

1
(V’U,)S - % <DBu87 1[(8—6)\/0,(8+6)/\T]>H ds — 07

F(X;) = F(0) + /Ot F'(X,)us o dB,.

Proof. We can write, by Theorem 2,

t t
X :/ usdBs —|—/ (Vu)qds.
0 0

Then, by a straightforward extension of Theorem 3 in [2], we obtain that F”(X)us
is Skorohod integrable with respect to B, and

F(Xy) =F(0)+ /Ot F'(Xs)usdBs

w [ F o ([ ([ Dotz ) ar) as

w3 [ F e ([(uwar)a
2 J, s\, e )4

—|—/0 F (X5)(Vu)gds

+/Ot F'(X,)us /0 (/ Dr(Vu)gdé?) aa—ls((s,r)drds.

Then we only need to check that the following limit in probability exists:

1611%1% /Ot <DB (F/ (Xs)us> 71[(3—5)\/0,(3—1—6)/\T]>H ds,
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and that it is equal to

/tF”(XS)uS< 08 aals( (s,r (/ D, (K} u)gde) dr)d
vy [ ([ ) as

) (Vu)sds

AC
/ /(/ Di( Vu)0d9> aa—f(s,r)drds_

We can write

t

% 0 <DB(F/(X8)US)7 1[(8—6)\/0,(3+5)/\T]>H ds

1 [t
- % F(Xs) <DBU’5’ 1[(3—6)\/0,(8+6)/\T]>H ds

1 [t
+52 i F (X o)us (DP X, o—cpvo,(s42)n1])5y 05
1 [t B

B % 0 F(Xs) <D Uss 1[(3—6)\/0,(8+6)/\T]>H ds

1 [t s
+% 0 F (Xs)us <DB <A 'U;rdBr) ) 1[(8_5)\/0,(8+5)/\T]>H ds

IR s
+2— F (Xs)us <DB </ (Vu)rdr) ,1[(8_5)\/0’(8+5)/\T]> ds
€Jo 0 H
=T¢ +T5 + T¢.
Easily, the first term converges to fot F'(X,)(Vu)4ds in probability.

On the other hand, by the relationship between the derivative operators with
respect to B and with respect to W, it follows that

1 [t ste s
15— o [ [T 00 ([ s ) s+ 0

250

_ /0 "Dy ( /0 S(K;*u)rdWr) K(s e, H)dé?] ds
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1
_250

_ /0 (KWK (s — <, H)dé?] ds

t . s+e s
L (x ) [/ (/ Dg(K;*u)rdWr> K(s+e,0)do
2e Jo 0 0

_ /0 T ( /0 ) DG(K;*u)rdWr> K(s—e, H)dé?] ds

=T5,+15,.
Using the definition of K;u, we can write

N R ]

R (Xs)us [ /0 S(K;u)eK(s +¢,0)df

+

_ 21_5 [/O K(s, 0)ugK (s + 2, 0)d6 — /OH K (s, 0)ugK (s — ¢, e)de]
oo [/O ( ; o 0) (e~ ug)dr) K(s+e,6)d6

_/OH ( 98 %—I:(r, ) (ur — ug)dr> K(s —E,H)dé?] .

We add and substract ug in the first two integrals of the above expression and obtain

;_;[R(S, s+¢e)— R(s,s—¢)]
+% [/0 K(s,@)(ua—us)[K(s—f—E,H)—K(s—e,@)]d@]
+% 0 < 08 aa_fr((r, 0)(u, — ug)dr) [K(s+¢e,0)— K(s—e¢,0)]de.

Substituting the above expression into 775 4, it is easy to see that this term converges
in L' (Q) to

t
H/ F (X )u? s*H1ds
0
t

%/0 F (X, )us </08(u9—us)aa—li2(s,0)d0> ds

t 1" s S oK oK
F (X —_— - il
+A ( s)us A < ) or (7", 0) (ur ug)dr) Js (8, H)dé?ds

—l/tF”(X)ﬁ/S(K* 12d6
_2 0 s 83 0 5o '
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The term T, converges in L'(£2) to

/Ot F'(X)us ( 08 %—I;(s, 0) (/0 Dg(K;‘u)rdWr> d@) ds.

It remains now to prove the convergence of the term 7. Using again the relationship
between the derivative operators with respect to B and with respect to W, we can

write
| e
T5 :—/ F (Xs)us [/ </ Dg(Vu)rdr) K(s+¢,0)do
2e Jo 0 0

- /OH (/0 Dg(Vu)rdr> K(s—e, e)de] ds,

from which we deduce that 75 converges in L(€2) to

/Ot F (X, )us /08 (/08 Dr(VU)edﬁ) aa—f(s,r)drds.

Now the proof is complete. ]

6. APPLICATION TO STOCHASTIC DIFFERENTIAL EQUATIONS

Let B = {By,t € [0,T]} the fractional Brownian motion with parameter H €
(1/4,1/2). Consider the equation

t t

(23) Xi=ux —|—/ a(Xs) o dBs —|—/ b(Xs)ds,
0 0

where z € R and a, b are measurable functions.

Definition 5. We will say that a process X = {X;,t € [0,T]} is a solution
to (23) if the integrals of the right-hand side of this equation are well defined and
(23) holds.

Then, using the pathwise representation result for one-dimensional stochastic
differential equations due to Doss [8], we have the following result:

Proposition 6. Assume that a € C}(R) and b € CL(R). Then the unique
solution of (23) is given by
Xt = a(B, ),

where Yy is the solution of

Vi=z+ /Ot <g_(;(B87 Ys)>_1 b(a(Bs, Ys))ds
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and o(x,y) is the solution of

{ g_g(xvy) - a(a(m,y))
a(O,y) =Y.

Proof. For any € > 0, set

1 t
Big = 2_/0 (B(8+E)/\T - B(s—e)\/O)ds

e

and

X = a(B;, ).
Using the usual rules of the deterministic integral calculus, it follows that

X;=a(B;,Y))
1 t
=a+ 57 | alolB V) Bisranr = Bls—syvo)ds
t O« Oo !
[ (Gewn) (Goman) ey
0 82/( ) 52/( ) (ol )

=T+ % 0 a(a(Bs, Yts))(B(s—I—e)/\T - B(s—e)\/O)ds
1 t
+% 0 [a(a(Bgv Yts‘)) - a(a(Bs, Yts))](B(s—I—e)/\T - B(s—e)\/O)ds

; /0 t (g_ng,ys)) (g—‘;‘(Bs,Ys))_l b(a(By, Vo)) ds.

Now the proof will be decomposed into several steps.

Step 1. Using a € CZ(R) and the fact that b is bounded, it is easy to check that
the last term in (24) converges a.s. to

/t b(a( By, Ya))ds
0

and that the left-hand side of this equality converges a.s. to X;.
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Step 2. The process a(a(Bs, Ys)) is Stratonovich integrable. Observe that

Vomas [ (%‘;(Bu, Yu>>_1 b((Bay V) du
(25) " /0 Cexp (- /0 " lale, Yu))dz> b Bu, Ya))du
. /0 F(B., Y.)du,

T

where F(z,y) = exp(—/ a/(a(z,y))dz)b(a(x,y)). Fix an integer N. Let on

0
be an infinitely differentiable function with compact support such that py(z) =
if || < N. Set Fy(x,y) = ¢on(x)F(z,y), and let Y be the solution to Eq. (25)
with F replaced by Fiy. Notice that the processes Y and YV coincide on the set

QN:{wEQ:sup\Bt\<N}.
t<T

Taking into account that = Uy, it suffices to show that a(a(Bs,YSY)) is
Stratonovich integrable for each N. It is clear that YV belongs to D2(H) and we
have

s OF, S OF,
D, YN = a—;V(B“’ YMVK (u, r)du + 8—5(37“ YM(D,Y,N)du.

From here it follows that
S
‘DrY;N‘ < CN/ K(u,r)du < Cy(s — r)l_o‘r_o‘_
T

Hence we obtain that a(a(B, Y)) € DV2(H) and

Dy la(a(Bs, YV))] =a'(a(Bs, YV))a(a(Bs, YV)) K (s,7)
Oa

—I—a/(a(Bs, YsN))a_y(BSv YsN)DrYsN-

Let us study now the trace term. Using the notation A(z,y) = a(a(x,y)) we can
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write
1T B N
_/ <D a’(a(B:S?S/ts ))71[(s—e)v0,(s+e)/\T]>H ds
0A
(sty )10,371 s—e)VO0,(s+e T> ds
25 <a [0,s]> +[( )V(+)A]H
(26) + a‘4(3 YMDBYN 1 Vo AT ds
2% ay S5 [(s—e)VO0,(s+e)AT]
8A N
=5 T —(Bs, Y. )[R((s+e)ANT,s)— R((s—¢)V0,s)|ds
oA

N By N
+2€ y(Bs,Y ) (DY, Li(s—evo,(ste)nT]) 5 B5-

Easily, the first term of (26) converges to
H / (Bs, YN 171 s,

On the other hand, by the relationship between the derivatives with respect to B
and the derivative with respect to W, it follows that

T oA

26 y (B87 YN) <DBY;*N7 1[(s—e)v0,(s+e)/\T]>H ds

T oA

B,, YN
T 2 0 8y( )

(s+e)A
/ DyYNK((s+¢)AT,0)do
0

(s—e)VO0
- / DeYNK((s— )V 0,0)d0| ds.
0

Using the estimate | DyY.V| < Cn (s — 0)1720~2, the above term converges a.s. to

7oA oK
B,, YN) DyYN=—(5,0)d0 ) d
0 a ( Y </ 83 (8 ) ) S.

Step 3. By the previous steps and taking the limit as ¢ tends to zero in (24),
we know that

t
(27) % /0 [a(a(Bgv Y;‘N)) - a(a(st S/:SN))](B(S-FE)/\T - B(s—e)\/O)ds

converges in probability to

¢ ¢
Xt —z— / a(Xs) o dBs — / b(Xs)ds.
0 0
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Therefore, it suffices to check that the limit in probability of (27) is zero. Let G be
a smooth and cylindrical random variable. Then we can write

1

5 G/ ABE, YN A(BS,KN)](B(HE)AT—B(s—e)vo)dé’]

1 €
=-F / <DB A(st }/;N) - A(B87 }/;N))]7 1[(8—5)\/0,(s+6)/\T]>H d3:|

2e

1

t
= —F /0 [A(B;, YY) — A(Bs, YY) (DP G, 1 (s—cypvo,(s42)nT1) 5y 05

2e

toA - -
+2€E[G r - (B5, YN)<DBB5_1[0,5]71[(8—6)\/0,(s+6)/\T]>Hd3:|

A __ N 0A N
worle [(Swn - L.y
X (110,5)5 L{(s—e)v0,(s+e)AT]) 3¢ dé’}

ol (oS

X (DPYN, L(s—epvo,(s+e)nT]) 4 dé’} -

By the dominated convergence theorem it is not difficult to check that each term in
the above expression converges to zero as € tends to zero.
The proof is now complete. ]

1.
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