TAIWANESE JOURNAL OF MATHEMATICS
Vol. 5, No. 3, pp. 535-554, September 2001
This paper is available online at http:/www.math.nthu.edu.tw/tjm/

CONCAVITY OF CERTAIN MATRIX TRACE FUNCTIONS
Fumio Hiai
Abstract. We demonstrate how Epstein’s method using theory of Pick func-

tions improves the existing results and also proves new ones on the joint con-
cavity of trace functions of the form Tr (F' (A4, ..., Ax)), where F'(Aq, ..., Ax)

is a matrix-valued function of positive semidefinite matrices A1, ..., Ag.
INTRODUCTION
We are concerned with the joint concavity of a trace function Tr (F'(Ay, ..., Ax)),
where F(Aj,...,Ag) is a certain matrix-valued function of positive semidefi-
nite matrices Aj,..., Ax. It sometimes happens that even though the function
F(Ay,..., Ay) is not at all operator concave in the order of positive semidefinite-
ness, its trace function Tr (F'(Ay, ..., A)) is jointly concave, i.e.,

Tr (F(AA1 + (1 = \) By, ..., My + (1 — \)By))
> ANTr (F(Ay, ..., Ag)) + (1 = N)Tr (F(By, ..., Bg))

for positive semidefinite matrices A;, B; and 0 < A < 1. For instance, the (joint)
concavity of Tr (F'(+)) is known when the function F'(-) is any of the following:

(i) F(A) = (CAPC*)Y/P, where 0 < p < 1 (see [6]),

(i) F(Ar,.... Ay) = (X5, A7, where 0 < p < 1 (see [4]),

(iii) F(A,B) = AO‘/2CBﬂC*AO‘/2 where a, 3> 0 and a4+ 3 < 1 (see [8, 6]),

(

(iv) F(Ay,...,Ag) = exp(L—i—Z _,pjlog Aj), where p1,...,pr > 0, ZFl Dj
<1 and L is a Hermitian matrix (see [8, 6]).
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In particular, the joint concavity of Tr (F(A, B)) = Tr(A®CBAC*) in the
case (iii) is known as the Lieb concavity in [8] (also see [1]). In [6], Epstein
developed a powerful method using the integral representation of Pick functions
to prove the concavity of the trace function of the above (i) (as well as those of
the single-variable cases of (iii) and (iv)). In this paper, the same method will be
systematically exemplified to improve the known joint concavity results for (i)—(iv)
and also to prove new ones for some trace functions involving Hadamard products
and operator means.

The general form of trace functions treated in this paper is

(0.1) Tr ({F(A}, ..., AD)P) with 0<p<1
or
(0.2) Tr (exp{F(log Ay, ...,log Ay)}),

and the function F'(-) is allowed to contain several linear maps on matrix spaces.
The joint concavity of such trace functions is strongly related to the fact that the
functions 2P (0 < p < 1) and logz in x > 0 are operator monotone. When xP
and logz are analytically continued to the domain C \ (—o0, 0], their images of
the upper-half plane C* = {z : Imz > 0} are rather simple; in fact, the image
of 27 is the sector {re?® : r > 0,0 < 6 < pr} and that of logz is the strip
{z+1iy:0 <y < 7}. These facts are essential in Epstein’s method, so it does not
seem easy to deal with trace functions involving more general operator monotone
functions beyond the forms (0.1) and (0.2).

It may be worthwhile to mention the following remark about the joint “con-
vexity” problem in the case where F'(A4y,..., Ay) = A1 + -+ A. In this case,
one may expect that the trace function (0.1) would become jointly convex when
the condition on p is converted to p > 1. However, it was shown in [2, 4] that
the function (A, B) — Tr ((A? + BP)1/P) when p > 2 is not jointly convex (not
even separately) while it is jointly convex when p = 2. Its joint convexity when
1 < p < 2 is a conjecture of Carlen and Lieb [4] and it is still open. So the
convexity problem of Tr (A} + - -+ + AL)1/P) when p > 1 is more subtle than its
concavity part when 0 < p < 1.

This paper is organized as follows. Section 1 is a preparation mostly taken from
[6]. The above mentioned joint concavity results are improved in Section 2. Next,
other types of trace functions are proved to be jointly concave; in Section 3 we
consider trace functions involving tensor products and Hadamard products, and in
Section 4 those involving operator means.
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1. PRELIMINARIES

Let M, be the algebra of n x n complex matrices and M} the set of all positive
semidefinite A € M,,. We write A > 0 when A € M,, is positive definite, that is,
A e M and A is invertible; also A < 0 when —A > 0. Let M} denote the set
of all A > 0 in M,,. The identity matrix in M, is denoted by I (sometimes I, to be
precise). Let Im X be the imaginary part of X € M, i.e,, Im X := (X — X*)/2i.
The trace of X € M, is denoted by Tr X, and o(X) stands for the set of all
eigenvalues of X.

We often use the following notations

Ct:={2€C:Imz>0}, C :={z€C:Imz <0},

Ir={XeM,:ImX >0}, Z, ={XeM,:ImX <0},

and for 0 < p <1,
I‘pw::{rew:r>0,0<0<p7r}, F_pw::{rew:r>0,0>0>—p7r}.

The assertions in the next lemma were given in [6]; in fact, if X = A+ B
with selfadjoint A and B > 0, then the inverse of X is

Xl — B—1/2(B—1/2AB—1/2 il)"lBY?

Lemma 1.1. If X € Z,}, then X is invertible and moreover o(X) C C*. For
invertible X € M,,, X € IV ifand only if X' € T,

Next, let us recall basic facts on analytic functional calculus and Pick functions,
which will be frequently used in the discussions below. Let f be an analytic
function in an open set 2 in C. For every X € M,, such that o(X) C , the
analytic functional calculus f(X) is defined by

1

" omi

£ i= 5 [ fG) - ) s,

r
where I is a piecewise smooth curve in 2 surrounding o (X ). The spectral mapping
theorem says that o(f(X)) = f(o(X)). The analytic functional calculus satisfies
the composition rule g(f(X)) = (go f)(X) whenever f is as above and g is analytic
in an open set containing f(o(X)). Moreover, the map X +— f(X) has the Fréchet
derivative

DIOW) = g [ ST =XV EI-X)ds (v €M),
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so f(X (z)) is analytic whenever X (z) is an analytic function satisfying o (X (2)) C
Q. (See [10] for details on these facts.)

An analytic function ¢ in C* UC™ is called a Pick function if ¢ maps CT into
itself and  in C~ is the reflection of ¢ in C*, ie., ¢(Z) = p(z) for all z € C*.
According to Lowner’s theory (see [3, V.4]), any Pick function ¢ admits an integral
expression

*1+tz
—z

(1.1) <p(z)za—|—bz+/

—00

dv(t),

where a € R, b > 0 and v is a finite measure on R. Furthermore, a, b and v
are uniquely determined by ¢, and if ¢ is analytically continued across an interval
(o, B) in R (where —o00 < a < 8 < o0), then the measure v is supported in
R\ (a, B).

For p > 0, the function 2P (x > 0) has the analytic continuation z? in C \
(=00, 0] defined by

oP — pPetpd (z = re“g, r>0, -7 <0 <m).

When 0 < p < 1, it has the well-known integral expression (see [3, p. 116] for
example)
p sin p /OO =1z .
0

™ t+ 2z

For every X € I, (resp. X € Z,,), since o(X) C C™ (resp. o(X) C C™), one can
define X? via analytic functional calculus and it coincides with

(1.2) Xp:sinpw

/ tPEX (T 4+ X)L dt.
0

s

In fact, this matrix-valued integral is absolutely convergent whenever 0 < p < 1.
On the other hand, the analytic continuation log z in C \ (—o0, 0] defined by

log z = log r + 6 (z=re? r>0, -1 <0 <),

has the integral expression

s 1 1
logz = <—— )dt.
0 t+1 t+z

For every X € Z,F UZ, , one can define log X via analytic functional calculus and
it admits the integral expression

(13) log X :/OOO<HL1I—(751+X)—1) dt.
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In fact, this integral is absolutely convergent because ||(t +1) "' — (tI + X)7!| =
O(t2) as t — oo.

The following two lemmas are taken from [6]. One can easily show the first
lemma from the expressions (1.2) and (e=?"XP)~! = (- X 1P for X € Z,/; the
latter is seen from the analytic functional calculus of (e~#72P)~! = (—2z~1)P for
z € C*. The second lemma is seen from (1.3) and log(—X) = log X — ir[, for
X eIt

Lemma 1.2. Let 0 <p <1 If X € I}, then XP € T} and e~ "P"XP € T,
Also, If X € I, then XP € T, and "™ XP € T,

Lemma 1.3. If X € I}, then log X € Z,} and 0 < Im (log X) < wl. Also, if
X €I, ,thenlogX €Z, and 0 > Im (log X) > —n1.

2. IMPROVEMENTS OF EXISTING RESULTS

In this section, we prove three theorems on the joint concavity of trace functions,
thus improving the known results for the cases (i)—(iv) listed in the introduction.

The first theorem (also Corollary 2.2) is a generalization of both cases (i) and
(ii). The proof of the theorem is an adaptation of Epstein’s method in [6] based on
theory of Pick functions to our generalized setting. But we give it in detail because
the same method will be repeatedly used in the paper.

Theorem 2.1. Let m,nq,...,ng € N,and for j =1, ...,k let ®; be a positive
linear map from My, to My,. If 0 < p <1, then the function

o))

k

(Al,---jAk)GHM:fHTrG,

k

1

is jointly concave.

Proof. By approximation, we may assume that ®;’s are strictly positive, that is,
A > 0 implies ®;(A) > 0. (We may take ®;(A)+Tr (A)I,, for € > 0.) To show
the theorem, it suffices to prove that if A; € M'+ and H; € M, is Hermitian for
7=1,...,k, then

k

j—;Tr <{j1 ®;((4; + ij)p)}l/p> <0
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for all x > 0 small enough. Indeed, once this has been proved, it is immediate to
see that if A;, B; € Mf{j for j =1,...,k, then

2

%Tr ({jzk;@j((%‘lj +(1— w)Bj)p)}l/p> <0

for all 0 < x < 1, which yields the result.
Now let us show that the function

b 1/p
o(z):=Tr <{Z D;((z4; + Hj)p)} ) (e CtuC),

j=1
is a well-defined Pick function. Set X;(z) := zA; + H; for z € C; then clearly
Xj(2) € Z,; (resp. X;(2) € Z,,) if 2 € CT (resp. 2 € C7). For any z € C™, since
Lemma 1.2 implies that X;(2)? € Z," and e=""" X(2)P € T, , we get

k k
Im (Z @j(Xj(z)P)) = Z @, (Im (X;(2)P)) > 0

and
k
Im (e‘ip’r ) ‘I’j(Xj(Z)p)> =Y 2;(Im (777 X;(2)") <0.
j=1 J=1

These imply by Lemma 1.1 that
k
o(L 2,661 < T
j=1

Therefore, {Zle P (X j(z)p)}l/ P can be defined by analytic functional calculus
so that its eigenvalues are in CT. In this way, we infer that ¢(z) = Tr ({Zle
<I>j(Xj(z)p)}1/p) is a well-defined analytic function in CT so that o(C*) c C*.
Here the analyticity of ¢ follows from the Fréchet differentiability of analytic func-

tional calculus as remarked in Section 1. Similarly, ¢ is analytic in C~ and
¢(C~) C C~. Moreover, since

b 1/p\* b 1/p 1/p
({S00iom) ") = S mcsiom) "~ (S eixin)

we get p(Z) = ¢(z) for z € CT, and so ¢ is a Pick function.
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Consequently, ¢ has the integral representation (1.1) witha € R, b > 0 and a
finite measure v on R. But since

p(z) = 2Tr ({Zk; ®;((4; + 2 Hy)P) }1/1;)7

it is clear that  is analytic in C\ (—oo, R] for some R > 0 sufficiently large, and
so the measure v must be supported in (—oo, R]. Hence, for z > 0 small enough,
we have

Tr <{Zk: ®;((4; —I—xHj)p)}l/p) =gz ) =ar+b+ /R Mdu(t).

j=1 e @t —1
Since
en  Lalexty oot & ey A2+
de\ xt—1 (zt —1)2 a2\ 2t —1 @i 1)
we have

k ®;((4; +$Hj)p)}1/p> =2 /R (f_;xtl)ng(t),

2

Lon]
Xz 1 —00

which is < 0 for small > 0, as desired. Since two functions of ¢t € (—oo, R] in

(2.1) have a uniform bound whenever the parameter x is restricted to o < z < 3

with 0 < a < # < 1/R, one can use the dominated convergence theorem twice to

justify the interchange of the order of integral and differential in the above. ]

J

In the above proof, we showed that o(Xy) C C* and hence Tr Xy € C* for
Xo = {Zle <I>j(Xj(z)p)}1/p; however, Xy € Z. does not follow so that our
arguments are not valid when Tr is replaced by a general positive linear functional.

Corollary 2.2. Let C; be an m x nj matrix for j = 1,..., k. If 0 <p <1,
then the function

k

k
(A, Ay € [[ M), — Tr <{ZCJ»A§?CJ’,‘}1/17>
i=1

J=1
is jointly concave.

The second theorem strengthens the Lieb concavity twofold; it involves the p-
and 1/p-powers as well as positive linear maps.
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Theorem 2.3. Let m,ni,n2 € N, and let  : M,,, — M, and ¥ : M,,, —

M, be positive linear maps. If 0 < p <1 and o, 3 > 0 with a + 3 < 1, then the
function

o 1
(4, B) € M, x My, = Tr ({W(B") 20 (Ar)w(Br) 2} /7)
is jointly concave.

Proof. First, we show that the assertion in the case oo + § < 1 follows from
that in the case a + 3 =1. Whena+ <1, letad/ :==1—-B3so0<a<a <1.
Let A, Bj € M;Lj (j = 1,2)and 0 < A < 1. Then, since 27 (z > 0), where
0 < v < 1, is operator concave as well as operator monotone, we get

()‘Al + (1 — )\)A2)po¢ > ()\A?/O/ + (1 _ )\)Ag/a/)poc

)

so that
D((AA1 + (1= \)A9)™) > @((AATY + (1 - N) A3/ > ")

Therefore, we have

Tr ({‘P((ABl + (1= A)Bo)PP) 20 ((AA1 + (1 — X) Ag)P?)
U((ABy + (1 - A)B2)pﬂ)l/2}1/p>
= <{‘I’((>\Bl + (1= A\)Bo)PB) 120 (A 4 (1 — A)AG/ e
U((AB; + (1 — \)By)Ph) 1/2}1/p>
> Ty ({ (B 204 'y w72} )
H(1 = T ({W(BY) (A5 P By 2} )
— ATt ({\I/ B2 (AP w (B 1/2}1/p>
(1 — Tr({\I/ BYOY2 (AR (Bgﬂ)l/z}l/p)

The latter inequality in the above is due to the assumption for the case o/ + 3 = 1.
In this way, we may and do assume that o + 3 = 1.

We may assume as in the proof of Theorem 2.1 that ® and W are strictly positive.
It suffices to prove that if A, H € M,,, and B, K € M,,, are such that A, B > 0
and H, K are Hermitian, then

j—;Tr ({\I/((B + xK)pﬂ)l/Zcp((A + 2 H)P) U ((B + xK)pg)yz}yp) <0
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for all z > 0 small enough. For z € C, set X (z) := 2zA+ H and Y (2) := zB+ K.
For any z € C*, since X (z) € I,/ , Y (z) € Z,f, and Lemma 1.2 implies

Im (X (2)P%) = &(Im X (2)P*) >0, Im¥(Y(2)P?) = ¥(ImY (2)P?) > 0,

we get ®(X (2)PY), U(Y (2)PP) € I}, and so U (Y (2)PP)1/2 € T is well-defined.
Now we define

F(z) = W(Y (2)"7) 20 (X (2)P) W (Y (2)P)1/2,
and prove that
(2.2) o(F(2)) CTyr if z€CT.

To obtain (2.2) it suffices to show the following properties:

(a) When 2 = re? with a fixed 0 < 6 < 7, 0(F(z)) C 'y for sufficiently large
r > 0.

(b) o(F(2))N[0,00) =0 for all z € C*.
(c) o(F(2))N{re?™:r >0} =0 for all z € C*.

In fact, if (2.2) does not hold for some zy = rge‘® € C*, then according to (a) and
the continuity of the eigenvalues of F'(z) we must have o(F(z)) U 0L, # 0 for
some z € {re' : r > ry}, which says that (b) or (c) must be violated.

Proof of (a). We have
(23) F(z) = PU((B+ 2 "K)P) ?®((A+ 2 HP)W((B + 2 ' K)PP) /2.
When z = re'® with 0 < 6y < 7 fixed and » — oo, note that

o (W((B+ 21K P ((A+ 2 HP) (B + 2 K)P)?)

converges to o (¥(BPA)Y/2(AP)W(BPP)1/2) C (0, 00). Hence (a) follows.

Proof of (b). For any 0 < r < oo, we have

F(2) = rLy = U(Y (2)") 2 (@(X (2)P*) — rP(Y (2)P°) 1) W (Y (2)P7) /2.
Since ®(X (2)PY), ¥(Y(2)PP) € T as already mentioned,

O(X (2)P) —rU(Y (2)?") ! e I}

so that F'(z) — rI,, is invertible by Lemma 1.1.
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Proof of (¢). For any 0 < r < oo, we have
F(z) —re™ I, :eipo‘”\I/(Y(z)pﬂ)l/2 (fb(e_ipo‘”X(z)po‘)
_r\p(e—ipﬂﬂy(z)pﬂ)—l)q;(y(z)pﬂ)lﬂ
thanks to o« + 3 = 1. Since ®(e~P"X (2)P®) — rU (e~ PPTY (2)PA)~1 € T by

Lemma 1.2, F(z) — reP™I,, is invertible.
We have shown (2.2) and similarly

o(F(z))cT_pr if zeC.

Then F(z)'/? can be defined for z € C* UC™~ by analytic functional calculus so
that o(F(2)/?) ¢ C* for = € C* and o(F(2)'/?) ¢ C~ for z € C~. Since
(F(2)'/P)* = F(2)'/P, we can define a Pick function ¢(z) := Tr (F(2)'/?) for
z € CT UC~, which is analytic in C \ (—oo, R] for some R > 0 as clearly seen
from (2.3). Since, thanks to o + 3 = 1,

Tr ({W((B + oK) 20 ((A+ 2By (B +2K)?) 2} 7)) = ap@™)
for small x > 0, we can proceed in the same way as in the proof of Theorem 2.1.m

It should be noted that (2.2) is a consequence of [6, Lemma 2]; however, we
prefer a direct proof because the proof of [6, Lemma 2] is not easily accessible.

Corollary 24. If0 <p <land a,8 >0 witha+ (6 <1 and if C is an
m X n matrix, then the function

(A,B) e M} x M}, — Tr ((Bpﬂ/2CApaC*Bpﬁ/2)1/p)
is jointly concave.

Even the particular case p = 1 of Theorem 2.3 yields some operator concavity
for tensor products and Hadamard products as we will mention in the next section
(see Corollaries 3.4 and 3.5).

In the third theorem we show the joint concavity of exponential-logarithmic
trace functions extending the case (iv).

Theorem 2.5. Let m,nq,...,ny € N, and for j = 1,...,k let ®; be a
positive linear map from M,,; to My,. Let L € My, be any Hermitian matrix. If

Zle ®;(In;) < I, then the function

k k
(A1,..., Ap) € [[ M+ Tr <exp{L +y <I>j(1ogAj)}>
j=1

j=1
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is jointly concave.

Proof. We prove that if A; € M} and H; € M, is Hermitian for j =
., k, then

2 i
wTr <exp{L + jz; ®; (log(A; + xHﬂ)}) <0

for any sufficiently small z > 0. To do so, we define

k k
F(z):=L+ (logz) ( Z‘I’j n; ) +Z‘I’j(10g(ZAj +Hj))7
j=1

and show that the function
o(z) :=Tr (exp F(z)) (zeCTuUC)
is a Pick function. When 2z € C™, since 0 < Im (log 2) < 7 and Lemma 1.3 implies
0 < Im (log(zA; + Hj)) < mly; (J=1,... k),
we get

k k
Im F(z) = (Im (log 2) ( -3 ey, ) 3" @ (Im (log(=4; + Hj))) > 0
j=1

j=1

<.

and
k k
Im F(z) < 7r<1m -3 @j(In].)) +3 70, (1,) = 7.
j=1

Therefore, it follows that
o(F(z)) c{z+iy:2eR,0<y <7}

so that o(exp F(z)) C C*, implying ¢(2) € C*. Thus, ¢(z) € C* if 2 € C™,
and similarly p(z) € C~ if z € C~. Moreover, ¢ is analytic in C* U C~, and
©(Z) = ¢(2) for z € C* because F(2)* = F(Z), so ¢ is a Pick function. Since

k
1 (exp{1 3 0oty 1)}
=Tr <exp{L—|— log x) Zk:ij L) Zk: (log(z 1 4; —I—H))})

j=1 j=1
=Tr (exp{ logz) I, + F(x~ )}) rp(z™t)
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for small z > 0, the remaining proof is the same as before. ]

Corollary 2.6. Let C; be an m X nj matrix for j = 1,...,k, and L € M,,
be Hermitian. Ifozl C;C5 < Iy, then the function

k k
(A1, Ay € [[ M - Tr <exp{L n ZCj(logAj)C;‘}>
j=1

Jj=1
is jointly concave.

The assumption Zle C;C; < Iy, in the above corollary as well as Zle D;(In;)
< I,, in Theorem 2.5 is essential. In fact, in the scalar case, if p > 1 then
a > 0 exp(p'/?(loga)p'/?) = exp(ploga) = aP is convex.

3. TrRACE FuncTiONSs INVOLVING TENSOR PrODUCTS AND HADAMARD PRODUCTS

Let X ® Y be the tensor product of X € M,,,, and Y € M,,,,. We write X oY
for the Hadamard product of X,Y € M,,, that is, X oY is the entrywise product
of X and Y. It is well-known that the k-fold Hadamard product X; 0 Xs0---0 Xj
of X1,..., X, € M,, is a compression of X1 ® Xo ® ---® Xi; so one can write

3.1 X1OXQO---OXk:E(X1®X2®---®Xk)E

with some orthogonal projection F in ®If M,, = M,,» (more precisely, the above
right-hand side should be restricted to the range of F).

In this section, we prove the joint concavity of trace functions involving tensor
products and Hadamard products. We first give a lemma.

Lemma 3.1. Let Xi,..., X € M,, be mutually doubly commuting, i.e.,
Xij/ = Xj/Xj and XJXJ* = X;(/Xj for all j #+ j/. Let p1,...,pr > 0 with
Sk p SLIX; €L and e PimX; € I, for j=1,....k, then Xy -+ Xy €
Th and e AP X L X € T

Proof. Once the case k& = 2 has been proved, a simple induction argument
works to get the general case. So we may concentrate to the case £k = 2. Let
X; = Aj + iB; with Hermitian A; and B;. The assumption X; € Z,; means
B; > 0. Since

e_ihWXj = {(cospﬂr)Aj + (sinpﬂr)Bj} + i{(sinpﬂr)Aj — (cospﬂr)Bj}
belongs to Z,,, we also get

(sinpjm)A; — (cospjm)Bj > 0,
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or A; > (cot pjm)B; thanks to sinp;m > 0. Since X; and X5 are doubly commut-
ing, {A1, B1} and {Ay, Bo} are commuting so that

X1Xo = (A1Ay — B1By) + i(A1By + B1 As)
with Hermitian A1 Ay — B1 By and A1 By + B1As. We have
A1By + B1 Ay > B%/2A1B%/2 + Bi/2A2Bi/2

> (cot py) By 2By Ba/? + (cot por) By 2 By B}/?
= (cot p17 + cot 1927T)B%/2B1B%/2 >0

because of ]
sin(p1 + p2)7

sin py7 sin pom

cot pym + cot pam = > 0.

So X1 X, € Z,} is obtained.

To show that e‘i(plﬂ’?)’erXg e 1., set )Z'j = eipf”Xj’»‘; then X’j € I;,LL
follows from the assumption e =" X; € Z. and also e~ i"X; € T, from X; €
I;,LL. Hence the first assertion applied to X’l, X’g implies that )2'1)2'2 € I;,LL. This
means ¢/ (P1P2)7( X X,)* € T} or, equivalently, e *P1+P2)7 X X, € T, n

Theorem 3.2. For j =1,...,k, let mj,n; € N and ®; : M,,;, — My, be

~

a positive linear map. Moreover, let | € N and U : ®f:1 M, (= M,,, where

m:= Zle mj) — M, be a positive linear map. If 0 < p < 1and a1, ...,04 >0
with Zle a; < 1, then the function
i 1
(Ao, Ag) € [TME = T ({0(1(A5") @ - Bi(47°)) }P)
j=1

is jointly concave.

Proof. First, note that the assertion in the case Zle a;j < 1 follows from that

in the case Zle aj = 1. This can be seen as in the proof of Theorem 2.3, so
we omit the details. We may further assume that all ®; and ¥ are strictly positive.
What we have to prove is that if A; € Mf{f and H; € M, is Hermitian for
7=1,...,k, then

(3-2) j—;Tr ({‘I’(‘I’l((Al + zH)P) @ -+ @ O (A +ka)pak))}1/p> <

for all z > 0 small enough. Set Y;(z) := zA; + H; for z € C. For any z € C¥,
since Yj(2) € Z,;, we can define Y;(2)P* and set

Xj=Ip @ QI @P;(Yj(2)!) @I, @ @Iy, (F=1,...,k).
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Obviously, X1, ..., X are mutually doubly commuting. By Lemma 1.2, we get
ImX;= I, @ @®;(Im (Y;(2)P*)) @ -+ @ Iy, >0,
Im (e"P47X;) = Iy, @ -+ @ ©;(Im (e P™Y;(2)P*)) @ « -+ ® Iy, < 0.
Hence by Lemma 3.1 we have X; --- X € I;,LL and e P"X, - X}, € 1,,; namely,
©1(Y1(2)P) @ - @ Bp(Yi(2)Pk) € I,
e TP (Y1 (2)PM) @ - - @ Pp(Yi(2)P*) € T, .

These imply by Lemma 1.1 that

J<\I/(<I>1(Y1(z)po‘1) ® - ® @k(Yk(z)po"“))) CT,r if 2eCT,
while similarly

o (W(@1 ()" @@ B(Vi(2)P™))) CT e i 2€C.

Thus, one can define
+ — o' a 1/p
2eCHUCT = {W(@IM()™) @ @ B(Yi(2)"™)) }

via analytic functional calculus so that the function

o(z) :=Tr ({\I/(@l(Yl(z)pal) R ® @k(yk(z)p%))}l/p>

maps C* (resp. C™) into itself. Furthermore, one can see as before that ¢ is a
Pick function and it is analytic in C\ (—oo, R] for some R > 0. The assumption
Zle aj = 1 guarantees that Tr ({-- - }1/?) in (3.2) is equal to z(z~!) whenever
x > 0 is sufficiently small, and so the remaining proof of (3.2) is the same as in
the proof of Theorem 2.1. ]

The next theorem is just an application of Theorem 3.2 to ¥(E - E) instead of
U, where F is as in (3.1).

Theorem 3.3. Let ®; : M,,, — My, be a positive linear map for j =1, ..., k,
and ¥ : M,,, — M, be a positive linear map. If 0 < p < 1 and ay,...,a; >0
with Zle aj < 1, then the function

k
(Ar, A € TTME o T ({(@1(AF) 00 By (4774)) }17)

U]
j=1
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is jointly concave. In particular,

k
(Al, .. .,Ak) < H M"" — Tr <{(I>1(A1170<1) 0---0 (I)k(Aiak)}l/p>

U]
j=1

is jointly concave.

When all ®; are completely positive, the tensor product map ®1 @ --- ® Py,
is completely positive again (see [9]), and since the expression inside the trace in
Theorem 3.2 is equal to

1/p
(0@ 60 0)((A7 00 Az},

the assertion can be also seen from Theorem 2.1 (for k¥ = 1) and the joint operator
concavity of

k
(3.3) (A A e [[M) — AP @ - @ A
j=1

due to Ando [1].
In the rest of this section, we complement some “operator concavity” results
obtained from Theorem 2.3.

Corollary 3.4. Let ®: M,,, — M,,,, and ¥ : M,,, — M,,, be positive linear
maps. For every a, 8 > 0 with o+ 8 < 1, the map

(A,B) € M}, x M}, s ®(A%) @ U(B’)
is jointly operator concave in the order of positive semidefiniteness.

Proof. First, assume m; = mo = m. Note that the transpose X +— X' is a
positive linear map on M,,. For any X € M,,,, if we take p = 1, X*®(-) X for ®
and (¥(-))! for ¥ in Theorem 2.3, then we have the joint concavity of

(3.4) (A,B) € M x M} = Tr (X*®(A™) X (¥(B"))").

Consider M,,, as a Hilbert space with respect to the inner product (X,Y) :=
Tr (Y*X). Then M,,, ® M,,, is faithfully represented on the Hilbert space M,,, by
the representation 7(A ® B)X := AX B! for A, B, X € M,,. Since the right-hand
side of (3.4) is

(m(®(A%) ® ¥(B”))X, X),

it follows that (A, B) — ®(A®) @ ¥(B”) is jointly operator concave.
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_ When my # mg, choose m > m1, ms and set @(A) = ®(A) ® 0y, and
U(B) := ¥(B) @ Opy—m,. Then ®(A*) @ U(B’) is identified with the mymy X
mimsy corner of ®(A%) ® W(BP). So the result follows from the above case.

The following is obvious from the above corollary because the Hadamard product
is a compression of the tensor product.

Corollary 3.5. Let ® : M,,, — M,,, and ¥ : M,,, — M,,, be positive linear
maps. For every o, 8 > 0 with o+ 8 < 1, the map

(A, B) € M}, x M} ®(A%) o (BP)

is jointly operator concave.

It may be conjectured that the assertion of Corollary 3.4 holds for more than
two components, that is, the map

k
j=1

is jointly operator concave for positive linear maps ®; : M, — M, and o; > 0
with Zle a; < 1. A positive linear map ® : M,, — M, is said to be de-
composable if there exist completely positive linear maps ®1) and &2 such that
(X)) =dW(X) + @ (X*). Not all positive linear maps on M, are decompos-
able if n > 3 (see [5, Appendix B]). It is easily seen from the operator concavity of
(3.3) that the above conjecture is true when all ®; are decomposable positive linear
maps.

4. TrRACE FuNcTIONS INVOLVING OPERATOR MEANS

Let m be an operator mean in the sense of Kubo and Ando [7]. It admits the
integral representation

1
AmB:aA+bB+/ Ll

0

{(tA) = B} dw(t),

where a,b > 0 and v is a finite measure on (0, 00). In the above representation,
the parallel sum A : B of A, B € M is defined by

A: B:= (A_l + B HL,

and A : B:=lim._og(A+el): (B+e¢l) for general A, B € M.
In this section, we prove the joint concavity of trace functions involving the
operator mean m. To do so, we need to define the operator mean X mY of
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X,Y € I in such a way that we get XmY € Z. When X,Y € Z, since
X1 4+Y~! €7, by Lemma 1.1, the parallel sum

XY =X'1+yHt
is defined and belongs to Z". So one can define the operator mean X m Y belonging
to Zt as

14t
4.1) XmY :=aX+bY + T{(tX):Y}du(t),
0
whenever the above integral is absolutely convergent. To check the absolute con-
vergence of the integral, we estimate as follows. Since
tX Y = tX V(I 4t X 2y I X2 T 12
— Yl/Z(I + t_1Y1/2X_1Y1/2)_1Y1/2,

we get
L+t (14X
. : <
(4.2) 7 X Y| < X2y X172 for small t >0
and
L+t (L)Y
. : < .
(4.3) " [tX Y| [ VIAX Y for large ¢t >0

Hence ¢~ (1 +t)||tX : Y| is bounded for all 0 < t < oo, and the operator mean
XmY € I;L is well-defined. On the other hand, when X, Y € Z°, one can define
XmY €Z; by the same formula (4.1). It is obvious that (X mY)* = X*m Y™
if X,Y € I7.

Lemma 4.1. If X,Y € T} and e """ X, e~P"Y € T, then X mY € .| and
e P (XmY)eT,.

Proof. The above discussion implies that (e =" X)m (e"?"Y) € T, as well
as XmY € Z}. Since

(e7PTX): (e7P"Y) = e PT(X 1Y),

it follows immediately that (e=?"X)m (e""Y) = e P (X mY). Hence we
obtain the assertion. ]

Lemma 4.2. If X(2),Y(z) : @ — I} (or I,;) are analytic functions in an
open set ) in C, then the function z € Q — X (z) mY (z) is analytic in Q.
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Proof. For any zg € 2, it follows from the estimates (4.2) and (4.3) that the
convergence

/ LELax () vbdv) — [ X () Y()} vl
0,8 ¢ 0c) 1

as « — 40 and § — oo is uniform for z in some neighborhood of zy. So we may
show that for each 0 < o < 3 < oo the function

1+1¢
cEQ F(z) = /W] X () Y () aut)
is analytic. When zg € Q2 and zg + u € ) as u — 0, since
(tX (20 + u))~?
=t"1(X (20) + uX'(20) + o(w))
= 171X (20) "V2{I + X (20) V*(uX'(20) + o(u))X(zo)_1/2}_1X(zo)_1/2
=171 X (20) 7 — t 7 uX (20) T X (20) X (20) 7 + o(u)

-1

and similarly
Y(zo+u) ™t =Y (20)7 —uY (20) 'Y (20)Y (20) " + o(u),
we have
(tX (20 +u) ™t + Y (20 +u)!
= (tX(20)) "' +Y(20) 7"
—u{t 71 X (20) ' X"(20) X (20) 7 + Y (20) 1Y (20)Y (20) '} + o(u).
Therefore, we estimate
(tX (20 +u)) : Y (20 + u)
= {(tX (20)) Y (20) } +u{ (tX (20)) : ¥ (20)}
X {71 X (20) T X" (20) X (20) 71 4+ Y (20) 7Y (20)Y (20) 71}
< {(LX (20)) : Y (20)} "+ o(w),

where o(u) as u — 0 is uniform for all ¢ restricted to [c, §]. This estimate implies
that F'(z) is differentiable at 2z, completing the proof. |

-1

Theorem 4.3. Let m be any operator mean. If 0 < p < 1, then the function

(A, B) € M} x M + Tr ((AP m BP)'/7)
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is jointly concave.

Proof. 1t suffices to show that if A, B > 0 and H, K are Hermitian, then

2

dz?

for sufficiently small > 0. Set X (2) := 2A+ H and Y (z) := zB+ K for z € C.

When 2 € CT, since X (2)? and Y (2)P satisfy the assumptions in Lemma 4.1, we
have

Tr (A + zH)?m (B + 2K)?)/" <0

o(X(2)PmY(2)P) C Cpn.

Hence { X (2)Pm Y (2)P}!/P can be defined via analytic functional calculus and we
have

c({X(2)PmY(2)P}/P) cCt if zecCt.
When z € C~, we can similarly define {X (2)?m Y (2)?}!/P so that
c({X(2)PmY(:)P}/P) cC™ if zeC™.
In this way, the function

p(2) = Tr ({X ()P mY (2)}'77)

maps CT (resp. C™) into itself. It follows from Lemma 4.2 that X (2)? m Y (2)? is
analytic in C* U C~ and hence so is { X (2)? m Y (z)?}'/P. Furthermore, since

({X(EPmY(P) = {(X(2)PmY (2)) }P = (X (2P m Y ()P},

we get 9(Z) = ¢(z) for z € C*, and so ¢ is a Pick function. Finally, it is easily
seen from Lemma 4.2 that ¢ is analytic in C \ (—oo, R] for some R > 0, and the
remaining proof is the same as before. ]
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