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BLOOMFIELD-WATSON-KNOTT TYPE INEQUALITIES
FOR EIGENVALUES

T. Ando*

Abstract. This paper is largely of expository nature. We generalize the de-
terminantal and tracial inequalities, originating from Bloomfield-Watson and
Knott, from the standpoint of majorization of eigenvalues, and observe the
results as estimates of singular values of modified off-diagonal blocks of a
block matrix representation in terms of the eigenvalues of the original matrix.

1. INTRODUCTION

In this paper of expository nature we treat, in principle, matrices. But let us start
with C*-algebras (with unit), of which a simplest example is the space of matrices.
We shall use capital letters, A, B, ... to denote general elements of a C*-algebra,
and identify a scalar with the unit multiplied by this scalar.

For C*-algebras there are natural notions of norm, positivity, and spectrum
etc. For the space of matrices the norm is spectral norm, positivity is positive
semidefiniteness, and spectrum is eigenvalue.

The following identities in a C*-algbera are well-known:

HAH = )\maX(A) = maximum spectrum of ‘A‘ def (14*14)1/27

and for invertible A
HA_1H_1 = Amin(A) = minimum spectrum of |A].

A linear map ® from a C*-algbera to another is said to be positive if ®(A) > 0
whenever A > 0. It is said to be unital if it is unit-preserving. (See [20] for
C*-algebras.)
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The following are basic inequalities for a unital positive linear map & (see, e.g.,

[6])
®(A?) > ®(A)? (Hermitian A), and &A™ >&(A)"L (A>0).

Since the square-root formation, A —— AY/ 2. on the cone of positive elements,
is order-preserving and the inverse formation, A —— A~!, is order-inverting, the
above inequalities imply

B(AH2 > B(A) and A HTT< DA (A>0).
In additive forms these inequalities for A > 0 become
B(A%) —D(A)? >0 and B(AH)Y2—d(A) >0,

and
PAH-d(A) >0 and B(A)-dAH >0

Inequalities, complementary to the above ones, especially to the one for ®(A~1)~1

are usually called Kantorovich type inequalities. More precisely, with these words
we mean an upper estimate of ®(A?) by a scalar multiple of ®(A4)? and an upper
estimate of ®(A) by a scalar multiple of ®(A~1)~1. In additive forms, we require
upper estimates of ®(A?) — &(A)% and ®(A) — ®(A~1)~! by scalars, and also
upper estimates of ®(A2)1/2 — ®(A) and ®(A~1) — &(A)~! by scalars. Here those
scalars are required to be determined by Apax(A) and Apin(4).

In Section 2, we formulate the Kantorovich type inequalities as upper estimates
of the maximum spectra of ®(A)~1®(A2)®(A)~" and D(A1)/2P(A)D(A~1)1/2
as well as those of ®(A2%) — ®(A4)? and &(A) — d(A~1)~! and related ones.

In the case of a matrix A > 0 of order n, say, in addition to the maximum and
the minimum spectrum, we can speak of the eigenvalues of A. The eigenvalues of
A are arranged in nonincreasing order :

Here of course
AM(A) = Amax(A) and A\ (A) = Apin(A).

Then for a unital positive linear map ® from M,,, the space of n x n matrices,
to M, we can consider the problem of estimating eigenvalues of ®(A~1)1/20(A)
(A1), for instance, in terms of the eigenvalues of A.
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It is known (e.g., [7]) that a unital positive linear map ® from M,, to M,,, at
A > 0 is written in the form

P(A) = i Vi AV,
j=1
where the V’s are n x m matrices such that
N
Z Vi'Vj =L, (identity matrix of order m).
j=1

(Under more restrictive requirements of complete positivity, V;, j = 1,2,..., N,
are taken common for all matrices A.)

For a general unital positive linear map, it seems difficult to find compact
estimates of the eigenvalues of ®(A~1)1/20(A)®(A~1)!/2. Therefore we have to
concentrate on the special case of a single V, that is,

(1.1) ®(A) =V AV, where V'V = [,,.

With the orthoprojection P = VV* and P+ = I,, — P, according to the decom-
positon I, = P + P, represent each X € M, in a block matrix form

X1 X2
X = .
Xo1 Xoo
To consider a unital linear map of the form (1.1) is equivalent, up to unitary simi-
larity, to treat the compression ®p(X) defined by

(1.2) Pp(X) = Xu1.

Now the problem is to find estimates of the eigenvalues of B = ®p(A~1)1/2
p(A)®p(A~1)Y/2, for instance. It seems difficult to find nontrivial direct estimates
of A\;(B) (except j = 1) of the form
where

1> 2> oy (>0)

are some scalars, determined from \;(A), j =1,2,...,n.
Instead, we expect the so-called majorization estimates (of additive form)

k
(13) NB) <D o (k=1,2,...,m),
j=1 j=1
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or those (of multiplicative form)

k k
(1.4) [Iyx®<[[w G=12...,m).
j=1

j=1
According to a basic result of majorization theory (e.g., [4, 16]), (1.3) implies
that for any increasing convex function f(¢) on (0, c0),

k

k
(1.5) D INB) <Y fluy)  (k=1.2,....m).

J=1

.
I
—

Since (1.4) means

k

> flog(Xi(B))) <

j=1

f(log(uj)) (k=1,2,...,m),

] =

1

<.
I

it follows from the above comment that (1.4) implies that for any function g(s) on
(—o0, 00) such that g(logt) is increasing and convex,

k k

(1.6) SonB) <Y glw)  (k=1.2....m).

j=1 j=1
In particular, (1.3) follows from (1.4) with g(s) = e®.

It is known (e.g., [4, 16]) that the majorizations (1.3) and (1.4) are equivalent
to the existence of a, > 0, indexed by permutations o = (01,09, ... ,0.,) of the
set {1,2,...,m}, with )~ _ o, = 1 such that

B) <) o, (G=12....m)
g

and respectively

B)<[[wer (G=12....,m).
g

Notice that (1.3) and (1.4) for £ = m take the forms of tracial and determinantal
inequalities:

s
Ms

D _A(B)

(1.7) =

7=1 j:1
and
(1.8) det(B EHAJ H 1hj.

<.
I
—

<.
I
—
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A discovery of meaningful estimates of det(B) was made by Bloomfield-Watson
[5] and Knott [10]. In this respect, we shall call related majorization estimates
Bloomfield-Waton-Knott type inequalities.

Estimates of determinants and traces in a similar line have been developped
subsequently by Khati-Rao [8, 9] and Rao [21]. Khatri-Rao [9] even mentions
majorization estimates.

In Section 3, we give a unified treatment of majorization estimates in multi-
plicative form of the eigenvalues of ®p(A) 1O p(A)Dp(A)~! and Op(A~1)1/2
(I)p(A)(I)p(A_l)l/Q.

In Section 4, we give a unified treatment of majorization estimates in additive

form of the eigenvalues of ®p(A) — Pp(A~1)~! and Pp(A?%) — Pp(A)2.

Before closing this introduction, let us describe the matrices, which appear in
connection with a compression, in terms of blocks of the block matrix respresention.
Then it will be clear that the observations in Section 2 to 4 present estimates of the
singular values of modified off-diagonal blocks in terms of the eigenvalues of the
original matrix. Here recall that the singular values of a (rectangular) matrix X are
the eigenvalues of its modulus | X | = (X*X)'/2.

Let A be a positive definite matrix. Then the following relation is easily
checked:

(1.9) Op(A) 1 Bp(AM)Dp(A)T =1+ |An A%

Further, since ®p(A™!) 2 @p(A)(Dp(A_l)% is unitarily similar to ®p(A)'/2®p(A~1)
®p(A)Y/2, there is a unitary matrix W such that

(1.10)  ®p(A H20p(A)Bp(A )2 = WH{1 — |4y 2 An AP 2 'W.

Also, the following relations are easily checked:

(1.11) Op(A%) = Dp(A)® = Ao
and
(1.12) Bp(A) = ®p(A™) 7 = |4y P An 2

2. ESTIMATES OF MAXIMUM SPECTRA

In this section, we observe the Kantorovich type inequalities as estimates of
maximum spectra. There are many approaches for Kantorovich type inequalities.
See, for instance, [3, 11, 12, 14, 15, 17, 18, 19].
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Our starting point for deriving those estimates is the following rather trivial
inequality (e.g., [11]) :

2.1) {Amax(A4) = AHA = Amin(A)} >0 (A>0).
Equivalent forms of this inequality are
{max(A) + Amin(A) A = Apax(A) - Amin(4) > A2 (A > 0)
and
{Amax(A) + Amin(A)} = {Dmax(A) - Amin(A) AL > A (A > 0).

Then apply a unital positive linear map ® to these inequalities to get our basic
inequalities:

22 {Amax(A4) + Anin(A) }B(A) = Amax(A) - Amin(4) > B(A%) (A > 0),
and
(2-3) {)‘maX(A) + )‘min(A)} - {)‘maX(A) : )‘min(A)}(I)(A_l) > (I)(A) (A > 0)-

Though ®(A) (resp., ®(A~!) ) does not commute with ®(A2) (resp., ®(A)) in
general, on the left-hand side of (2.2) (resp., (2.3)) appear the single Hermitian ®(A)
(resp., ®(A~1)) and a scalar. Therefore, to get upper estimates of the left-hand side,
we can compute as in the numerical case.

Let us consider, in general, two scalars «, 5 > 0 and a positive variable t. Then
the following identities are easily checked:

_(a+ P, a+f 2
(@t )t -ap=2E0e [ 2B /5]

(o= B)? at+p\’
:t2+T_2t_T 2
_ f(a—=p)? f, (a+PB)*+4aB
_{4(a+ﬁ)+t} {t 4(a+P) }

With o = Apax(A), 8= Amin(A) and ®(A) in place of the positive scalar ¢, these
identities yield

{Amax(4) + Amin(4) }*
nax(A) - Amin(A)

(I’(A)Q > {Amax(A4) + Amin(A) } (A)

_)\max(A) : )\min(A)v
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{Amax(A4) = Amin (A) }*

> {)\maX(A) + )‘min(A)}(I)(A)

_)\max(A) : )\min(A)v

and

{ {Amax(4) = Amin(4)}?

2
1 e (A) + Amin(A)] @(A)} > {Amax(A) + Amin(A) }2(A)

—Amax(A) * Amin(4).

Then in view of the basic inequality (2.2), the above inequalities lead to the
following

Ol 4) + Ain (Y
A max(A) - Amin(A4)

{)‘maX(A) - )‘min(A)
4

(4)? > @(4%),

}2
> 9(A%) — @(A)?,

and

{ {Amax(4) = Amin(4)}?
4{Amax(A) + Amin(A)}
Via the order-preserving property of the square-root formation, the last inequality
implies further

2
+ <I>(A)} > §(A?).

— A 2
i?;\l;ix(élf)l) :jii?xg} > §(A2)2 — 9(A).

We can formulate these inequalities in the following form.

Theorem 2.1. For a unital positive linear map ® and A > 0, the following
estimates hold for the maximum spectra :

" sttty
(b)

Amax (2(A%) — ®(4)?) < {Amax(4) ;Amin(A)}27
(c)

Dunax (A) — Amin(A4))2
Amas (9(4%)12 — 0(4)) < 1 mae(A) + Amin(A)}
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Notice that for A to be Herimitian is enough to derive (b) because for a scalar v > 0
with A+~ > 0,

P(A%) — @(A)* = @ (A+7)%) - 2(A+7)°

and
)\maX(A) - )\mm(A) = )\maX(A + 7) - )\min(A + 7)

Let us pause to see how these inequalities look like for the simplest case of a
unital positive linear map from M to the scalars, more precisely, when ® is defined

as
r11 T12
D — 1.
21 T22

Let A > pu be the eigenvalues of a 2 x 2 positive definite matrix

ail a2
> 0.

a1 a2

A:

Then inequalities (a), (b) and (c) become

2
2.4) 14 la21[ 17 _ (A +p)° o lenl A-p
’ ail - A4l ’ ai; 2 )\/L7
A\ — 2
@5 anf? < A2 s jay < AT
and

A — p)?
2. 2 2 <L———.
(2.6) \/aip + a2l e e

Next let us turn to the observation of ®(A~!). The following scalar identities
are easily checked:

(a+8)? at B 1 1/2 ?
— t _ 7 — _
(a+B) —ap 10 t 2mt Vapst
= (a7 A
With @ = A\pax(4), 8 = Amin(4) and ®(A~1) in place of the positive scalar
t, these identities yield

{Amax(4) + Amin(4) }*
nax(A) - Amin(A)

(I)(A_l)_l > {)‘maX(A) + )‘min(A)}

~Amax(A) + Amin (A) (A7),
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and

2
{ VA @) = A A} + (A7 2 QAuna(4) + Ain (4)}
~Amax(A) - Amin(A).@(AL).
Then in view of the basic inequality (2.3), these inequalities lead to the following

Ol 4) + Ain( DY

4Amax(A) - Amin(A) (A™H™ > o4,

and

(Vo @)~ Vo A)} 2 B(A4) — B(A)

We can formulate these inequalities in the following form.

Theorem 2.2. For a unital positive linear map ® and A > 0, the following
estimates hold for the maximum spectra :

(@)

. 2
b (0 011000 < Ll

(b)

)\max ((I)(A) - (I)(A_l)_l) < {\/)‘maX(A) - \/)‘min(A)}2 .

To estimate ®(A~!) — ®(A)~! > 0 from above, we can use the following
modified form of the basic inequality (2.3),

1
)\maX(A) : )\mm(A)
Further, to estimate the left-hand side of the above, we use an easily checked identity
1 _1
(a+p)—t _ (a—vVB)?* i (7 —Vapt 3)?
= +t — .
aﬂ Oéﬂ O‘ﬁ

With @ = Apax(A4), 8 = Amin(A) and ®(A) in place of the positive scalar ¢,
this inequality implies

(VA — @)

Amax(A) © Amin(A)

1
2 )\maX(A) . )‘min(A) {()‘max(A) + )\min(A)) — @(A)}

{{max(A) + Amin(4)} — (A)} > (A7),

+®(A)!
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so that

{ V@) =\ Ain4)
Amax(A) - Amin(4)

We can formulate this inequality in the following form.

2
} +o(A) > (A,

Theorem 2.3. For a unital positive linear map ® and A > 0, the following
estimate holds for the maximum spectrum :

(Vo — o @)

Amax(A4) © Amin(A)

Amax (P(A7H) —@(A) 1) <

Before closing this section, let us see again how the inequalities in Theorems
2.2 and 2.3 look like for the simplest case mentioned before.

Let A > p be again the eigenvalues of a 2 x 2 positive definite matrix

ail a2
A [ -0

a1 a2

Then by Theorems 2.2 and 2.3 we have the following:

1 2 P

27 < (A +p) so |laz1| cAr
1_{ lasi] } o Vaiiazz T A+
4/ a11a22
|azi| }2 5 |azi|
2.8 <{VA- ., SO <V— n,
en  {IE cwiovmn o i
and
_ 2
(2.9) 1 _ 1 < Mj o |a21] <Vxr— Nm
ail — {\';2_”}2 a1 Ap Va1l
a2

3. ESTIMATES IN MULTIPLICATIVE FORM

Our next interest is in finding estimates of the eigenvalues of

(A H2H(A)B(AHY?2 and B(A)T1B(A)B(A)!
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in multiplicative majorization form for a unital positive linear map ® on the space of
n xn matrices and positive definite A € M,,. But we have to restrict the observation
to the case of a compression.

Recall that the compression ® p with respect to an orthoprojection P of rank m
is the map from M, to M,,,, defined as

(3.1) op(X) ¥ x =PxP,

X1 Xio
X =
Xo1 Xoo
is the block representation of X € M, according to the the decomposition I =
P+ Pt

where

As mentioned in Section 1,
Dp(A Y 20p(A)Bp(A™HY2 and ®p(A)1®p(A)Pp(A)?

are described in terms of the blocks of A;; and since, for a (rectangular) matrix X,
the eigenvalues of X *X are the same as those of X X*, moduls 0, considering ® .
if necessary, we may and do assume, in the rest of the paper, that

(3.2) m < n—m.

Recall that for a positive semidefinite matrix X (of order m), its eigenvalues
are arranged in nondecreasing order

AM(X) > X(X) > -0 > (X))

There will be no confusion if we denote by X ~! the (Moore-Penrose) generalized
inverse of X, and by det(X) the product of the positive eigenvalues of X.

Lemma. For a compression ® p with respect to an orthoprojection P of rank
mand 0 < A € M,

(a)
k
Aj <‘I’P(A_1)1/2<I>p(A)<I>p(A_1)1/2> < det <<I>Q1(A_1)1/2<I>Q1(A)@QI(A_1)1/2> :

7=1

where Q1 is the orthoprojection to the subspace spanned by the eigenvectors of

By = ®p(A)20p(A)@p(A)/2,
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corresponding to its largest k eigenvalues;

(b)

k
A (Dp(A) 1 0p(A2)p(A4) 7)) < det (Bg,(A) 0o, (A2) 00, (4) 7).

=1

J

where Qo is the orthoprojection to the subspace spanned by the eigenvectors of
By = (I)p(A)_I(I)p(A2)(I)p(A)_1,
corresponding to its largest k eigenvalues.

Proof. Notice first that by definition
i 1 1
(3.3) 1™ (@F(A—l)wp(A)@p(A—l)a) — det(Q1B1Q1).
j=1

Since ()1 commutes with B,
Q1B1Q1 < By = (PA™'P)Y/2. (PAP) - (PA™1P)Y/2,
which implies
(PATIP)™Y2.(Q1B,Q)) - (PATIP)"Y/2 < PAP.

Since ()1 < P, we have then

QUPATIP)TV2Q - (Q1B1Q1) - Q1(PAT'P)T12Q1 < Q1AQy,
and hence

Q1B1Q1 < {Qi(PAT'P)T2Q1} 1 - (Q1A1Q1) - {Q1(PATIP)12Q .
This implies
(G.4)  det(Q1B1Q1) < det ({Ql(PA_lP)_l/ZQl}‘2> - det(Q1AQ)).
Since it is known (e.g., [2]) that

(PA-IP)L 0
0 0

] =max{X;0<X <A, and ran(X) C ran(P)},
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where ran(X') denotes the range subspace of X, and similarly

(@A7'Q)™ 0
0 0

] =max{X;0< X <A, and ran(X) C ran(Q1)},

we can see, by ran(Q) C ran(P), that
(@A™IQ) ' < (PATIP)T!
Then since the square-root formation preserves order relation, we have
(QATIQ1) Y2 < QuPATI P12y,
which implies
det ({Q1(PAT'P)72Q1}72) < det(@1A7'Qu).
Therefore we can conclude by (3.4) that

det(Q1B1Q1) < det(Q1A71Q1) - det(Q1AQ1)
= det ((I)Ql (A_1)1/2(I)Q1 (A)(I)Q1 (A_1)1/2) )

which proves (a) by (3.3).

The proof of (b) is quite similar to the above proof. In fact,

k
H)\j (B2) = det(Q2520Q)2)
7=1

and
Q2B2Qy < By = (PAP)™' . PA*P . (PAP)™!

which implies
(PAP)(Q2B2Q2)(PAP) < PA®P.

Then since Q2 < P, we have
(Q24Q2)(Q2B2Q2)(Q2AQ2) < Q2A%Qs,
which implies

Q2B2Q2 < (Q2AQ2) 71 - (Q242Q2) - (Q2AQ2) ™1
= g, (A) 10, (A) g, (A) 7,
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which leads to (b). L

The following is a majorization version of the result of Bloomfield—Watson [5]
and Knott [10].

Theorem 3.1. For a compression ®p with respect to an orthoprojection P
of rank m < n—m and 0 < A € M, the following majorization estimates in
multipicative form hold :

(a)
k k
- (A + Ay (A}
j]‘[l i (Bp(A) 20p(4)2p(47)?) sj]'[1 ) e
(k=1,2,...,m),
and
(b)

k k
] Ly 1 D) + A (412
I (eetoptaonia™) < [ 05 3200

First of all, notice that since 1 < X\;j(A)/A—j11(4), j =1,2,...,m, is a
nonincresing sequence, so is the sequence

M) @Y 1 f [N@ L e @)
ANj(A) - An—jrr(A) 4 Anjia(A) Aji(A)

because the function t'/2 4+ ¢~1/2 is increasing on [1, c0).

Proof of Theorem 3.1. In view of Lemma, writing Q1 or ()2 as P anew, it
suffices to show the following two inequalities for any orthoprojection P of rank
m<n—m:

)‘n—J+1 (A)

- A +)\n (A))2
(35) det <(I)P(A 1)1/2(I)P(A)(I) 1/2> 1;[ . n jj—:'ll(A) ’
and
(3.6) det (®p(A) '®p(A%)Pp(A ﬁ +)‘n j+1(4)}
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To prove (3.5), we may assume that P is an orthoprojection of rank m, at which
the left-hand side of (3.5), which is

det(PAP) - det(PA~'P) = det (cpp(A—l)1/2<1>p(A)<I>p(A—1)1/2) ,
takes the maximum over the set of orthoprojections of rank m.

Bloomfield—Watson [5], and Knott [10] solved the equivalent extremal prob-
lems by a Lagrange multiplier method. Let us take the method of variation of
orthoprojections, as used in Alpargu [1].

Fix an orthoprojection P of rank m, which satisfies the above extremal condition.
For each Hermitian H € M,,,, consider the one-parameter group of unitary matrices
defined by

(3.7) P, (t) =exp(—itH) - P-exp(itH) (o0 <t < 00).
Then by the assumption on P, the function
fu(t) = det (P, (t) APy (1)) - det (P, () A~ P, (1))

takes its maximum at ¢ = 0. Therefore we have

d
(3.8) %fH (t)[t=0 =0 (for all Hermitian H).

It is easy to see that
P, (t)AP, (t) = exp(—itH){P(A +it[H, A])P} exp(itH) + o(t)
and
P,(t)A™'P, (t) = exp(—itH) {P(A™" +it[H, A'])P} exp(itH) + o(t),
and that for any matrix X,

det(I +tX) =1+ ttr(X) + o(t),

where [ X, Y] is the commutator of X and Y, that is,

xX,v] ¥ xy -vx,

and o(t) is a matrix or scalar fucntion for small ¢ such that ||o(¢)||/t — 0 as t — 0.
Then we can see

%det (P, (t)AP, (1)) |t=0 = i det(PAP) - tr (PAP) '[H, A])
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and

%det (Pr(t) A~ Py (1)) |i=o = idet(PA™'P) - tr (PA™'P)"'[H,A™1)).

Therefore we have

d

T fu(Olimo = itr (PAP)[H, A] + (PA7'P)~'[H, A™")) - det(PAP) - det (PA™'P)

=itr (H[A, (PAP)"!|+ H[A™',(PA7'P)71]) - det(PAP) - det(PA~'P).
Then (3.8) (for all Hermitian H) is possible only when
A(PAP)™' —(PAP) 'A+ A7 (PAT'P) — (PA'P) A =0
Since

(A — AjpAg) Agy) ™! —(Aqy — A A} Agy) LA A
— A5t Agi (A1 — A Ay Agy) ! (Agg — Aoy A7 App) !

A7l =

the above identity means

—A1_11A12 + A12A2_21 = 0 or, equivalently, A11 A3 = A12A99,
which implies
(3.9) Aqr - A Aoy = AjpAgeAgr and A1 A1 Ara = Aa1Aja - Aga.

Since A1, Ai2As; and the right-hand side of the first identity of (3.9) are Her-
mitian, we can conclude that A;; commutes with Aj2 491, and hence with |Ag;| =
(A12A451)'/2. Similarly we can see from the second identity of (3.9) that Ay,
commutes with ‘Alg‘ = (A21A12)1/2.

Since m < n — m by assumption, there is an (n —m) X m isometric matrix U
such that As; = U - |Ag1|. Then since Agy commutes with |Aa| = U - |Agy| - U™,
the matrix |Ag;| commutes with U* AgoU.

Define four m x m positive semidefinite matrices A;; (i, j = 1,2) by

)

A Ay, Ay = A ¥ Ay, and Ay © U* AU,

I, O
0 U

and a (2m) x (2m) matrix A by

I, 0
| o U

12111 12112

Ay Ay

Al App
Ag1 Ay

(3.10) ALY




*
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I,, O

I, O I, 0

0 U 0o U| [0 In]’
according to the min-max theorem for eigenvalues of Hermitian matrices we can
see from (3.10) that

N (A) < Nj(A) and Agp—jr1(A) > N1 (A) (G=1,2,---,m),

so that _
A(A) N4
)\Qm_j+1(x4) N )‘n—j-f-l(A)
Since the function (£'/2 +¢~1/2)? is increasing for ¢ > 1, this implies

(G=1,2,...,m).

n () 4 dom (D) +An ()’
Gy I A0 (A)  Agmj 11 (A) 1;[ ) Anjia(4)

j=1

Since fllg = flgl commutes with fln and flgg, and again by (3.9),
A1 Arg = AjpAg,

there are m x m diagonal positive semidefinite matrices D1, Do and D3, and a
unitary matrix V' such that

Dy Dj

D3 D,

Dl == diag(alv T 7am)7 D2 == diag(ﬁlv T 7/8771)7 andD3 - diag(717 T 7’7771)7

VE o0
0 Vv

12111 12112
12121 12122

V o0
0V

with

where o, 3; >0 (j =1,2,...,m)and y; > 0 (j = 1,2,...,m). Then we can
write
det(PAP) - det(PA~'P) = det (141/2(1411 —A12A—1A21)—1A}{2)
—  det ( | A2 Ag AT )
—  det ( — A Amfrl/?\?)_
(1-

= det (I —|DyY2DsD VP2 )

_ ﬁ Oéjﬁj
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that is

o, 53;

(3.12) det(PAP) - det(PAT'P) = [ —2~—.
1 a0 =]

Denote by A(lj ) > )\(Qj ) the eigenvalues of the 2 x 2 matrix [ ?;J 7? ] Since
i Pi

Qj %‘]
v B

{A(lj)v)‘(;) ) ]:17277m}:{)‘J(A) ; j:1’2"“’2m}’

by definition of the D;’s,
A Ap

m
B 5 is unitarily similar to & Z
Ag1 Ag

we have the identity

so that for any choice of 1 < j; < jo < -+ < ji (k < m),

k i i ~ k ~
HA?)_H?M?)< I SRUCIR, § YN

i=1 )\(jS) Hf:l )‘(2ji) a le )‘2m—z‘+1(1‘~1) i=1 )‘2m—i+1(‘4)'

Then since the function

t tyy 2
log <eXp(§) +2€Xp(—§)> (t>0)

is increasing and convex, according to a basic theorem on majorization (1.6), we
can conclude

{)\(J )\(J } m { (A ; A }2
(3.13) H1 0 <11 — ——
J

)\(J
Finally, since the Kantorovich type inequality (2.7), applied to the 2 x 2 matrix
Qj
ields
[ Vi B ] g

By Y A
B =7 T 4. AY

(G=1,2,...,m)

and hence
m m 4) (M2
(3.14) H O‘Jﬁﬂ o< AT 5747 (j)+ A2(j)}
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combining (3.11), (3.12), (3.13) and (3.14), we arrive at the expected inequality
(3.5). This completes the proof of (a).

A proof of (b) is parallel to the above. Suppose that at P the left-hand side of
(3.6), which is

o 2
% = det ((I)P(A)_l(I)P(A2)(I)P(A)—1) 7

attains its maximum over the set of all orthoprojections of rank m.

Khatri-Rao [9] solved an equivalent extremal problem by a Lagrange multiplier
method. Let us again take the method of variation of orthoprojections.

For each Hermitian H, consider again the projections P, (), defined by (3.7),
and a function

def det(P ( )AQPH(t))
95 = 3ei(P, (AP, ()7

Then g, (t) takes its maximum at ¢ = 0, so that

(3.15) %gH (t)|t=0 =0 (for all Hermitian H).
Since

% det (P, (t)A*P,, (1)) |t=o = i det(PA®P) - tr (PA*P)~'[H, A%)),
and

%det (P, (H)AP, () |i=o = 2i det(PAP)* - tr (PAP)"'[H, A]),
we have

o Olima= IS E B r (PAP) {1, — 2(PAP) (1, 4]
e 2
% tr ({[A%, (PA’P)™"] - 2[A, (PAP)"']}H).

Now (3.15) (for all Hermitian H) is possible only when
[A% (PA%P)™1] — 2[4, (PAP)™ '] = 0.
This is equivalent to the relation

(A1 A11 + Aa A1) (AY) + A12Asr) ™ — 240, A7 =0,
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which implies
AgpAgy = AgiAyy + 2451 A7 Ag - Agy.

From this we can derive the following two identities

(3.16) Ao AggAgy = A1 Agy - Ayy + 2419 - A1 AT Arg - Aoy
and
(3.17) Agg - (Ag1 AT Arg) = Aoy Arg + 2(Ag1 AT} Ar2)?

Then (3.16) implies the commutativity of A;; and |Ag;| while (3.17) does that of
|A12| and Ags. Now just as in the proof of (a), there are positive numbers o, 3; > 0
and nonnegative numbers 7;, j = 1,2,...,m, such that

det(PA2P) ﬁa +7j

(3.18) det(PAP)?

Jj=1

and with the help of the Kantorovich type inequality (2.4), applied to the 2 x 2
matrix,

m a2 m + A 1( A)}2
(3.19) g nojt
jl_[l 1;[ ) - An—j+1(A)
Now combining (3.18) and (3.19), we arrive at the inequality (3.6). This com-
pletes the proof of Theorem. [

As mentioned in the introduction, it will be useful to express the results of
Theorem 3.1 as estimates of the eigenvalues of the matrices appearing in the block
matrix representation.

Theorem 3.2. Let an n X n positive definite matrix A be represented in a block
matrix form
Apr A

Ag1 Ag

where A1y, for instacnce, is an m x m matrix with m < n—m. Then the following
estimates hold :
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and consequently

2 o (N (A) = A ()2
(1A A0 AT < PP nojtl —1.2.....m).
)‘J <‘ 22 214111 ‘) = s 4)\](A) K )‘n—j—i—l(A) (k Ed) 7m)

k

J

(b)

1

k k
TT4+ % (4n Ay ) < 1 {Aﬁ) P OF g5,
j=1

j=1 4 J A) : )‘n_j'f'l (A)

and consequently
k

ECONA(A) — A 2
Do (i) < 3 T TE vamers (i RO}

J=1

In fact, the first assertion of each of (a) and (b) is the restatement of the cor-
responding part in Theorem 3.1. To see the second assertion of (a), notice that by
the basic theorem on majorization (1.6) the first part implies

k k
> e Y S ) A (@) BT L2
Y <‘A22' Az Ay ‘) 7=1 ’ ’

Now the required assertion follows from the inequality

1

and the identity

DA+ At (P (4 = Ay (A)F
AN (A) A1 (A) N (A) A1 (A)

(k=1,2,...,m).

In a similar way, the second assertion of (b) follows from the inequality

k

k , , 2
S {1+ Ay (A AT < > ﬂf&j jj:jjf(‘f)} (k=1,2,...,m),

J=1

which, in turn, follows from the first part by the basic theorem on majorization

(1.7).
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4. ESTIMATES IN ADDITIVE FORM

Our next interest is in finding estimates of
D(A) —d(A™H™ and @(A?) - (A)?

in additive majorization form for a unital positive linear map ® on the space of
n x n matrices and positive definite A € M,,. But here also we have to restrict our
observation to the case of a compression.

Lemma. For a compression ® p with respect to an orthoprojection P of rank
m and 0 < A € Ml,,, the following inequalities hold for each 1 < k <m :

Aj (@p(A) — @p(A7H ™) < tr (Dg(A) — Po(A™H) ),

k
=1

J
where Q) is the orthoprojection to the subspace spanned by the eigenvectors of
B=®p(A) - dp(A~H)7,

corresponding to its largest k eigenvalues.

In fact, the assertion follows from the following two facts:

DA (@p(4) = @p(A7)7) = 0(QBQ),

g=1

and
QBQ < 9g(A) — (A~

because, as in the proof of Lemma 3.1, Q < P implies

QPp(A)Q =QAQ and QPp(AH'Q>(QATQ) T =dg(AH)
The following is a majorization version of the result of Khatri—Rao [9].
Theorem 4.1. For 0 < A € M, and an orthoprojection P of rank m < n—m

the following majorization estimates in addtive form hold :

k

S (@p(4) — @p(A ) 1) < i (v - wn_Hl(A)}Q (k=1,2,....m),

j=1

or, equivalently,

k

ixj (|A2_21/2A21|)2 <y {\/)\j(A) - \/A,,L_HI(A)}2 (k=1,2,...,m).

=1
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Proof. In view of Lemma, it suffices, as in the proof of Theorem 3.1, to prove
that for an orthoprojection P of rank m < n —m,

@n @) - oA <3 {\a- wn_j+1<A>}2.

Khatri-Rao [9] solved an equivalent extremal problem by a Lagrange multiplier
method. Here let us take again the method of variation of orthoprojections as in the
proof of Theorem 3.1.

To prove (4.1), we may and do assume that the maximum of the left-hand side
of (4.1) over the class of orthoprojections of rank m is attained at this P.

For each Hermitian matrix H, consider again the one-parameter family of or-
thoprojections P, (t) defined in (3.7). Then by the assumption on P, the function
h,, (t) defined by

B (t) = tr (@, () = p (A7)
attains its maximum at ¢ = 0, so

d

4.2) T

hy (t)|t=0 =10 (for all Hermitian H).

We can compute as follows.

d

g (D=0 = itr(X H),

where
X = [A, (PYAPY) Y (PLAP) +(PAPY)(PLAPY) !
—(PLYAPL"Y(PLAP)(PAP)(P+APH) 1.
Then (4.2) (for all Hermitian H) is possible only when X = 0, that is,
A1 A1p Ay — Arg — A1 Ayy Asy Arg Ay =0,

or,
(A — AjpAg) Agy) A As) = Aja,

which implies

(4.3) (A — A1pAg) Aoy ) A1pAS) Aoy = A Ay
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Since all factors of (4.3) are Hermitian, A;; must commute with A12A2_21A21
and |Asq|. Then as in the proof of Theorem 3.2, there are «;, 3; > 0 and ~; > 0,

7 =1,2,...,m, such that each 2 x 2 matrix [ ?;j Pin is positive definite and
i P
m 72
(44) tr (Pp(A) - 2p(A™H)H =Y
j=1"

and, with its eigenvalues )\(lj ) > )\(QJ’)’

(4.5) i{\/@—\/@r Si{\/Aj(A)— \/)\n_j+1(A)}2.

On the other hand, the Kantorovich type inequality (2.8), applied to the 2 x 2 matrix,
yields

2 2
(4.6) %g{\/ﬂf)—\/xgj)} (G=1,2,....,m).
J

Finally combining (4.4), (4.5) and (4.6), we arrive at the inequality (4.1). This
completes the proof. ]

We can apply the same variational method to ® p(A42%) — ®p(A4)? to get

k k 9
47) Y N (®p(A%) — @p(A)?) <> {A(4) = AZ—J’“(A)} (k=1,2,...,m)

j=1
or, equivalently,

k k 2
Z)\j(|A21|)2 < Z (4) - )\il_j—’—l(A)} (k=1,2,...,m).

j=1

But a more careful consideration, similar to that in the proof of Theorem 3.1, due
to Li and Mathias [13], can yield much sharper estimates.

Theorem 4.2. For n X n Hermitian A and an orthoprojection P of rank
m < n —m, the following majorization estimates in addtive form hold :

k k
> \/Aj (®p(A%) — Dp(A)2) <Y Ai(A) - ;”‘j“(A) (k=1,2,...,m)
Jj=1 j=1
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or, equivalently,

k k
> A(An) <> Ai(A) = Anzjn (4) (k=1,2,...,m).
j=1

j=1 2

Proof. Denote for simplicity
)\jE)\j(‘Agl‘) (j:1,2,...,m).

Then there exist an (n — m) X m matrix U with U*U = I,;, and a unitary matrix
V' of order m such that

U* AotV = diag(M, A, - Am)-
Let
A = VALV, Ay = V*ApU, Ay = U*AnV, Ay = U AU,
and consider the (2m) x (2m) Hermitian matrix
Ay A

Ay Ap

2m

A= = [ai i

Then, by assumption,
12121 = 12112 = diag()\l, )\2, e ,)\m).

As in the proof of Theorem 3.1, we can see

Aj(A) 2 A5(A) and An_jia(A) < Aom—jyi(4),

so that

)‘J(A) - )‘n—j-l—l (A) > )‘j(A) - )‘2m—j+1(‘zl) (.] =1,2,... 7m)'

For each j = 1,2,...,m, consider the 2 x 2 matrix

Ajj jm+j
Am+j,5  Am+jm+j

and its eigenvalues A(lj ) > )\(Qj ). Then the Kantorovich type inequality (2.5), applied
to the 2 x 2 matrix, yields

(49) ()
AP =

M A
A\ <A
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Though the direct sum

m - -
ajj Qj,m+j
o |
j=1 L m+jj Gm+jm+j
is not unitarily similar to A, there are orthoprojections P;,j=1,2,...,m,such that

> Pj=1Tand > 7", P; AP is unitarily similar to the direct sum in question.
Then according to the so-called pinching theorem (e.g., [4, p. 50]), we can see

k
ZA(J SZ =1,2,...,m)
J=1 J=1

and
ko k
ZA(;)zZ om_ji1(A) (k=1,2,...,m).
j=1 j=1

Therefore we can conclude

k k() ()
A=A
<
Z:: B Z 2
< Z )\2m j+1(A)
< Z An—j+1(4)
j=1
This completes the proof. u

Finally, notice that since t? is increasing and convex on [0, 00), inequality (4.7)
follows from Theorem 4.2 by the basic theorem on majorization (1.5).
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