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ON REGULAR @ B-IDEALS

Huanyin Chen

Abstract. Let I be a regular ideal of a ring R. It is shown that [ is a QB-
ideal if and only if for all finitely generated projective right R-module A with
AI = A, if By and B, are any right R-modules such that A ® B; & A® B,
then there exists a pair of orthogonal ideals I; and I and By ®C1 = By ®Co
such that C11; = C; and Cls = Cs.

1. INTRODUCTION

The theory of @ B-rings has been developed by Ara, Pedersen and Perera to
provide an infinite analogue of rings with stable range one. Following Ara et al.
[2], we say that a ring R is a QB-ring when aR + bR = R with a,b € R implies
that a + by € R;l for ay € R. Let I be an ideal of a ring R. I is a QB-ideal of
R if and only if whenever za —z —a+b =0 for x,a and b in I, there exists y € 1
such that 1 — (a — yb) € R;l (see [2] and [11]). Clearly, every ideal of a Q B-ring
R is a @QB-ideal. An element =z € R is regular in case there exists y € R such
that = = xyx. We say that an ideal I of a ring R is regular if every element in I
is regular. Let M(R) = {z € R|RxzR be a regular ideal}. In view of [5, Theorem
1], M(R) is the maximal regular ideal of R.

So far, most of investigation of the ¢ B-ideals is only in an exchange ring. In
this paper, we obtain a new characterization of a regular @) B-ideal for an arbitrary
ring. It is shown that a regular ideal I of a ring R is a @ B-ideal if and only if
for all finitely generated projective right R-module A with AI = A, if By and Bs
are any right R-modules such that A & B; &£ A @ B, then there exists a pair of
orthogonal ideals I; and I and B; & C; = By & (5 such that C11; = C; and
Cl, = Cs.

Throughout the paper, all rings are associative with identity. We say that z,y €
R are centrally orthogonal, in symbols z 1y, if tRy = 0 and yRx = 0. We use

Received October 1, 2004; accepted February 24, 2005.
Communicated by Shun-Jen Cheng.

2000 Mathematics Subject Classification: 16E50, 19B10.

Key words and phrases: Regular Ideal, QB-ldeal, Order-ideal.

1261



1262 Huanyin Chen

R, to denote the set {u € R | Ja,b € R such that (1 —ua)L(1 —bu)}. If I
and I are ideals of R, then I; LI, means that x Ly for all x € I,y € I, and we
say that I; and I, are orthogonal ideals. The notation M <® N means that M is
isomorphic to a direct summand of N.

Lemma 1. Let I be a regular ideal of R. Then the following are equivalent:
(1) I'is a @B-ideal.
(2) eRe is a QB-ring for all idempotents e € 1.

Proof. (1) = (2) Given axz + b = e with a,z,b € eRe,e € I, then (a +
l—e)(z+1—€e)+b=1inR Asa+1—ec 1+ 1, wehave y € R such
thata +1—e+ by € R;l. By [2,Proposition 2.2], there exists v € R such that
(1-(a+1—e+by)u)L(l—(a+1—e+by)u). Thatis, (1—(a+1—e+
by)u)R(1—u(a+1—e+by))=0and (1 —ula+1—e+by))R(1—(a+1-
e +by)u) = 0; hence, (e — (a + by)(ue))(eRe)(e — (eue)(a + b(eye)) = 0 and
(e — (eue)(a+ bleye)))(eRe) (e — (a + by)(ue)) = 0. Furthermore, we get

(e — (a+by)(ue))(eRe) (e — (eue)(a + b(eye))

= (e— (a+by)(eue + (1 — e)ue))(eRe) (e — (eue)(a + b(eye))

= (e— (a+by)(eue) — (a+by)(1 — e)ue))(eRe) (e — (eue)(a + b(eye))
= 0.

Also we have ((1 —e) — (1 — e)u)(eRe)(e — (eue)(a + bleye)) = 0; hence,
(— (a+by)(1—e)ue)(eRe)(e — (eue)(a+ b(eye)) = 0. Clearly, we see that

(e — (a+by)(eue))(eRe) (e — (eue)(a + b(eye))
C (e —(a+by)(eue) — (a+by)(1 — e)ue))(eRe) (e — (eue)(a + b(eye))
+ (= (a+by)(1 — e)ue)(eRe) (e — (eue)(a + b(eye)),

so we deduce that (e — (a+by)(eue))(eRe) (e — (eue)(a+b(eye)) = 0. Likewise,
(e — (eue)(a+b(eye))(eRe) (e — (a+by)(eue)) = 0. Thus a+b(eye) € (eRe), !,
as required.

(2)=(1) Given aR + bR = R witha € 1 + I and b € R, since I is regular,
there exists e = e2 € I such that 1 —a = (1 — a)e; hence, a(l —e) = 1 —e.
Suppose that ar + bs = (1 — a)e for some r, s € R. Then eae(e + ere) + ebse =
eae(e+ere)+ea(l —e)re+ebse = e. As eRe is a QB-ring, we can find z € eRe
such that eae + ebsez = u € (eRe);'. Set w = (1 — e)ae + (1 — e)bsez. By [2,
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Proposition 2.2], we have v € eRe such that (e — uv)L(e — vu). Clearly,

1—(a+bsez)(v—wv+1—e)

=1—-a(l—e)— (a+bsez)(v—wv)

= e+ (a + bsez)wv — (a + bsez)v

= e+ awv — (a + bsez)v

= e+ wv — (a + bsez)v

=e+ (w— (a+bsez))v

=e+ ((1 —e)ae+ (1 —e)bsez — (ae + bsez +a(l —e)))v
= e — (eae + ebsez)v

=€ — uv.
On the other hand, we have

1—(v—wv+1—ce)(a+ bsez)
=1—(v—wv+1—e)(ae+bsez) — (v —wv+1—e)a(l—e)
=e¢— (v—wv+1—e)(ae+ bsez)
=e—w— (e —w)v(ae+ bsez)

=(e—w)— (e—w)vu

= (e —w)(e —vu).

It follows from (e — uv)L(e — vu) that (1 — (a + bsez)(v — wv + 1 —e))L(v —
wo +1—e)(1— (a+ bsez)). Therefore a + bsez € R, ", as desired. n

Lemma 2. Let I be a regular ideal of R. Then the following are equivalent:
(1) Iisa @B-ideal.

(2) For any idempotente € I, M = A; ® H = Ay ® K with A} = eR = Ay
implies that there exists a pair of orthogonal ideals 7, and I, and M =
Eo B ®H =FE& By, ® K such that B1I; = By and Byly = Bs.

Proof. (1)=(2) Let e € I be an idempotent. By Lemma 1, ¢ : Endg(eR) =
eRe isaregular Q B-ring. Given any right R-module decomposition M = Ai®oH =
Ay @ K with A1 =2 eR = A,. Using the decomposition M = A1 @ H ZeR® H,
we obtain projections p; : M — eR,ps : M — H and injections ¢; : eR —
M,qo : H — M such that p1g; = 1, g1p1 + qap2 = 13 and Kerp; = H. Using
the decomposition M = As & K = eR @ K, we obtain a projection f : M —
eR and an injection g : eR — M such that fg = 1 and Kerf = K. From
(fa1)(p1g) + faep2g = flaip1 + @2p2)g = fg = 1 in Endgr(eR), we can find
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some u € EndR(eR);1 such that fq1 + fqopagy = u for a y € Endgr(eR). That
is, f(q1 + g2p29y) = u. Choose a quasi-inverse v for u and set o = vu, 8 = uv.
Let ¢ = q1 +qopogy. Then fip = w and p1yp = 1. Let D1 = kerapy, Dy = ker3f
and E = ¢ya(eR). If m € EN Dy, then m = ¢a(x) for some z € eR. Hence 0 =
ap1(m) = apr1va(z) = vuvu(z) = vu(x) = a(x), and then m = 0. This means
that EN Dy = 0. Given any m € M, we have m = yapi(m)+ (m—gapi(m)) €
E+D;. Thus M = E®D;. Likewise, M = E®D,. Let B; = pi(e—a)(eR) and
By = f(e—f)(eR). One easily checks that D1 = By ® H and Dy = Bo@ K. Thus
M =FE®B ®H = E®By®K. Letl; = R(e—p(a))Rand I, = R(e—¢(B))R.
Then Iy and I, are ideals of R. As (e—¢(a))L(e—(3)), we deduce that Iy LI5.
Moreover, we have ByI; = By and Byl = Bs.

(2)=-(1) Let e € I be an idempotent. Suppose that a;(eRe) + as(eRe) = eRe
with a1,a2 € eRe. Set M = eR ® eR. Then we have a split epimorphism
¥ : M — eR given by 1(s,t) = a;s + ast for any s € eR,t € eR; hence,
M = Ay ® K, where K = kery and Ay = eR. Therefore we get a pair of
orthogonal ideals I; and I, and M = E & By @ eR = E ® By ® K such that
By = By and Byl = Bs. Let ¢ : M = eR @ eR — eR be the projection onto
the first factor. Write By = ¢(E) and B} = ¢(B;). Then eR = E; & B]. Let
h :eR = Ey @ B} — F; be the projection onto E;. Then h € Endg(eR) is an
idempotent. As « : Endgr(eR) = eRe, a(h) € eRe is an idempotent. In addition,
e —a(h) € I;. Write E; = ¢(E) and B} = ¢)(By). We have eR = E> ® Bj. Let
k : eR = Ey & Bl — F5 be the projection onto F>. Then k € Endg(eR) is an
idempotent, and that e — o(k) € I5. Hence (e — «(h)) L (e — a(k)) because Iy L1>.

Obviously, ¥ |gep,: E @® Bs — eR is an isomorphism. Let 0 = (¢ |gep,) ',
and let i : E® By — M = eR @ eR be the injection. Since «(k) € eRe is
an idempotent, we may assume that i6(c(k)) = (z1,z2) with z1 € eRa(k) and
z9 € eRa(k). Then a(k) = vif(a(k)) = ¢(z1,22) = a121 + aswy. Inas-
much as Ey = ¢(F) and Ey = ¢(E), we get an isomorphism @6 : Ey — FEj.
Evidently, E2 = k(eR) = k(e)eR = «a(k)R. Likewise, F1 = a(h)R. So we
have r € R such that a(h) = pb(ca(k)r) = a(h)ed(a(k))a(k)ra(h). Clearly,
z1 = ¢if(a(k)) = e0(a(k)) = a(h)ed(a(k))a(k). Set y1 = a(k)ra(h). Then
a(h) = z1y1. Moreover, yiz1 = a(k)ra(h)pf(a(k)) = (¢0) " (a(h))pb(a(k))
= (p0) " (a(h)pb(a(k))) = (#0) " (pb(a(k))) = a(k). Hence (¢ —yiz1) L(e —
x1y1). Thatis, x1 € (eRe);l. In addition, (a + bxoyr)z1 = axy + brea(k) =
a(h) = y1z1. S0 z1(a + brayr)x1 = 1121 = T1(h) = 1. AS zq € (eRe);l,
we deduce that a + bzoy; € (eRe); ! from [2, Remark 2.10]. It follows by Lemma

q
1 that I is a () B-ideal. |

We use V(R) to denote the monoid of isomorphism classes of finitely generated
projective right R-modules. An order-ideal in V(R) is a submonoid S of V(R)
that is order-hereditary. If I is an ideal of R, we denote by V(I) the monoid of
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isomorphism classes of finitely generated projective right R-modules A such that
AI = A. Following P. Ara et al.[2], we say that two order-ideals S; and S of
V(R) are orthogonal provided that S; N Sy = 0. We denote it by S;.LS5.

Lemma 3. Let I be a regular ideal of a ring R, and let e € I an idempotent.
For any right R-modules A, By and Bs, if eR ® B; =& A @ B, then we have a
refinement matrix

eR B1

A A" Bj
B, B, C' )
Thatis, A= A'®Bj,eR=A'"®B, BB ®&(C" and B, = B, & (.

Proof. Suppose that ) : eR®B; = A® By. Given decompositions N := eR®B; =
P ~H(A) @~ (By). Since I is a regular ideal and e = e% € I, eRe is a regular
ring; hence eR as a right R-module has the finite exchange property. Thus we can
find some B} <% ¢~1(A) and C" <® ¢~1(By) such that N = eR® B} @ C'. So
A2y~ (A) = A @ Bj and By = ¢~ Y(By) = B, ® ' for some right R-modules
A’ and Bj. It follows from N = ¢y~ (A) @ ¢ Y(By) = A/ @ B, @ By s C' =
eR®B]® (' thateR = A’ @ BY,. In addition, we claim that B; = B} & C’ because
N=eR®B=eRe& B¢ (. |

Theorem 4. Let I be a regular ideal of R. Then the following are equivalent:
(1) Iisa @B-ideal.
(2) For any idempotent e € I, [eR] + b1 = [eR] + bz in V(R) implies that there

exist orthogonal order-ideal S; and Sy in V(R) and elements ¢y, co, Such
that ¢; € S1,co € So and by + ¢ = by + co.

(3) For all idempotents e € I, if By and By are any right R-modules such that
eR ® By = eR @ Bs then there exists a pair of orthogonal ideals 7, and I
and B; ® C1 = By @ (5 such that C11; = Cq and CI; = Cs.

Proof. (1) = (2) Choose representations By and Bs for b; and b, such that
M := A1 @ By = A1 & By with A; £ eR = Ay. By Lemma 2, there exists a pair
of orthogonal ideals I; and I, and M = E & C1 & By = E @& Cy & By such that
C1I, = Cy and Coly = Cy. Since A, By € V(R), we have M € V(R); hence,
E.Cq,Cy € V(R) Letcy = [Cl] and ¢y = [CQ] We get by +c; = ba+co. Let S; =
V(I;). Then V(I;) and V(I5) are orthogonal order-ideals of V(R). Furthermore,
we have ¢; € S; fori =1, 2.

(2) = (3) Let e € I be an idempotent. Suppose that B; and Bs are any
right R-modules such that eR ® By = eR & Bs. By virtue of Lemma 3, we get a
refinement matrix
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eR B1

eR A" B

By < B, C ) )
Hence eR = A’ ® B} = A’ @ B} with A’, B], B, € V(R). Clearly, we have
an idempotent g € eRe C I such that A’ = gR. So gR @ B} = gR @ B} in
V(R), and then we have orthogonal order-ideals S; and Sy in V(R) and elements
¢y =[C1], ¢y = [C5], such that ¢} € Sy, ¢, € Sy and [B]+¢| = [B5] +¢,. That s,
Bi@®C] = ByaC). ThisinfersthateRpC] = A'a (B 1@ C)) = A@(BYal)) =
eR ® C). By Lemma 3 again , we have a refinement matrix

eR Cf
eR A” Cl
c, ( Cy C” ) '
Since [C]] € Sy and [C”] < [C1], we have [C”] € S;. Likewise, we have [C"] € S.
It follows from S; NSy = 0 that C” = 0. Therefore there exist some idempotents
hi, ho, k1, ko € eRe such that by + k1 = e = hy + ko,hiR = hoR, k1R = C4 and
keR = Cy. Fori=1,2let I; = {3 RpR | p = p*,pR € S;}, respectively. Then
IynI, = 0; hence, I; LI, = 0. Furthermore, we have k; € I; and ky € I. Clearly,
Ci11, = Cy and CyIy = Cy. Moreover, we get B; & C1 = B} & (' = B, & C)) =
Bé @® Cy, and then B; & Cq = (Bi @C/) oC = C'® (Bé @Cg) = By @ (Cy, as
required.
(3) = (1) Let e € I be an idempotent. Then eRe is a regular ring. Let
a € eRe. There exists b € eRe such that ¢« = aba and b = bab. Set p = ab
and ¢ = ba. As in the proof of [2, Theorem 8.7], we see that eR @ (e — p)R =
qgRd(e—q)R®(e—p)R=2pR®(e—qR®(e—p)R=eR® (e —q)R. SO
we have right R-modules C; and C5 such that (e —p)R® Cy = (e — q)R @ Cs
and a pair of orthogonal ideals I; and I such that C11; = C; and Cols = Cy. As
e—p=(e—p)? €I, by Lemma 3, we get a refinement matrix

(e-=p)R Cy
(e—qR A Oy
Cy c, )

Inasmuch as C'I = C' = C'L,,C" = C'I; = (C'I)I; = (C'I3)I; = 0. Hence
we have idempotents e1, f1 € (e — p)R(e — p), ez, f2 € (e — q¢)R(e — ¢) such
thate —p = e1 + fl,e—q = ea + fo,e1R =2 A’ = e3R, and f1R = (' and
foR = C5. As etR = esR, we can find ¢ € e;Res and d € esRey such that
e1 = cd and ez = dec. Clearly, a € p(eRe)q and ¢ € (e — p)(eRe)(e — q) are
both regular in eRe. By [2, Lemma 2.7], a < a + ¢. Furthermore, it follows from
be qRp,d e (e—q)R(e—p) thate—(a+c)(b+d) = e—ab—cd = (e—p)—e1 = fi.
Likewise, e — (b + d)(a + ¢) = fa. Obviously, C{I; = C] and C4I, = Cy. From



On Regular Q B-Ideals 1267

this, we deduce that f1RI1 = f1R and foRI> = foR; hence, f1 € I and f5 € I5.
From Iy LI, it follows that (e — (a + ¢)(b+ d))R(e — (b+ d)(a+ ¢)) = 0 and
(e—(b+d)(a+c)R(e—(a+c)(b+d)) =0. S0 a+ce (eRe), . Therefore we
complete the proof by [2, Theorem 8.4] and Lemma 1. ]

Theorem 5. Let I be a regular ideal of R. Then the following are equivalent:
(1) Iisa @B-ideal.

(2) For all finitely generated projective right R-module A with AI = A, if B,
and B, are any right R-modules such that A ® B1 = A & B,, then there
exists a pair of orthogonal ideals 71 and I, and By & C7 = By @ Cs such
that 01[1 = Cl and CIQ = CQ.

Proof. (2) = (1) Given any idempotente € I, then we have a finitely generated
projective right R-module eR such that eRI = eR. In view of Theorem 4, I is a
@ B-ideal of R.

(1) = (2) Let A be a finitely generated projective right R-module A with
Al = A. Suppose that A @ By =2 A & Bs. By virtue of [9, Lemma 6],
there exist idempotents e1,---,e, € I such that A £ etR® --- d e, R. SO
diag(e1, - -, en) R @ By = diag(ey, - - , en) R™1 @ By, and then diag(eq, - - - ,
en) My (R)®B1 @ RV = diag(eq, - -+, en) My (R)® By @ RV ™. Clearly, diag(es,

R R
,en) € M,(I). By [5, Lemma 2] and [2, Remark 6.5], M,,(I) is a regular Q) B-
ideal of M, (R). It follows from Theorem 4 that there exists a pair of orthogonal

ideals M,,(I;) and M, (1) of M,(R) and By @ R"*" @ C} = B, @ RV @ C),
R R
such that C{M,(I;) = C] and C5M,,(I2) = C5. Obviously, I; LI,. Set C; =

C! @ R™(i=1,2). Then By ® C; & By ® Co. As R = M, (I)R™,
My (R)
we deduce that C11 = Cy and CyI = Cy, as required. [

As a result, we prove that a regular ring R is a @ B-ring if and only for all finitely
generated projective right R-module A, if B; and By are any right R-modules such
that A ® B1 = A @ B,, then there exists a pair of orthogonal ideals I; and I, and
B1®C1 &2 Bo®Cy suchthat C1 17 = C1 and CI, = Cy, which extend [2, Theorem
8.7] and gives a new characterization of regular Q) B-rings.

Corollary 6. Let I be a purely infinite simple regular ideal of a ring R, and
let A be a finitely generated projective right R-module such that A = AI. If B,
and By are any right R-modules such that A ® B1; = A ® B,, then there exists a
pair of orthogonal ideals I, and I and By @ C; = By & Cs such that C11; = C
and CIy = C,.
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Proof. According to [4, Corollary 1.11], I is a @ B-ideal of R. So the result follows
by Theorem 5. [ |

Following P. Ara et al. (cf. [3] and [11]), we say that R is a separative ring if
the following condition holds for all finitely generated projective right R-modules
AB:ADAZX A B=2B®dB— A= B. Aring R is said to be one-sided
unit-regular in case for any = € R there exists a right or left invertible v € R such
that z = zux (cf. [7-8]). A simple ring R is said to be purely infinite if R is not
a division ring, but for any non-zero element x € R there are s,t € R such that
sxt = 1(see [3]). The class of purely infinite simple regular rings is rather large
(cf.[1]). We claim that every purely infinite simple regular ring is separative.

Corollary 7. Let R be a simple regular ring. Then the following are equiva-
lent:

(1) Risa @QB-ring.

(2) R is a separative ring.

(3) R is one-sided unit-regular.

(4) R either has stable rank 1 or is purely infinite.

Proof. (1) = (2) Suppose that A, B; and B, are finitely generated projective
right R-modules such that A @ B; = A® Bs. In view of Theorem 5, there exists a
pair of orthogonal ideals I; and I, and By & C7 = By @ Cs such that C1I; = C
and CI, = C,. Since R is a simple ring, either I; or I is zero. This infers that
C1=00rCy=0.So B; <% By or B, <% By. By [8,Theorem 8], R is one-sided
unit-regular.

(2) = (3) Let R be a simple regular separative ring. If R is directly finite, R has
stable range one from [3, Theorem 3.4]. If R is directly infinite, then R® D = R
for some nonzero right R-module D. Given any right R-modules P and Q. If
either P or Q is zero, then P <% Q or Q <% P. Now we assume that P and
@ are both nonzero. Since R is simple, there exists a positive integer n such that
P<%nD Thus POR<nD@®R=R SO PR <Y R<?Q@R, and
then R® (P @ E) = R ® @ for a right R-module E. Inasmuch as P @ E and Q
are nonzero, we have R <% s(P @ F) and R <% tQ for positive integers s and .
Applying [3,Lemma 2.1], P <% P& E = Q. Therefore R is one-sided unit-regular.

(3) = (1) According to [2, Example 8.8], R is a QB-ring.

(1) < (4) is clear by [1, Remark 1.8] and [2, Proposition 3.10]. ]
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