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A LIMIT PROPERTY OF ARBITRARY DISCRETE
INFORMATION SOURCES

Liu Wen

Abstract. In this paper the notion of stochastic conditional entropy
is introduced, and the asymptotic relation between this notion and the
relative entropy density is studied. A strong limit theorem which holds
for arbitrary discrete information sources is obtained. In the proof an
analytic technique to study the strong limit properties of discrete infor-
mation sources is proposed.

1. INTRODUCTION

A question of importance in information theory is the study on the Shannon-
McMillan-Breiman theorem. In previous works, conditions such as ergodicity,
stationarity or asymptotic stationarity were assumed (cf. [1]-[2], [4]-]9]). In
this paper we avoid these assumptions and give a strong limt theorem concern-
ing relative entropy density and random conditional entropy, which holds for
arbitrary discrete information sources. In the proof an analytic technique to
study the strong limit properties of discrete information sources is proposed.
The crucial part is the application of Lebesgue’s theorem on differentiabil-
ity of monotone functions together with the convergence theorem of infinite
products.

Let {X,,n > 1} be a sequence of successive letters produced by an arbi-
trary information source with the alphabet S = {1,2,..., N} and with the
joint distribution

(1) PXy=z,...,X, =x,) =p(x1,...,2,) > 0.
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Let

(2) fa(w) = =(1/n)Inp(Xy,..., Xn),

where w is a sample point, X; stands for X;(w) for brief, and the quantity
fn(w) is called the relative entropy density of {X;,1 <i < n} (see [2]). Let

(3) pn(mn’.rl,...,xn_l) :P(anml,...,Xn_l :xn—l)a nZQ
Then

(4) p(T1, ..., Ty) —p(xl)ﬁ pr(xp|xy, . oo Th1);
5) @)= —(1/n) [np(X) + 3 pu(Xal X, .. Xe)

2. A REALIZATION OF ARBITRARY INFORMATION SOURCE

Throughout this paper we shall deal with the underlying probability space
([0,1), F, P), where F is the class of Borel sets in the interval [0,1), and P is
the Lebesgue measure. We first give a realization of an arbitrary information
source with distribution (1) in the above probability space.

Split the interval [0,1) into N right-semiopen intervals:

I =10,p(1)), I =[p(1),p(1) +p(2)),..., In=[1—p(N),1).

These intervals will be called intervals of the first order. Proceeding induc-
tively by splitting each nth order interval Ix,..x, into N right-semiopen in-
tervals I, ..o 1, Lo,z 25+ L, ..x, n according to the ratio p (1, ..., 2,, 1):
p(x1, ... @y, 2) ... p(xy, ..., 2,, N), the intervals of the (n + 1)st order are
created. It is easy to see that for n > 1,

(6) P(I,,...,) =p(x1,...,2,).

Define, for n > 1, a random variable X, : [0,1) — S as follows:

(7) Xnlw)=z,, Hwel, ...

By (6) and (7), {X,,,n > 1} has the distribution (1).
We are going to prove the following limit theorem by using the above
realization.
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3. MAIN RESULT

Definition 1. For k > 2, let

(8) hi(zy,..., 21 1) =— Z pr(zr|zy, oy r) Inpe (x|, - 2 y);

rEp=1

(9) Hk((A)) :hk(le--ka—l)-

Hj.(w) is called the random conditional entropy.

Theorem 1. Let {X,,,n > 1} be a sequence of succesive letters produced by
an arbitrary information source with the alphabet S and the joint distribution
(1), {an,n > 1} an increasing sequence of positive real numbers such that

o0

(10) > (1/a,)* < oo,

n=1

and f,(w) and Hy(w) defined, respectively, by (2) and (9). Then

(11) Z 1/ap)Inpr (X, ..., Xk—1) + Hp(w)] converges a.e.;
k=2
(12) lim (1/a,,) > Inpe(Xpl Xy, ..o, Xioo1) + Hy(w)] =0 ace.
k=2

Proof. For k>2A=1or —1, let

N

Qe Nz, ) = Z Pre(Tg|Te, .o T81)
=1

13

(13) exp{A[lnpy(xp|z1, ..., Te1)

+hi (x|, . 1)) /ak )

Let the collection of intervals of all orders be denoted by A. Define a set

function p on A as follows. Let

(14) p(le,) = p(w1),

and for n > 2, let
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M(Iﬂcr--zn)
p(xy,. .., x,) exp{)\ Y lnpr(zk|zy, .. xe—1) + he(z, . .. ,xkl)]/ak}
k=2

H Qk()\7 AT 7xk—1)
k=2

(15)

By (4) and (13)-(15), it is easy to see that p is an additive function on A.
Therefore there exists an increasing function fy defined on [0, 1] such that, for
any I, ...,

(16) 1(Loyan) = L, — gy, )
where I and I~ denote, respectively, the left and right endpoints of
I ..., . Let
G ,) = UG,
t )\ — X1 Tn Ty Tn
an) R Sy .
Cillen)
P(lya,)’ S

Ler A(X) be the set of points of differentiability of fy. Then P(A(A)) =1 by
the theorem on the existence of derivative of monotone function (cf. [3], p.
424). Let w € A(N), and w € I,,..,, (n=1,2,...). In virtue of a property of
derivative (cf. [3], p. 423), we have by (17),

(18) lim ¢,(\,w) = a finite number, w € A(\).

n—oo

By (17), (14), (6) and (7),

Iy, x,
tn( A, w)= M
(19) exp{)\é;[lnpk(XﬂXl, ooy Xpo1) F (X, Xkl)]/ak}
- kli Qe X1, ... Xi)
For the sake of simplicity, denote py(xy|xy,...,zx_1) and hy(zq,...,25_1) by

pr and hy, respectively. We have by (8),

(20) Z pr(Inpg + hy) = 0.

Ikzl
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By (13), (20), the inequality 0 < e” — 1 —x < z%¢l*l and the entropy inequality
h, <In N, we have

0< Qr(Nzy,. .., 2p-1) — 1

= Z pr{exp[A(Inpy + hy)/ax] — 1 — X(lnpy, + hy)/ax}

mkzl

< (1/ax)? Z pe(Inpy + hy)? exp[(— Inpg + In N) /ay].

wk:1

(21)

Since aj, — oo (as k — 00), there exists a positive integer m such that a, > 2
as k > m. Hence as k > m, we have by (21) and the entropy inequality,

0 S Qk()‘;xlv"' 73:19'—1) -1

N
< N(1/a)? Y p/*(Inpy + hy)?

(22) =
N
< N(1/a)? 3 [ *(Inpy)? — 20 N)p/* Inpy, + (In N)?).
xEp=1
Let

M, = max{z'?(Inz)?, 0<z <1}
M, = max{—z*?Inz, 0<x <1}
From (22) and (10) it follows that

o0

D IQuN X1, Xir) — 1]
(23) =
< Z(N/ak)Q{M1 +2M5In N + (IHN)Z} < 0.

By the convergence theorem of infinite product, (23) implies that

oo

(24) H[Qk(/\; Xi,...,X}_1) converges.

k=2
(18), (19) and (24) imply that

(25) lim exp {)\ > Mnpe( Xl Xy, .o Xior) + hi( X, - ,Xk_l)]/ak}
k=2

= a finite number a.e..

Letting A = 1 and A = —1 respectively, we have
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(26) nhj& exp {Z[Inpk(Xk|X1, e 7Xk71) + hk(Xl, e ,Xkl)}/ak}

k=2
= a finite number a.e.

@) lim exp {— > Mnpe( Xl X1, Ximr) + (X, - Xkl)]/ak}
k=2

= a finite number a.e..

(26) and (27) imply that

n

Z{ M pp(Xp| X1, ..oy Xeo1) + he( Xy, ..., Xk_1)]/ai} converges a.e.

k=2

i. e., (11) is true. By Kronecker’s lemma, (12) follows from (28).
This completes the proof of the theorem. [

4. SOME COROLLARIES

Corollary 1. Let f,(w) be defined by (5). Then under the hypotheses of
the theorem we have

n

(29) lim | f,(w)—(1/n) Y Hi(w)| =0 a.e..

n—oo
k=1

Proof. Let a,, = 1/n. Then (29) follows from (12) and (5) immediately. m

Corollary 2. Let p > 1/2 be a constant. Then under the hypotheses of
the theorem we have

(30)  lim n~'?(Inn) ”Z Inpp(Xi| X1, ..., Xi—1) + He(w)] =0 ace..
k=2

n—oo

Proof. Since Z n~!(Inn)~? < oo, the corollary is obtained immediately

from the theorem ]

Corollary 3. Let {X,,n > 1} be a sequence of successive letters produced
by a nonhomogeneous Markov information source with the initial distribution



Discrete Information Sources 545

(31) p(l),P(?),‘--,p(N), p(z) >0, i€S

and the transition matrix

(32) Py = (pn(i, 7)), puli,j)>0, 4,5€8, n=>1,

where p,(i,j) = P(X, = j|X,_1 = 1), {a,,n > 1} is an increasing sequence
of positive numbers such that (10) holds, and H(py,...,p,) is the entropy of
the distribution (p1,...,p,). Then

(33) nh_{{)lo(l/an) i{lnpk(Xk—ly Xi) + Hlpr(Xp—1, -+, ou(Xi—1, N}

=0 a.e..
Proof. By Markov property, (33) follows from (12) immediately. ]

Corollary 4. Let p > 1/2 be a constant. Then under the hypotheses of
Corollary 3 we have

3

(34) nhj{.lo {fn(w) = (1/n) p_ Hlpr(Xp-1,1),... 7pk(Xk17N)]} =0 ae,

k=1

where
(35) fa(w) =—(1/n) [hlp(Xo) + ilnpk(thXk)]

1s the relative entropy density of the Markov information source.

Proof. Let a,, = n. Then (34) follows from (33) and (5) directly. [ |
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