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SOME OPERATORS ACTING ON WEIGHTED SEQUENCE
BESOV SPACES AND APPLICATIONS

Po-Kai Huang and Kunchuan Wang*

Abstract. In this article, we study the boundedness of matrix operators acting on
weighted sequence Besov spaces b7 . First we obtain the necessary and sufficient
condition for the boundedness of diagonal matrices acting on weighted sequence
Besov space b“w, and investigate the duals of b“w, where the weight is non-
negative and Iocally integrable. In particular, When 0 < p< 1, we find a type of
new sequence sapces which characterize the dual space of b“v‘l

We also use the duals of b“v‘l to characterize an algebra of matrix operators
acting on weighted sequence Besov spaces b“v‘l and find the necessary and suffi-
cient conditions to such a characterization. Note that we do not require that the
given weight satisfies the doubling condition in this situation.

Using these results, we give some applications to characterize the boundedness
of Fourier-Haar multipliers and paraproduct operators. In this situation, we need
to require that the weight w is an A, weight.

1. INTRODUCTION

In order to study the boundedned of some kind of linear operators, such as Haar
multipliers and paraproduct operators, one can do it by norm equivalence between
function spaces and their corresponding sequence spaces. Precisely, for example, if
we consider a linear operator T' acting on homogeneous Triebel-Lizorkin space Fﬁ"q,
then one can use a discrete wavelet transform identity or the o-transform identity
introduced by Frazier and Jawerth [5] to deduce a linear operator 7" to a matrix A(T") :=
{{T¥p, pq)} and to consider the boundedness of A(T") acting on sequence Triebel-
Lizorkin space fg"?. For simplicity, we only work with the -transform indetity, but
let us emphasize that Meyer’s wavelet transform indetity could be used equally well in
our development.
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Let us start with recalling some definitions and properties. For some v € Z and

= (kl,kg,--- ,kn) eZ" letQ = Q. = {(1‘1,--- ,xn) eR" .27k < z; <

277(k;+1), i=1,2,---,n}, and zg = 27"k the “lower left corner” of Q = Q..

Also Q denotes the collection of all dyadic cubesin R™ and Q,, denotes the subcollection

of Q with side length 2= for v € Z. For P € Q, Qp denotes the subcollection of R
such that each cube in Qp is a subset of P. We choose a function ¢ € § satisfying

supp(@) € {¢:1/2 < |¢] < 2}
1)
[P zec>0 if 3/5<[f<5/3.
Then there exists a function ¢ € § satisfying the same conditions as (1) such that

Y Gepe e =1 for £#0.

VEZ
Hence the ¢-transform identity [5] is given by

2) = (£ eQ)vq

QeQ

where g, (z) := [Q|72g((z — 20)/U(Q)) = 2""/?g(2"z — k) if @ = Q,x for some
v e€Z and k € Z™. Here |Q| is the usual Lebesgue measure of @ in R™.

Let P denote the class of all polynomials on R™ and 8’/P denote the tempered
distributions on R™ modulo polynomials. For v € Z, let ¢, (z) = 2""p(2"x). For
aeR, 0<p, qg<+ocand f e 8/P, define the homogeneous Triebel-Lizorkin
spaces F°? via the norms

1/q
H{ > (2”O‘\<py>x<f\)q} < 00 if 0<p<oo
VEZ L
1 £1ligr = o NV
sup {\Q\_ / Z (20w  f1) } < oo ifp=oo
e v=—log, £(Q)

The homogeneous Besov spaces Bqu are defined by
171l s = {Wuwfum}
VEZ

Triebel-Lizorkin spaces include many other spaces as special cases; LP = F0 2 for

1< p< oo, HP =~ E? for 0 < p < 1, and BMO ~ F%? (see [7, 23] for detalls)
The corresponding sequence spaces f°¢ and b3 can be defined as follows. For

a€Rand0 < p, g < oo, the space fﬁ’q consists of all sequences s = {s¢} satisfying

_ H{% (‘Q\‘a/n—l/%Q‘XQ)q}l/q

Il o /e
sup{\P\ 1/ Z (jQ|~ 1/2- O‘/”\SQ\XQ) } <oo ifp=cc

QeQp

< 0.
0(z)

< 00 if 0 <p<oo
Lp
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where x( denotes the characteristic function of the cube Q. The space by*? consists
of all sequences s = {sq} such that

a/p\ 1/4q
(Z{ > (‘Q‘_a/n_l/2+l/p\8cg\)p} ) <oo  if 0<p<oo

veZ L Qe

Isllgs = e
(= { st tugl} ) <o it p=oc

VEZ QEQV

The function spaces F},*?, By*? and the sequence spaces f;?, by™? are equivalent
in norms, respectively.

Proposition 1.1. ([4, 5, 7]). Suppose o € R, 0 < p, g < +o0, and the functions
¢ and ¢ are given in (2). Given f € §8'/P, there exists a sequence of numbers

{sqQ = (f:9q)}q such that f = >, sqibq. Furthermore,
(a) feFy9ifand only if the sequence s = {sg}q € f5% and £l oo 2 1|5l oo

b) feB>? if and only if the sequence s = {s € b5, and || f|| poa = |8]| ;000
4 QIQ =% By by

The prototypes of operators in this article are paraproduct operators and Haar-
Fourier multipliers, which are defined below.

Definition 1.2. Fix a function @ in § such that supp(®) C [0,1)" = Qoo and
[ ® = 1. (We will use this ® in the sequel.) For & € R and g € BX™ = F5™, the
paraproduct operator II, via the ¢-transform identity is defined by

3) Iy (f) = > (g, e|QI2(f, DQ)vq.
Q

Thus, the adjoint operator of II, is

I f(z) = > (9,0)|Q1*{f,¢Q)Po().
Q

Note that II,1 = g and II71 = 0. Also, when g € B>, I1, is a singular integral
operators (c.f. [25]).
Let f € £, Plugging (2) into (3), we obtain

() = (9. 0QIQI™ 2 Y (F or)ier, @q )ik
Q P

= > (9.0QlQI (Y (e, 20} £ ) o
Q

P

(4)
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Let G' be the matrix {<¢p,¢>Q>}Q P Also let dg = (g,¢q) and d = {dg}q-

Define the diagonal operator Téo) as follows. For a sequence s = {sg}0q, Téo) sends
sto Téo)s, where

(T3"s)q = 11 2sqdq
denotes the Q" entry of the sequence Téo)s. In fact, Téo) = diag{|Q|~'/2%dg} is a

diagonal matrix determined by the given sequence d. By Proposition 1.1 and equality
(4), we have

5 el |{to-callQI (X twr. 2a)ts.00)) } |

0
= 17,"Gsll .0

f';;hq

where s = {(f, op)}p. So, to show the boundedness of II, from F,"¢ into Fj? is

equivalent to show the boundedness of TG from 3¢ into fo°?. We will give a
characterization of boundedness of paraproduct operators on weighted Besov spaces in
Section 5.

Let us recall Haar multipliers introduced in [12, 19, 20]. Precisely, given a sequence
t = {t1}1 dyadic, @ Haar multiplier is an operator of the form

Tif(z) = Y_ ti{f.hp)hi(z), for fe L*(R),

I dyadic

where the sum runs over all dyadic intervals in R, h; is the Haar function associated
to I and (-, -) denotes the L? inner product.

Motivated by [12, 19, 20], let us consider the generalized Haar multipliers in R".
For a sequence t = {t¢}, define the Fourier-Haar multiplier 7', by

(6) Ty(f) =Y _ QI Pt (f, vq)tq.

QeQ

By Proposition 1.1, [|Z;(f)l| o0 = 1{1Q|~?to(f, ¢Q)}Qll joa. Thus, to study the

boundedness of T; on F};"? is equivalent to study the corresponding diagonal matrix on
fﬁ"q. We will study the boundedness of Fourier-Haar multipliers on weighted Besov
spaces in Section 5.

In this article, we focus on that a matrix operator is mapped from one weighted
sequence space to another one. In the following, we introduce the weighted Besov
space By and weighted sequence Besov space by We say w is a weight means that
w is a non-negative, locally integrable function.

Definition 1.3. (Weighed Besov space Bjl). Select a function ¢ € § satisfing
condition (1). For a € R, 0 < p, ¢ < oo, w a weight and f € 8'/P(R"), define the
homogeneous weighted Besov space B, via the norm
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< Q.

155 = |{2le o

la

v

Note that the definition of homogeneous weighted Besov spaces is independent of
the choice of ¢ if the weight w satisfies doubling condition, see [8, 21] for more details
on matrix-weighted Besov spaces. For a weight w, let Q(w) denote the collection of all
cubes @ € Q such that w(Q) := wi(x)dx # 0 and Q,(w) denote the collection of
all cubes @ € Q, such that w(Q) # 0 for v € Z. It is clear that U,c7z9, (w) = Q(w)
and Q(w) = Q if w > 0 almost everywhere.

Definition 1.4. (Weighed sequence Besov space b8y, Fora € R, 0 < p, q < o0,
and w a weight, the space by, consists of all sequence s = {s¢}¢, enumerated by the
dyadic cubes @ contained in R™, such that

{QVOC

The main conclusion is the norm equivalence between the homogeneous weighted
Besov space By and the weighted sequence Besov space by’ under the A, condition.
For the detailed description of A,, condition, refer to [9, 11]. Under the A, condition
on w, Q(w) is the same as Q.

< Q.
14

> ‘Q‘_%SQXQ‘

QEQu(’w) LP(w) }VEZ

Isllpq =
bpw

Proposition 1.5. ([8, Theorem 1.1], [21, Theorem 1.4]). Leta € R, 0 < p, ¢ < o0,
w € Ap. Then

£l = || 3 ¢ vadvel
QeQ

pog H{SQ(f)}Q

beg
where {sQ(f)}Q = {{(/, ‘PQ>}Q is the sequence of ¢-transform coefficients of f.

Remark 1.6.
@ When w = 1, the sequence space 6;‘”{’ is the usual unweighted sequence space
by’ given by Frazier, Jawerth and Weiss in [7].
(b) When 0 < p < oo, we have

q

Islgg = {Z[ > (101 sl w(@)]p}q
VvEZ
(Q)=2—~

and

Islljoce = sup |Q|73 7 sql-
M QeQw)
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This article is organized as follows. In Section 2, we characterize completely for
diagonal matrix operators acting from one weighted sequence Besov space to another
one. Also, in this section, we characterize the dual space of 6;‘;3}. In section 3, we define
a class of almost diagonal matrices ad,) () for the weighted sequence Besov spaces
and show the boundedness of these matrices on b5, if w is a weight with a doubling
exponent 5. In section 4, we treat more general matrix operators. In some special cases,
we obtain necessary and sufficient conditions for boundedness of operators acting on
weighted sequence Besov spaces. Consequently, we characterize an algebra of bounded
matrix operators on b5d, for fixed a € R and for all 1 < p, ¢ < co. We apply our
previous results to study the boundedness of Fourier-Haar multipliers and paraproduct
operators acting from one weighted Besov space to another in the last section.

Through the article, a cube means a dyadic cube in R™, and C' denotes a positive
constant independent of the main variables, which may vary from line to line. We also
denote by ¢ the index conjugate to g; that is, ¢’ = ¢/(¢ — 1) for 1 < ¢ < co. When
0<q<1,q is defined as oo.

2. DiacoNAL MATRICES AND DuALITY

As in [13, 14, 24, 25], to study singular integral operators acting on homoge-
neous Triebel-Lizorkin spaces or Besov spaces, it suffices to study the boundedness for
paraproduct operators acting on the same spaces, equivalently, it does study the bound-
edness of matrix operators deduced from paraproduct operators acting on corresponding
sequence sapces, as described in (5).

Here we start with the diagonal matrices acting on weighted sequence Besov spaces.
For v € R and a fixed sequence d = {dg}¢, define a linear operator Ty) acting on
sequence spaces by

(7 Ty)s = {\Q\‘1/2‘7/”dQsQ}Q for every sequence s.

Let Dy) be the diagonal matrix operator with diagonal entries {|Q|~'/27/"dg}¢.
Then 7" = DU, In this section, let us first study the boundedness of T\,

Proposition 2.1. [10, Theorem 3.1]). Let a1, s, v € R, 0 < p, q1, g2 < oo and
let w be a weight.
(a) For q1 > qo, Ty) is bounded from b3L7 into byL > if and only if d €
-Oég-f—’y, 9192

boo,w

(b) For q1 < ga, T\ is bounded from 5357 into 535> if and only if d e

l’)ag—l—'y,oo
00, W .

More generally, we have the following result for different indices.
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Theorem 2.2. Let a1, a0 € R, 0 < p1, p2, q1, g2 < 0o and v € R. Also let w be
a weight. Then Ty) is bounded from b5 into b2 if one of following cases holds:

9192
sap—a Y, o=~

(@) pr>po,qu >q@anddeb ., 02
P1—P2 W
ag—a 1,00,

(b) p1 >p2, 1 < @ and d € b%,5 w3

p1—p2’

9192
op—aq+,

(¢) p1 <p2, 1 > qe and d € boo -
(d) pr <p2, 1 <qgeand d e j)ggﬂ—uoq—f—%oo'

Proof.  Without loss of generality, we may assume «; = as = 0. Let s € 62’1({%1}
and suppose 0 < p1, p2, q1, q2 < 0.

For part (a), let 6 = p1/p2 and p = q1/q2. Applying Holder’s inequality twice,
then we have

I sl = {2

VEZ - QEQ (w)

a2 (1

(101 #1a0l)” (101 3150l ) wi@] ™}

2

x| = (\Q\-%—%\dc;\)pﬁ/w(@)]”‘5/

VEZ - QEQ (w)
Qe (w)

<[ = (‘Q“%‘%\dcz\)ww<@>]"2‘5/}””/

veZ - Qe (w)

23>

VEZ - QEQ (w)

(\Qr%\sQ\)Mw@]%}ﬁ

= HdHi)’%QQl)/ 'HSH[)OﬂZl )
p2d’ w P

where p2d” = pa(p1/p2)’ = L2 and 20" = g2(q1/a2)' = ;A2
For part (b), let 6 = p1/pa. Since g1 < g2, ¢1/q2 < 1. Applying Holder’s inequality
and triangle inequality, we obtain
1y D2 1 D2 Z—z é
s, = { S 2 (104 F1d0l) " (10150l ) “wi@)]
)

veEZ - Qe (w

| = (\Q\-%—%\dc;\)pﬁ/w(@)]”‘5/

veZ - Qe (w)
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[ T (\Qrﬂsm) w(@)] }
Qe (w)

L. p2d’ ﬁ
sup[ T (\ermdm) w<@>]

veZ L Qea, (w)

XS] 2 (1) w@] "}

veZ - Qe (w)

IN

a1

AN Zakn
il AX ] (10 tal) w@] "}
2 N vez LQeg, (w)

= lldllyree - lIslljoa -
bpgé/,w bPLw

IN

For part (c), let p = q1/¢2. Since p; < po, p1/p2 < 1. Applying triangle inequality
and then Holder’s inequality, we obtain
r 1y P2 1 P2 Z—z é
g, = { [ 5 (101 1del ) (11 Hisel) “wi@] )
’ veZ - QeQy(w)
a2

i 1 1y P ) a
AX| T (lertertiiglsl) w@]" }
veZ L QeQ, (w)

i L, P17
2b> sup)(\czrrﬂdm)]

vEZL - QeQu(w

a2 911

1 p1 p1 ) @2 a1
[ 3 (\Qrﬂsm) w(@)] }
Qe (w)

ETN L Wer
< {Z[ sup )\Q\_TﬂdQ\] }

VEZ Qe (w

| =

VEZ - QEQ (w)

(\Qr%\sm)mw@)]%F

= ||d||. s [ S]];0 .
H H 5920 H H b1
boo bpy w

For part (d), since p1 < pz and 1 < g2,we have p;/p> < 1 and q1/q2 < 1.
Applying triangle inequality twice, we obtain the result.
a2

1~ p2 1 p2 P2 é
s, = { [ 30 (101 1del ) (11 Hisel) “wi@] )
)

veEZ - Qe (w
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a2

L1 P Y %
(\Qrawrmd@usm) w(@)] }

{zl .z
veEZ - Qe (w)
1 p1 Z_1
{ [ sup (\Q\ 2 ZWQ‘) ]
cZ EQu(w

a2 1

> > (1ertsal) w@] "

1y 1 P p1 | ar
< sup |Q7Zw|dg { ) [ ) (\Q\‘ﬂs@\) w(@)] }
QeQ(w) )

veEZ - QeQy(w

X
|—|t

= [ldllzee - [Isl[0.01 -
b3 w bp)

For the case p; = oo or ¢; = oo, with modification, we could obtain the results. This
completes the proof of Theorem 2.2. [ |

At the end of this section, let us consider the duals of weighted sequence Besov
spaces.

Proposition 2.3. [10, Theorem 1.3]). Leta e R, 1 <p < o0, 0 < g < oo, and
w be a weight. Then the dual of b5 is I');,au’}q in the following sense.

i) Fort = {t € l}_/o"q/ the linear functional L on b5, given by L(s) =
QRJIQeQ(w) D,

(s,t) = ZQEQW 50tQ |(Q|) for s = {s5}ocom € b, is continuous with

[Le]| < Il

b_a !
W

(ii) Conversely, every continuous linear functional L on b5 satisfies L = Ly for
some t = {to}ocan € by’ With [t]; ot S C||L|| provided that w is a

“double measure”, i.e. w(2B) < Cw(B) for every ball B in R™.

In order to find the dual space of 6;‘;3} for0 <p<1land0 < q< oo, we need to
define a sequence space ¢, given in [10].

Definition 2.4. Fora € R, 0 <p <1, 0 < ¢ < oo, and a weight w, we say that
t = {tq}q € & if [[t[caq is finite, where |[¢]| .0 is defined by

1 1\ ¢ %
HtHcgg—[Z< sup Q15 Hltglw(@)! )] .

veZ QEQ,,(’LU)

Remark 2.5.
(i) If p=1, then ¢f; = b,
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(i) If w=1, then ¢} = b /P by a direct calculation.

Here is a characterization of the dual of 6;‘;3} foraeR,0<p<land0 < q< .

Proposition 2.6. [10, Theorem 1.6]). Let a€eR 0<p<1,0<qg<o0 andw
be a weight. Then the dual of 53¢ is ¢, in the following sense.

(i) Fort ={t,}ocom € cpwq the linear functional L on bgd, given by Ly(s) =
(s,t)w fors = {s,} 5o € b, is continuous with || L¢|| < C|[t]] e
Cp,w

(ii) Conversely, every continuous linear functional L on by satisfies L = Ly for

some t = {t,}5co( € ¢ ot with HtH o <C| L.

Remark 2.7. Observe that

Zs t_—Q Zs hg = (s, h),
QI S

QeQ

where h, = Q“igf) and h = {hg}q.

The characterization presented in Proposition 2.3 says that the dual of 6;‘;3} with
respect to a weighted pairing can be identified with I');,f"u’}q for any doubling weight

w. Let us denote the dual with respect to the weighted pairing by (z;g;g)’. The
difference arises because the pairing used as above observation. In Roudenko’s case
she has two sequences s = {sg}gcao, and h = {hg}gco, indexed on the dyadic
cubes and the pairing is: (s,h) = >, sohg, whereas in this article the pairing is
(s,t)y = ZQEQW Soto |(Q?) When dealing with any doubling weight, it may occur
that w(Q) = 0 for some @, which would imply w = 0 a.e. on Q; so two sequences
will be equal in such space if and only if they coincide off those cubes (we are working
with equivalence classes). In the case of the weighted pairing since there is no need to
invoque the reciprocal of the weight (or a power of the weight), the above idetification
work well, unlike when using the usual pairing.

In the case when both w > 0 a.e, and w™! > 0 a.e, it would be interesting to

explicitly state that the map that takes a sequence hQ into the sequence tg = hq %)

is a one-to-one and continuous mapping from b‘ 1
see this,

e (25

VEZL - QEQ(w)

—aq
, into bp/,w for all weight. To

‘Q‘ p’ q/p'y1/q
(\Q\a/n-“%hmm) w<Q>] }
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S{Z[ > (\Q\‘“/”‘l/Q\hQ\)p/wl—p/(Q)]q//p/}l/q/

VEZ - Qe (w)
= ||y

—n/
P/ wl=P

since
Q| = / WP (@)w ™ P(z)ds < [w(Q)]"" w7 (@),
Q

by Holder’s inequality. However the reverse embedding holds only if w € A, because

Ql < [w(@)]"?[w' 7 (Q)]V/F < C|Q|, where C is dependent only on the A,
constant. Effectively the duals with respective to the different pairings are different
spaces when the weight w is not in A,,, that explains the discrepancy.

By Remark 2.5 and Proposition 2.6, we have a characterization of the dual space
of unweighted sequence Besov space b,'? fora € R, 0 < p <1 and 0 < ¢ < +oo.

Corollary 2.8. Leta e R,0<p <1and0< g < oc. Then

by = (b20) 63 = b

3. ALmosT DIAGONAL MATRICES

At the beginning of this section, let us recall a definition about “doubling condition”.

Definition 3.1. A weight w is called a doubling measure, if there exists a constant
C = C,, such that for any § > 0 and any z € R",

(®) / wiydt<c [ w)d,
Bas(2) B;s(2)

where Bj(z) is an open ball in R™ centered at z with radius §. If C = 27 is the
smallest constant for the inequality (8) holds, then 3 is called the doubling exponent
of w.

In this section, we always assume that w is a weight which is a doubling measure
with doubling exponent 5. For such a weight, we study the almost diagonality given
by Roudenko [21] with matrix-weight for p > 1 and by Bownik [1] for scalar case.
Here we adopt Bownik’s definition, but we emphasize that, for p > 1, both definitions
are equivalent.

Definition 3.2. Let w be a doubling measure with doubling exponent 5. For « € R,
0<p, g< oo, let] =2+ max{0,n— 2}, we say thata matrix A = {agp}q.p is
(@, p, w) almost diagonal, denoted by A € ad;(/3), if there existan e > 0 and C' > 0
such that for all dyadic cubes @, P,
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o< n([{5] T [HG) ) omitre)

Remark 3.3. Note that if p > 1 then J =n+ (6 —n)/pand if 0 < p < 1 then
J = [(/p. Also note that if the weight w = 1, then 5 = n. Thus the definition of
almost diagonality in Definition 3.2 is the same as the one given by M. Frazier and
B. Jawerth in [5] under ¢ > 1 and w = 1. Also note that in general the exponent
J is independent of ¢ for Besov case, while in case of the Triebel-Lizorkin spaces
J =n/min(1,p,q) in unweighted cases.

Basically, the proof was showed by Roudenko for p > 1 in [21] and showed by
Bownik in more general setting in [2].

Proposition 3.4. ([2, 10, 21]). Leta € R, 0 < p, ¢ < oo, and w a doubling
measure with exponent 3. If A € ad; (), then A is bounded on by,

Now we may state that the class of almost diagonal matrices is closed under com-
position. The class of all operators on the distribution space level, which corresponds
to almost diagonal matrices, is then also an algebra under composition. For ~v > 0,
§>0,J= % +max {0,n — 2} and P, Q dyadic, denote

worson: = (1] w (8] T (73] )

(14 o )‘5
max (@), £1P))

Wor(6,71,72) = > _ wor(8,71)wrp(8,72).
R

and

Theorem 3.5. Suppose @ € R and 0 < p, ¢ < oo. If A, B € ad;(3), then
Ao B € ad; (). Consequently, ad;(3) is an algebra.

Before proving the Theorem 3.5, we need the following lemma, which is a modi-
fication of Theorem D.2 in [5].

Lemma 3.6. [5, Theorem D.2]). Suppose §, v1,v2 > 0, y1 # 72, and 26 < 1 +s.
Then there exists a constant C such that

Waor(d,v1,72) < Cwgp(6, min(yi, y2)).

Proof. [Proof of Theorem 3.5.] By the proof for [5, Theorem 9.1], we have the
desired result immediately by Lemma 3.6. ]
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4. AN ALGEBRA OF MATRIX OPERATORS ON WEIGHTED SEQUENCE BESOV SPACES

In this section, we will treat more general matrices on special weighted sequence
Besov space. Let b denote the class of matrices A such that | A| is bounded on fg’q for
all 1 <p, g < oo, where |A| = {lagp|}q,r If A= {agpr}qg,p. Frazier and Jawerth
[5] characterized the following result.

Proposition 4.1. [5, Corollary 10.2]). A matrix {agp}q,p belongs to b if and
only if {|lagp|}q,p satisfies all conditions in the following:

sup > lagrl(1QI/1P)!/? < oo;

€2Qea

sup > lagr|(|Q1/|P]) ™ < oo;

EQPeQ

sup { Z \anHP\l/Q} < 00;
POEQ‘ 0‘ PEQ

sup { Z \aQPHQ\l/Q} < oo
QOEQ‘QO‘ QEQ 1

The main purpose of this section is to characterize an algebra of bounded matrix
operators acting on weighted sequence Besov spaces b"‘ o forall 1 < p, g < oo, where
o is fixed in R. Let us observe some special cases.

Theorem 4.2. Suppose o € R, 0 <p =¢ <1, w is a weight, and A = {agp} is
a matrix. Then A is bounded on by} if and only if

o {2 () e Y <

Proof. First let us suppose that A is bounded on b57Z. Fix a dyadic cube P € Q(w)
and define a sequence s by

Py o [IPIFB0(P) 5 it Q=P
2 o it Q£P

Then HSP”I;% = 1. Since (4sP)g = an\P\%ﬂL%w(P)_% for Q € Q(w), we have

> K%)_%_%\aw]q%}é

QeQw)

_a_ 1 a1l _1 a
:[ > (\Q\ n " Z|agpl|P|" "2 w(P) ) w(Q)]
QeQw)
= 145" i < I1ANS" lla = [

q
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Thus, after taking supremum over all dyadic cubes P in Q(tq), we have condition (9).
Conversely, suppose that condition (9) holds. Since s € by}, we have

Isligg = | 2

PeQ(w)

1

(17175 41se1) ()|

> agesp

PeQ(w)

and so

_a_ 1
R I (CTa

QeQw)

> ¥ [(‘Q‘)""\am] Y (1P1 el ) i)

PeQ(w) QeQw) -
(1) oorl] S5} 1o

.y
PeQ(w)

where we apply the triangle inequlaity in the first inequality for index g. Hence A is
bounded on bg . n

) wi@

IN
g

QeQw)

By a duality argument, we have the following result.

Corollary 4.3. Suppose o € R, w is a weight, and A = {agp} is a matrix. Then
A is bounded on bo.>, if and only if

%_% w(P
(10) supZ(w‘) p\ﬁ<oo.

Proof. Note that a matrix A is bounded on 65:00,33 if and only if its adjoint A* is
bounded on b1 ! where agp = apq. Thus, by Theorem 4.2, A is bounded on b3
if and only if condition (10) holds. ]

Theorem 4.4. Suppose « € R, w is a weight and A = {aqp} is a matrix operator
with agp >0 for all dyadic cubes P and ). Then A is bounded on bi’;’f’ if and only
if

(11) supz sup Z <%>_5_EQQPM<OO

veZ |7, PE%uw) oo, (w) w(P)

Proof. Suppose A is bounded on i)iﬁf’. For each pair of 1 and v in Z, let

\Q\>_%_% w(Q)
K, ,:= sup <— aop——=.
' pegu(%egzu(w) [P “w(P)
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Claim that K, ,, < oo for every pair of 1 and v. Suppose that there exist o, 9 € Z
such that K, ,,, = oo. For j € N, there exists a dyadic cube P; such that ¢(P;) = 270
and

QI "E w@ .
X (i) wniigy

QEQVO (w

For j € N, let s/ be a sequence defiend by, for P € Q(w),

, P[5t zw(P) "t if P =P

(Sj)p = . .
0 if P+#P
Then HSjHl')zlx,oo =1 and for Q € Q(w)
. : a1l _
(Ah)o = Y agr(s))p = agp| P+ 2w(P)) .
PeQ(w)

Thus,

o 1
QLY "2 w@) a1,
S () eenigy = T @i
QEQ, (w) J QEQ, (w)
< [[As[lgore0 < Ol a0 = C,

where we apply the boundedness of the matrix A on Biﬁf’. This contradiction yields
K, , < oo for each p, v € Z.

Fix v € Z and, for each p € Z, choose a dyadic cube B, satisfying ¢(P,) = 27+
and

[SIE

QI " w(@) _ 1
2 (W) QR (B T

Qe (w)

Let s be a sequence defiend by

a1 1 -
(SV)P ::{‘PM‘"+2w(PM) ! If P:PM
0 if P+#P,

Then ||s”||;e.c = 1 and
1,w

A=Y agr(s)p = agp,|Pul"rw(P)

HEZ PeQy(w) HEZ

Since A is bounded on 5%, we have
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IR (-

ez PEw) geo )

\Q\)—%‘% w(Q)

<2 <— aQp,

;%Qe%;(w) | Pl w(Py)

—2 Y \Qr%-%(ZaQPH\PM\%%w(Pu)*)w(Q)
Qe (w) HEZL

< QHASVHI;;’;O < CHSVH{,;f =C.

Thus, after taking the supremum over v € Z, we have condition (11).
Conversely, suppose that condition (11) holds. Since s € b°°°, we have

1w

a_ 1
sl e = sup Y Pz splw(P)
W e

PeQ,(w)
and so
a_ 1
_a_ 1 Tn2 w
Mg < s> Y 1PFEHspur) Y (1) g, @
Y Vel en peg, (w) Qe (w) 17 w(P)
m v
a_ 1
QY  w(@)
< sup [ sup (— agp
uezl% PeQu(w)Qegu:(w) |P| w(P)
< X P Hseue)]
PeQ,(w)
a_ 1
QY w(@)
Ssup[ sup <— agp——=1| - |Islljonce -
ver %PEQH(w)Qe%;(w) 1P| “Pw(P) e
Hence A is bounded on b5, -

Corollary 4.5. Suppose « € R, w is aweightand A = {agp} is a matrix operator

with agp > 0 for all dyadic cubes P and @). Then A is bounded on i)gg}w if and only
if

PI\#72  w(P)
(12) sup sup <— agp——= < 00.
MEZV%Q%(@PEQZM @l “u(@)

Proof. By a duality argument, the result follows immediately. ]

Definition 4.6. Let w be a weight and o € R. We say that a matrix operator
A = {aqp} is an element of an algebra of bounded matrix operator, denoted by
A € amo®(w), if |A| is bounded on b, for all 1 < p, ¢ < oc.
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Here is a characterization of amo®(w).

Theorem 4.7. Let o € R, w be a weight, and A = {agp} be a matrix operator.
Then A € amo®(w) if and only if A satisfies (9-10),

S o T () et o

Vel uez PeQ,(w) Qe (w) ‘P‘

and

(14) supz sup Z <ﬂ>ﬁ_ \an\w(P) < 0.

Hel §7 Q€0 () plg ) MY w(Q)

[SIE

Proof. By Definition 4.6, the “if” part follows immediately by Theorem 4.2 with
p=q =1, Corollary 4.3, Theorem 4.4 and Corollary 4.5. Conversely,

(a) by Theorem 4.2 with p = ¢ = 1 and condition (9), A is bounded on b
(b) by Corollary 4.3 and condition (10), A is bounded on b%:%5;
(c) by Theorem 4.4 and condition (13), A is bounded on b$"°°;

1w

(d) by Corollary 4.5 and condition (14), A is bounded on i)gg}w.

a,l.
1w’

Hence it follows from interpolation theorem that A is bounded on 6;‘;3} forall 1 <
p, ¢ < o0, ie, A€ amo®(w). .

Remark 4.8.
(@) It is routine to check that amo®(w) is an algebra with composition.
(b) Because 3/p+ n/p’ < for p > 1, it follows from Theorem 3.4 that we have
ad{(p) C amo®(w).
(c) If the weight w = 1, then 8 = n. So we have the following result: if a matrix
A is almost diagonal then (i) the estimate wqp is independent of p for p > 1,
(ii) the matrix A is bounded on b59 for 1 < p, ¢ < oo and (iii) A € amo®(1).

5. APPLICATIONS

Consider that an operator 7" is linear from the Schwartz space § to its dual 8’ and
has a kernel K : R™ x R™ — C which gives the action of 7" away from the diagonal.
The kernel K is a function which is locally integrable on R™ x R™ \ {(z,y) : = y}
and there exist a constant C' > 0 and a regularity exponent ¢ € (0, 1] such that

(15) |K(z,y)| < Clz —y[™"  for z#y;
/e
(16) |K(z,y) (w,y)\_Ci‘x_y‘W or |z —a| < ==
/e
17 K K <oV e 1y < B
(17) |K(z,y) — K(z,y)| < P ly—yl<—
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That K gives the action of 7" away from the diagonal means that is for any two
functions f and ¢ in 8§ and which have disjoint support, we have that

Tf(g)=(Tfg) = K(z,y) f(y)g(x)dxdy,

R2n

then 7" is called a singular integral operator, denoted by 7" € SIO(e).
Next, we recall the definition of A, weight in questions.

Definition 5.1. (A, Weights). For every cube @ in R", and a non-negative and
locally integrable function w on R”. We say that w € A, if ||w| 4, is finte, where
lwl| 4, is defined by

1 .
sup ess sup w_l(y)—/ w(t)dt if 0<p<1
Q  veQ @l Je

sup (@ / (x)dx) <ﬁ/¢2w(x)l_p/dx>p_l if 1<p<oo

1
where - + 17 = 1. Also let Ao = Uppeoo Ap -

[wlla, :=

)

Remark 5.2.

(a) Let us recall matrix-A, weights given in [8, 18, 21]. Let M be the cone of
non-negative definite m x m complex-valued matrices. By definition, a matrix
weight W is an almost everywhere invertible map W : R* — M, W and W—!
are locally integrable. We say that W is a matrix-A, weight if it is a matrix
weight satisfying

sup ess sup / HWp (y)det < o0 if 0<p<1
yeQ ‘Q‘
IWlla, = ,

sup/ </HWP x) _% )Hp/%> ‘Cg‘ o if 1<p<oo

where the first supremum is taken over all cubes @ in R™.

(b) In the scalar case, an A, weight is an A; weight in the sense of Muckenhoupt
[11] for O < p < 1. Since there exists a constant C' > 0 such that

\Q\/ t)dt < C-w(y) forae. y € Q, forall Q CR".

In terms of the maximal function this condition is

Muw(z) = sup — / t)dt < C - w(x) for a.e. z,
T€Q ‘Q‘

i.e. w e Aq, where M is the Hardy-Littlewood maximal operator.
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(c) If a scalar weight w € A, for 1 < p < oo, then w(z)dx is a doubling measure.

Definition 5.3. Let w be a weight and T € STO(e). Then T € AMO®(w) if T
is bounded on BYY for all 1 < p, ¢ < 0.

Theorem 5.4. Suppose w is an A; weight and T' € SIO(e). Let A(T) =
{{T'¥p, pq)}. Then the following statements are equivalent.
(a) T € AMO®(w);
(b) A(T) € amo®(w);
(c¢) A(T) satisfies (9-10) and (13-14) with « = 0 and agp = (T¥p, ¢g), simulta-
neously.

A
A

Proof. By Proposition 1.5, (a) implies (b) and by Theorem 4.7, (b) implies (c).
Finally, by Definition 5.3, Proposition 1.5 and Theorem 4.7, (c) implies (a). Hence we
establish the equivalence of all three statements. ]

Here is an application for the boundedness of Fourier-Haar multipliers.

Theorem 5.5. Let a, a0 € R, 0 < p, q1, g2 < oo and w € Ap.
(a) For q1 > gq, the Fourier-Haar multiplier T; is bounded from By into By b, 2%
if and only if te 63‘5;&2”/, where p’ is the index conjugate of p=q1/¢o.
(b) For ¢1 < g¢o, the Fourier-Haar multiplier 7', is bounded from Bﬁh}“ into
B jif and only if t € b3y

Proof. For part (a), suppose t = {tg}q € 63‘3;&2”/ and f € BpL™ where
p="=andp' = L. Then {(f, ‘PQ>}Q € byi™, by Proposition 1.5. Thus, by (6),

Propositions 1.5 and 2.1(a), we have
_1
Tl oyonn ~ {11 Ft0 (S 001
< Clitlsager - {4 00)}

< COlltl; 00000 - I fll posan -
> bgog’;gzp f Byl

pL +a2,92
P, w

pX1,41
bp7w

Q

Conversely, suppose that 7; is bounded from By, into BSLI“>%. Then, by
Proposition 1.5, we obtain

[{1eta(s. 000}

~ HthHBg}jaMz

< O fll oy

< CH{<f7<PQ>}

pL +a2,92
p,w

Q

po1,q1
bp,w

Q
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Thus, by Proposition2.1 (a), we get ¢ € b32:32¢. ' '

Similarly, for part (b), suppose t = {tg}q € bSw and f € Bpy™. Then
{{f,q) }Q € by, and so Ty is bounded from By, into B5 2%, by Propositions
1.5and 2.1 (b). ' '

Conversely, suppose that 7; is bounded from BS54 into Byt %, Then

[{1Q 3 tatr va)} jorpoam c||{¢. 00}

Q Qllbp ™

2,00

Thus, by Proposition 2.1(b), we obtain ¢ € b32. n

To prove the boundedness of paraproduct operators, we need the following lemma.

Lemma 5.6. Let ® be the function given in Definition 1.2. Define ® o(z) =
ac—acQ

‘Q‘_%(I)(W)' Suppose G={ggpr}qo.p Where gop={(¢p, ®g) for all dyadic cubes
Pand Q. For a<0, 0<p, ¢<oo, Geady (), hence is bounded on g,

Proof. For £(P) < ¢(Q), since [ 27y p(x)dz = 0 for all 4, by [5, p. 150, Lemma
B.1], we have

wp,wgc<§§_g;>a(1+%)‘“<§§_g;)"—?“—", oeR and =0,

where C' depends on J only.
For ¢(Q) < ¢(P), by [5, p. 152, Lemma B.2], we obtain

& o —ap|\ 7 n-zZa
-Gy () G

So choosing e = —2a, we obtain the result. ]

Here is an application to paraproduct operators.

Theorem 5.7. For a < 0, € Rand 0 < p, ¢ < oo, let w be an A,-weight and
I1, be the paraproduct operator defined in Definition 1.2.
(i) fo<r<pandge Bfr%(_qsr& then TI, is bounded from Bg:d into B .

(i) 1f0 <p <rand Sy(9) = {(g,00) oeca € oPar/(a=r)

, then II,, is bounded from
p/raw g
BY% into BESPT
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Proof. Let f € By:l. By equation (4) and Proposition 1.5, we have

I s = ({10 0@ (Yo @) (00} |

r

o bg;ﬁm
(18) =3 (jQIe/mienyGs) )
. @
- n— T Tw
(IQIPm /2ol g, o)) S5

where s = {(f, )} pca = Sp(f). For case (i), by Proposition 2.3, the last inequality
is dominated by a multiple of

70 q/r

(oo, ] ey,
(o )Y

provided {(\Q\‘W”_l/2+1/(2r)<g, @Q>>T}QEQ € b?p%r)w A calculation shows that
O ,q/r

(o6

- {Z [ > (\Q\_O‘/”—lﬂ‘(GS)QDpw(Q)]Q/p}r/p

VEZ -QEQ,

§0:(a/m)"
( /) w

QeQllb

= 1Gslizg < Cllsliag < Cllfzpa-

by Proposition 1.5 and Lemma 5.6. Also
0 <q/r>

(om0 00

r/(p—r TR (=) /r
= {Z [ Z (\Q‘—ﬂ/n—lm‘@’@&‘)p /( )w(Q)] 7 >}

veEZ -QeQ

= [{{g: e Hlzparrian

which is equivalent to HgHBg or/a=) by Proposition 1.5.
For case (ii), apply Proposmon 2.6 to (18) to yield that

Iy g < C{ (11270 @s,) }

X H { <\Q‘—ﬂ/n—1/2+1/(2r)<97 ¢Q>>r}

10,q/m
bp/nw

-0 (Q/T)
QeQlle o/
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It is clear that

H { <‘Q‘_ﬂ/n_1/2+1/(2r)<g’ (PQ>>T}QEQ O/(q/r)

- —B/n-1/2 L) 9@ )
=12 (1@l g, o) w(Q)

VEZ

- H{<97 ‘PQ>}QEQ Hégé%/(q—r)v

where p satisfies 1 — 1/po = 1/r — 1/p; that is po = pr/(pr +r — p). Therefore II,
is bounded from BS:d into B and the proof is finished. n

Remark 5.8. In 1989, M. Meyer [16] proved that a singular integral operator 7" is
bounded on B! if and only if %1 = 0, T'1 € B9, Tl is bounded on BY"', and T
satisfies the Weak boundedness property In 1995 YOUSSfI [27] showed that for 0 € R,
l1<p<oo, 1<qg<2 andge B, I, is bounded from £y into By* if and
only if g € F2%. In Theorem 5.7, we glve a sufficient condition for the boundedness
of paraproduct operators acting on homogeneous weighted Besov spaces.
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