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A COMPLETE CLASSIFICATION OF BIFURCATION DIAGRAMS OF A
P-LAPLACIAN DIRICHLET PROBLEM II. GENERALIZED
NONLINEARITIES

Feng-Lin Wang and Shin-Hwa Wang*

Abstract. We study the bifurcation diagrams of classical positive solutions u with
llull ., € (0,00) of the p-Laplacian Dirichlet problem

{ (op (' (2)))" + Mo (u(e) =0, —1 <z <1,
u(=1) =0 =u(1),

where p > 1, ¢, () = [y|" v, (¢p (') is the one-dimensional p-Laplacian,
A > 0 is a bifurcation parameter, and

W 1 —wul?, if0<u<l,
Forlu) =
o I1—wul", ifu>1,

with positive constants ¢ and 7. We give explicit formulas of bifurcation curves of
classical positive solutions on the (A, ||u||,)-plane. More importantly, for differ-
ent (p, q,r), we give a complete classification of all bifurcation diagrams. Hence
we are able to determine the (exact) multiplicity of classical positive solutions for
each (p,q,7, \). Our results generalize the results of Lee ef al. [J. Math. Anal.
Appl., 330 (2007), 276-290] with nonlinearity f, , generalized from ¢ = r > 0
to g, > 0.

1. INTRODUCTION

This paper is a continuation of the paper by Lee ef al. [4]. In the present paper, we
study the bifurcation diagrams of classical positive solutions u with ||u||,, € (0, c0) of
the p-Laplacian Dirichlet problem

{ (e (@) + Mgr(u(@) =0, —1<a<1,

1.1
(b u(—=1) =0=u(l),

Received January 24, 2011, accepted August 20, 2011.

Communicated by Eiji Yanagida.

2010 Mathematics Subject Classification: 34B18, 35B32.

Key words and phrases: Bifurcation diagram, Positive solution, Exact multiplicity, p-Laplacian, Time
map.

This was supported partially supported by the National Science Council, Republic of China.
*Corresponding author.

1265



1266 Feng-Lin Wang and Shin-Hwa Wang

where p > 1, pp(y) = lylP~2y, (¢p(u')) is the one-dimensional p-Laplacian, A > 0
is a bifurcation parameter, and the nonlinearity

12) b 1 —ul?, if0<u<l,
1.2 u) =
o 1—ul", ifu>1,

with positive constants ¢ and r. Notice that the nonlinearity f, ,(u) in the p-Laplacian
problem (1.1) satisfies hypotheses (H1)-(H3):

(H1) for(u) € C[0,00) N C>([0, 1) U (1, 00)),

(H2) fy-(1) =0, fgr(u) >0 foru>0, u#1,

(H3) fyr(u) satisfies a locally Lipschitz condition of order p — 1 at w = 1~ if and

only if ¢ > p — 1, and f,,(u) satisfies a locally Lipschitz condition of order
p—1latu=1"ifand onlyifr > p — 1.

When p = 2, among other results, Smoller and Wasserman [9, Section 2, pp.
276-277] studied the exact multiplicity of positive solutions of the Laplacian Dirichlet
problem

. A

u(~1) =0 = u(1),
where the nonlinearity
f=Ff(w=u-1>2%u—-c), 0<1<c<o,

satisfies (H1") f*(u) € C*[0,00) and (H2) f*(1) = f*(¢) = 0, f*(u) > 0 for
u € (0,1)U(1,c), and f*(u) < 0 for u € (¢,00). (Cf. [7, Section 5] for numerical
simulations of (1.3) for similar general nonlinearities f.) Similarly, when p = 2 and
assuming that a general nonlinearity f satisfies (H2") with f* replaced by f, and that
f is a locally Lipschitz continuous function on (0, c0), P. L. Lions [6, Section 3.2]
studied the existence and multiplicity of positive solutions of

Au+Af(u) =0 inQ,
u=20 on 09,

where (2 is a bounded regular domain in RV, N > 1.
For (1.1) with ¢ =7 > 0 and

Jor(w) = fgq(u) =1 —ul? for 0 <u < oo,

Lee et al. [4] studied (classified) bifurcation diagrams of (classical) positive solutions
of (1.1) and they gave the exact multiplicity of classical positive solutions for each
(p,q, 7, \); see [4, Theorem 2.1 and Corollary 2.2] for details.
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In this paper, we generalize [4, Theorem 2.1 and Corollary 2.2] to (1.1) for more
general nonlinearity f, . in (1.2) with ¢, > 0. We study (classified) bifurcation dia-
grams of (classical) positive solutions of (1.1) by modify the time-map method (quadra-
ture method) used in [4]. The next Proposition 1.1 on some properties of the corre-
sponding time map formula T’ (o) of (1.1) slightly generalized [4, Proposition 1.1].
Proposition 1.1 mainly follows by applying similar arguments in the proofs of [3, Theo-
rems 2.1, 2.5-2.7 and 2.9-2.10] and by [5, Theorem 5.3]; we omit the proofs. (Note that,
for Proposition 1.1(i), it is well-known and easy to prove that T’ () is strictly increas-
ing on (0,1) since (p — 1) fgr(u) —wf) (u) = (1 —u)? " [(p—1)(1 —u) +qu] > 0
on (0,1) forp > 1,4 > 0.)

Define

. #[1—(1—@“1}, if0<u<l,
(1.4)  Fyp(u) = / for(t)dt = . " i )
0 ﬁ—l[gﬁ(u—l) —|—1}, ifu>1,

and

(07 OO)? lf hma 1/p < o0,

If — fo [Fa.r(e)— Fq -(u)]
q,r
(0,1)U(1,00), otherwise.

Proposition 1.1. Consider (1.1) with constants p > 1 and q,r > 0. Then, given
X > 0, there exists a unique (classical) positive solution to (1.1) with ||u|| ., = v(0) = «

if and only if

(1.5) Ty, , ()= <p;1) w /04 du = AP forael
. fq,r - p 0 I:Fq’r(a) _ Fq’r(u)]l/p fwa.

Moreover, T}, () satisfies
(i) Ty, (a) € C((0,1)U (1,00)) and Ty, () is strictly increasing on (0,1).
(if) lim,_o+ T, () = 0.

(iif)
(q+1 } p ifa<n—1
lim Ty, () = [ =g Fa<p-l
o o, ifqg>p—1.
(iv)
00, ifr<p-—1,
i - NP E g —
O}l_)rgo Ty, (a) = (p—1)"FPZescZ, ifr = 1,

0, zfr>p—1.
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2. MAIN RESULTS

The main results in this paper are next Theorems 2.1 and 2.2, and Corollary 2.3.
First, in Theorem 2.1, we give explicit formulas of the time map T}, (a) (= AL/P)
of (1.1). Subsequently, in Theorem 2.2, for different (p, ¢, ), we give a classification
of bifurcation diagrams of (classical) positive solutions of (1.1) on the (||ul| , , \/?)-
plane. Hence, in Corollary 2.3, we are able to determine the (exact) multiplicity of
(classical) positive solutions of (1.1) for each (p, ¢, r, A). We note that Theorem 2.2
generalizes [4, Theorem 2.1], and Corollary 2.3 generalizes [4, Corollary 2.2]. We
also note that Theorem 2.2 and Fig. 1 suggest all possible bifurcation diagrams of
(classical) positive solutions of p-Laplacian problem (1.1) with f,,(u) replaced by
general nonlinearities f satisfying the following hypotheses:

(H1") f(u) € C[0,00) NC%([0,1) U (1,00)),
(H2") f(1) =0, f(u) >0 for u >0, u# 1, and lim,_, f(u) = oo,
(H3') The convexity of f(u) keeps one sign on (0, 1) and on (1, o), respectively.

Further studies on this problem are necessary.
We first recall some special functions and Euler’s constant used in the main results
as follows (see e.g. [10, pp. 44-45 and 56] and [8, pp. 34 and 184 ]):

(i) the gamma function

I'(z) =/ t*te7tdt (r € R\{0,-1,-2,---}),
0
(ii) the psi function

P(x) = %lnf(x), (r € R\{0,—-1,-2,---}),

(iii) the hypergeometric function
o
(@)n(b)n
2.1 F(a,b;c;x) x",
@.1) Z% ()

where |z| < 1, a,b,c€ R, ¢ # 0,—1, -2, ... and Pochhammer’s symbol

B 17 ifﬂ,ZZO,
(2.2) (a’)”:{a(a—l—l)---(a—f—n_l)v ifn>1,

(iv) the generalized hypergeometric function

o0

' ) (al )n n,
(23)  pEglai,az, -, ap;bi,be, - -+, bg; @) Zn' (bQ) o

where P is the number of the numerator parameters a; € R, () is the number of
the denominator parameters b; € R, b; # 0, —1,—-2,..., and |z| < 1,

n=
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(v) Euler’s constant

n
) 1
v = nh_)rglo < E i lnn> ~ 0.5772.

m=1

Theorem 2.1. Consider (1.1) with constants p > 1 and q,r > 0. Then the following
assertions (4) and (B) hold:

(A) For 0 < a < 1,
() If a#p—1, then
1 p—1 qtl=p
(p—l)(Q‘f'l)] r F( P >F<PQ+P >(1_a)(p—1—C1)/p
P (¢+ 1T (%)
1 1— 1
—LF<—,Q+ p.pata+t ;(1_a)q+1>]_
g+1-=p \p pg+p pg+p
(II) If g =p—1, then

(2.4) Ty, () = (p_pii)l/p {p [pln (ﬁ) o (1%1”

p+1

—(1—a) 3F, (1,1, p 72,2;(1—04)17)}.

Ty, (o) = [

(B) For a>1,
qu,r(a)

— [W] e (a — 1)P=1=)/p
p
r+2) p (=1

1 F<1 1 q+2 r+1(a_1)_(r+l)>+r<r+1)F< p>

|l F(Z .
a—1" \p g+l q+1" qg+1 F(pr+2p—r—1>
pr+p

Remark 1. In (2.4), for p > 1, we have

+w<p_1) i( ! ! ><0
g — =" S
p o\ ti atl

by applying Lemma 3.1(xv) stated below.

Theorem 2.2. ([See Figs. 1 and 2]). Consider (1.1) with constants p > 1 and
q,r > 0. Then the following assertions (4) and (B) hold:
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e (@) = AP T, () = AP T, (@) = A'?
3 A e
().-)W /K /
- o = lul., a=Jul..
1d s 1 0
(a) (b) (c1)
Ty, (0) = A2 Ty, (@) = A7 Ty, ()= AP
;\1/'P+(/\m)l/"
hd ;\1/1’ P
()\oc)l/i)
a = |lull o = |lullg,
1 0 i
(c2) (e)
Tl =X/ T () = A7
e
Gl
e = lullo o = Jlull,

1 «
()

0

1

(B)

p—1—g

_ o , p
Fig. 1. Classified bifurcation diagrams Ty, (a) of (1.1). A = &=2ls+0) ( p ) and

Ao = (p = 1)(Fesc T)P. (a) (max{0,(p—2)/2} <g=r<p—-1)or(r<g<

p—1). ®g=r=(pP—-2)/2>0.(cl) (¢g=7r < (p—2)/2and p > 2) or

(for some ¢, with ¢ < r < p —1). (c2) (for some ¢,r with ¢ <7 < p —1). (d)

g<r=p-L(@q<p-1<r.Bgz2p-1>r.(@Qg=2r=p—1 (h)

g>p—1landr>p—1.
(4) If g <p—1, then

() If r <p—1, then

(i) lim, o+ Ty,, () = 0, limy—o0 T, () = 00, and

(p—D(g+1)
(2.5)

11m0¢—>1_ qu,r(a) = |:
= W)=y, ()

p

lim Ty, (o).

] 1/p D

p—1—gq

(ii) Ty, (o) € C(0,00) and Ty, () is strictly increasing on (0, 1].
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Ty, (a) = AP
T FYSIE r=p-—1
&>
XIIP
oo
Th (@)= N7 = Jull, T ) = A0
1
(d)
X”’ b
K ooyl / Y
i a=jull,
a = |jull., R
N Ty, a) = AP T la)=Ale
o
amful. o=l
) @
(1,0
Ag<p—1
Tpo. (@) = AM/P
r r=p-—1
P K
a =l
(8)
Ty, (@) = AP
i
[EYhd
a =yl
L
()
> D
1,0
1.0 ®q>p—1

Fig. 2. Classified bifurcation diagrams T, () of (1.1), drawn on the (p, r)-plane with
p>landg,r>0. (A)g<p—1. B)g>p—1.

(ii)
lim T} («)

a—l1t

o0, if (max{0, (p—2)/2} <g=r <p—1)
or (r<gq<p-—1),(see Fig. 1(a))

=< 0, ifg=r=(p—2)/2>0, (see Fig. 1(b))

oo, if(g=r<(p—2)/2andp>2)or(g<r<p-1)
(see Fig. 1(cl) and (c2)).
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(iv) If (max{0,(p—2)/2} <qg=r<p—1)or(r<q<p-—1), then
Ty, (a) has at least one critical point at some o, a local minimum,
on (1,00). In particular, if max{0, (p—2)/2} < qg=r <p—1, then
qu,q () has exactly one critical point at some o, a local minimum,

n (1,00), and for fixed p > 1, the number o* = o*(q) satisfies
26) qﬁ%;rill)‘a (@) = oo and q—>(maX{101,I(2—2)/2})+a (@=1
(Note that numerical simulations suggest that, for fixed p > 1, o*(q)
is a strictly increasing function of ¢ € (max{0, (p—2)/2},p—1). But
we are not able to give a proof.)

) Ifq=r <(p—2)/2and p > 2, then Ty, () is a strictly increasing
Sfunction on [1,00).

(See Fig. 1(cl) and (c2), and see Remark 2 stated below for Ty, ()
in the case ¢ <r <p—1.)
(II) If r =p—1, then
(l) hma—>0+ qu,r(a) = 07

lim Ty, (o) = (p —1)1/1’%(38(:%5()\00)1/1’,

lim Ty, (a) = -1+ p =WV =T (1)
a1 T P p—1—q = o)
and Y

(p—l)(qul)] Pop 1/ T

lim Ty, = + )P T T

a1t 7 (a) [ p p—1—gq (P=1) p D

= lim Ty, (a)+ lim Ty, (a) (= )7+ (Ae0) /7).
a— —
(ii) For fixed p > 1, then there exists a unique number q* = q*(p) €
(0,p — 1) such that

>0, ifq>q,

2.7) lim qur( a) — lim qur( a)s =0, ifg=q",
a—1— ’ a—00 . %

<0, ifg<q*.

(iit) Ty, , (o) € C((0,1) U (1,00)), Ty, () is continuous at 1=, and
Ty, () is strictly increasing on (0,1] and is strictly decreasing on
00).

(1,

(iv)

lim T’w(a)

a—17t
— 00, ifmax{(), (p_2)/2}<q<p_17
= —2(2"’)/”(19—1)1/”%, if g=(p—2)/2>0,

0, ifg<(p—2)/2, p>2.

—
—
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() If r >p—1, then
(i) limg o+ Ty, (o) = 0, limg 00 T, . () = 0,

(p—D+D]"" |
lim T = NP =T
Jim 7y, (o) = [ 2= ==y,
and lim,,_+ Ty, () = oo.
(ii) Ty, (o) € C((0,1) U (1,00)), T}, () is continuous at 1~, and
Ty, () is strictly increasing on (0,1] and is strictly decreasing on
(1,00).
(B) If ¢ > p—1, then
() If r <p—1, then

(i) limy_o+ Ty, (o) = 0 and limy .0 T}, , (@) = 0.
(i) lim, - qu r(a) = lim, 1+ qu,r (Oé)
(iit) Ty, (a) € C((0, ( 00)). Moreover, Ty, () is Strictly increas-

ing on (0,1) an ha exactly one critical point at some o, a local
minimum, on (1, 00).

(Il) If r =p—1, then
(i) limg_o+ Ty, (o) = 0 and limg .00 T, , (o) = (p — 1)1/1’% csc
(Aoo) 7P,
(ii) limy - Ty, (o) = o0 = lim, 3+ T, (cv).
(iit) Ty, , () € C((0,1)U(1,00)). Moreover, Ty, (o) is strictly increasing
on (0,1) and is strictly decreasing on (1, 00).
() If r >p—1, then
(i) lim, o+ Ty, (o) = 0 and limy .o Ty, () = 0.
(ii) limy_q- Ty, (o) = 00 = lim,_y+ T, , ().
(iit) Ty, , () € C((0,1)U(1,00)). Moreover, Ty, (c) is strictly increasing
on (0,1) and is strictly decreasing on (1, 00).

Remark 2. ([See Fig. 1(cl) and (c2)]). In Theorem 2.2(A)(D), if g <r <p—1,
then T, () is not necessarily a strictly increasing function of a on [1, 00). Actually,
for any fixed ¢ < p—1, ifr — (p—1)~, by (3.13) stated below, we compute and find
that

1 1 T e+
/ _ _ _ 1\1/p
qu,r(a - 2) - (p 1) q + 1 A (P+1)/de < 0.
(1+ ge)

So it is easy to see that T, () has at least two critical points on (1, cc). Hence (1.1)
has at least three positive solutions u with ||u||,, > 1 for a certain range of A > 0.
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Remark 3. ([See Fig. 1(a)]). Numerical simulations suggest that, In Theorem
2.2(A)(I)(iv), if r < ¢ < p—1, then T}, («) has exactly one critical point at some o,
a local minimum, on (1, c0). But we are not able to give a proof.

Corollary 2.3. [See Figs. 1 and 2]). Consider (1.1) with constants p > 1 and
q,r > 0. Then the following assertions (4)-(H) hold:

(4) If (max{0,(p—2)/2} <gq=r<p—1)or(r<q<p-—1), then there exist
two positive numbers

p _ p _
2\ = [ min qur(a)] < (p—Dlg+1) < p ) =\
ac(l00) 7 D p—1—gq

such that

(I) Ifmax{0,(p—2)/2} <q=r<p-—1,then \* = [minae(l’oo) wa(a)]p =

[Ty, . (a*)]” and

(i) for 0 < X < X*, (1.1) has exactly one positive solution w, which
satisfies |lull,, <1,

(ii) for A = X*, (1.1) has exactly two positive solutions uy < ug, which
satisfy |lu1ll oo <1 < fuzly

(iii) for \* < X < A, (1.1) has exactly three positive solutions w1 < ug <
u3, which satisfy |lui|| o <1 < |luall < Juslls

(iv) for A = X, (1.1) has exactly two positive solutions u; < ua, which
satisfy |[urfloo =1 < fluzl ,

(v) for X > X\, (1.1) has exactly one positive solution u, which satisfies
1 < lullo,

(vi) For fixed p > 1, the number \* = \*(q) satisfies

: * T x\? .
lim, (1)~ A*(q) = (p— 1) (5 csc 5) = A; ifp>1,

p—1
lim, o+ X (0) = (75) if1<p<?2,
lim ooy N(q) =27 (P — 1), ifp>2.
2

(II) If r < q<p-—1, then

(i) for 0 < A < X*, (1.1) has at least one positive solution w, which
satisfies ||ul|, < 1,

(ii) for X = X*, (1.1) has at least two positive solutions u; < ug, which
satisfy |[ur oo <1 < fluzll

(iii) for \* < X < A, (1.1) has at least three positive solutions u; < ug <
u3, which satisfy |lui|| o <1 < |luallo < |Juslls

(iv) for X = X, (1.1) has at least two positive solutions uy < ua, which
satisfy |[ur oo =1 < fluzl ,
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(v) for A > X, (1.1) has at least one positive solution u, which satisfies
1< Jull .

(B) If =1 = (p—2)/2 > 0, then for A > 0, (1.1) has exactly one positive solution.
(C) () Ifq=r1r < (p—2)/2 then for X > 0, (1.1) has exactly one positive
solution.
(II) If ¢ <r <p—1, then for X\ > 0, (1.1) has at least one positive solution.
(D) If g <r=p—1, by (2.7), then
(1) If ¢ > q*, then
(i) for 0 < A < A, (1.1) has exactly one positive solution w, which
satisfies |lull,, <1,
(ii) for Aoo < XA < X, (1.1) has exactly two positive solutions uy < us,
which satisfy ||u1]],, <1 < |lug
(iii) for X < XA < [(NYP+ (Aao)/P]", (1.1) has exactly one positive
solution w, which satisfies ||u|| ., > 1,
(iv) for A > [(N)YP + ()\oo)l/p]p, (1.1) has no positive solution.
(II) If ¢ = q*, then
(i) for 0 < XA < Ao, (1.1) has exactly one positive solution w, which
satisfies |lul|,, <1,
(ii) for oo < XA < [(MNVP + (Mc)'/P]", (1.1) has exactly one positive
solution w, which satisfies ||u|| ., > 1,
(iii) for A > [(N)YP + ()\oo)l/p]p, (1.1) has no positive solution.
(IIl) If g < q*, then
(i) for 0 < X < X, (1.1) has exactly one positive solution u, which satisfies
lull, <1,
(i) for A < X < s, (1.1) has no positive solution,
(iii) for Ao < A < [(N)VP+ ()\oo)l/p]p, (1.1) has exactly one positive
solution w, which satisfies ||u||,, > 1,
(iv) for X > [(MYP + (As) /P P (1.1) has no positive solution.
(E) Ifg<p—1<r,then
(i) for 0 < X < X, (1.1) has exactly two positive solutions uy < usy, which
satisfy [lu1l| o, <1 < fluzlly

(ii) for A > X, (1.1) has exactly one positive solution u, which satisfies ||ul| ., >
1.

(F) If ¢ > p—1 > r, then there exists one positive number

A= [ min wa(a)]p = [Ty,. ("))

a€e(1,00)
such that
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(i) for 0 < A < X\*, (1.1) has exactly one positive solution u, which satisfies
lull o <1,
(ii) for X = X*, (1.1) has exactly two positive solutions uy < ug, which satisfy
[uall oo <1 < luzll
(iii) for A > X*, (1.1) has exactly three positive solutions u; < ug < usz, which
satisfy [, < 1< [Juzllo < sl
(G) If q>r=p—1, then
(i) for 0 < A < A\, (1.1) has exactly one positive solution u, which satisfies
Jull o <1,
(i) for X > Aoo, (1.1) has exactly two positive solutions uy < ug, which satisfy
[ur]l oo <1 < luzll -

(H) If ¢ > p—1and r > p— 1, then for X > 0, (1.1) has exactly two positive
solutions uy < ug, which satisfy ||u1]|, <1 < |Juz||« -

3. Proors oF MAIN RESULTS

To prove Theorems 2.1 and 2.2, we need the next Lemma 3.1 on properties of
some special functions and on some formulas of some definite integrals. The proof of
Lemma 3.1 is given in Section 4.

Lemma 3.1. The following identities hold:
(i)
I(1+z)=al(x).
(if)
MNx)(1—z) =

- (=mescam) (x#0,£1,+2,...).
sin z7

(iii) For 0 < a <1 andb >0,

Loogbt J _ T(H)I(1—a)
/0 Q-2 " TA+b—a)

(iv) For 1+ pu > 0 and b > 0,

u (L‘b_l ub
A mdfﬂ = FF(CL, b71+b7 —/B’U,)
(v)
F(a,b;c;x) = F(b,a;c;x).
(vi)

I'(c)T'(c—a—b)
I(c—a)l'(c—b)

F(a,b;c;1) =
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(vif)
F(0,b;¢c;2) = F(a,0;¢c;z) = F(a,b;0;x) = 1.

(viii) For |z| — oo and b > a,

Fla,b; ¢ ) ~ I'(c)T'(b—a)

I(c—a)l(b)(=x)*

(ix) For x <1,
F(a,b;c;x)= (1 —z) “F(a,c— b;c; %)

(x) Forxz <1,
ax
F(a,b+1;¢;2) — F(a,b;c;z) = —F(a+ 1,b+ 1;¢+ 15 2).
c
(xi)
d b
%F(a, b;c;x) = %F(a +1,b+ 1;¢+ 1L;2).
(xii) For x <1,

3F5 (a1, ap + 1, a3; b1, ba; x) — 3F5 (a1, ag, az; by, by x)

ai1asx
102

(xiii) For by —ay > 0 and by + by — a1 — ag —ag > 0,

35 (a1, ag, as; by, ba; 1)

_ F(bg)r(bl +by — a1 —ag — ag)
F(bg — al)F(bl + by —ag — ag)

X 3Fy (a1,b1 — ag, b1 — ag; by, by + by —az —az; 1).

(xiv)

aiaza3
— 3Fy (a1, a2,a3;b1,b9; ) =
de,' ( ) ) ) ) ) ) b1b2

x 3Fy (a1 + 1,02+ 1,a3 + 1501 + 1, b2+ 152) .

(xv) For x #0,—1,-2,..., the psi function

w(x):_”_i@ij_j%)'

J=0
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(xvi) Forp>1,q>0withq#p—1,and k > 1,

/’f dt
1 (tatr —1)lP
(3-1) (P;l) (Q“H—‘P) ) )
_ r ) r patp _pk("_l"I)/"F<1 q+1—p pg+q+1 Sk (q+1)>
P patp | patp

(g+1)0 (ﬁ) qg+1-p

(xvii) Forp>1andk > 1,

/’“ dt
(3.2) 1= 1)
= o pmr—r—y (5] -k R (11,2 2,2000) ]

Proof of Theorem 2.1. (A) For 0 < o < 1,
() If ¢ #p— 1, by (1.5), we compute that

. ( p1>1 (@) dlzbrq,xu)]”p
1/p u
_ = 1(q+1)] /0 d

L [(1—w) 7+ = (1—a)r+1)/P
M () — 11/p 1/(1—a)

(3.3) - w (1- a)(p—l—q)/p/ Ll
I P | 1 (tat1 — 1) /p

(by setting t = %_;“)

o

[((p—1)(g+1)] Yr T (1%> r (q;i—;) (1— a)(p—l—q)/p
P (¢+ T (3%)
p F(} q+1—p,pq+q+1;(1_a)q+1]>]

(by (1.4))

q+1-p \p pgtp  pgtp

by Lemma 3.1(xvi).
dD If g =p — 1, we apply (3.3) and compute that

1/(1—0&) dt
Tyto) = oy [
for(@) = (p—1) ! @)

O (e2) - (5)
p+1

—(1—a) 3F, (1,1, p 72,27(1—04)1’)}
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by Lemma 3.1(xvii).
(B) For a > 1, by (1.5), we compute that

1%, . (@)

(%)1/1)/0& [Fyr(a) —d; (u)]*/?

q,T q,T

1\ 1/ 1 u o u
(%) {/0 [F,.(c) —de(u)]l/p +/1 [Fyr(a) _qu,r(“)]l/p}

(p—1>1/p /1 du +/‘* du
p o [(a=1)* (1 —w 1" i [(a—1)* (u—1)7+

1/p
[ r+1 g+1 ] [ r+1 r+l ]
(by (1.4))

—1)(r Up ! i
[(p 1;} +1)] /O [ rd+_1(1—u)q+1r/p

1
(Oé - 1)T+ + q+1

« du
+ / (by simple calculation)
1 [(a— 1)t — (u— 1)r+1]1/1’}

= [7@ _ 1£T + 1)] v (a — 1)P=1=)/p

1 /1 dt +/1 dt
a—1J, [ }l/p 0 (1_tr+1)1/10

1+ 5 (a— 1)~ (et

1
(by setting t =

= [W] v (o — 1)(p—1-n/p

_ -1
116 in the first integral and ¢ = 4 1 in the second integral)

1 /1 q}rlxﬁdx +/1 T}rlx%dx
a—1J, [ }1/10 0 (1_x)1/;v

L+ 25 (e = 1)~ 0Dz
(by setting « = 97! in the first integral and = ¢"*! in the second integral)

1/p
— (p—l)(?“+1) (a_l)(p—l—q)/p 1 F l 1 .q+2._7a+1(a_1)—(7“+1)>
p a—=1" \p ¢+1"q¢+1" q+1
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1 1 —1
el <r+1> r <pp )
+

pr+2p—r—1
J =)

(by Lemma 3.1(iv) for the first integral and

Lemma 3.1(iii) for the second integral)

_[e=D)+1) Hp _ 1\(»—1-9)/p
_[ p ] (e=1)

+2 p—1
Lop(L L a2 ral e +F<:?>F<T)
a—1 p’q+17q+17 q+1 F<p7’+2p—r—1>

pr+p

by applying Lemma 3.1(i). The proof of Theorem 2.1 is complete. ]

Proof of Theorem 2.2. (A) Suppose ¢ < p — 1.

(M () Ifr < p—1, then the results lim,,_,o+ T, (o) = 0,limy .00 T, , (@) = 00,

e-D@D? _p
P p—1

1.1(i1), (iv), and (iii), respectively. We prove (2.5) by Theorem 2.1(B). We compute

that

and lim, ;- T}, (o) = — (= Ty,,(1)) follow by Proposition

Tim Ty, (a)

T (p - 1)(7" + 1) 1/ _ 1\(p—1-1)/p
= lim [—p ] (a—1)

a—l1t

r(#)r (%)

1 1 1 2 1

w |2 (_7 ;CH— : r+ (a_l)—(r+1)>+

a—1" \p g+l g+l q+1 p<pr+2p+—r—1>

pr—rp
1/p
— lim (p=1)(r+1) (o — 1)P—1=)/p
a—1+ P
(@)1/%(@) (52=2)
(3.4) r+1 q+1 Pg+p
P (P2t 1 (L) (o — 1)t

- Gk (ppl)} (by Lemma 3.1(vii))
= lim [W] e <%>1/PF <gi—?> r <P;;F—pq>
£ () (vh)

TERTE),

(by simple calculation)
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- [e=te+] v (21) e (53)r ()
Lo P (22eee=l)p (1)

(since lim,_,1+(a—1 (P=1=1)/P — 0 for r < p — 1)
(0%

(3.5)
_ ip LT ()0 (2t
_ [(p Dig+1) g+l <q+1> <pq+p> (by Lemma 3.1(i))
p p=l=qp <P—1—Q> T <L>
Pg+q Pg+p q+1
(p—l)(q+1)] P -
= =T (1) = lim Ty  («
[ p p—1-gq fur (1) a—1- fur ()

by Proposition 1.1(iii).

(@) (ii) For r < p — 1, we obtain that T («) € C(0,00) and T, (c) is strictly
increasing on (0, 1] by Proposition 1.1(i) and (3.5).

(D) (iii) For » < p — 1 and a > 1, by Theorem 2.1(B), we compute that

T’w(a)
“1\(r 1/p
_ { A

r+2 p=1
1 .Q+2._r+1(a_1)—(r+1)+F<T+1)F< P )

1
a—_1 1_9’q—|—17q+17 q+1 F(pr+2p—r—1>
pr+p

p
" _7"+1F }7 1 ;Q+2;_r+1(a_1)—(7’+1)>(a_l)—(p—l—l—i—r)/p
p g+l g+1 qg+1

p_l_rr<%>F<l%l> (a_l)—(r—i—l)/p + (7"+1)2

P (el pla+2)(g+1)

P A T e ) 0 ) (0
p q
(by Lemma 3.1(x1))
_ [<p— 1><r+1>]1/p
p
" {_r + 1F <1 1 q+2 r+ 1(04 _ 1)—(r+1)> (a— 1)~ (@+i+r)/p

+

P p g+l qg+1 q+1
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p—1-— rT <%> r <1%1> (a— 1)—(7’+1)/p

+
P T <pr+2p—r—1>
pr+p

r+liln 17 1 ;Q+2;_T+1(a_1)—(r+1) (@ — 1)~ @H1n)/p
q+1 p g+l qg+1 qg+1
1 2 2 1
—-F (—,q+ s It (a—l)—“‘“))]} (by Lemma 3.1(x))
p g+l g+l q+1

_ [<p—1><r+1>]1/p

p
X{_“LlF(l’ 1 ;Q+2;_r+1(a_1)—(r+1)>(a_l)—(p+1+r)/p
p p g+l g+1 gq+1
() ()
+p 1—r* \r1 P ((X—l)_(r+1)/p
P T <pr+2p—r—1>

pr+p

g 17 1 ;Q+2;_r+1(a_1)—(r+1) (o — 1)~ (eH10)/p
qg+1 p g+l g+1 qg+1

—1/p
_F ljo;m;L 1+r+1(a_1)—(r+1)
g+1 w—1 qg-+1

p
(by Lemma 3.1(ix) for the last term where w = —Z%(a — 1)~ (D)

_ [<p—1><r+1>]1/p

p
% _r—i—lF 17 1 ;Q+2;_r+1(a_1)—(7‘+1) (a_l)—(p+1+7‘)/p
p p g+l qg+1 qg+1

p—1- rb <%> T <1%1> (a— 1)~/

+
P T <pr+2p—r—1>
pr+p

7"+1 |:F <17 1 7q+27_r+1(a_1)_(r+1)> (a_l)_(p+1+r)/p
q+1 p g+l g+1 qg+1

N rtl e
<1—|—q+1(a 1)

} (by Lemma 3.1(vii) for the last term)

T+2 p=1
_ |:(p—1)(r—|—1):|1/p p—l—rr<r+1>F< p >(a_1)_(r+1)/p
pr+2p—r—1
p p p<7pr+p )
Lp=1-gr+ D) 11 ;q+2;_r+1(a_1)—(r+1)
Pq+q pqg+1 qg+1 qg+1
(o — 1)~ (pH1+0)/p
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_1/
r+1 (o — 1)_(r+1)) P (- 1)_(p+1+r)/p}

r+1
——— (1
(3.6) q+1< +q+1
(by simple calculation)
_ [<p—1><r+1>]“p
(3.7) p p

p—1- rT <%> r (1%) (a — 1)—(7’+1)/p

pr+2p—r—1
r(=)

1 1
ol <p+
p
by showing that
(p— 1—61)(r+1)F<1
Pqg+q

Loat2 rhl e (g 1y
p g+l q+17 q+1

p g+l g+1

1 'q—|—2'_r+1(a_1)_(r+1)>
q+1

r—+1 r—+1 1/p
, - 1+ a—1)"0+D)
(3.8) q+1< q+1( )
_ r+1F p+1 1 q¢g+2
- p p Tq+1g+1 g+1

Tl 1)—(r+1)> _

The proof of (3.8) is easy but tedious; we omit it. Then by (3.7), we compute that

lim T} (a)

T (ﬁ) T (ﬂ)
—1 —T r+1 P (a_l)_(r_’_l)/p
p T (pr+2p—r—1)

a—1+
e [@=DEED T
a—17t P
_7“+1F<p+1 1 g+2 r+l
p p Tq+17 g+l g+l
1,
e J [ D] -
a—1+ p

(o — 1)—<p+1+r>/p] }

T (ﬂ)
1—7r r—f—l) P (Oé o 1)—(7‘+1)/p

p T (;m“—f—Qp—r—l )

p+1. q+2. r+1 (a_l)—(r-f-l)) (a_l)—(;v-f-l-‘rr)/p] }

r+1 (1
p g+1" p Tq+1’

(3.9) (by Lemma 3.1(v))

a—1t

p

q+1

. {[<p—1><r+1>]w p

T (ﬁ) T (Ll)
1ot A\ P 2 (a—1)"(rtD)/p

p pr+2p—r—1
F( pr+p )

pq+q+1)
(

—r—1 , r—gq
a—l) 7 Tart

D qg+1
(by Lemma 3.1(viii))

— lim, { [W]l/p [

__1 +2
o+l (7“+1> a1 F(Z+_1)F( Pa+p
r(1)r(%)

| I

}

T (ﬁ) T (ﬂ)
p-l-r \ril P (a— 1)~ +0/p

p pr+2p—r—1
F( pr+p )

1283
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p \g¢g+1
(by Lemma 3.1(i))

~ lim {[(p—l)(rJrl) e {p—l—ﬂ(%)r(%)(a_l)_(r+1)/p
p

L 17 (L) r (pq+q+1)
_7"+1 (7”+1> + g+ 1 q+1 Pq+p (a— 1)—7;;1_’_7~—q

(by simple calculation)

r+2 p=1
= lim 7~+1 1/p —(r+1)/p | P — 1_TF(;+1)F( P )
N a—1t P T (pr+2p—:r—1)
pr—+p
3.10 1 +g+1
o (TH)M F("“)F(M,ﬂﬁp ) 1)
qg+1 T (l)
p

(by simple calculation)

—o0, if (max{0, (p—2)/2} <g=r<p—1Dor(r<qg<p-1),
(3.11) = 0,ifg=r=(p-2)/2>0,
oo, if(g=r<(p—2)/2andp >2)or (g<r<p-—1),

by some analysis of (3.10). The proof of (3.11) is easy but tedious; we omit it.

(M (iv) For 7 < ¢ < p—1, T}, (o) has at least one critical point at some o*,
a local minimum, on (1, 00) since lim, 1+ T (@) = —o0, lima—o0 T, , () = 00
and T, , () is continuous on (0, co). The rest part of (I)(iv) for max{0, (p —2)/2} <
qg=r <p—1Iis from [4, Theorem 2.1(A)(iv)].

(I) (v) This part for ¢ = r < (p—2)/2 and p > 2 is from [4, Theorem 2.1(A)(v)].

(D) (i) If r = p — 1, then the results lim, g+ T, (@) = 0,limq o0 T, , () =
(p— DY Tese ™, and lim, - T, () = [(p‘l)(q“)} T2 (1)) fol-

p’ ar P p—1—¢q ar

low by Prop051ti0n 1.1(i1), (iv), and (iii), respectively. In addition, by applying (3.4),
we compute that

lim T, ()

a—1t
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(by Lemma 3.1(1))

:'<p—1><q+1>]1/p p +(p_1)1/pgp<;>F<p;1)

p p—1—gq p p
(by simple calculation)

+(p—4)Vpgc&:%(byLmnma3J@D)

Yp—lﬂq+1qlm p

p p—1l—q
= o}igl_ Ty, (o) + och—{go Ty, (a).

D) Gi)Ifr=p—1,let

G(p,q) = lim Ty, (a) — lim Ty, («)

a—1— a—00

[(p—l);qul)]l/p p

(3.12)

iypm T
—(p—1 — cse —
p—1—gq ( ) p D

which is easy to see that it is strictly increasing in ¢ > 0. Also, for ¢ =0 and p > 1,
1\ /P
G(p,0) = <p ) b _ (p—1)1/P Tesel < 0;
p p—1 p P
see Fig. 3. Note that lim,, 1+ G(p,0) = lim;, .o G(p, 0) = 0.

SIO lﬁlJO 150 260 p
G(p,0)
-0.1
-0.15
-0.2}
-0.25

1/p
. _ (p—1 p 1/p T T
Fig. 3. Graph of G(p,0) = (—p ) o (p—1) 2.csc 7 on (1,200).

In addition, by (3.12), for fixed p > 1, we compute that
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lim  G(p,
q—(p—1)~ ) /
~  lim [(p 1)(q+1)] L -1} = o
q—(p—1)~ P p—1—gq p P

So, by applying the Intermediate Value Theorem, for fixed p > 1, there exists a unique
q* = q*(p) € (0,p — 1) such that

>0, ifg> qg*,
G(p,q) = lim_ quﬂ,(a) — lim quﬂ,(a) =0, ifg=q",
o=l o <0, ifg<gq

(I) (iii) For r = p — 1, the results T, (a) € C((0,1) U (1,00)) and Ty, , () is
strictly increasing on (0, 1] follow by Proposition 1.1(i). For r = p — 1 and o > 1, by
(3.7), we compute that

Ty, (a)
:—(p—l)l/pF<p+1 . gt2 P ( ! )p)(a—l)‘2

p ‘qg+1q+1 g+1\a-1
1 oy plam1)— (D) =
= (- —(a- )T = da
qg+1 0 p \@tD/p

(by Lemma 3.1(iv))
<0

for o > 1. Hence, for = p — 1, T, () is strictly decreasing on (1, 00).
(D) (iv) For r = p — 1, by (3.10), we compute that

lim T} (a)

a—1t
1T <L> T <1Lq+1>
+1 1 —29—2
= lm [-(p-)V (L) = P2 (= 1)
a1t qg+1 r (1)
p
— 00, if max{0, (p—2)/2} <g<p-—1,

T(2)\1(k=L
- _2(2—p)/p(p — 1)1/12L£P> ifg=(p—2)/2>0,
P
0, ifg<(p—2)/2, and p > 2.

by simple calculation.
(1) (i) If r > p—1, then the results lim, o+ T, , (o) = 0,limy 00 T, (o) = 0,

j2 p—1l—q
1.1(i1), (iv), and (iii), respectively. In addition, by applying (3.4), we compute that

1/
and lim, ;- Ty, (a) = [(p_l)(q“)} Y _p (= Ty,,(1)) follow by Proposition
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Jim Ty, . (@)
1/p
q+1 q+2 p=1—q
[(p_1)(r+1)} 1/p <T+1> r <Q+1> r < Pg+p )
p pg+2p—q—1 1
F( Pg+p >F<q+1>

R .

= lim

pr+p

() (i) For r > p — 1, the results T, (o) € C((0,1) U (1,00)) and TY, , (c)
is strictly increasing on (0, 1] follow by Proposition 1.1(i). For o > 1, by (3.7), we
compute that

T3, (@)

ri2\ (22
_ |:(p—1)(7"—|—1):|1/p p—l—’r’r<r—|—1>r< p ><a_1)_(r+1)/p
r2p—r—1
p P T <%>
_T"HF <p+1 1 q+2 r+1(a_1)—(r+1)> (o — 1)—(p+1+r)/p}

p p q+1 g+1" g+1

r+2 p—1

1) _ [0 0] [ DD ()
P P T <pr+2p—r—1>

pr+p
O o
_r+1(a_1)q+f ¢ de
pq+p 0 Lo\
(1+ )

(by Lemma 3.1(iv))
<0

since > p — 1. Hence T, () is strictly decreasing on (1, 00).

(B) Suppose g > p — 1.

(M () Ifr < p—1, then the results lim, o+ T}, , (@) = 0 and limy 00 T, , (@) =
oo follow by Proposition 1.1(ii) and (iv), respectively.

(I (ii) By Proposition 1.1(iii), lim,_,;- T, . (o) = oo. In addition, for r < p—1
and a > 1, by Theorem 2.1(B), we compute that

hHll+ qum‘ (Oé)
o _ 1/p
PR S e B e

1 1 1 2 1 .
% F(—, ;Q-i- ;_7“+ (a_l)—('r+1)>+
a—1 p g+l g+1 qg+1

e (5)

pr2p—r—1
(=)
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— lim {[(p—l)(r—i—l) l/p(a_l)(p—l—fr)/p

1 1 1 2 1
y F( lgt2 v+ (a_l)—(r+1)>+
a—1 q+1 p q+1 qg+1

(by Lemma 3.1(v))
= lim [W] 1/ |:(7"+1 - r (m? F(_PW) ( 1 (zklﬂqu((zhkl)

D q+1 -

(2 (2=t
n (“rl) ( P )(a_1)<P—1—T>/P]} (by Lemma 3.1(vii))

pr4+2p—r—1
F( pr+p )

a—1+

= Q.
I) (iii) The results T, () € C((0,1)U(1,00)) and T () is strictly increasing
fq,r fq,r
on (0, 1) follow by Proposition 1.1(i). For « > 1, by (3.6), we compute that
T, (@)
r+2 p=1
|:(p_ 1)(7”+ 1):|1/P p— 1 —TP (r—‘,—l) F( p ) (Oé o 1)—(7“-’1—1)/;!)
r4+2p—r—1
p P T (%)
(P=1-9)(r+1) , (1 1 g+2 T+1(a_1)—(r+1)> (a—1)=~+1+0)/p

>

p(g+1) p g+l g+l g+1
-1/p
_r j: 1 (1 n %(a _ 1)—<r+1>> (a— 1)—<p+1+r>/p}
q q
1
_ (=D +1) " (@ — 1)~ (r+1/p p—1—r [! dt
p p o (L—trit)t/p
11— 1 - (a—l)*(”*l) ;_(21
(p Q)(r + )(a_l)w/ AT
115 p(g+1)? 0 (1+ fa)t/r
(3.15) a1 r41 —1/p
ot (1 + 2 o 1)—<r+1>> (o — 1)~ 1)/
q q

(by Lemma 3.1(iii) and (iv))
1/ 1
— p-1(r+1) p(a_l)—(r—i-l)/p p—l—r/ dt
D D o (1—trth)1/p
r41

(p—1-q)(r+1) e [lo7D) T dy
(a—1)aF /
0 (

|

plg+1) 1+ Zi_}yQ-i-l)l/P
—1/p
r+1 r+1
— 1+ a—1—<’“+1>> a—1)"1
q+1 ( q+1( ) ( )

(by setting = y?™! in the second integral)

_ (=D +1) Y o — 1) -HD/P F (o
= e - ()
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where

o p—1-—7 [t dt
H(O‘) = p /0 (1_t7’+1)1/p .

—1- regq [(a=1) oF!
(3.16) +(p 1 Q)(r—i—l)(a—l)qﬁ/ Clly
pa+1) 0 (1+ Tyart)i/o

r+1 r+1 ~1/p
— 1 _ 1)~ (4D AT
q+1< +q+1m ) (a=1)

-

To determine the number of critical points of Ty, (a) on (1,00) is equivalent to
determine the number of zeros of T}q (@) on (1,00); that is, the number of zeros of

H(c) on (1,00). We compute that

H'(a)
_r+1
_ (p—1—61)(?"—1—1)(?“_(])(@_1)23_1 /(a—1) S dy
p(g+1)° 0 (L4 THyatt)i/p
p—1—¢q)(r+1)? r+1 o) P B
- p(q+)§)2 ) <1+q+1(0‘_1) Hl)) (a=1)7"
r+1 r+1 —lr
1 -1 —(r+1) -1 -2
+q+1< PERECI (a=1)
+1
(r+1)3 r+1 (1) -5 s . .
Cp(g+1)2 + g+ 1 (a—1) (a—1) (by simple calculation)
1
_ (p—1—Q)(r‘f—l)(r_q)(a_1);—;?_1/(04—1) a+1 dy
pg+1)? 0 (1+ CEyarn)i/p
r+1/r+1 r—gq r41 tr -1/p -
+q+1< p _q+1><1+q+1(a_1)(+1)> (=17
(r+1)» r+1 (1) - s . .
Cp(g+1)2 L+ q+1 (a—1) (a—1) (by simple calculation)
1
— — (a—1) at1
p(g+1)> 0 (1+ CEyarn)i/p
(r+1)? ( rt+1 —( +1)>_1/1!2 2
1+ -1~ -1
plg+1) PEEIC (a—1)

X (by simple calculation)

<1+ p(g—r) )_ 1
(g+1)(r+1) %(a—l)”’l—i—l
> 0 for o > 1.
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So, for ¢ > p — 1 > r, H(a) is strictly increasing on (1, 00). In addition, we obtain
that lim,_;+ H(a) < 0 and limg . H(a) > 0 since lim,_;+ T} () = —oo and
limg o0 T, () = oo. Hence, for fixed ¢ > p — 1, there exists exactly one number
a* = a*(r) > 1 such that H(a*) = 0. Therefore, T}, (a) has exactly one critical
point at o, a local minimum, on (1, c0).

D @) If r = p— 1, the results lim,_,o+ Ty, () = 0 and limy .o Ty, , () =
(p— 1) p% csc % follow by Proposition 1.1(ii) and (iv), respectively.

D) (i) lim,_, - T, () = oo by Proposition 1.1(iii). In addition, lim,_,,+ T,
(a) = oo by applying (3.14).

(II) (iii) The results Ty, (o) € C((0,1)U(1,00)) and T, (cx) is strictly increasing
on (0, 1) follow by Proposition 1.1(i). Fora>1, T} (a) < 0 follows casily by (3.15)
and (3.16) since ¢ > p — 1. Hence T, () is strictly decreasing on (1, c0).

Iy (i) Ifr > p—1, the results lim,, o+ Ty, , (o) = 0 and limg o0 T, , () = 0
follow by Proposition 1.1(ii) and (iv), respectively.

Iy (i) lim,_,- T, , (o) = oo by Proposition 1.1(iii). In addition, lim,_,;+
Ty, . (a) = oo by applying (3.14).

() (iii) The results T, (a) € C((0,1)U(1, 00)) and T’ («v) is strictly increasing
on (0, 1) follow by Proposition 1.1(i). For o > 1, T}w(a) < 0 follows easily by (3.15)
and (3.16) since ¢ > p — 1. Hence T, () is strictly decreasing on (1, c0).

The proof of Theorem 2.2 is now complete. ]

Proof of Corollary 2.3. The existence and (exact) multiplicity of positive solutions
in Corollary 2.3 follow straight from Theorem 2.2; we omit the details of the proof.
Corollary 2.3(A)(I)(vi) is from [4, Corollary 2.2(A)(vi)]. The ordering property of
positive solutions obtained in Corollary 2.3 can be proved easily; we omit the proofs.
Cf. [4, Proof of Corollary 2.2]. [

4. THE Proor orF LEmma 3.1

For Lemma 3.1(i)-(iii), (v)-(ix), (xi), and (xv), see [10, pp. 46-47, 54, 56, 368-369,
371]. For Lemma 3.1(iv), see [2, p. 333, formula 3.194.1]. For Lemma 3.1(xiii), see
[1, p. 62, formula 3.2.8]. Lemma 3.1(x), (xii) and (xiv) can be proved easily by (2.1)
and (2.3); we omit them. Finally, the proofs of Lemma 3.1(xvi) and (xvii) are easy but
tedious; we omit them. [ ]
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