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THE BANACH ALGEBRA F(S,T) AND ITS AMENABILITY OF
COMMUTATIVE FOUNDATION %-SEMIGROUPS S AND T

M. Lashkarizadeh Bami

Abstract. In the present paper we shall first introduce the notion of the algebra
F(S,T) of two topological x-semigroups S and T in terms of bounded and
weakly continuous x-representations of S and 7' on Hilbert spaces. In the case
where both S and 7' are commutative foundation x-semigroups with identities
it is shown that F(S,T) is identical to the algebra of the Fourier transforms
of bimeasures in BM (S*, T*), where S* (T™*, respectively) denotes the locally
compact Hausdorff space of all bounded and continuous x-semicharacters on S(7,
respectively) endowed with the compact open topology. This result has enabled
us to make the bimeasure Banach space BM (S*,T™*) into a Banach algebra. It
is also shown that the Banach algebra 7 (S, T') is amenable and K (o(F(S,T)))
is a compact topological group, where o(F(S,T)) denotes the spectrum of the
commutative Banach algebra F (.S, T') as a closed subalgebra of wap (S x T), the
Banach algebra of weakly almost periodic continuous functions on .S x T.

0. PRELIMINARIES

For a locally compact Hausdorff space X, we let L>(X), Cyp(X), Co(X) be the
spaces of complex valued and bounded functions on X which are respectively, Borel
measurable, continuous, continuous with limit zero at infinity. The supremum norm
on each of these spaces will be denoted by || - ||~. If X and Y are locally compact
Hausdorff spaces, we write V5(X,Y) = Cy(X)®C(Y), the projective tensor product
of Cp(X) and Cy(Y'). Then the space BM(X,Y) may be identified with the dual
Banach space of V5 (X,Y'). The elements of BM (X,Y") are called the bimeasures on
X x Y. It is well-known [7] that corresponding to every v € BM(X,Y") there exist
regular probability Borel measures Ax on X and Ay on Y and C' > 0 such that

(1) [(f @ g,w) < Cllfll2llglla (f € Co(X), g€ Co(Y))
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where the L2-norms refer to L?(X, Ax) and L2(Y, \y), respectively. Let |||ul|| =
inf {C : (1) holds for some Ax, Ay }. Then there is a universal constant K ¢; such that

(2) lull < [llulll < Kgllull - (v € BM(X,Y)).

The measures Ax, Ay are called a Grothendieck measure pair for «. Moreover, corre-
sponding to every « € BM (X, Y) there is a unique extension of u to L (X )QL>(Y)
such that for every pair Ax, Ay of Grothendieck measures for « with C as in (1)

3) [(fogul <Clflalgllz (f € L¥(X), g€ L*(Y)),

(cf. Corollary 1.3 of [7]). Recall that the support of a bimeasure « on X x Y is the
smallest closed set F' in X x Y for which (f,u) = 0 for all f € V,(X,Y") such that
f = 0 on a neighbourhood of F. Note that the bimeasures with compact support are
dense in BM (X,Y) (see [7, Lemma 1.4]).

Throughout this paper .S and T will denote locally compact, Hausdorff and jointly
continuous topological semigroups. A continuous mapping * : S — S is called an
involution on S if z** = z and (xy)* = y*z* (z,y € S). A topological semigroup
with an involution is called a topological x-semigroup. A homomorphism = of a
topolical «-semigroup S into the unit ball of B(H) (the C*-algebra of bounded linear
operators on a Hilbert space H) is called a -representation if 7w(xz*) = 7(x)* for all
x € S, where 7(z)* denotes the adjoint operator to 7(x). A x-representation 7 : S —
B(H) is called weakly continuous (strongly continuous, respectively) if the mapping
s — (m(s)&,n) of S into C (s — =(s)§ of S into H, respectively) is continuous
(norm continuous, respectively) for every §, n € H. A one dimensional representation
is called a semicharacter. We denote by S (respectively, S*) the space of continuous
semicharacters (respectively, continuous x-semicharacters) on S. That isa x € S if
X : S — C is continuous, |x(x)| < 1 and x(zy) = x(z)x(y) for all z,y € S, and
y € X*if y € § and x(z*) = x(z) (x € X). A function f € Cy,(S) is called weakly
almost periodic if Rsf = {Rsf : s € S} is relatively weakly compact in C,(.S), where
for every s € S, the function R, f is defined by Rsf(z) = f(xs) (z € S). The space
of all weakly almost periodic continuous functions on S will be denoted by wap (S).

Recall that on a Hausdorff locally compact topological semigroup S the space of
all measures p in M(.S) (the Banach algebra of all regular complex bounded measures
on S with total variation norm) for which the mappings: x +— |u|*d, and z — 0, * ||
(6, denotes by M,(S) (see [1, 2, 6]). It is well known that M, (S) is a closed two
sided L-ideal of M (S). A Hausdorff locally compact topological semigroup S is called
a foundation semigroup if .S’ coincides with the closure of |J{supp (x) : p € My (S)}.
It is well known that if S is a foundation semigroup with an identity then for every
w € M,(S) both the mappings: © — d,*u and z :— pxd, from S into M, (.S) are norm
continuous (cf. [12]). We also recall that if S is a commutative foundation semigroup,
then the Gelfand space J\Z(\S) of M,(S) with the Gelfand topology is homeomorphic
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with S when S is endowed with the compact open topology. In particular S with the
compact open topology defines a locally compact Hausdorff space. Moreover, for every
1 in M,(S) the Gelfand transform /i is given by the equation fi(x) = [ x(s)du(s)
(x € §) (see [1]). We also note that if S is a foundation *-semigroup, then with the
involution given by p*(f) = [ f(z*)du(z) (f € Co(S)), both M(S) and M, (S)
define Banach x-algebras. If S is a commutative foundation x-semigroup, then it is
clear the 71|, (the restriction of 1 to S*) belongs to Cy(S™) (1€ My(S)).

1. THe BANACH ALGEBRA F (S, T') oF COMMUTATIVE FOUNDATION
*-SEMIGROUPS S AND T'

We start with the following definition.

Definition 1.1. Let S, T be two Hausdorff locally compact topological -semigroups.
We denote by F (.S, T) the set of functions f : S x T'— C such that

(4) fs,t) = (m(s)€, m(t)n)  ((s,t) €S xT),

where 71 (respectively, ) defines a continuous *-representation of S (respectively,
T') by bounded operators on some Hilbert space H and some vectors &, n € H.

In the following result, F'(S x T') denotes the Fourier-Stieljes algebra of S x T
defined by Lau in [10].

Lemma 1.2. () For any two Hausdorff locally compact topological x-semigroups
S and T, F(S,T) defines an algebra of bounded functions on S x T.

(42) If f is as in (4) and both 7, and my are strongly continuous representations,
then f € wap (S x T).

(131) F(S x T) C F(S,T).

Proof. The proof of (i) is clear. To prove (ii) we assume that there exist two
strongly continuous x-representations m; of S and w5 of 7' by bounded operators on a
Hilbert space H such that for some vectors £, n € H

f(s,t) = (m(s)€, ma(t)n),  ((s,t) € S x T).

We first show that f € C(S x T). To this end, we suppose that ((sa;ta)),; IS @ net
in S x T converging to (s,t) € S x T.

Given € > 0, by the strong continuity of m; and 7o there exists cg € I such that
for all a > ag

Im1(sa)§ =mi(s)él < e and  [|ma(ta)n — ma(t)n]| < e

Then for all o > «y
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[(m1(8a)€, ma(ta)n) = (m1(s)E, m2(t)n)]
< [(mi(sa)€; ma(ta)n) — (mi(s)€; ma(ta)n)]
+[(mi(s)€; ma(ta)n) = (m1(s)E, m2(t)n)]
< [mi(oa)€ = m(s)El Inll + [[m2(ta)n = ma()n] €]
< e(llnll + 1€l
Thus f is continuous on S xT'. Itis also clear that || || oo < ||£]] ||7]|- SO f € Co(SxT).
To prove that f belongs to wap (S x T') we define U : S x T'— B(H ® H) by
U (€ @) =m(s) @ ma(ty’ (€ @n' € Ho H),

where H @ H denotes the Hilbert space tensor product of H by itself. Since 71 and
o are weakly continuous and for every ¢, ¢".n',n" € H, and (s,t) € S x T

(U py(§ @), &" @n") = (m(s)€", &") (ma(t)n',n"),

we infer that I defines a weakly continuous x-representation of S x T by bounded
operators on H ® H. So for every x € H @ H the set Usxr(z) = {Uspz : (s,1) €
S x T} is relatively weakly compact in H x H. Define

V:HRH — Cy(SxT) by (V(&@n))(s,t)=(m(s)¢,m(t)n’)

(@n' e HOH,(s,t) € SxT). Then V(¢'@n') € Co(Sx T) and ||V (€' @) ||so <
1€|| [|17]|. Thus V' defines a bounded linear operator. So by Theorem V.3.15, p. 422 of
[5] V is continuous when H @ H and C,(S x T') have the weak topology. So V' maps
weakly compact sets onto weakly compact sets. Since V(ngT(x)) = Rgxr(Vx), it
follows that Rgx7 (V) is relatively weakly compact, for every x € H® H). Therefore
f=V(€®n) e wap(SxT).

(iii) We only need to choose my(t) = I (t € T'), where I is the identity operator
on a Hilbert space and then applying Theorem 3.2 of [10]. ]

Lemma 1.3. Let S be a foundation x semigroup with an identity. Then every
weakly continuous *-representation of S by bounded operators on a Hilbert space is
strongly continuous.

Proof. Let = be a continuous *-representation of S by bounded operators on a
Hilbert space H. Then by Theorem 2.4 of [8] the equation

(e, ) = /S (r(@)&, mydulz), (4 € Ma(S),E,m € H)

defines a x-representation of the Banach x-algebra M, (S) by bounded operators on H
such that m(2)Tpu="Ts,*p (x €S, pe My(S)). We claim that £ € {7 (p)&, pe M, (5)}
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Suppose that this is not the case, then there exists n € H such that (¢, n) # 0, but
(T(w)€,m) = 0 for all € My(S). Thus [o(m(x)€, n)du(x) = 0 for all e M,(S).
Since the mapping: S — C given by: z — (n(z)&,n) is continuous on S, from
Lemma 2.2 of [8] we conclude that (w(x)¢,n) = 0 for all x € S. Since w(e) = I,
where I denotes the identity operator on H and e denotes the identity of S, it follows
that (£, ) = 0. This contradiction proves our claim. To prove the strong continuity of
7 we suppose £ € H and € > 0 are given. Then there exists . € M,(S) such that
|€ — T(u)&|| < e. Let o be fixed in S. Then by the norm continuity of the mapping:
x — 0, * o from S into M,(S) one can find a neighbourhood V' of z, such that
|05 % 1 — 05, * ]| < e forall z € V. Thus

()& — (o)l < [lm(2)§ — m(2)m(1) (€]
+ (@) 7 ()€ — (o) Tl
< 1€ =T ()l + (|7 (02 * 1) (§) = T(Jag * 1) () |
< €+ (100 % i — bag x pull €]
<e(L+ €]

That is 7 is strongly continuous. ]
A combination of Lemmas 1.2 and 1.3 yields the following result.

Theorem 1.4. Let S and T be two foundation topological x-semigroups with
identities. Then F(S,T) C wap (S x T).

Before turning to the next lemma, we need to introduce the C*-algebra C*(S) of
a foundation x-semigroup S with an identity. To do this, we first recall that for any
foundation «-semigroup S with an identity the Banach x-algebra 1/, (.S) has a bounded
approximate identity (cf. [12] [Proposition 5.16]). Since by Theorem 2.4 of [8] the
equation

(e, ) = /S (r(s)€.mydpu(s) (€,m € H.op € Ma(S))

defines a one-to-one correspondence between the continuous non-degenerate x-repre-
sentations 7 of S by bounded operators on Hilbert spaces H and the x-representations
of the Banach x-algebra M, (S), so if for every u € M,(S) we let ||u||" to denote the
supremum of all ||7(x)|| where 7 is a continuous non-degenerate x-representation of .S
by bounded operators on some Hilbert space, then we have

* 2
s ™l = [lll™ and [l < [lull forevery p e My(S).

Putting 1° = {u € M,(S) : ||u||’ = 0}, then I° defines a closed ideal of M,(S). The
completion of M, (.S)/I° with respect to || - ||” defines a C*-algebra which we denote
it by C*(.S). Indeed, C*(S) is the enveloping C*-algebra of M, (S) (cf. 2.7.2 of [4]).
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Remark 1.5. For the rest of this paper if S is any commutative foundation x-
semigroup S with an identity then for every pu € M,(S) we shall denote 1| ., again

by 1.
Lemma 1.6. Let S be a commutative foundation x-semigroup with an identity.

Then for every € My (S), ||ul” = Il = sup{|a(x)| : x € S*}. Furthermore,
C*(S) ~ Cy(5*).

S*

Proof. Let = be a non-degenerate continuous *-representation of .S by operators
on a Hilbert space H. Then A the closure of {7(u) : n € M,(S)} in B(H) defines
a commutative C*-algebra. Let o(A) denote the maximal ideal space of A. For every
7 € o(A) we define 7 on M,(S) by (1) = 7(7(1)) (1 € Ma(S)). So |T(p)| <

|7 (p)|| < |lpl|- Thus 7 € o (My(S)). Moreover, 7(p*) = 7(p) (1 € My(S)). That is
7 is a x-homorphism on M, (S). Define x, by x,(x) = T(T”(*V‘S)") (z € S), where v is

some measure in M,(S) with 7(v) # 0. Then

. _7'(1/*533*) :T(V**ém) _T (2
XT(x )_ 7_(1/) W XT( ) ( GS)

That is x> € S*, by Theorem 2.5.3 of [6]. For every p € M,(S5)

17l = sup {|7(F(u)| : 7 € A}
= sup {|?(u)| € My(9)}

— sup {| /S e (@)dpu()]| s p € My(S)}

< sup {|ﬁ(x)| cx e S}
= Hmoo ]
Thus [[ul|" < [|Eflec. Now the equality of [|ul|" = |[7ill follows from Corol-

lary 1.2.5 of [11]. That is C*(S) = Cy(S).

Lemma 1.7. Let S be a commutative foundation x-semigroup with an identity e.
Suppose that 2/ is a compact neighbourhood base of e. Then the following are valid:

(i) For every U € U and every ¢ € (0, 1) the set
U.={xeS :|x(z)—1<e forall zeU}
is open in S*.

(ii) For every £ € (0,1), R
S*=U{U.:U e U}.
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Proof. (i) Let U e U, e € (0,1) and xo € U.. Put § = inf{e — |xo(z) — 1| : z €
U}. Since U is compact, it follows that 6 > 0. It is easy to see that the neighbourhood
{x € S*:|x(z) — xo(z)| <& forall z € U} of y is contained in U..

(ii) Let xp € S* and € € (0, 1), then from the continuity of xq at e it follows that
{z € S :|xo(x) — 1] < €} is a neighbourhood of e and therefore it contains some
Uel. Thus xo € U.. This completes the proof of (ii). [ |

Definition 1.8. Let S and T be two commutative foundation x-semigroups with
identities. For every uw € BM(S*,T*) we defineu : S x T'— C by

(7) i(s,t) = Fotu) ((s,) €8x T),

where 5: S* — Cand t : T — C are given by 5(x) = x(s) (x € S*) and () = ~(¢)
(v € T*). From (3) and (2) it follows that (7) makes sense and

|@lloo < Kgllullpar  (u € BM(S*,T%)).
We are now in a position to prove the first main result of the paper.

Theorem 1.9. Let S and 7' be two commutative foundation x-semigroups with
identities eg and e, respectively. Then the following properties are valid:

(i) If w e BM(S*,T*), thenuw € F(S,T).

(i) If f € F(S,T), then there exists a unique v € BM(S*, T*) such that f = w.

(iii) If f € F(S,T) is represented as in (4) and u € BM (S*, T*) is such that f = u,
then [|ul|par <[] [|7]]-

Proof. (i) We may assume that u # 0. Let A1, \o be the Grothendieck measure
pair for u. For every h € I?(S*, \1) and g € L?(T*, \2) we have

[(h @ g, w)] < Kcllhll2]lg]l2-

So there is an operator 6 : L?(S*, A1) — L2(T*, \y) such that for every h € L*(S*, A1)
and g € L2(T*, \o)

(h® g,u) = (6h,7).
Define 71y : S — B, (LQ(S*,)\l)) by 71 (s)h = §h(h € LQ(S*,)\l)) and m : T —
By (LX(T*, \2)) by ma(t)g = t*g (g € L*(T*, X2)). By Proposition 4.4 of [2] m; and
o define continuous x-representations of S and T, respectively. Furthermore, for every
(s,t) e SxT

(s,t) = (30 T,u) = (6(3),7) = (0(n(s)1s, ma(t)17),

where 15 and 17 denote the functions which are identically one on .S and 7', respec-
tively. Let H = L?(S*, A1) @ L?(T*, X2) and let 6 denote the extension of 6 to H with
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the matrix (2 8) Let C = ||6]| and W be a unitary dilation of C—6 on the Hilbert

space H; containing H (cf. p. 16 of [13]). Writing
Hy = L*(8*, A1) @ L*(T*, \y) ® H™,

and putting 7{ = m @I @I, 7, = W*Idm o)W, (¢ = (C-1g,0,0) and
n = W*(0,17,0), then in H; we have

(s, t) = (CW(m(s)1s,0,0), (0, m2(t)1r,0))
= (C(m1(s)1s,0,0), W*(0, m2(t)17,0))
= (m(s)& m(t)n)  ((s,1) € S x T).

That is; uw € F(S,T).

(i) - (iii). Let f € F(S,T). Then there exist two continuous «-representations
of S and my of T by bounded operators on some Hilbert space H such that for some
vectors £, ne H

f(s,1) = (m(), ma(tyn),  ((s,1) € § x T).
For every p € M,(S) and v € M,(T') we define

(A®D,u) = /S /T (mu(5)E, ma(t)nydpu(s) ().

Thus by Lemma 1.6
@orwl =] [ [ meem@mnasao)

— ‘(/Sm(s)fdu(s),/TWQ(t)ndV(t»‘

= [(7(w)&: T2(v)n)]

< 7@ 7@ €I ]
< Al 111" 1€ Iml]

= [[Elloo |7 lloo 1€]] lIm]l-

Using the fact that {1z : © € M,(S)} is dense in Cy(S*) and {v : v € M,(T)} is
dense in Cy(T™), one can extend « (uniquely) to a bimeasure on S* x T™* which again
we denote it by u such that

lullBar < [I€]] ]l

This yielding (iii) once (ii) is proven.
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Now we extend u to L>°(S*, A1)®L°°(T*, A2) so that it satisfies the inequality
(3). We prove that f = u. To see this we choose fixed compact neighbourhood bases
U and V of eg and e, respectively. The collectionUd xV ={UxV :U e U,V € V}
with the order inclusion form a directed set (i.e. for Uy x V3 and Uy x Vo inU x V,
Uy x Vi <Us x Vo if Uy DUy and Vi O Vh). For every U x V € U x V we choose
positive measures pgrxy in M, (S) and vy in M, (T) such that

puxv(S\U) =0, vuxy(T\V)=0 and |puxv|=1=|vuxv].

For every fixed (s,tp) € S x T and every two compact subsets F' of S* and K of
T* we prove that MU;?(SSO ® I/U;/?@O — 3 X to uniformly on F' x K. To prove
this we suppose that 0 < € < 1 is given. Then by Lemma 1.7 we can find U° x V? in
U x V such that F C [7(05) and K C 17(2) Now for all (U x V) > U° x V° and every
x € F and v € K we have

v * 85y OV v * 010 (7) — B0 (X)To(7)]
= ‘/ S)dpyxv * s, (s /’Y Ydvy v * 0 (t) — X(So)V(to)‘
T

_‘// (ss0)7(tto) — X (80)7 (to)]dpv xv (s)dvy v (t)]

//\X t) — 1dpuxv(s)dvyxv(t)
< /U /V Dedpy v (5)dvir v (1)
= 2e.

That is MU;?% ® I/U;/?(Sto converges uniformly on F' x K t0 § ® to. Let
¢V e Hand g(s,t) = (mi(s)&, ma(t)n’) for every (s,t) € S x T. By Theorem 1.4,
g is continuous at (eg, er). So for every e > 0 there exists U; x V; € U x V such that

(5) l9(s,t) —gles,er)| <& ((s,) €Uh x V1).

Forall U x V > U x Vi by (5) we have
| [ [ matem v vy () = (')
| [ [ mate) (€ s (s)dr v (0)
uJv

< /U /V 19(5.2) — gles, ex)ldu v (s) iy (1)
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Thus for every &, 7' €¢ H
(© Yim, [ [ ()€ mal 0 s () (6 = (€.

Suppose ¢ > 0 is given, then as in the proof of Lemma 1.4 of [7] we can find a
bimeasure w in BM (S*, T*) and two compact subsets F, C S* and K, C T™* such
that

(7) supp (w) C Fy x Ky and  |lu —w|p <e.

Since MU;?% ® I/U;/?(Sto converging uniformly on F) x K, to 5y x to, there
exists Uy x Vi ed x YV such that forall U x V > U; x V7,

(8) |17 xv * 65 @ vy * Oy — S0 @ toll myx iy < €
where || ||r,x K, denotes the sup-norm on Fy x K.

Thus forall U x V >V x Vj
[(u, 30 @ to) — (u, v * Osy @ Vv * Oty )|

< [{(u—w), (30 X to — prrxv * 05y ® Vs * 01y))|

+ (w, (30 X fo — Huxv * 85y © Ve * 04))]
< Jlu—wllparlFo X T — puxv * 0y © sy * 0t oo
+ lwl| B0 x to — MU;/T(%O ® VU;/?(StOHFOxKO
<2llu —wllpm + ellwl| sy
<e2+ |wlBm),
by (7) and (8). That is

—

9) i (u, prxv * 05y @ Vuxy * 0ry) = (1, 50 ® to).
UxV
On the other hand an application of (6) shows that

. —_— —_—
(}lgl/ (U, s v * sy @ Vuxv * Otg)

-l /S /T (1 (5)E, ma (D)) dpier ey + Osg () v % Oy (8)

UxV

~ lim /S /T (m1(5) (m(50)€) mal8) (ma(to)) Yjawr v (8)dvser (1)

UxV
= (m1(s0)&, m2(to)n)-

(10) ~ lim /S /T (1 (50)€, 72 (tto e v () v ()
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From (9) and (10) it follows that
(u,30 @ to) = f(s0,t0)-
Since (so, to) was an arbitrary element of S x T', we conclude that
u(s,t) = f(s,t) ((s,t)e SxT).

To prove the uniqueness part of theorem, we suppose that u; = uy for some
uy, ug € BM(S*, T*). Let A11, A12 be the Grothendieck measure pair for u; (i = 1, 2).
Put \; = 2 (A\1; + A2i) (i = 1,2). It is easy to see that

L2(S*, A1) = L2(S*, A11) N L%(S*, A21),
and
LT, Xo) = L*(T*, A12) N L2(T*, \p2).

Let (5, s € S) denote the subalgebra of C,(S*) generated by the set {s : s € S}.
Then by Corollary A.4, p. 175 of [6], (s = s € S) is dense in L?(S*, \1). Similarly,
(t -t e T)is dense in L%(T*, \y). SO uy = up on L2(S* \)®L*(T*, \a). In
particular, u; = uy on Co(S*)®&Co(T*). This completes the proof. [ ]

We shall define in the next theorem the measure algebra structure BM (S*,T*)
extending the measure algebra structure of M (S* xT™) when S and T" are commutative.

Theorem 1.10. Let S and T be two commutative foundation *-semigroups with
identities. For every u, v € BM(S*,T*) let ux v € BM(S*,T*) be defined by
(uv)" = wo. Then (BM(S*,T*),«) defines a commutative convolution Banach
algebra with

luxvllpy < K&|ulladlvllar

Moreover, M (S* x T*) is a subalgebra of BM (S*,T*).

Proof.  For w € BM(S*,T*), let A1, A2 be Grothendieck pair measures for w.
Let 6, 7], 7, &, w and C be as in the proof of Theorem 1.8. Using (1) and (2) we
conclude that for every h € Cy(S™) and g € Co(T™)

[(0h, g)| = [(h @ g,u)| < Kc|ullBallhl]2]lg]l2-
Thus [|0]] < K¢llu||par. Therefore ||£]| = |C| = ||0]| < Kgllu||pas- Since
Il =W <1 and u@E®1) = (ri(s)¢, my(t)n)((s,t) € S x T),
we infer that

(11) lullBar < [I€]l 0]l < Kellullar-
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Let v € BM(S*,T*). So there exist a continuous *-representation 7{ of S (x4 of T,
respectively) by operators on a Hilbert space H; (Ho, respectively) such that for some
vector ¢ € Hyi(n" € Ho, respectively)

Fehv) = (@ ()", 75n") ((s.t) € S xT).
Applying (11) to v we obtain

(12) lvllBar < €71 10"l < K llvll s
So for every (s,t) € S x T
(5@t uxv) =u(s, )0(s,t)
(13) = (m1(s)& ma(t)n) (mi(s)s”, =" (t)n")
= ((m @ m)(s)(§®&"), (my @ m3) () (n @ ")),
with ¢ ® £, n® 0" € Hy ® H,. Using (11), (12) and (13), we obtain

luxvllpy < [|€ERE"|| In@n”|
= (Il I (11E" @ n"|)
< Kg|ulsmllvll -

To show that the algebra structure of BM (S*, T*) extends the algebra structure of
M(S* x T*), we first note that since S, T" are foundation %-semigroups with identity,
then both S* and T™* define locally compact topological «-semigroups under the compact
open topology and the pointwise multiplcation.

Identifying S* x T* with (S x T')* and noting that S x T" defines a foundation
x-semigroup with identity, whenever endowed with the compact open topology (cf.
[1]), we conclude that M (S* x T*) ~ M ((S x T)*). Using our version of Bochner’s
Theorem in [9] with the aid of Lemma 1.6 and Proposition 3.4 of [10] we conclude that
F(S xT) is isometric isomorphic with M (S*x T*). Since M (S* xT*) is a subalgebra
of BM(S*, T*), we infer that F'(S x T') is indeed a subalgebra of BM (S*,T*). This
completes the proof of the theorem. [ |

2. AMENABILITY OF F(S,T) oF Two COMMUTATIVE FOUNDATION
*-SEMIGROUP S AND T’

The aim of the present section is to prove that for any two commutative foundation
x-semigroups S and T" with identities, the algebra (.S, T') as a subalgebra of 5(S xT")
(the space of all bounded complex-valued functions on S x T") is amenable if and only

if K(o(F(S,T))) is a compact topological group, where K (o (F(S,T))) denotes the

minimal ideal of o(F (S, T))). We first need to recall some notation form [3].



The Banach Algebra 7 (.S, T) and Its Amenability of Commutative Foundation *-Semigroups S and 7' 799

Definition 2.1. Let S be a semigroup and F be a linear subspace of B(S), the
space of all bounded complex-valued factions on S. A mean of F is a linear function
1 on F with the property that

inf f(s) < p(f) <sup f(s) (f€F),

seS seS
where F,. denotes the set of all real-valued functions in F. The set all means of F is
denoted by M (F). If F is an algebra then pn € M(F) is called multiplicative if

w(fg) = u(fn(g) (f,g€ F).

The set of all multiplicative means on F is called the spectrum of F and will be
denoted by o (F).

Definition 2.2. A subset 7 C B(.S) is called right (respectively, left) translation
invariant if ryf € F (respectively, ¢sf € F) for every s € Sand f € F. If Fis
both left translation invariant and right translation invariant, then it is called translation
invariant.

Definition 2.3. For a translation invariant linear subspace F of B(S) and p € F*,
the left introversion operator determined by 4 is the mapping '), : F — B(S) defined
by

(Tuf)(s) = ullsf) (feF,s€l).
The right introversion operator determined by . is the mapping U, : F — B(S)
defined by

(Uuf)(s) = p(rsf) (f € F,s€S).

Definition 2.4. Let F be a conjugate closed, translation invariant, linear subspace
(respectively, subalgebra) of B(S) containing the constant functions. F is said to be left
introverted (respectively, left m-introverted) if 7,7 C F for p. € M (F) [respectively,
w € o(F)]. Right introversion and right m-introversion are defined similarly. F is
said to be introverted (respectively, m-introverted) if is both left and right introverted
(respectively, left and right m-introverted).

Definition 2.5. An admissible subspace of B(S) is a norm closed, conjugate
closed, translation invariant, left introverted subspace of B(.S) containing the constant
functions. An m-admissible subalgebra of B(S) is a translation invariant, left m-
introverted C*-subalgebra of 5(.S) containing the constant functions.

Definition 2.6. Let F be a left (respectively, right) translation invariant, conjugate
closed, linear subspace of B(.S) containing the constant functions. A member 1 of
F* is said to be left (respectively, right) invariant if, u(¢sf) = u(f) [respectively,
w(rsf)=p(f)] forall se S and all f € F. F is said to be left (respectively, right)
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amenable, if it has a left (respectively, right) invariant mean. If F is translation
invariant, then F is called amenable if it is both left and right amenable.
The following is the first result of this section.

Lemma 2.1. Let .S and T be commutative foundation x-semigroups with identities.
Then F (S, T) is a conjugation closed and translation invariant subalgebra of wap (.S x
T) which also contains the constant functions. Furthermore, ||€ (s fllza < || fllm
for every (s,t) € S x T, and || f|loo < || fllzas forall f € F(S,T).

Proof. By Lemma 1.2, F(S,T) is asubalgebra of wap (S xT). Let f € F(S,T)
and uy be the unique element in BAM (S*,T*) such that f = uy. That is f(s,t) =
(t®3,up) ((s,t) € S x T). Let uy denote the bimeasure defined on S* x T* by
ug(g,h) = us(h,g) (g € Co(S*),h € Co(T™*)). Then there exist two continuous -
representations 1 on .S and o of T by bounded operators on a Hilbert space H with
some two vectors &,7 € H such that (t ® 3, 7,) = (m1(t)€, ma(s)n) ((s,t) € S x T).
Thus,

fs. ) = Fotug) = F050y)

= (m(t)&, ma(s)n) ((s,t) € S x T).

So f(s,t) = (ma(s)n, m(t)€)((s,t) € S x T). Thus f € F(S,T). It is also clear that
F(S,T) is translation invariant. Since F'(SxT) C F(S,T), from Theorem 3.2 of [10]
it follows that (.S, T") contains the constant functions. It is also clear that 7 (S, T)
is translation invariant. Let (sq,t0) € S x T by fixed. Since ||(309) ® tohllss <
9]lsollPlloo for every g € Co(S*) and h € Co(T™), it follows that ||(5p ® to)k|v, <
|kllv, for every k € Vo(S,T). Thus [[€(s, ) fllBar < || fllBas Tor every f e F(S,T).
To see that || flloc < || fllBas for every f € F(S,T), we first note that if « is any
bimeasure on S* x T* with compact support, then for every (s, ¢) € S x T the function
3®t agrees on support of u with a function g@h in Vo (S*, T*) with | g®h||« < 1. Thus

l[u(s®t)| < ||lullpam- So ||u]lec < ||lullpar- Let w be any bimeasure in BM (S*, T%).
Given £ > 0, by Lemma 1.4 of [7] there exists a bimeasure w in BM (S*, T*) with
compact support such that ||w — u|| par < e. Hence ||ul|gar < ||lu — wl||Bamr + ||w] B

So

—

[@]loo <l = ulloo + [[ulloo < Kellw —ullpm + [[u] Bam
< (Kg + Dllw = ullpym + [[wlp
< (K¢ + e + [lw]Bu-
Letting e — 0, we conclude that ||@]| oo < ||w||pas- That'is || f|leo < || f]|zas TOr every
feF(ST). ]

We close this paper with the following theorem which characterizes the amenability
of F(S,T) as a subalgebra of B(S x T') of two commutative foundation x-semigroups
S and T with identities.
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Theorem 2.8. Let S and T be two commutative foundation x-semigroups with
identities. Let F(S,T) denotes the sup-norm closure of F(S,T) in wap (S x T).
Then F(S,T) is an m-admissible subalgebra of wap (S x T'). Moreover, F(S,T) is

amenable and K (o(F(S,T)) is a topological group, where K (o(F(S,T)) denotes

the minimal ideal of o(F(S,T)).

Proof. By Lemma 2.7, F(S,T) is a conjugation closed and translation invariant
subalgebra of wap (S x T'). Since BM (S*, T*) is commutative, so is amenable. Hence
F(S,T) is amenable. Let m be an invariant mean on F(S,T). By the Hahn-Banach
theorem we can extend m to a mean m on F(S,T). It is clear that m defines an
invariant mean on F(S,T). So F(S,T) is amenable. Clearly, F(S,T) is a norm
closed, conjugate closed and translation invariant subalgebra of wap (S x T') which
also contains the constant functions. By Corollary 4.2.7 of [3] it is introverted and
hence is an m-admissible subalgebra of wap (S x T'). So by Theorem 4.2.12 of [3]

K (o(F(S,T))) is a compact topological group. [
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