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COPIES OF ¢y AND 7, INTO A REGULAR OPERATOR SPACE
Yongjin Li, Donghai Ji and Qingying Bu

Abstract. For an Orlicz function ¢ and a Banach lattice X, let £, denote
the Orlicz sequence space associated to ¢, L£7(¢,, X) denote the space of
regular operators from ¢, to X, and K"(¢,, X) denote the linear span of
positive compact operators from £, to X. In this paper, we show that if ¢ and
its complementary function ¢* satisfy the A,-condition, then (a) £ (4, X)
contains no copy of £, if and only if X contains no copy of /.,; and (b)
K" (¢,,X) contains no copy of ¢ if and only if £L"(4,, X) contains no copy
of £, if and only if X contains no copy of ¢, and each positive linear operator
from £, to X is compact.

1. INTRODUCTION

The copies of ¢y and ¢, into the space of bounded linear operators and the
space of compact operators on Banach spaces are discussed in many papers, for
instance, see papers [6, 7, 8, 9] and reference in these papers. It is also interesting
to discuss the copies of ¢ and /.. into the space of regular operators and the space
of compact regular operators on Banach lattices. When Bu, Buskes, and Lai [1] dis-
cussed inheritance of geometric properties of Banach lattices by their positive tensor
products, they introduced Banach lattice-valued Orlicz sequence spaces ¢,(X) and
Bf,go(X ). Then they related ¢Z,(X) and ﬁf,;o(X ) to the space of regular operators
from an Orlicz sequence space ¢, to a Banach lattice X. In this paper, we will
use this relationship to discuss the copies of ¢ and ¢/, into the space of regular
operators and the space of compact regular operators from an Orlicz sequence space
¢, to a Banach lattice X.

All vector spaces in this paper are over R, the set of real numbers. For an
ordered set X, the usual order on X" is defined by (z;); > 0 <= z; > 0 for
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each i € N. For a Banach lattice X, X* denotes its topological dual space, Bx
denotes its closed unit ball, and X * denotes its positive cone. For Banach lattices
X and Y, £7(X,Y) denotes the space of regular operators from X to Y, and
K"(X,Y) denotes the linear span of compact positive operators from X to Y. For
each T € L"(X,Y), the r-norm of T' is given by

IT|l, = inf {||S]| : § € L(X,Y)F,|T(@)] < S(@)Vae Xt}

Then (L7(X,Y), ] - ||») is a Banach space. Moreover, if Y is Dedekind complete
then (L7(X,Y),] - ||») is a Banach lattice (see [11, §1.3]).

2. ORLICZ SEQUENCE SPACES

An function ¢ : R — R is called an Orlicz function if (i) ¢ is even, continuous,
and convex, (ii) ¢(0) = 0 and ¢(u) > 0 for all uw # 0, and (iii) lim, o ¢(u)/u =0
and lim,,_,~ ¢(u)/u = co. Every Orlicz function ¢ has a right derivative p and

|
o(u) = /0 p(t)dt.

The right derivative p of ¢ is a right-continuous and non-decreasing function such
that p(0) = 0, p(t) > 0 whenever ¢ > 0, and lim;_., p(t) = oo. The right inverse

q of p,
q(s) = sup{t: p(t) < s}, s >0,

is a right-continuous and non-decreasing function such that ¢(0) = 0, ¢(s) > 0
whenever s > 0, and lim,_, g(s) = co. Define

]
o (v) = /0 o(s)ds.

Then ¢* is also an Orlicz function and ¢ is its right derivative. ©* is called the
complementary function of ¢. Obviously, ¢ is the complementary function of ¢*,
i.e., ™ = . An Orlicz function ¢ is said to satisfy the A,-condition (at zero) if
there exist K > 2 and ug > 0 such that ¢(2u) < K¢(u) whenever |u| < ug.

An Orlicz sequence space ¢, associated to an Orlicz function ¢ is a sequence
space defined by

b, = {a = (a;); € RY: Z‘P(‘)‘ai‘) < oo for some A > 0} :
i=1

Let h, denote the order continuous part of /., i.e.,

hy = {a = (a;); € RY: Zap(\)\ai\) < oo for all A > O} :

=1
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Then ¢, = h, if and only if ¢ satisfies the A,-condition. The Luxemburg norm
and the Orlicz norm on /¢, are, respectively, defined to be

=1

|la|l, = inf {)\>O:Z<p(\ai/)\\)§1}, a=(a;); €Ly

and

. 1 =
lallop = inf {X <1 + ;@(M%D) A > 0} , a=(a;); € ly.
Then the space ¢, with both two norms are Banach spaces, denoted by ¢, and /.,
respectively. Moreover,
lalle < llaflop < 2alle, @ = (ai)i € Ly,

and
<a’7 b> = Zazbz < HaHSO : HbHOSO*v a = (az)z € ggov b= (bz)z € ggo*-
i=1

It is known that h is a closed subspace of ¢, under both Luxemburg norm and
Orlicz norm and the standard unit vectors {e, }5° form an unconditional basis of
hy. Moreover, (hy, || - ||o)* = Lo and (hy, || - [|op)* = Ly isometrically. About
Orlicz functions ¢ and Orlicz sequence spaces /., we refer to [10, chapter 4] and
[4, chapter 1].

3. BANACH LATTICE-VALUED ORLICZ SEQUENCE SPACES

For a Banach lattice X, let
(X) = {x — (2;); € X1 (¢ (|z])), € Ly, V" € X*+} .

The Luxemburg norm and the Orlicz norm on £, (X) are, respectively, defined to
be

Hi‘”ga(x) = sup{ ‘(w*(\xz\))z cat e BX*+} , T = (1); € 15(X)

.

and

1Z]les,_(x) = sup {‘ (z*(Jzi])),

Then ££,(X) with both two norms are Banach lattices (see [1]), denoted by £Z,(X)
and £;,,(X) respectively. Let

s GBX*+}, E:(xz)zeéfo(X)
op
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Then ef,;O(X) is a closed sublattice of £¢,(X). Let
K =inf{A>0:¢p(1/X) <1}.

Then itis easy to see that ||e, ||, =K for every neNand ||(0,- - - ,0,,0,0,- ')Hfé(x)
= K||z|| for every x € X. We need the following two propositions to obtain our
main result in next section.

Proposition 1. ([1]). If ¢ satisfies the A o-condition, then £,(X) is isometrically
isomorphic and lattice homomorphic to L7 ((he+, || - [op*), X ) under the mapping:
& — Ty, where T is defined by T5(t) = > .2, t;x; for each ¢ = (¢;); € hy- and
each = (z,); € £5,(X). Moreover, T; € K" (h,+, X) if and only if z € ¢3°(X).

Proposition 2. ([2]).Assume that ¢* satisfies the A,-condition. Let (™ =
(z");,20 = @), e °(X) for each n € N. Then lim, z™ = z(©
weakly in ¢3°(X) if and only if lim,, xi”) = x§°> weakly in X for all i € N
and sup,, Hj'(n)”ga(x) < 00.

4, MAIN RESULTS

Recall that we say that a Banach space contains a copy of ¢y (or /) if it
contains a subspace isomorphic to ¢y (or /). Note that if a Banach lattice X
contains a subspace isomorphic to ¢y, by [11, p. 104, Theorem 2.5.6], X is not
a KB-space, and hence, by [11, p. 92, Theorem 2.4.12], X contains a sublattice
isomorphic to ¢y. By the proof of [11, p. 92, Theorem 2.4.12] and the proof of
[11, p. 82, Lemma 2.3.10], this isomorphism is also a lattice homomorphism. We
summarize this fact as follows.

Lemma 3. A Banach lattice contains a subspace isomorphic to ¢ if and only
if it contains a sublattice isomorphic and lattice homomorphic to ¢ .

To get the main result in this section, we need a characterization of non-
containment of a copy of /., in Banach spaces which was due to Rosenthal [12]
and was summarized by Cembranos and Mendoza in [3, p. 12, Theorem 1.3.1] as
follows.

Lemma 4. Let Z be a Banach space. Then the following statements are
equivalent:
(a) Z contains a copy of /.

(b) There exists a bounded linear operator 7" : ¢, — Z such that lim,, T'(e,,) #
0in Z.
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(c) There exists a bounded linear operator T' : ¢, — Z which is not weakly
compact.

For an infinite subset M of N, let ¢, (M) denote the subspace of /., consisting
ofall (&,)n € loo With&,, = 0forn ¢ M. Itis known from [3, p. 13, Remark 1.3.2]
that if an operator T : ¢, — Z is weakly compact, then for all £ = (&), € loo,
the series >, &, T (ey,) converges in Z. But its limit 7, ,T(e,) and T'(€) may
not coincide. To get the main result in this section, we also need the following
result due to Drewnowski [6] (also see [3, p. 14, Corollary 1.3.3]).

Lemma 5. ([6]). Let T; : /.o — Z be weakly compact operators for each
i € N. Then there exists an infinite subset M of N such tat 7';(£) = >~>7 , &.Ti(en)
forall £ = (&,)n € loo(M) and all ¢ € N.

Theorem 6. If o* satisfies the As-condition, then Ef,;o(X) contains no copy
of { if and only if X contains no copy of 7 .

Proof. Since X is a closed subspace of Ef,;o(X), Kf,;o(X) contains a copy of /.,
whenever X contains a copy of /... Now assume that X contains no copy of /,. We
want to show that Ef,;O(X ) contains no copy of /.. Suppose that Ef,;O(X ) contains
a copy of 4, that is, there is an isomorphism 7" : ¢, — T'({s) — Bf,;o(X). For
each i € N, define a bounded linear operator 7; : (oo — X by T;(§) = T'(£), for
each £ € (., where T'(¢); denotes the i-th coordinate of 7'(¢). Since X contains
no copy of /-, by Lemma 4, each T; is weakly compact and hence, by Lemma 5,
there exists an infinite subset M of N such that for all £ = (&,,),, € loo(M),

T€)i=Ti(&) =Y &Tilen) =Y &nT(en)i,  VieN.
n=1 n=1

Thus the series ), £,T(e,,); converges to T'(§); in X and hence, weakly in X for
each i € N. Note that for each m € N,

H i £ T (€n)

(g

< AT NG+ 3 €my 0,0, ) e
< T N€llewe -

By Proposition 2, the series ) . £,7(e,,) converges to 7'(¢) weakly in @;O(X) for all
§ € Loo(M). It follows that the series ), T'(e,) is weakly subseries convergent
and hence subseries convergent in ¢5°(X). Thus T'(e,,) — 01in ¢3°(X)asn € M
and n — oo. But for each n € N, | T(en)lles (x) > llenlle /1T = 1/1T71].

This contradiction shows that ef,;O(X) contains no copy of /u. ]

(X
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Lemma 7. If £7,(X) contains no copy of £, then both X and ¢5°(X) contain
no copy of ¢g.
Proof. For each & = (&); € £ and each n = (;); € ¢,

> e me

[e§)
=1

xD
.= > el mlleddle, = K-> |&ilni < oo
® i=1

i

([€ieil, m)ei € L, and hence, (&e;); € £5(co). Define

Thus ((|Seil, )i = D22,
T(&) = (&eq)i for each € = (&;); € £oo. Then

T:ly — g‘fo(CQ) Yy

= sup{“(qu‘ez“vn»i
= sup {H iﬂfz‘ez“v?ﬁei 0
sup {K : i &ilmi = 0= (m)i € sz}

=1

” s = (m)i € Bq}

= (nz)z < Bq—}

IN

< K- [€llew

and hence, T' is a bounded linear operator. Moreover,
HT(en)Hfa(co) = H(07 e 707 €n, 07 07 o )”fa(CO) =K- HeTLHCO =K.

It follows from Lemma 4 that £,(co) contains a copy of /w..

If X contains a copy of ¢, then by Lemma 3, X contains a sublattice isomorphic
and lattice homomorphic to co. Thus £Z,(X) contains a sublattice isomorphic and
lattice homomorphic to #,(co) and hence, ¢Z,(X) contains a copy of /. This
contradiction shows that X contains no copy of ¢;.

Now suppose that Bf,;o(X) contains a copy of ¢;. By Lemma 3, KZ;O(X) contains
a sublattice isomorphic and lattice homomorphic to ¢y. That is, there is an isomor-
phism and lattice homomorphism ¢ : cg — ¥ (cp) — ef,;O(X). Note that the series
>, en is a weakly unconditionally Cauchy series in cy. So the series >, ¢ (e;) is
a weakly unconditionally Cauchy series in @O(X). Thus for each i € N, the series
> . W (en); is a weakly unconditionally Cauchy series in X. It is known from the
first part that X contains no copy of ¢y. Therefore, the series ), 1 (ey); is an
unconditionally convergent series in X and hence, for every £ = (&), € {o, the
series >, £€n10(en)i converges in X.

Take any (t;); € h). and any o* € X**. Then (t;z*); € £3°(X)*. Note that
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each v (ey,) is positive. We have

Zti \Z&ﬂﬂ enz Zz‘gn tw,w enz>
i=1

i=1 n=1

= 3 Ikt wlen))

< €l D ((t2™)i, v (en)) < 0.

n=1

Thus (<$*, ‘ 220:1 fn¢(€n)

il))i € (hy)* = £, and hence, (37 &(en)i)i €
l(X). Define T': b — £

(
2(X) by T(&) = (32021 &ntb(en)i)i- Then
£5(X)
= sup H<<x*7‘25nw(en)z‘>>z , cxt e BX*+}
= sup th ‘Z’fnw en)il) 1 2" € By, (ti)i € thw}

S [€al{(tia" )iy wen) 0 € By, (t)i € By }

= sup Z ‘fn‘«tzx*)“w(en» : 2% € Byt (tz)z € th am € N}

IA

w

=

T
F'H/—’H/—’H/—’H/—’H

(tzx*)hw(e» ;2" € By« (tz)z € Bh:;p*’m € N}

Ssup{ (tiz™); £9(x Hw £0x) : 2" € Bx«+, (ti)i € B+ ,meN}
op*

< sup {[|¢] - [|0lle, : m € N}

= 190l IElle,  where 6 = (|&i],-- -, [€ml], 0,0,---),

and hence, T is a bounded linear operator. Note that lim,, e,, # 0 in ¢g and ) is an
isomorphism. So lim,, T'(e,,) = lim,, 1(en) # 0 in £5,(X). It follows from Lemma

4 that ¢Z,(X) contains a copy of 4. This contradiction shows that ¢5°(X) contains
no copy of «. [ ]

Theorem 8. If * satisfies the A,-condition, then the following statements are
equivalent.

(i) ¢5,(X) contains no copy of
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(i) ¢5°(X) contains no copy of cy.
(iii) X contains no copy of ¢o and £5,(X) = 5°(X).

Proof.  (iii) = (i). It follows from Theorem 6.

(i) = (ii). It follows from Lemma 7.

(if) = (iii). Since X is a closed subspace of @’O(X), X contains no copy of ¢.
Take any 7 = (2;); € (;,(X). For each i € N, let 2(i) = (0,---,0,2;0,0,--).
Then for each (;); € co, t;2(i) € £3°(X) and for each n € N,

H it@(i)

H(07 e 707 tnxnv tn+1$n+1, © )

£5(X) £5(X)

IN

fgg\tz\ |z ex) 0asn — oo.

Thus the series >, ¢;z(i) converges in °(X) for each (t;); € co. It follows
from [5, p.44, Theorem 6] that ). (i) is a weakly unconditionally Cauchy series
in Kf,;o(X ). Note that éf,;o(X ) contains no copy of ¢. By Bessaga-Pelczynski
Theorem (see [5, p.45, Theorem 8], >, (7) is an unconditionally convergent series
in ¢5°(X) and hence z = lim,, Yo x(i) € (5°(X). Thus (iii) follows. |

By Proposition 1, we have our main result of this section as follows.

Theorem 9. Let ¢ be an Orlicz function and ¢* be its complementary function
such that both ¢ and ¢* satisfy the Ao-condition (in this case, £, is reflexive). Then
we have the following statements (a) and (b).

(a) K"(£,,X) contains no copy of ¢, if and only if X contains no copy of ¢ .
(b) The following assertions are equivalent:

(1) L"(¢y,, X) contains no copy of £.

(13) K"(¢,, X) contains no copy of cg.

(73¢) X contains no copy of ¢ and each positive linear operator from ¢, to
X is compact.
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