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PERTURBATION ANALYSIS OF THE EIGENVECTOR MATRIX AND
SINGULAR VECTOR MATRICES

Xiao Shan Chen, Wen Li and Wei Wei Xu

Abstract. Let A be an n x n Hermitian matrix and A = UAU* be its spectral
decomposition, where U is a unitary matrix of order n and A is a diagonal
matrix. In this note we present the perturbation bound and condition number
of the eigenvector matrix U of A with distinct eigenvalues. A perturbation
bound of singular vector matrices is also given for a real n xn or (n+1) xn
matrix. The results are illustrated by numerical examples.

1. INTRODUCTION

Let A be a n x n Hermitian matrix with the spectral decomposition
(1.1) A=UAU",

where U is an n x n unitary matrix, U denotes the conjugate transpose of U
and A =diag(A1, A2, ..., Ay). Let B be an m xn(m >n) complex matrix with the
singular value decomposition

(1.2) B=WxVH,

where the m x m left singular vector matrix 1 and the n x n right singular vector
matrix V' are unitary, and

(1.3) 2:(201), ¥, =diag(o1,...,00), 0, >0,i=1,....n.
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The spectral decomposition of a Hermitian matrix and the singular value decompo-
sition of a general matrix are very useful tools in many matrix computation problems
(see, e.g.[1, 5, 6]).

In this paper we focus on perturbation analysis for the eigenvector matrix U
in (1.1) and singular vector matrices W and V in (1.2). As to perturbation of
eigenvalues, singular values, eigenspaces and singular subspaces have been studied
[1, 2, 4,9, 10, 12, 15, 16, 17]. We know that eigenspaces and singular subspaces
are usually much less sensitive to perturbations compared with the corresponding
basis. It is well-known that the maximum eigenspace spanned by column vectors of
U and the maximum singular subspaces spanned by column vectors of W and V" are
is not sensitive at all, but the eigenvector matrix U and the singular vector matrices
W and V' may be infinitely sensitive. The following simple example illustrates this
case.

Example 1.1. Let A = I(i.e.2 x 2 identity matrix). Then A has the eigen-
decomposition (1.1) with U = I, A= A. If its perturbed matrix A has following

form
- 1 ¢
A= ,
e 1

where ¢ is a nonzero real number. It is easy to see that the eigenvector matrix of A
has the following form

a4
_ \/5\/5
Tl |
V2 V2

where |d;| = |d2| = 1. Then for any nonzero real number ¢, we have

~ 1 _ _

IU-Ulp =4— —=(di+d1 +do +do) > 4 —2V?2,
V2

where @ denotes the conjugate of a complex number a. This example shows that

the eigenvector matrix U isn’t a continuous function of matrix elements.

Based on the technique of splitting operators and Lyapunov majorants, pertur-
bation bounds of four kinds of Schur decompositions have been presented by some
authors(see, e.g.[3, 7, 8, 13, 14]). In this paper, we give the absolute and rela-
tive perturbation bounds and condition numbers of the eigenvector matrix U of the
matrix A with distinct eigenvalues under Hermitian perturbations. We also present
absolute and relative perturbation bounds and condition numbers of singular vector
matrices W and V for the singular value decomposition of a real n x n matrix with
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distinct singular values and a real (n+ 1) x n matrix with distinct nonzero singular
values, respectively.

We use the following notation: Let A and A stand for the conjugate transpose
and transpose of a matrix A, respectively. I, is the identity matrix of order n. The
Frobenius norm and spectral norm of a matrix A are denoted by || A||r and [|A]|2,
respectively. Let C™*"™(R™*™), C5*"™(R7,*"™) and Cy*"(R}™) denote the sets
of complex(real) m x n matrices, complex(real) m x n diagonal matrices, and
complex(real) m x n matrices whose diagonal entries are zeros, respectively. Let
X = (z45) € C™(R™*™), we defined X and X p by

(XN)ij :{ T 7T and (Xp)y :{ 07

0 i=j T i=]

respectively. It is evident that any X € C™*"™ can be split uniquely as
X =Xnv+Xp, XyeC*", XpeCh™.

For example we have

b 0 b 0
d|=1c 0|+ d
f e f 0

D O
S O Q

2. A PERTURBATION BouND oF THE EIGENVECTOR MATRIX

In this section we study the perturbation bound of the eigenvector matrix U of A
in the decomposition (1.1). First we define the linear operator L : CR*" — CR*"

by

1 1
(2.1) L (—X) = —(XA—AX),
T 14
where A = diag(A1, A, ..., A\,) and 7, v are positive parameters.

The following lemma, whose proof is omitted, is similar to Theorem 4.4.5 in

[6].

Lemma 2.1. The linear operator L is defined by (2.1). Then L is nonsingular if
and only if all eigenvalues of A are simple , i. e. A\; # \j,i # 4,4, =1,2,...,n.

Let A = diag(A1, Ag, ..., A\n), and let L be the operator defined by (2.1). Now
we define the function
_ 1} .
F

- i

T

1 nxn
S(XA-AX)| s X eCy,

F

It is easy to see that if L is nonsingular then
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1 — T .
(2.2) n(A) = L7 = S min i =

where L1 is defined by
IL7Y) = max{||[L~"(X)||p: X € CY", | X||p = 1}.
Lemma 2.2. Let X € C™"*", Then we have

1
23 XXl < 41— X3

Proof.  Noting that X 7 X is a Hermitian matrix, (2.3) follows from (16) in
[7]. ]

In this section we have the main theorem below.

Theorem 2.1. Let A € C™*™ be a Hermitian matrix with distinct eigenvalues
and have the spectral decomposition (1.1). Let A = A+ A A be a Hermitian matrix,
and let

1 HAAHF ’7'2 1
24 = =7 = 1+4/1——1]lA
(2:4) ¢ n(A) v 7 @ vn(A) n 1412

where 7n(A) is defined by (2.2). If € satisfies the following condition
1
€< ;
200 + V712 + 4a?

then A has a spectral decomposition A = UAU* such that
1T —U||r < V2e
T T V1= 2ae+ V1 - dae — 722

Proof. Notice that the Frobenius norm is unitarily invariant norm. Hence
without loss of generality we may assume that U = I,, in (1.1). Write AA = A—A
and AU =U—-U=U—1I,. Thenby AU — AU = UA — UA, we can obtain

(2.5)

(2.6)

= by(€).

2.7) AAU + AAU = UAA + AUA.
Let
(2.8) E=U"AAU.

Noting that U¥ = I,, + AU*, then from (2.7) we get
(2.9) AUA — AAU = E + AUFAAU — AURAUA — AA.
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By the definition (2.1) of the operator L and (2.9), we can get

1 1 1
(2.10) L (—AUN> = —En + —(AUTAAU — AUZAUN) .
T 14

v
Choose a spectral decomposition of A so that the diagonal elements of U are real.
Then by AU + AU + AU AU = 0, we get

(2.11) AUp = —%diag(AUHAU).

From Lemma 2.1, we know that L is nonsingular. Hence (2.10)-(2.11) can be
rewritten as a continuous mapping ® : C™*" — C™*™ expressed by

AUy = Ly + 1L ((AUTAAU — AUTAUA) ),
(2.12) v ) v
AUp = —§diag(AUHAU).

Since (AUHAAU — AUHAUAN) Ny = (AUHAAU)N — (AUHAU)NA, from
Lemma 2.2 we have

[((AUFAAU — AUPAUA)N||F < (AUFAAU) N||F + |(AURAU)NA| 7

) 1 1. |
<7214+ y/1- = |14l |-aU
n T F
Notice that
ldiag(AUT AU ||p < |AUIE,  |En|F < [AA]F.
Hence the mapping & expressed by (2.12) satisfies
1 1. | 1 1. |
(2.13) H—AUN <etal-AU| , H—AUD <TlzaUl |
T I T o T r 2|7 o

where €,  are defined by (2.4). Let z = (c1, c2)” € C2. Consider the system

.
(2.14) c] =€+ a(c% + c%), cy = 5(6% + c%)

From (2.14) we get the equation
402 9 9
(2.15) (— +7)c5 +2(2ae — 1)ca + 1€ = 0.
T

If € satisfies (2.5), then

7'62

1 —2ae4+ V1 — dae — 1262

(2.16) c
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is a solution to (2.15). By ¢; = e+ 27%2 and (2.16), we get a solution ¢* = (¢}, ¢5)T
to the system (2.14).

Let

X ={X: X e C"" || XN|lp <761, || Xp|lFp < 765}

Then, X« is a bounded closed convex set of C™*", and the relation (2.13) shows
that the continuous mapping ® maps X.- into X.-. By the Brouwer fixed-point
theorem, the mapping ® has a fixed point AU* € X,- such that

2
<|cflle = £/ =3
<l =y e

which yields the desired result (2.6). ]

o

Remark 2.1. Taking 7 = v =1 and v = ||A||r,7 = |U|r = +/n, the bound
in (2.6) is called the absolute and relative perturbation bound, respectively.

Remark 2.2. For small e the upper bound b,,(¢) defined by (2.6) has the Taylor
expansion

2
(2.17) bu(e) = € + ae® + (T— + 202) S +0(h), e—0.

8
Combining (2.17) with (2.4) we see that the quantities #\) = m for
1<i#j<n
o 1 _ LA _ _ _
v=r=1land ;75 = = <g?<:|ki_kj| for v = |A||p, 7 = ||U||r = v/n can be

regarded as absolute and relative condition numbers of the eigenvector matrix U of
the spectral decomposition (1.1), respectively.

Remark 2.3. Let A € C™ ™ have the Schur decomposition A = UTU*, where
U is an n x n unitary matrix and 7" is an n x n_upper triangular matrix. Let Y be
strictly lower triangular matrix and the quantity 74 is defined by

na = min{|[low(TY —YT)||r: [|[Y]|Fr =1}.

Konstantinov, Petkov and Christov[7] show that absolute and relative condition

numbers of the Schur factor U are n—\/f and \/%”;1# respectively. When both A
and its perturbed matrix are Hermitian, from Remark 2.2 it is obvious that condition
numbers of the eigenvector matrix U in (1.1) improve ones of the Schur factor by

improving a numerical factor v/2.
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3. A PERTURBATION BOUND OF SINGULAR VECTOR MATRICES

In this section we investigate perturbation analysis of singular vector matrices for
amxn real matrix. Let B € R™*"(m > n) have the singular value decomposition
(1.2)-(1.3). Since B is a real matrix, V, X, and W may all be taken to be real.

First we define the linear operator P : Ry ™ x R — R™ x Ry by

31 P <1X, %Y) _ (l(zTX _yyTy, L

5 " M(EY - XE)) :

where X is defined by (1.3), and 0, w, 1 are positive parameters. Let T = (t;;) €
RY™, R = (rij) € Ry (m >n). For i =1,2,...,n we define row vectors [;
with respect to 7' and R by

(3:2) L= (ti,mit, -+ s tiim1,Tii—1, tiit1s Tiit 1, - - tins Tin), 1= 1,2,...,n.
The following lemma determine when the operator P is nonsingular.

Lemma 3.1. Let P be the linear operator defined by (3.1). (1) If m = n,
then P is nonsingular if and only if all the singular values of B are simple, i. e.
o # 04, Vi#j, i,j=1,...,n. (2) If m =n + 1, then P is nonsingular if and
only if all the singular values of B are simple and o; > 0,i = 1,2,...,n. (3) If
m >n + 1, then P is singular.

Proof. Let

501‘ —Wwoy
—5Jj wWao;

1

and
(34) P:diag(dlg,. cslinge o 5ditye ey di,’i—17di,’i+17' cslin. -y dnt,. - 7dn,n—1)-

(1) If m = n, we define a column vector nvec(T’, R) of T' = (t;;), R = (r4j) €
(CTLXTL by

nvec(T, R) = (I1, 1o, ..., 1),
where [; are defined by (3.2). Then we have

1 1.1
(35) nvec (l(zTX —-yxh), (v - XE)) = P nvec (—X, —Y) .
J w 0w

Hence the operator P is nonsingular if and only if P is a nonsingular matrix.
Obviously, P is nonsingular if and only if o; # 05,7 # j, 4,5 =1,...,n.



186 Xiao Shan Chen, Wen Li and Wei Wei Xu

() If m = n + 1, we define nvec2(T,R) of T = (t;;) € R™"+1) and
R= (Tz‘j) S R(n—l—l)xn by

T
nvec2(T, R) = (ll, Ceey ln, tl,n—l—lv Ceey tn,n—i—lv Tn+1,1y-- -5 rn—i—l,n)

and also define nvecl(T, R) of T = (t;;) € RO+DX(+1) and R = (r;;) € R™*"
by

nvecl(T, R) - (llv ey lnv tl,n-}—lv ceey tn,n+17 tn-}—l,lv B tn-}—l,n)Tv
where [;,7=1,2,...,n are defined by (3.2). Hence we have
1 1 1 1
(3.6) nvec2 <—(ETX —vyxh), ~(2y - XE)) = @ nvecl (—X, —Y) ,
J w 0w
where
. o o
(3.7) Q=dag| P, —X1, =21 ).
pop

So the operator P is nonsingular if and only if @ is a nonsingular matrix. Obviously,
@ is nonsingular if and only if o; # oj,i # j,i,5 = 1,...,nand o; > 0,7 =
1,2,...,n.

() If m >n+1, we take X = (z;;) € R7™ and Y € Ry as the following
form

xij:{o, (i,) # (n+2,n+1) v_o.

L (i) = (n+2n+1)

It is easy to verify that P annihilates the nonzero matrix pair (X, 1Y) and must
be singular. The proof is complete. ]

Let P be the operator defined by (3.1). Now we define the function

() = min {

Lsrxy _ysmy Ly —
<M(2X vsl), Ly XE))F

(lx,ly> _ 1}.
0w P

When the operator P is nonsingular, from (3.3)-(3.7) we can obtain

X e RY™ Y e Ry,

n(3) =[P~
1 : o
(3.8) iy i (i, 0j), m=n,

1. . . .
< min min 0;,0; min do; m=n-+1
p 1§i¢j§n¢( v J)’z‘:m ..... n Z}’ ’
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where ||P~1|| is defined by

P~ = max{|[P7H(X,Y)|[r: X € RY™Y € R, (X, Y)|r =1}
and
\/§5w(ai+aj)\ai—aj\

\/(52+w2)(az~2+0j2») + \/(012+Jj2)2(52—w2)2+1652w20202

(B.9) w(oy05)=

1]
Now we give the following main result.
Theorem 3.2. Let m = n orm = n+ 1 and B € R™*"™ have the singular
value decomposition (1.2)-(1.3) with for m = n, o; # 04,1 <i # j < n and for

m=n+1,0;# 05,0, >0,1<i# j<n.Moreover, let B=B+AB ¢ R™*",
and

o V2 |AB|p
nx) w7

1 1
— <max{(52,w2} 1-— p” —|—(5w> | B2,

¢ = max{d, w},
(3.10)
T )

where 7(X) is defined by (3.8). If ¢ satisfies the following condition

1
(3.12) e< ;
29+ VP + 4y
then B has the singular value decomposition

(3.12) B=wxvT,

where W and V are m x m and n x n orthogonal matrices, respectively, and

3= ( 201 ),il:diag(&l,&g,...,&n),&iZO,izl,Q,...,n

such that

W -WIE  IV-VIE V2e
(3.13) 5 + <
v \/1 —2ye++/1—4ye— (22

Proof. Notice that the Frobenius norm is unitarily invariant norm. Hence
without loss of generality we may assume that W = I, and V = I, in (1.2).
By (1.2) and (3.12) we obtain

by v (€).

(B14) (B-BV+BV -1,)=W(E-%)+ (W —1,)%.
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Let

(315) F=WTABV, AL=%-%, AW=W —1,, AV=V—1I,.
(3.14) can be written as the following form

(3.16) F+WTSAV = AY + WTAWS.

Similarly, from W72 (B — B) + (W = I,)B = (£ — )VT + £(VT — I,,) we have

(3.17) F+AWTSV = AL + SAVTV.

Since W = I, + AW and V = I,, + AV, from (3.16)-(3.17) we can obtain
STAW — AVET = —FT + AYT + AVTAVET — AVTSTAW,

19 SAV — AWY = —F + AY + AWTAWS — AWTSAV.

Moreover, the matrices AW and AV satisfy

(3.19) AW + AWT + AWTAW =0, AV +AVT + AVTAV = 0.

In terms of the definition (3.1) of the operator P, we can obtain from (3.18)
P <1AWN, lAVN>
) w
1 1
(3.20) = (—(AVTAVET—AVTETAW)N, —(AWTAWE—AWTEAV)N>
Jz I

—i((FT)N, Fy).

From (3.19) we have

1
(3.21) (AWp, AVp) = —3 (AWTAW)p, (AVTAV)p).
Since the operator P is nonsingular, then (3.20) can be rewritten as

1 1
(—AWN, —AVN>
0 w

(3.22) = lP—1<(AVTAVET—AVT2TAW)N, (AWTAWE—AWTEAV)N>
n

—iP_l (F")n, Fyn).

By Lemma 2.2 we have
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I(AVTAVED) N, (AWTAWE) N || F

= [(AVTAV)NET, (AWTAW)NE) || p

IN

max{52, w2}H2H2

1 1
(E(AVTAV)N, 5—2(AWTAW)N>

max{82, w?} || Bll2y/1 - % H (%AW, %AV)

<1AW, lAV)
0 w

F

IN

2
F

and

2
[(AVTSAW )y, (AWTSAV)N||F < 6w B2

F

Hence we get
[((AVTAVET —AVISAW) N, (AWTAWS-AWTSAV)N) || 5

(3.23) 1 1
(—AW, —AV)
0 w

1 2
< <max{(52,w2} 1-— - + (5w> | B|2

F

From (3.15) we have
(3.24) I((E) v, Ew)llr < V2| AB]p.

Hence by (3.22)-(3.24), we get

2
(3.25) H (%AWN, %AVN)

1 1
<e+nw H <—AW, —AV)
P 0 w

F

By (3.21) we get

2
(3.26) H (%AWD, %AVD)

1 1 1
P || (5”’ z”)

F

where ( is defined by (3.10). Next in terms of (3.25) and (3.26), we take the similar
proof as Theorem 2.3 to get the bound (3.13). The proof is complete. ]

Remark 3.1. Taking 6 = w = g = 1and u = ||B||r,0 = |[W|r,w =
IV ||, the bound in (3.13) is called the absolute and relative perturbation bounds,
respectively.

Remark 3.2. For small ¢ the upper bound b,, ,(c) defined by (3.13) has the
Taylor expansion
2
(3.27) buww(€) =+ + <% + 272> S +0(@E, e—o0.
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Combining (3.27) with (3.8)-(3.9) we see that the quantity W\/Zﬁ) can be regarded as a
condition number of the left singular vector matrix W and the right singular vector
matrix V' of the singular value decomposition (1.2) of areal n x n or (n +1) xn
matrix B. Taking u = 0 = w = 1, the quantity

V2 —
\/5 min |0’i—0']'|7 m=n,
1<i#j<n
n(%) max V2 , V2 , m=n-+1
min  |o;—0j|’ min oy
1<i#j<n i=1,2,...,n

is regarded as the absolute condition number; Taking u = ||B||r, 0 = [|W||F,w =
IV ||, the quantity

V2||B|| m—=n
N | ? )
V2 \/ﬁlsﬁ?ﬁn gl
n(X) 1 1 _
v2(1B||r max min_ @(01,0;)°  min _ Jntlo; (0 0T +1
1<i#j<n =1,2,...,n

where
V2n(n+1)(0; + 05)|0s — o

(P(szaj) =
\/(Qn +1)(07 +07) + \/(UZZ +03)? +16n(n+ 1)oio?

regarded as the relative condition number.

4. NUMERICAL EXAMPLES

In this section we use two simple examples to illustrate the results of previous
two sections. All computations were performed by using MATLAB 6.5. The relative
machine precision is 2.22 x 10716,

Example 4.1. Let A = diag(1,2,2.001) and its perturbed matrix

1 —-02 5
AA=| -02 -1 3 | x107°.
5 3 4

Taking U = I, A = A, then A + AA has the spectral decomposition A + AA =
UANUH, where

B 1.00000000000000  —0.00000000200150 0.00000004994999
U= 0.00000000200000  0.99999999955005  0.00002999849993
—0.00000004995005 —0.00002999849993 0.99999999955004

and
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A = diag(1.00000001000000, 1.99999998999910, 2.00100004000090).

Computation gives

IT-Ullr

—2.449480895284344 x 10~°,
1UIIr

|U—U || p=4.242625362801784x 10°,

Taking v = 7 = 1 in Theorem 2.3, we obtain the following absolute perturbation
bound

by (€) = 9.613884541958045 x 1075,

Taking v = ||A|p,7 = |U|lr = v/3 in Theorem 2.3, we obtain the following
relative perturbation bound

bu(€) = 5.550578828211496 x 107°.

The numerical results shows that the upper bound of (2.6) is fairly sharp.
Example 4.2. Let
0 —1

AB = x 1077,

o~ o
- W

0
1 0
0 1073 |
0 0

O O O N

1
1
2

and B=B+AB. Let B= W2VT be the singular value decomposition of B, where
W=1,,V=1I3. Then B has the singular value decomposition B = WEVT, where

W:
1.00000000000000 —0.00000000100000 —0.00000000050100 0.00000000000000
0.00000000100000 1.00000000000000 —0.00000000100301 —0.00000000199999

0.00000000050100 0.00000000100300  0.99999999997550 —0.00000699999299 |’
0.00000000000000 0.00000000200000  0.00000699999299  0.99999999997550

E =
2.00000000200000 0 0
0 1.00000000100000 0
0 0 0.00010000100024
0 0 0
and
vV = 0.00000000000000 1.00000000000000 —0.00000000300100

_ 1.00000000000000 —0.00000000000000 —0.00000000200025
0.00000000200025  0.00000000300100 1.00000000000000
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Computation gives

\/|\(7—U|\%+|\17—V|\% = 9.899486974420930 x 107,
U-U |V - V|32

\/| HF ‘ QHF = 4.949743706195210 x 107°.
IU1% V%

Taking 4 = d = w = 1 in Theorem 3.2, we obtain the absolute perturbation bound

byo(e) = 1.424840778689057 x 1072,

Taking o = ||B||r,d = |U||r = 2,w = ||V||r = /3 in Theorem 3.2, we obtain
the relative perturbation bound

by v(€) = 7.094032685948358 x 1076,

The numerical results show that the upper bound of (3.13) is correct.

5. CoNCLUSION

In this paper we have presented perturbation bounds of the eigenvector matrix
of a Hermitian matrix and the singular vector matrices of an x n or (n +1) x n
real matrix. The analysis is based on techniques proposed in [3, 7, 8, 13, 14]. Note
that for the singular value decomposition B = WXV of a complex matrix B,
the diagonal elements of W and V' may not be real at the same time. Hence for
complex matrices, (3.21) maybe not holds. It remains an open problem how the
result in Theorem 3.2 is extended to the complex case.
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