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QUANTUM APPROXIMATION ON ANISOTROPIC SOBOLEV AND
HOLDER-NIKOLSKII CLASSES

Peixin Ye

Abstract. We estimate the quantum query error of approximation to functions
from the anisotropic Sobolev class B(W} ([0, 1]%)) and the Hélder-Nikolskii
class B(HE([0,1]%)) in the Ly([0,1]%) norm for all 1 < p,q < co. It turns
out that for the class B(W}([0,1]4)) (r € N%), when p < ¢, the quantum
algorithms can essentially improve the rate of convergence of classical deter-
ministic and randomized algorithms; while for the class B(H%([0,1]%)) and
B(WE([0,1]%) (r € RY), when p > ¢, the optimal convergence rate is the
same for all three settings.

1. INTRODUCTION AND RESULTS

The problem of the approximation of functions by their values at n points has
been studied extensively in the classical settings, see [2] and the references therein.
In [12], this problem was considered in the quantum model of computation for
the first time. The first result of such type of problem with the exact bounds was
Heinrich’s analyzing the query complexity of the approximation for the embeddings
between finite-dimensional L,, spaces, cf. [4]. Based on this work Heinrich deter-
mined the query complexity of approximation of embedding from classical Sobolev
space W ([0,1]%) into Ly([0,1]%), cf. [5]. Furthermore, in [7] Heinrich improved
some lower bounds from [5]. His results show that when p < ¢ quantum algo-
rithms can bring a squaring speedup over classical deterministic and randomized
algorithms. These results are very remarkable since classical randomized methods
are not better than deterministic ones. While when p > ¢ the optimal orders of the
complexity of three settings are the same. Thus a natural question arises: assume
that a L,(]0,1]%) space is given, then for which kind of function class quantum
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computation can bring speed-up on the approximation in this space and for which
class quantum computation can not. In this paper we will give partial answer to
this question. To this end we consider the approximation of the anisotropic Sobolev
classes B(W3([0,1]%)) and the Hélder-Nikolskii classes B(HE([0,1]%)) (r € RY)
in the L, ([0, 1]¢) metric. By studying the corresponding n-th minimal query error,
we show that for the class B(W}([0,1]%) and B(HZ([0,1]%) (r € R%), when
1 < g < p < oo, the optimal convergence rate of quantum algorithm is the same
as the classical algorithms, while for 1 < p < ¢ < oo there exists an essential
speed-ups under quantum computation on the class B(W ([0, 1]9) (r € N9).

Let 2 be a nonempty set and R be the field of real numbers. We denote the
set of all functions from Q to R by F(Q,R). Let G be a normed space over R
and S : F — G be a mapping, where F' C F(2,R). We want to approximate
S(f) for f € F by quantum computations. We use the quantum computation model
developed by Heinrich [5]. Given a quantum algorithm A for S, the output of A at
input f € F' is a probability measure A(f) on G. The error of A for S on input f
is defined as follows:

e(S, A, f) = int{e > 0: P{S(f) — A(f)| > ¢} < 1/4}.
The error on F' is defined as
e(S, A, F)=supe(S, A, f).
feF
Let n € No = N|J{0}. The n-th minimal query error is defined for n € Ny as

el (S, F) :=inf{e(S, A, F') : A is any quantum algorithm with n,(A4) < n},

where n,(A) denotes the numbers of queries used by A.

Let D = [0,1]? be the d-dimensional unit cube and C(D) be the space of
continuous functions on D, equipped with the supremum norm. For 1 < p < oo,
let L,,(D) be the space of real-valued p-th power Lebesgue-integrable functions,
endowed with the usual norm. For F' C C(D), letI,, : F' — Ly(D) be the identical
imbedding operator I,,, f = f. For r € N, let W (D) be the classical Sobolev space
with the embedding condition rp > d which consists of all functions f € L,(D)
such that for all multi-index vector 1 = (11, ..., 1g) € N with [I| = °9_, 1; <, the
distributional partial derivative 9'f := 9!l f /9".z;...0'z, belongs to L,(D). It is
well known that the space W (D) is a Banach space with the norm

Hf”W;(D) = Z HalfHLp(D)-
n<r
In what follows, for any Banach space X the unit ball centered at the origin is
denoted by B(X'), which is definedas { f € X : || f||x < 1}. We use the asymptotic
notation: a,, <1.g, b, Which means that for sufficiently large » there exist constants
c1, co > 0 and o, as € R such that
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ci(logy* (n+1))b, < a,, < ea(logy?(n+1))by,.

In particular, if a1 = ay = 0, then we write a,, < b,. Furthermore, we often use the
same symbol ¢, ¢; for possibly different positive constants. These constants depend
at most on r and p, ¢. Thus Heinrich’s results, cf. [5], can be stated as follows:

Theorem A. Let r € N, 1 < p, ¢ < oo and assume rp > d, then
log, N4 ifr/d>2/p—2/q,
e (Ipg, B(W;(D)) = o —2r/d+2/p-2/q j
log, T p=2/4 ifr/d < 2/p—2/q.
Moreover in [7] Heinrich proved that

Corollary A. Let r € N, 1 < p,q < oo and assume r/d > max(1/p, 2/p —
2/q). Then there is a constant ¢ > 0 such that

&4 (Ing, BW, (D)) > ¢-n~"/4.
Therefore when 1 < p < ¢ < oo, €} (I,q, BOW} (D)) < n="/4.

Now we introduce the anisotropic function classes which we will study. Let J; ;
be the Kronecker notation e; = (6, /)¢ ,. For a real number z, let [x] denote the
largest integer not exceeding z. For r = (ry,...,7q) € R% and 1 < p < oo, the
anisotropic Sobolev space W} (D) consists of all functions f € L,(D) such that
for j € {1,...,d}, dlei f € L,(D) and

”arjejf”Lp(D)v Ty S N7
T = [r-]e- .
‘f‘Wp](D) : sup w(a et hj? D)P rj € R+\N,
h]'>0 htj_[rj]

J
is finite, where

w(fv hij)p: sup ' ”f(+ajej) _f(')”Lp(D)

<o;<h;

is the p-th modulus of continuity of f at the j-th coordinate. The space W (D) is
a Banach space with the norm

d
Hf”W;(D) = [ fll,p) + Z; \f\W;j(D)-
j:

For r € R%, the Holder-Nikolskii space HY (D) consists of all functions that

o waj(fvhij)p
= sup —/————

Tj
h]' >0 hj

‘f‘H;j(D)
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is finite, where a; = [r;] + 1,5 =1,...,d
Wa; (f; hj, D)p = sup 1A (f, (o)
X055

is the modulus of smoothness of f at the j-th coordinate in L, (D), Aﬁjﬁ is the usual
a;-th forward partial difference of step length o in the j-th coordinate direction.
The space H (D) is a Banach space with the norm

d
1l mz 0y == I1f 1, (0) + Z; ez oy
j:

We introduce the notation

d_ 11
(11) 9(r) = (Z f) :

— T

7=1
which will be used in our error estimates. We assume that g(r) > 1/p, which implies
that the space W (D) and Hj(D) can be continuously imbedded into C(D), see
[10].

Next we recall the results of the approximation problems on these classes in

the deterministic setting. It is known from [14] that the n-th deterministic minimal
error of the linear approximation of the embedding 1,,, on the class F' is defined as

en (Ipg, F) = ig,if ?22 [ S”fHLq(D)

where S, f = > f(z;)¢; and the infimum is taken over all {z;}? ; C D and

{¢i}izy C Le(D).
It is known from [14, 2] that

Theorem B. Letr € Ri, 1 <p,q < oo andassume g(r) > 1/p. Let F be one
of the classes B(W, (D)) or B(H,(D)). Then

el (I, F) = n9O+/p=1/a)+

where (1/p—1/q)+ = max{1/p—1/q, 0}.

Note that by the method in [11] one can prove that the above asymptotic relation
also holds for the randomized setting. That is, the randomized method could not
bring improvement on these classes. In the quantum setting, we obtain the following
results.

Theorem 1. Letr € R, 1 < p, ¢ < oo and assume g(r) > 1/p. Then

c.n—9) if g(r) >2/p—2/q,

el (L,q, BIW;(D))) >
(Ipq, B( p( ) {  log, n—20(0)+2/p=2/q jf g(r) <2/p—2/q.



Quantum Approximation on Anisotropic Sobolev and Holder-Nikolskii Classes 75

Theorem 2. Letr € R%, 1 < ¢ < p < oo and assume g(r) > 1/p. Let F be
one of the classes B(W, (D)) or B(H,(D)). Then

el (L g, F) = 090,

Theorem 3. Let r € N%, 1 < p, ¢ < oo and assume g(r) > 1/p. Then

log, 19" if g(r) >2/p—2/q,

el (L, BIW}(D))) <
(Lpg, BIW, (D)) { log, N 29WF2/p=2/a if g(r) < 2/p - 2/q.

2. SOME AUXILIARY RESULTS

As in the study of the classical Sobolev class, the basic idea is reducing the
estimate of the complexity of the anisotropic Sobolev embedding to that of the
embedding of finite-dimensional L;V into Lé\’ spaces. However, we will use a
more elegant technique to define the reduction mapping directly without using the
mappings v and 5 to discretize the reduction mapping, cf. [5]. To this end, we
reformulate our problem as a tuple P = (F, G, S, §2). Note that here we also view
(2 as a set of linear functionals on F', i.e. Q@ = {x(f) : x € Q}, where x(f) = f(x)
for f € F. For a given problem P = (F, G, S, Q) we will reduce the estimate of
its n-th minimal quantum query error to that of another problem P = (F, G, S, Q).
Let us specify the assumptions. Let R : ' — F' be a mapping such that there exist
a x € N, mappings 7; : Q — Q,5 € Z[0, %) and g : Q x R* — R with

(2.1) R(f)(x) = o(x, f(no(X)); ---; f (Nr-1(X)))

for all f € F and % € Q. Furthermore, let ® : G — G be a Lipschitz mapping and
assume that for all f € F

(2.2) S(f)=®o0SoR(f).

The following Proposition which is used for our reductions is a corollary of
Proposition 5 in [6].

Proposition. Assume that S, S, and R satisfy the above (2.1)-(2.2) and F is
the unit ball of a Banach space X. Suppose sup ¢cr|f(x)| < oo for each x € 2
and S is uniformly continuous on F. Then for all n € N,

€1 (S, F) < || @] ipel (S, F).

In the process of reductions we need the following lemmas.
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Lemma 1. Let G, G be two normed spaces and S be a mapping from F' to G,
T be a bounded linear operator from G to G. Then

en(T o8, F) < |T|ef (S, F).
Lemma 2. Let Q© and F' C F(Q2,R) be nonempty sets. Let k € Ny and S :
F — G (1=0,...,k) be mappings. Define S : F — G by S(f) = S35, Si(f).

Let ng, . .., ny € No. Assume that vg, ..., v, € N satisfy S-F e"/8 < 1/4. Put

n= Zf:o viny. Then
k

(S, F) <2 el (S, F).
=0

Lemma 3. Let S, T : FF — G be any mappings, n € Ny and assume that
e (S, F) is finite. Then the following hold:

(i) en(T, F) < €i(S, F) + supyep [T(f) = S(f)].
(i) If S is a linear operator from F (€2, R) to G, then for all A € R
e1(S.AF) = |A| - e4(S, F).

Next we will exploit the results of the approximation of finite imbeddings, cf.
[4,7]. Denote Z[0, N) :={0,...,N—1} for N € N. Let L;V be the Banach space
of all functions f : Z[0, N) — R, equipped with the norm

1 Nl 1/p
Ifllzy = (N > \f(i)\p>
i=0
if 1 <p< oo, and
[ fllLy = max{\f(i)\ i€ Z[O,N)}_
Let I : LYY — LY be the identical imbedding operator I} f = f.

Theorem C. Let 1 < p,¢q < oo. Then

i
! c-min( (X (10g (n/\/ﬁ + 2))2/p_2/q NYr=t/a) ifp < gq
el (1N, B(L))< n AT ’ . ’
1 ifp>q.

(i) For n < ¢oN then

p— —2/q ]
o4 (TN, B(LN) > ¢ - min ((%)2/’) 2 (1og2 (n/\/ﬁ+ 2)) ,Nl/;v—l/Q> if p < q,
n Y -
N 1/8 ifp>gq.



Quantum Approximation on Anisotropic Sobolev and Holder-Nikolskii Classes 77

3. THE PrROOF OF RESULTS

We first establish some lemmas which will be used in the proof of Theorem
1. For a subset E c R? we denote its characteristic function by yg, that is,
if x € E, then xg(x) = 1, otherwise xg(x) = 0. For 1 < p < oo, let ¢ be
the exponent conjugate to p, i.e., 1/p + 1/q = 1. Define the bilinear functional
<> Ly(D) x Ly(D) — Roas

<fg >::/Df(x)g(x)dx.

For f € F(R% R) let supp f denote the closure of the set {x € R%: f(x) # 0}.

Lemma 4. Let (v;)!_, be a collection of functions in B(L ,(D)). Let E; =
supp ¥i. If b x g, (x) < M holds a.e., then for any f € L, (D)

I 1/q
(Z\ < foi > \Q> <MY fll Loy -
=1
Proof. We consider the case 1 < ¢ < oo first. Since for each 7, we have
<>l < [ 1RG0 eoldx

= D‘f(x)‘XEi(X)Wz‘(X)‘dX

1/q
([ ool ax) oo,

([ 15

where the second inequality is derived from Holder’s inequality and the third in-
equality is yielded from ¢; € B(L,(D)). It follows that

(3.1)

IN

IN

! !
S i< fu>li <Y / £, (x)dx
i=1 i=1 /D z
(3.2) _ < (x)dx
/Dw I
<M /D 1 ()] 4dx.

Next we consider the case ¢ = co. For each i, we have | < f,v¢; > | < || fllL(p)
Vil .0y < I fll 2o (p)- Thus the lemma is proved.
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Lemma 5. Let (v;)!_, be a collection of functions in B(L ,(D)). Let E; =
supp ;. If Zﬁ XE; (x) < M holds a.e., then

l 1 1/p
> i < MY <Z \az‘\p> :
i=1 i=1

Ly(D)

Proof. Let g € L,(D) we have
1 1
<Y @it g>=Y ai <thig>.
i=1 i=1
By Holder’s inequality we get
i ! /p , 1/q
Sl <yt < (Y] (S<van )
=1 =1 =1
By lemma 4, we have
1 1/q
<Z\ <t g> \q> < MY4\g L, p)-
i=1
Hence

1 1 1/p
| < Zaz‘wz"g >| < MV <Z \az‘\p> 191l Ly(D)-
i=1 i=1

Since this inequality holds for all g € L,(D), the desired inequality is known from
[12], see lemma 12 in Chapter 6.

Lemma 6. Let (¢;)!_, be a collection of functions in B(H,(D)). Let E; =
supp ;. If i # j, E;N E; =0, then for j = 1,2...d

l 1 1/p
> b < (a;+ 1)1 <Z \bz‘\p> ;
i=1 i=1

where a; = [r;] + 1.

(3.3)

H,’ (D)

Proof. Let f = ", byh;. We have

I
AZf = biAG;.
i=1
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According to the definition of A3, we have
aj
F; := supp(Agle;) C U (E; — moje;j),
m=0

where E; — moje; = {x —moje; : x € E;}. Since E; are disjoint, we have
22:1 X&; (x) < 1. And hence

!
ZXFi(X) < a; + L.
i=1

Since v; € B(H,; (D)), we have for any 0 < o; < hy,

1A% il L, (D) < wa; (i, by, D)y <
By lemma 5 we obtain
l
1A fllz,(o) < (a5 +1)VICY bal?) VPR
i=1
Hence for h; >0
l
wa].(f, hy, D), < (a; + 1)1/61(2 \bi\p)l/ph;j_
i=1
The lemma is proved.
Now we are ready to prove Theorem 1. For m € R?, k € N set

m" = (mf, ..., mk).

For a,b € R?, we define

aob:= (a1by,...,aq4bq).

Proof of Theorem 1. We begin with the decomposition of the cube D as in [8,
a(r)
9]. Let ng be sufficiently large integer such that ng 7 > 2. let

g(r) )
mji(r)=[ng ], j=1,...,d.

Define P, as

d
Py = Z logy m;(r).
j=1
Then we have
(3.9) m? =< 2P =1 .

We split the cube D into 27% congruent rectangles of disjoint interior, i.e.
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2P0k 1
D= |J D
i=0
with side length vector (ﬁ, . #(r)). Let s;; denote the point in Dy; with

the smallest Euclidean norm. We first consider the case that the smoothness index
r ¢ N9, Let C*>°(R%) denote the set of infinitely differentiable functions on R? and
define its subset C5°(R%) as

Coo(RY) == {f : f € C*(RY), suppf C (0,1)"}.

Let o) € C°(RY) NB(W, (D)) and assume o = /w(x)dx > 0. Letk € Ng, N =
D

2Pk For i € Z[0, N), define the restriction operator Ry; : F(D,R) — F(D,R)
by
f(mk o (S — S/ﬂ)) ifse Dy,

(3.5) (Brif)(s) := :

0 otherwise.
For i € Z[0, N), set

Vi = Riiy.

We have

(3.6) [0ill 1, () =< 2720KP 10|y

Let r; be some coordinate of r such that r; € RT\N. By the definition of modulus
of continuity, we have

(@134 1y, D), < c-mlh o Fok/ey(9ileiy mkhy, D),
and together with (3.4) we have
[bilwrp) < ¢ Q(g(r)_l/p)POkW\W;(D)-
Combining this with (3.6) we have

HWHW;(D) <ec- 2(9(r)—1/p)PokH¢HW5(D) < ¢ 2l9(r)=1/p)Fok

Note that the supports of the ); are disjoint. Therefore it follows from lemma 5
and lemma 6
N-1
(3.7) I Z aitillwz(p) < c- 2P0g(r)kH(ai)z‘]\L61”LéV-
i=0
When r € N¢, it is not difficult to prove that (3.7) still holds.
We will reduce the problem (B(L)), LY, IV, Z[0, N)) to (B(W} (D)), Lq(D),
Iq, D). To this end, we define the reduction mapping I : B(L;V) — W7 (D) by
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N—

T(f) = fli)s.

[y

7=

It is known from (3.7)
(3.8) T(B(LY)) C ¢ 2P90kB(Wr (D).

Define ® : L,(D) — LY by

O(f)(@) =N [ f(t)dt.

Dy;

Note that
Doy = oel¥

where e]¥ denotes the 4-th unit vector in LY. As in [5] we can prove ||®| 1, <1
and

(3.9) ®olyol =0l
Define n: D — Z[0, N') by
n(s) = min{i : s € Dy},
then T'(f)(s) = f(n(s)) ¢y (s). For f € B(LY), we have
()| < NP,
Hence by using (3.8)-(3.9) and the proposition, we have
(3.10) e (IN, B(LY)) < ¢ 209wkl (1. B(WE(D))).

For the case g(r) > 2/p — 2/q, let k = [Py (logy(n/c1) + 1], where ¢ is the
constant from Theorem C. We have

(3.11) n = 2Fok,

In the case g(r) < 2/p—2/q, which impliesp < ¢, we set k = [Py (logy(n?/c1) +
1]. Then we have

(3.12) n? = 2ok,

The desired lower bounds follows from (3.10)-(3.12) and part ii) of Theorem C.

Proof of Theorem 2. By the inclusion that B(W} (D)) C B(Hy(D)), see
[10], it suffices to prove the upper bounds for B(H (D) and the lower bounds
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for B(W;(D)). The upper bound follows from Theorem B and the lower bound
follows from Theorem 1.

The proof of Theorem 3 relies on the following results of the approximation of
functions from anisotropic Sobolev space by polynomials of coordinate degree, cf.

[1].

Lemma 7. Letr € N, P :=span{[[{_ ¢/ : 1€ N\, t e R% I; <7, j =
1,...,d}. Then for each f € W;(D), 1 < p < oo, there exists a polynomial
g € P, such that

d
1f =9l Le(p) < - Z; 1w oy
iz

Proof of Theorem 3. According to Theorem 1 and Theorem 2 it suffices to
prove the upper bounds for the case p < ¢. Let P be a projection of C'(D) onto P,
with the form

Kk—1
Pf=>Y"f(tes,
=0
where ¢; € Pp(D), k = dimP,. Therefore for any g € R, Pg = g. By Lemma 7

1f = Pfllyoy = If —9—P(f = 9L,
k—1
(3.13) < @+ > il o)l f = gllew)
1=0
< ¢ [flwgp) -

Now we introduce the operator Ej; : C(D) — C(D) by setting

(3.14) (Euf)(s) = f(su+mos).
For [ € Ny, let
2P0l 1
(3.15) Pf = ) RuPEyf.
=0

Then by using similar arguments in [5] we have
(3.16) 1f = Pifllz,(py < - 27 @O/l £y )

Similarly to [5], we choose I* so that f is approximated by P« f which provides
the desired precision. Then we split P;- into the sum of a single operator P, with
number of function values of the order n, and a hierarchy of operators F(I =
lo,...,1* —1). We compute P, deterministically and reduce the computation of
P/ f to that of the approximation of operators I]ﬁ\;l for proper N;. Then we can
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continue our error estimate by applying Theorem C. Define P f := (P, — P)f.
Then

2P0 -1 k—1 k—1
P'f= "> flsu+m ' ot) R — > f(t);
(3.17) R i=0
= > (D amf ()¢
j=0 k=0

where ’, k" < (270 4-1) . The linear independence of {1/;} implies for 1 < u < oo

K —1

(3.18) Z ¥l L. (o) < lI(a;)
=0

L3

For [ > 1 define P/ f := (P41 — P) f. Itis readily proved that:

2Fol—1
P = Z Ry PLEy;
i=0
and hence
2P0l 1
(3.19) P = Z R,P'E);.
i=0

Therefore by (3.16)
1P/ fllL,(D)
< \|Paf = Flloy) + 1P = Fllz,m) < e279OP fllyep) -

Put v; = Ry, Ny = /2P0l Then by the disjointness of the D;; and (3.18) we
have for 1 <u < oo

(3.20)

2P0l —1 k' —1

(3.21) 1YY aijthiisllinup) = i)l -

i=0  j=0
Let m; = span{y;; : i € Z[0,2™1) | j € Z[0, x")}. Define the operator Tj : m; —
RN by

2Pl 1 k-1

T Y ity = (o)
i=0  j=0
It follows from (3.21) that for f € m

(3.22) ITifll o < el fllzycoy-
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We define operator U; : W (D) — L) by

(3.23) Uy = TP

By (3.20), (3.22) and (3.23)

(3.24) 10l < € 27O f Ly ).

For n > max(k,5), let [y = |logy(n/k)/Py], and I* = 2ly. By the definition of
Pl/

-1
(3.25) P.=P,+ Y F.

I=lp

By the definition of Iy, we have x2/0' < n. Thus ef (P, B(WE(D)),0) = 0. Let
v; be natural number satisfying

-1
(3.26) > ey
I=lo

Set

-1
(3.27) A=n+26"Y .

I=lo
As in [5] we can prove

—1

(3.28) L (P, BOWE(D)) < e, (I UL BOW (D)),

I=lp

Now we reduce the problem (B(W3(D)), LY, 121U, D) to (B(LD"), LY, 12,
Z]0, N;)). Note that

K —1

(3.29) Ui, j) = Z ajif (st +m " o tly).
k=0

By the proposition
€y (Lp Ut, BOW (D))

< el (1112\9762 9(r)PolB(LNz))

(3:30) (r) Pyl N, N,
= oI (1 B(L)

2
< C.Q_Q(I‘)Polnl (p q)Np Q(10g2 nl/ Nl+2 %

»c:|m
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By part (i) of Lemma 4 and part (i) of Theorem C
¢i(Ipg, BOW;(D)))

< suplpgf = Peflln, o) + €h (P BV, (D))
FEBW(D))
(3.31) < oo lam-G-L) R

-1 22 22 - ,
—|—CZQ 9(x)Poly, -3 N *(logy(—==+2))7 9.
I=lg

Qo

E

First assume that g(r) > 2/p — 2/q. Take any ¢ > 0 with
(3.32) Pog(r) > (2/p—2/q) (P +9)
and put forl =1lg,...,01* —1

(3.33) ny = [2folo=n(=l0)]

(3.34) v =[82In(l —Ilyp+1)+1n8)].

It is easy to check that (3.26) holds. By (3.27), (3.33) and (3.34),

(3.35)
*—lp—1

i< n+ 26”250 4 1)2P0 3" [8(21n(1 + 1) + In8)][27] < 2Pl < en,
=0

Below for simplicity let 7 denote B(W;(D)). According to (3.31)-(3.35), we have

(Ipq7 F)
< 2 9 Rol”/2
*—1
+ZC . 2—9(1“)1301—(%—%)]30104'(%—%)M(Z—ZO)‘F(%—%)POZ(ZO + 1)%—3
(3.36) =l o

<279 Plo 4 o g(r)Polo(l0+1 22 —g(r) Po+(Po+u) (2~ ))(l—lo)
l=lo

»c:|m

< ¢-27Pos®lo(gy 4 1)~
< ¢-n"9%) (log, n)%_

»le 'BIM

Next assume that ¢g(r) < 2/p — 2/q. Take any 6 > 0 with

(3.37) Pog(r) < (2/p—2/q)(Fy —9)
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and put for I =1lg,...,01* — 1
(3.38) ny = [2folo=rl" =07,
(3.39) v = [8(2In(l* — 1) +1n8)].

It is easy to check that (3.26) holds and 7 < ¢20%0 < ¢n. Therefore it follows from
(3.31) that

€5 (Lpg, F)
< 62_(29(1')4';—%)]3010
*—1
+CZ2—9(1‘)Pol+(%—%)Polo-l—(%—%)M(l—lo)-l-(%—%)]jol(l l—l—l)% 2
l=lo

(29(r)+2—2)Polo (9(x)*+(2=2)lo) Py
(3.40) <2 +2

*—1
Z(Z* I+ 1)%-%2(—9(r)Po+(Po—u)(%—%))(l*—l)

l=lo
¢. 9~ (9()+2-2) Pl

IN

< c- n_(29(r)+%_%)_

Finally assume that

(3.41) g(r)=2/p—2/q

and put forl =1lg,..., 01" —1

(3.42) ny = [2500(1g + 1)1 (In(lo + 2)) 717,

(3.43) vy = [8(In(lp +2) +1n4)].

Again we can check that (3.26) holds and 7 < cn. We get
&5 (Ipg, F)

< 279X Pol*/2
-1

+CZ2—9(1‘)1301—(%—%)Polo-l—(%—%)]jol(lo + 1)(%—§) log,(lo + 2)%—%
(3.44) o o o
< c2—9(r)Folo . (Io + 1)(;—5)10g2 (Io +2 ZQ g(r)Polo
l=lo
< ¢ 27 P9y 4 1)(%_45)(10g2(l0 + 1))%_%

4_4
P q

< ¢-n"9") (logy n)» ™ 4 (log, logy n) s
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Thus the proof of Theorem 3 is complete.
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