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GENERALIZED r-EXPONENTS OF PRIMITIVE DIGRAPHS

Yufei Huang and Bolian Liu

Abstract. In this paper, as natural extensions of the generalized exponents of
primitive digraphs introduced by R.A. Brualdi and B. Liu, we introduce the
generalized r-exponents of primitive digraphs, where 1 < r < n. Moreover,
some properties and sharp upper bounds of the generalized r-exponents of
primitive digraphs are obtained, respectively.

1. INTRODUCTION

Let D be a simple digraph, possibly with loops. A digraph D is called primitive
if there exists a positive integer & such that for each ordered pair of vertices x and y
(not necessarily distinct), there is a walk of length k& from z to y. The smallest such
k is called the primitive exponent of D, denoted by ~(D). Notice that a digraph D
is primitive if and only if D is strongly connected and the greatest common divisor
of the lengths of its cycles is 1 (see [6]).

In [1], R.A. Brualdi and B. Liu introduced the generalized exponents of primitive
digraphs, which are generalizations of the exponents of primitive digraphs and the
ergodic indices for the transition matrices of finite homogeneous Markov chains.
It is known that the generalized exponents have been investigated systematically in
recent years (see the survey [5]).

The generalized exponents have their interpretations in a model of memoryless
communication system which is represented by a digraph D of order n (see [1]).
From the interpretations, the generalized exponents characterize the shortest time that
some information takes for all vertices (namely, n vertices) to know the initial bit
information. It is natural to ask: how long is the shortest time that some information
takes for r vertices to know the initial bit information, where 1 < r» < n. In order to
answer this question, we introduce the generalized r-exponents of primitive digraphs
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as follows. Letn, k, r be integerswith 1 < k, » < n, and D be a primitive digraph
of order n throughout this paper. For X C V(D) (the vertex set of D), let RP(X)
denote the set of all vertices each of which can be reached by a walk of length ¢
starting from some vertex in X.

Definition 1.1. The k-point r-exponent p,.(D, k) of D is defined to be the
smallest nonnegative integer p such that there exists X C V(D) with | X| = k and
|RD({x})| > r for every vertex = € X.

Definition 1.2. The k-point r-same-exponent s,.(D, k) of D is the small-
est nonnegative integer p such that there exist X C V(D) with | X| = %k and
v1, V2, ..., v, € V(D) which satisfy RD({2}) 2 {v1, v2, ..., v.} for every
vertex z € X.

Definition 1.3. The kth lower r-multiexponent f,(D, k) of D is the small-
est nonnegative integer p such that there exists X C V(D) with |X| = k and
[RD(X)| > 7.

Definition 1.4. The kth upper r-multiexponent F'.(D, k) of D is the smallest
nonnegative integer p such that for any X C V(D) with |X| =k, |RD(X)| > r.

Remark 1. For convenience, the parameters defined above are all called the
generalized r-exponents. Obviously, p,(D, k) = s, (D, k) is the k-point exponent
of D, p,(D, n) = s,(D, n) is the exponent of D, f,(D, k) is the kth lower
multiexponent, and F, (D, k) is the kth upper multiexponent (see [1]).

In this paper, we shall study the sharp upper bounds of the generalized r-
exponents of primitive digraphs respectively, that is,

pr(nv k) = maw{pr(Dv k)}, Sr(nv k) = maw{sr(Dv k)}v

fr(n, k) := mazx{f.(D, k)}, F.(n, k) :=max{F.(D, k)},

where the maximums are taken over all primitive digraphs D of order n. Now some
properties of the generalized r-exponents are listed as follows.

Proposition 1.5. Let A be the adjacency matrix of a primitive digraph D of
order n. Let k, r be integers with 1 < k, r < n. Then

(1) pr(D, k) is the smallest power of A for which there exist k& rows that each
contains at least r positive entries;

(2) sy(D, k) is the smallest power of A for which there exists a k x r submatrix
each of whose entries equals 1;

(3) fr(D, k) is the smallest power of A for which there are k& rows having at
most n — r columns of all zeros;
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(4) F.(D, k) is the smallest power of A for which no set of k& rows has n—r+1
columns of all zeros.

Proposition 1.6. Let D be a primitive digraph of order n and 1 < » < n. Then
Fr(D7 1) :pr(Dv n)v fT(D7 n) = Fr(Dv n)v fT’(D7 1) :pr(Dv 1) = Sr(Dv 1)-
It is easy to obtain the following relations of the generalized r-exponents.

Sr(Dv 1)SST’(D7 Q)SSST(Dv n_l)SST(Dv n)

I Vi Vi Vi
pr(D, 1) <pp(D, 2) <+ < p(D, n—1) < pp(D, n)
Vi Vi Vi I
F(D, n) < F(D, n—1) <--- < F(D, 2) < F(D, 1)
I Vi Vi Vi

fr(Dv n) Sfr(Dv n_l) SSfT’(D7 2) Sfr(Dv 1):37’(D7 1)

2. THE k-POINT 7-EXPONENT
Lemma 2.1. Let D be a primitive digraph of order n and 1 < k& < n. Then

pr(D, k) =04if and only if r = 1.

Proof. If » = 1, by Definition 1.1, we have p; (D, k) = 0 immediately. Note
that RY ({v}) = {v} for v € V(D). Hence p,(D, k) = 0 implies r = 1. ]

It follows from Lemma 2.1 that p;(n, k) = 0, and it will suffice to study the
k-point r-exponent with » > 1 in the following.

Let L, s (1 < s < n) be the digraph with the set V' = {i | 1 < i < n} of
verticesand theset £ = {(4, i+1) | 1 <i <n—1}U{(n, 1)}U{(, i) |1 <i < s}
of arcs. Obviously, L, s is a primitive digraph with s loop vertices, and

min{t + 1, n}, if 1<i<s,
@) |Rf™({i)] =1 1, ifs+1<i<nandt<n—i+1,
min{t—n+i, n}, if s+1<i<nand t>n—i+1.

Now a bound for the k-point r-exponent of a primitive digraph with loop vertices
is given in the following theorem.
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Theorem 2.2. Let D be a primitive digraph of order n with s loop vertices,
wherel1 <s<n. Ifl1<k<nandl<r<n,then

r—1, if k<s,

T’D7 k S
pr ) {r—l—i—k—s, if k> s.

Moreover, this bound can be attained and L,  is one of its extremal digraphs.

Proof. If k <'s, then let X = {x1, z2, ..., 2} C V(D) (|X]| = k) be
a subset of the s loop vertices. Since each x; € X is a loop vertex, we have
|RP | ({x;})| > r, where 1 < i < k. Therefore, p.(D, k) <r — 1.

If £ > s, then let L be the set of all loop vertices. Since D is primitive, it is
strongly connected, and then there is a set X* of k — s vertices whose distances to
Lareatmostk —s. Let X*UL =X C V(D). Then | X| = k. Note that for each
vertex z € X, RP _({z}) 2 {w,}, where w, € L. Since w, is a loop vertex, then
IR ({ws})| > r. It follows that R, ({x})| > r for each vertex z € X.
Consequently, p.(D, k) <r—1+k —s.

r—1, if k<s,
r—1+k—s, if k>s.
Hence the bound can be attained and L,, s is one of its extremal digraphs. |

Moreover, it follows from (1) that p.(L,, s, k) =

Corollary 2.3. Let D be a primitive digraph of order n and girth g. If 1 <
g(’l"—l), ’Lfkggv

kE<mand1l<r<n,thenp.(D, k)<
gir—=1+k—g), if k>g.
Proof. Let D) be the digraph whose vertices are the same as those of D such
that there is an arc from vertex x to vertex y if and only if there is a walk in D from
« to y of length g. Then D) is a primitive digraph having at least ¢ loop vertices.

g(’l"—l), ’Lfkggv
]
gir—=1+k—g), ifk>g.
Now we want to determine the value p,(n, k). Let D; be the digraph with
theset V. ={i| 1 <i<mn} of verticesand theset E = {(i, i — 1) | 2 < i <
n}U{(1, n), (1, n—1)} of arcs.

By Theorem 2.2, p.(D, k) < g-p. (D9, k) < {

Lemma 2.4. Let n, k, r be integerswith 1 <k <nand 1 <r <n. Then

pr(D1, k) =k+(n—1)(r—2).

Proof. Lett=Fk+ (n—1)(r—2). Itis easy to verify that
[R7M({11)] = v and |RP ({2})] = R ({3})] = - = |R ({k})| = -
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By Definition 1.1, we have p,(D1, k) < k+ (n—1)(r — 2).
On the other hand, let i be a nonnegative integer with . < ¢ — 1. Note that

D . . .
|[RT({i})| <r for each integer i € {k, k+1, ..., n}.

Therefore, p.(D1, k) > k + (n— 1)(r — 2) and the proof is finished. |

Let D be a primitive digraph of order n» and C' be a directed cycle in D. Denote
by d*(v) the out-degree of v € V(D), Po(z — y) the unique directed path in C
from x € V(C) to y € V(C), respectively. Especially, if z =y, then Fo(z — vy)
denotes the directed cycle C. Let [(P) be the length of a directed path P.

Lemma 2.5. Let D be a primitive digraph of order » and girth g. Let C', be
a directed cycle of length g in D. Thenfor 1 <k <nand1l<r <n,

pr(Dv k) Sg(r—?)—i—k.

Proof. We consider the following two cases.

Casel. 1<k <g.

To begin with, we claim that there exists a vertex v, € V(Cy) with d* (vg) > 2
such that there is a directed path P of length I(P) from v, to a vertex u € V(Cy)
with (V(P) — {vg, u}) NV (Cy) = 0 satisfying I[(P) # I(Pc,(vy — u)).

By contradiction. Suppose for any vertex v € V(G,) with d*(v) > 2, and any
path P from v to a vertex u € V(Cy) with (V(P) —{v, u})NV(C,) = 0, we have
I(P) = l(Pc,(v — u)). Note that D is primitive, in particular, strongly connected.
Hence we conclude that the lengths of all elementary cycles in D are multiples of
[(Cy), which is a contradiction to the fact that the greatest common divisor of the
lengths of all elementary cycles of D is 1 (see [6]).

Let Cy = (v1, v2, ..., vg, v1), and X = {vg_p41, ..., Vg—1, Vg} (| X|=k).
Since k < g and I(P) # I(Pc,(vy — u)), then each vertex of v; € X can reach
two different vertices (one is v; g, and the other is denoted by u;) by some walks
of length k&, where g — k +1 <i <g.

Note that the vertices of C;, in D(9) are loop vertices. Hence in DY), v, j_, €
V(Cy) is aloop vertex and there is an arc from v; 44 t0 u;, where g—k+1 < i < g.
Let X; = {viyr—g, u;i} (9 —k+1 < i < g). Then for each integer i with
g—k+1<i<g |[RPY(X;)| > r. Hence IR, (X)) = r, and then
\RkDJrg(r_Z)({vi})\ > r for each vertex v; € X, where g—k+1 < ¢ < g. Therefore,
pr(D, k) < g(r—2)+k.

Case2. g <k <n.

Since D is strongly connected, there exists a set X of k vertices such that
V(Cy) € X and each vertex of X — V(C,) can reach some vertex of C, by
a walk of length £ — ¢g. Note that the vertices of C; in D) are loop vertices.
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Hence |RPY ({v})| > r, and then [RY,_1)({v})| = r for each vertex v € V(Cy).

Therefore, each vertex of X can reach r vertices by some walks of length (k—g) +
g(r—1) =k+ g(r — 2). Thus we obtain that p,. (D, k) <k + g(r — 2). |
Theorem 2.6. Let n, k, r be integerswith 1 <k <nand 1 <r <n. Then
pr(n, k) =k+(n—1)(r —2).

In addition, D1 is one of the extremal digraphs.

Proof. Let D be a primitive digraph of order n > 2 and girth g. Then g < n-—1.
By Lemma 2.5, we have

pr(D, k) <k+g(r—2)<k+(n-—1)(r—2).

Besides, it follows from Lemma 2.4 that p, (D1, k) = k+ (n — 1)(r — 2). The
proof of Theorem 2.6 is finished. ]

Remark 2. From Theorem 2.6, the k-point exponent p,, (n, k)=k+(n—1)(n—2),
which is one of the main results in [1].

3. THE k-POINT r-SAME-EXPONEN
Lemma 3.1. Let D be a primitive digraph of order n and 1 < k < n. Then
sr(D, k)=01ifandonly if k = r = 1.

Proof. If &k = r = 1, it follows from Definition 1.2 that sp;(D, 1) = 0.
Conversely, if s.(D, k) =0, by contradiction, suppose that £ > 1 or » > 1.

Case 1. If k > 1, then for any k different vertices x1, ..., zy of D, RP ({x;}) =
{x;}. However, z; # x; if i # j. It implies s,.(D, k) > 0, a contradiction.

Case 2. If » > 1, by Lemma 2.1, we have p.(D, k) > 0. It is obvious that
sr(D, k) > pr(D, k) > 0, also a contradiction. ]

By Lemma 3.1, we have s.(n, k) = 0 if k = r = 1. Now we consider the
k-point r-same-exponent with k& +r > 2.

Theorem 3.2. Let D be a primitive digraph of order n with nonzero trace. If
1<k, r<mnandk+r>2 then

Sr(Dv k) <r+k-—2.

Moreover, this bound is best possible and L, ; is one of its extremal digraphs.
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Proof. Because the trace of D is nonzero, there exists a loop vertex w in
D. Since D is strongly connected, there exists a set X* of k£ — 1 vertices whose
distances to w are at most k — 1. Let X* U {w} =X C V. Then | X| = k.

For each vertex z € X, since w is a loop vertex, R | ({z}) 2 {w}. In addition,

R ({w}) 2 {v1, ..., v}, where vy, ..., v, € V(D). Hence R, _,({z}) 2
{v1, ..., v, } for each vertex x € X. Therefore, s.(D, k) < r+ k — 2. Moreover,
it is easy to see that s, (L, 1, k) = r + k — 2. This completes the proof. [ |

In the following, we focus on the value s,.(n, k).

Lemma 3.3. Let n, k, r be integerswith 1 <k, »r <n and k +r > 2. Then

(k+r—=3)(n—1)+1, if k+r<n+1,

ST’(Dlv k):{ .
mn=2)n=1)+(k+r—n), ifk+r>n+1

Proof. Now we consider the following two cases.
Casel. k+r<n+1. Lett=(k+r—3)(n—1)+1. Then

) RP*({m})={m—1, m, ..., k+r—5+m, ktr—4+m (modn)} (2<m<n),

@) RP'Q1)={n-1,n, .., k+r—4+n, k+r—3+n (modn)}.

Note that RP({1}) N R ({n})n---NRP*({n—k+2}) D {n—1, n, ..., n+
r—2 (modn)} and {n -1, n, ..., n+r —2 (mod n)}| = r. Take X =
{1, n, n—1, ..., n—k+ 2} with | X| = k. It follows from Definition 1.2 that

sp(D1, k) <(k+7r—-3)(n—1)+1.

On the other hand, for each nonnegative integer ¢« < ¢—1, it follows from (2) and
(3) that there do not exist X = {z1, x2, ..., xx} C V(Dy) and vy, ve, ..., v, €
V(Dy) such that RD'({z;}) 2 {v1, va, ..., v} for each vertex z; € X (1 <i <
k). Hence s, (Dq, k) > (k+r—3)(n—1)+ 1.

Case 2. k+r>n-+1. Letk+7r—n=14¢ Thenl < ¢ < n. Lett =
(n—=2)(n—=1)+(k+r—n)=(n—-2)(n—1)+1. Itis easy to verify that

(@) RP*({m})={1, 2, ..., n} 1 <m <i), RP*({i+1}) = {1, 2, ..., n—1},

(5) RP'({m})={1,2, ..., n} —{m—i—1} (i +2<m <n).

Note that RP* ({1}) N RP*({2})N---NRP*({k}) D {k—i, k—i+1, ..., n—1}
and |[{k —i, k—i+1, ..,n—1}=n—k+i=r Take X ={1, 2, ..., k}
with | X| = k. By Definition 1.2, s,(D1, k) < (n—2)(n—1) + (k+r —n).
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On the other hand, for each nonnegative integer ¢ < ¢—1, it follows from (4) and

(5) that there do not exist X = {z1, xo, ..., xx} C V(Dy) and vy, ve, ..., v, €
V(Dy) such that RD' ({x;}) 2 {v1, va, ..., v} for each vertex z; € X (1 <i <
k). Hence s, (D1, k) > (n —2)(n—1)+(k+r—n).

(k+r—=3)(n—1)+1, if k+r<n+1, .
n—=2)n—=1)+(k+r—n), if k+r>n+1.

Let D, be the digraph with the set V"= {i | 1 <i < n} of vertices and the set
E={Gi-1)|2<i<n}U{(n, n—2), (1, n), (1, n—1)} of arcs.

Therefore, s, (D1, k) = {

Corollary 3.4. Let n, k, r beintegerswith1 < k, r <n and k+r > 2. Then

(k+r—=3)(n—1)+1, if k+r<n+1,

ST(DQ, k)S{ .
n=2)(n—1)4+(k+r—n), ifk+r>n+1.

Proof. Let A(D;) and A(D2) be the adjacent matrices of D; and Dy, re-
spectively. Clearly, A(Dy) = A(D;) + B, where B is a nonnegative matrix. By
Proposition 1.5, s,.(D1, k) is the smallest power of A(D;) for which there exists a
k x r submatrix each of whose entries equals 1. It follows that there exists a k x r
submatrix each of whose entries equals 1 in A(D)*"(P1: k) = (A(D;)4B)s(P1: k),
Hence we obtain that s,.(Ds, k) < s.(D1, k). [

Lemma 3.5. Let D be a primitive digraph of order » and girth g. Let C', be
a directed cycle of length g in D. If 1 <k, r <n and k + r > 2, then

S(D k)< g(n_l)v ’Lfkggv
T T Ygn—2)+k, if k>g.

Proof. We discuss two cases as follows.

Case 1. k < g. Note that the vertices of C, in D) are loop vertices. Take
X c V(C,) with |X| = k. Since each vertex of X is a loop vertex in D), it

follows that RP' ({z}) = V(D), and then Rﬁn—l)({x}) = V(D) for each vertex

x € X. Then by Definition 1.2, s, (D, k) < g(n—1).

Case 2. k > g. Since D is strongly connected, there exists a set X of & vertices
such thatV’(C,) C X and each vertex of X —V'(C;) can reach some vertex of C; by
a walk of length k — g. Note that the vertices of Cj, in D) are loop vertices. Hence

RP ({v}) = V(D), and then Rﬁn_n({”}) = V(D) for each vertex v € V(C,).

It follows that R@_g)+g(n_1)({x}) = V(D) for each vertex x € X. Consequently,
we have s, (D, k) < g(n—2) + k. u

Theorem 3.6. Let n, k, r be integerswith 1 < k, r <mnand k+r >n +2.
Then
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5o(n K) = (n—2)(n— 1)+ (k+7—n).

In addition, D1 is one of its extremal digraphs.

Proof. Let D be a primitive digraph of order n and girth g. If D is isomorphic
to Dy or Dy, by Lemma 3.3 and Corollary 3.4, we have

ss(D, k)< (n—=2)n—1)+ (k+r—mn) for k+r>n+2.
If D is not isomorphic to Dy or D5, then g < n — 2. By Lemma 3.5,

gin—1) < (n—-2)(n—-1) ifk<g,

sr(D, k)g{ .
gn—=2)+k<(n—-2)(n—-2)+k ifk>g.

It follows that s,.(D, k) < (n — 2)(n — 1) + maz{0, k +2 — n}. Note that
k+r>n+2and 1 < k <n. Hencer > 2 and then maz{0, k+2—n} < k+r—n.
Thus s,.(D, k) < (n—=2)(n—1)+ (k+7r—n)fork+r>n+2.

In addition, by Lemma 3.3, D; is one of its extremal digraphs. |

Lemma 3.7. Let D be a primitive digraph of order n and girth g. If 1 <
k, r<nandk+r>2 thens, (D, k) <g(r+k—3)+1.

Proof. We have the following two case.
Case 1. k = 1. Note that s, (D, 1) = p,(D, 1). By Lemma 2.5,

sr(D, 1) <g(r—2)+1.

Case 2. k > 1. Let C, be a directed cycle of length g in D, and z be a vertex
in C, such that the in-degree d~(z) > 2. Let A be the adjacency matrix of D, and
DT be the associated digraph of A”', where A is the transposed matrix of A.

In DT, note that z is a vertex of a directed cycle C’gT of length g and d ™ (2) > 2.
Suppose there are arcs from z to the vertices = and  in DT, where z € V(CgT). Let
S = RP"({z}). Then S D {z, y}. Hence in [DT](), z is a loop vertex and there

is an arc from z to y. It follows that \RL?Z](H)(S)\ > k, and then |RD, _ (S)| > k.

Consequently, there exist & vertices (denoted by wp, us, ... ,ggfk)mwhich are
reachable from z by some walks of length exactly g(k — 2) + 1 in D'. In other
words, each vertex of X = {uy, w2, ---, ug} (|X| = k) can reach the vertex
z by some walks of length exactly g(k — 2) + 1 in D. Notice that z is a loop
vertex in D, Hence there exist = vertices v, vo, ... , v, € V(D) such that
RPV({2}) 2 {v1, va, ., v}, and then D) /({2}) D {v1, va, ..., v},

Therefore, each vertex of X = {w;, ua, ..., ug} (|X|= k) can reach these r
vertices vy, va, ..., v, by some walks of length exactly g(r + k —3) + 1 in D.

Then we have s,.(D, k) < g(r+k—3)+ 1. |
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Theorem 3.8. Letn, k, r be integers, 1 <k, r<nand2<k+r <n-+1.
Then
sp(n, k)=(k+r—-3)(n—1)+1.

Moreover, D, is one of its extremal digraphs.

Proof. By Lemma3.3, s,.(D1, k) = (k+r—3)(n—1)+1for2 < k+r < n+1.
Let D be a primitive digraph of order n and girth g. Then ¢ <n — 1. By Lemma
3.7,

sp(D, k) <glr+k-=3)+1<(n—-1)(r+k—-3)+1.

This completes the proof of Theorem 3.8. ]

4. THE kTH LoweR r-MULTIEXPONENT
Lemma 4.1. Let D be a primitive digraph of order n and 1 < k, r < n. Then

fr(D, k) =04if and only if k > r.

Proof. If k > r, it follows from Definition 1.3 that f,.(D, k) = 0. Conversely,
for any X C V(D) with |X| = k, RP(X) = X. Hence f.(D, k) = 0 implies
k>r. ]

By Lemma 4.1, if k > r, then f.(n, k) = 0. Hence it will suffice to investigate
the kth lower r-multiexponent with n > r > k > 1.

Theorem 4.2. Let D be a primitive digraph of order n and girth g, and 1 <
g <k<r<n. Then f.(D, k) <r —k, and this bound can be attained.

Proof. Let Y be the set of all vertices of a directed cycle of length g. Since D
is strongly connected, there exists a set X of k vertices such that Y C X and each
vertex of X —Y can be reached from Y by some walks whose vertices belong to X
(If k = g, then X =Y".). Therefore, |[R? , (X)| > r, and then f,.(D, k) <r — k.

Let W, 4, ¢+ (1 <t <g <mn) be the digraph withtheset V' = {i | 1 <i <n}
of verticesand the set £ = {(i, i+ 1) |1 <i<n—-1}U{(g, 1),(n, t)} of
arcs, where ¢ is the smallest positive integer such that g.c.d.(g, n —t+1) =1
(the greatest common divisor). (Since there exists a nonnegative integer A such that
gh <n < g(h+1), suppose n —t+1 = hg+ 1. Note that g.c.d.(g, n —t+1) =
g.c.d.(g, hg+1) =1. Hence W,, , ; do exist.)

Obviously, W;,, 4, + is a primitive digraph with girth g. It is easy to verify that
fr(Wh, g, t, k) =1 —k for g <k <. The proof is finished. ]

Corollary 4.3. Let D be a primitive digraph of order n with nonzero trace,
and 1 <k <r <n. Then f,.(D, k) <r — k and this bound is best possible.
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Proof. If the trace of D is nonzero, then the girth of D equals 1. By Theorem
4.2, we have f.(D, k) < r — k immediately. On the other hand, it is easy to see
that f,(L,, 1, k) = r — k. Then we obtain the desired result. ]

Theorem 4.4. Let D be a primitive digraph of order n and girth g, 1 < k <
min{r, g} <n. Then f.(D, k) <1+g(r—k—1).

Proof. If 1 < k < min{r, g} < n, then let vy = (21, ..., 4, x1) be a
directed cycle of length g. Because D is a primitive digraph, there exists a vertex,
say x1 of ~,, such that there is an arc from z; to a vertex z not on ,. Let

X ={x1, o9, ..., a1}, and let Y = RP(X). Thus Y D {z, zo, ..., 241}

In D@, x,, ..., x4 are loop vertices and there is an arc from z to the vertex
z. It follows that |[RP_ (Y)| > r, and then ]Rﬁr_k_l)(Y)\ > r. Therefore,
|RY, Jr—i_1y(X)| > 7, and this completes the proof. m

Corollary 4.5. Let n, k, r be integers with 1 < k& < r <n. Then
fT’(nv k) < 1+(n_1)(r_k_1)7 fr(nv 1) - 1—|—(n—1)(r—2), fr(nv 7"—1) =1

Proof. Note that the girth of a primitive digraph of order n satisfies g < n —1.
Then by Theorems 4.2 and 4.4, we have

frtn, k) <max{r—Fk, 1+ (n—1)(r—-k-1)}=14+Mn-1)(r—k—-1).

Moreover, by Proposition 1.6 and Theorem 2.6, f.(n, 1) = p.(n, 1) =1+
(n—=1)(r-=2). fk=r—1<r,then fr(n, r—1) <14+ (n-1)(r—-1—k)=1.
Since 1 < k < r < n, it follows from Lemma 4.1 that f.(n, r—1) = 1. [

Let g be the girth of D. If k > g, it follows from Theorem 4.2 that we obtain
a sharp bound for the kth lower r-multiexponent. However, if £ < g and & | g, the
bound in the following theorem is better than that of Theorem 4.4.

Theorem 4.6. Let D be a primitive digraph of order n and girth g, 1 < k <
r<n. Ifk|g then f.(D, k) <1+ %(r—k-1).

Proof. Let v, be a directed cycle of length g. Since D is primitive, then
there exists z; € V/(,) such that there is an arc from x; to a vertex z, where
z & V(vg). Letxy, zo, ..., z € V(74) such that the distance between z; and x;41
(1<i<k(modk))isZsincek|g. Let X = {xq, z3, ..., zx} and Y = RP(X).
Then Y D {z, %, x5, ..., x;}, where there is an arc from z; to x} € V()

(1 <i < k), and the distance between x7 and =7, (1 <i <k (mod k)) is also <.
Now we consider the strongly connected digraph D(X) whose vertices are the
same as those of D and arcs correspond to the walks of length { in D. Thus

(%, ..., %, %) is a cycle of length k and (z%, z) is an arc in D(%).
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g
Hence |RP'F (V)] > r, and then ]Rﬂ%(r_k_l)(X)\ > r. It follows that
LD, k) <1+ 90—k —1)ifk | g. .

5. THE kTH UPPER 7-MULTIEXPONENT
Lemma 5.1. Let D be a primitive digraph of order n and 1 < k, » < n. Then
F.(D, k)=01if and only if k> r.
Proof. If k& > r, by Definition 1.4, then F,.(D, k) = 0. On the other hand, for
any X C V(D) with | X|=Fk, RY(X)=X. Hence F,.(D, k)=0 impliesk>7r. m

By Lemma 5.1, if £ > r, then E,.(n, k) = 0. Therefore, F,.(D, k) need to be
studied when 1 < k < r < n.

Theorem 5.2. Let D be a primitive digraph of order n with s loop vertices,
and 1 <k <r <n. Then

F.(D, k)<n—s—Fk+r.
Moreover, this bound can be attained and L,  is one of its extremal digraphs.

Proof. Let X be any set of k vertices of D.

Casel. k—n-+s > 0. Then X contains at least k —n + s loop vertices. Since

r>k>k—n+s wehave |[R” _ (X)|>r. Thus F.(D, k) <n—s—k+r.

Case 2. k—n+s < 0. If X contains a loop vertex, then it is obvious that
F.(D, k)y<r—1<n—s—k+r.

Now suppose that X contains no loop vertices. Then there exists + € X
such that RY ,  ({x}) 2 {w}, where w is a loop vertex. It follows that

IR? ({w})| > r and then |R(,__ ;.\, 1 ({2})| = r. Hence F.(D, k) <

n—s—k+r.
Now considering the digraph L,,. 5, by (1), itis easy to prove that F;.(L,,, s, k) =
n—s—k+rif k <r. This completes the proof. ]

Corollary 5.3. Let D be a primitive digraph of order n and girth g, 1 <k <
r<mn.Then F.(D, k) <gn—g—k+r).

Proof. Note that D(¥) is a primitive digraph with at least ¢ loop vertices. By
Theorem 5.2, we have F.(D,k) < g- F.(DYW, k) <g(n—g—k+7). m

Theorem 5.4. Let D be a primitive digraphs of order n and girth g. If 1 <
g(r—1), ifn—k—g+1<0,

kE <r<n,then F.(D, k) < .
gir—=2)+(n—k+1), ifn—k—g+1>0.
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Proof. Let X be any set of & vertices and C, be a directed cycle of length g.
Casel. If n—k—g+1<0,then XNV (C,) # 0. Taking a consideration on

D), each vertex of C, is a loop vertex in D), Therefore, |[RP') (XNV(Cy))| > r,

and then |RD o(r— 1( )\ > \Rg(r 1 (XNV(Cy))| > r. Hence F.(D, k) < g(r—1).

Case 2. If n—k—g+1 >0, since Cy is a directed cycle, then there exists
a vertex v € V(Cy) such that RP g+1(X) 2 {v}. Since v € V(C,) is a loop
vertex in D), we have |RP' ({v})| > r, and then | RD atr—1y({v})| = r. Therefore,

‘R(n—k—g—i—l)—f—g(r—l)( )l = 7, and then F,.(D, k) < g(r — 2) +(n—k+1). =

Corollary 5.5. Let n, k, r be integers with 2 < k < r <n. Then
Fr(n, 1)=1+(n—1)(r—1), and 1+(n—1)(r—k) < Fr.(n, k) < (n—1)(r—1).

Proof. Since the girth of a primitive digraph of order n satisfies g <n — 1, it
I+ (n—-1)(r-1), if k=1,
(n—1)(r—1), if k>2.
Now we consider the primitive digraph D;. Directly computing, it is easy to
show that F.(Dq, k) =1+ (n—1)(r—k). Hence F,.(n, 1) =1+ (n—1)(r—1)
and F,.(n, k) > 14+ (n—1)(r — k) for k > 2. n

follows from Theorem 5.4 that F}.(n, k) <

Remark 3. Note that the kth upper multiexponent F,(n, k) = 1+(n—1)(n—k)
(see [1]). We conjecture that F,.(n, k) = 1+ (n — 1)(r — k). What’s more, the
case of k£ = 1 has been proved in Corollary 5.5.

Theorem 5.6. Let D be a primitive digraph of order n, A(D) = (a;;) be the
adjacency matrix of D, and 1 < k < r < n. If there exist distinct vertices i, j, h
such that Qjj = Qjj = Ajp = Qs = 1, then FT(D, k) <n+r-—k.

Proof. Let X be any set of k vertices of D, and let Z = {i, j}. Note that
aij = aj; = ajn = ap; = 1. Then [R2 ({i})| > r and |RP, ({j})] > r.

Ifk=n—1,then ZN X # 0. Hence F,.(D, k) <r+1=n—k+r.

Ifk<n—2and ZNX #0,then F.(D, k) <r+1<n-—k+r.

Now suppose that £ < n—2 and Z N X = (). Then there exists a vertex z € X
such that RP_,_, ({x}) N Z # 0. Note that [RP,, ({i})| > r and | RE,, ({;})] > r.
]I:ence |RE (X)) > \R(n k1) ey ({@D)] = 7. Therefore, F.(D, k) < n —

+ 7. ]

Remark 4. If the digraph D satisfies the conditions of Theorem 5.6 and k& <
r—1,then F.(D, k) <n+r—k <14 (n—1)(r —k). Moreover, it follows from
Theorem 5.2 that if D contains loop vertices, then F.(D, k) <n—-1+r—k <
14 (n—1)(r — k). Hence the conjecture for F,.(n, k) is true for these two cases.
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Remark 5. Note that the generalized n-exponents (if » = n) of primitive di-
graphs are the generalized exponents of primitive digraphs defined in [1]. Therefore,
the results in [1] can be obtained immediately from this paper.
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